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How bacteria find midline 
for cell division?
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Contraction of FtsZ-ring 
divides bacterial cell in two

FtsZ is analogous to tubulin 
(assembly by GTP hydrolysis)

Bacterial division is extremely 
precise. FtsZ forms at 

(0.50± 0.01)L

How does bacteria know where 
to place the contractile ring?

896 Chapter 16:  The Cytoskeleton

Among the most fascinating proteins that associate with the cytoskeleton are 
the motor proteins. These proteins bind to a polarized cytoskeletal filament and 
use the energy derived from repeated cycles of ATP hydrolysis to move along it. 
Dozens of different motor proteins coexist in every eukaryotic cell. They differ in 
the type of filament they bind to (either actin or microtubules), the direction in 
which they move along the filament, and the “cargo” they carry. Many motor pro-
teins carry membrane-enclosed organelles—such as mitochondria, Golgi stacks, 
or secretory vesicles—to their appropriate locations in the cell. Other motor pro-
teins cause cytoskeletal filaments to exert tension or to slide against each other, 
generating the force that drives such phenomena as muscle contraction, ciliary 
beating, and cell division.

Cytoskeletal motor proteins that move unidirectionally along an oriented 
polymer track are reminiscent of some other proteins and protein complexes dis-
cussed elsewhere in this book, such as DNA and RNA polymerases, helicases, and 
ribosomes. All of these proteins have the ability to use chemical energy to propel 
themselves along a linear track, with the direction of sliding dependent on the 
structural polarity of the track. All of them generate motion by coupling nucleo-
side triphosphate hydrolysis to a large-scale conformational change (see Figure 
3–75). 

Bacterial Cell Organization and Division Depend on Homologs of 
Eukaryotic Cytoskeletal Proteins
While eukaryotic cells are typically large and morphologically complex, bacterial 
cells are usually only a few micrometers long and assume simple shapes such 
as spheres or rods. Bacteria also lack elaborate networks of intracellular mem-
brane-enclosed organelles. Historically, biologists assumed that a cytoskeleton 
was not necessary in such simple cells. We now know, however, that bacteria con-
tain homologs of all three of the eukaryotic cytoskeletal filaments. Furthermore, 
bacterial actins and tubulins are more diverse than their eukaryotic versions, both 
in the types of assemblies they form and in the functions they carry out. 

Nearly all bacteria and many archaea contain a homolog of tubulin called FtsZ, 
which can polymerize into filaments and assemble into a ring (called the Z-ring) 
at the site where the septum forms during cell division (Figure 16–7). Although 
the Z-ring persists for many minutes, the individual filaments within it are highly 
dynamic, with an average filament half-life of about thirty seconds. As the bacte-
rium divides, the Z-ring becomes smaller until it has completely disassembled. 
FtsZ filaments in the Z-ring are thought to generate a bending force that drives 
the membrane invagination necessary to complete cell division. The Z-ring may 
also serve as a site for localization of enzymes required for building the septum 
between the two daughter cells.

Many bacteria also contain homologs of actin. Two of these, MreB and Mbl, 
are found primarily in rod-shaped or spiral-shaped cells where they assemble 
to form dynamic patches that move circumferentially along the length of the 
cell (Figure 16–8A). These proteins contribute to cell shape by serving as a scaf-
fold to direct the synthesis of the peptidoglycan cell wall, in much the same way 
that microtubules help organize the synthesis of the cellulose cell wall in higher 
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Figure 16–7 The bacterial FtsZ protein, a tubulin homolog in 
prokaryotes. (A) A band of FtsZ protein forms a ring in a dividing bacterial 
cell. This ring has been labeled by fusing the FtsZ protein to green fluorescent 
protein (GFP), which allows it to be observed in living E. coli cells with a 
fluorescence microscope. (B) FtsZ filaments and circles, formed in vitro, as 
visualized using electron microscopy. (C) Dividing chloroplasts (red) from a red 
alga also cleave using a protein ring made from FtsZ (yellow). (A, from X. Ma, 
D.W. Ehrhardt and W. Margolin, Proc. Natl Acad. Sci. USA 93:12998–13003, 
1996; B, from H.P. Erickson et al., Proc. Natl Acad. Sci. USA 93:519–523, 
1996. Both with permission from National Academy of Sciences; C, from 
S. Miyagishima et al., Plant Cell 13:2257–2268, 2001, with permission from 
American Society of Plant Biologists.)
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Min system oscillations provide 
cues for the formation of FtsZ ring
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Predator-prey like dynamics 
between MinD and MinE 

proteins produce oscillations 
on a minute time scale, which 
is much shorter than typical 

division time (~20 min).

On average MinC/MinD 
proteins are depleted 
near the cell center, 

where FtsZ ring forms!

H. Meinhardt and P.A.J. de Boer, 
PNAS 98, 14202 (2001)
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where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.

Huang et al. PNAS " October 28, 2003 " vol. 100 " no. 22 " 12725
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Note: in paper they 
treat the full 3D model
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where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.

Huang et al. PNAS " October 28, 2003 " vol. 100 " no. 22 " 12725
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where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.

Huang et al. PNAS " October 28, 2003 " vol. 100 " no. 22 " 12725
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where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.

Huang et al. PNAS " October 28, 2003 " vol. 100 " no. 22 " 12725
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where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.
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Reaction 3

MinE increases the rate of 
ATP hydrolysis and 

afterwards both MinE and 
MinD fall off the membrane
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!"D:ATP

!t # DD!2"D:ATP $ %D
ADP3ATP"D:ADP

& '"r & R#$%D $ %dD""d $ "de#%"D:ATP [2]

!"E

!t # DE!2"E $ '"r & R#%de"de & '"r & R#%E"d"E [3]

!"d

!t # &%E"d"E"R# $ $%D $ %dD""d $ "de#%"D:ATP"R# [4]

!"de

!t # & %de"de $ %E"d"E"R#, [5]

where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.
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Replacement of ADP with 
ATP for MinD proteins in 

the cytoplasm
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Boundary conditions
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!"E

!t # DE!2"E $ '"r & R#%de"de & '"r & R#%E"d"E [3]
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!t # &%E"d"E"R# $ $%D $ %dD""d $ "de#%"D:ATP"R# [4]

!"de

!t # & %de"de $ %E"d"E"R#, [5]

where "D:ADP, "D:ATP, "E are the concentrations in the cytoplasm
of MinD:ADP complexes, MinD:ATP complexes, and MinE,
and "d, "de are the concentrations on the membrane of MinD:
ATP complexes and MinE:MinD:ATP complexes. We have
verified that introducing an intermediate free cytoplasmic MinD
species, thereby converting the single rate constant %D

ADP3ATP

into two sequential decay rates, does not introduce any signifi-
cant changes.

The cell radius is R ' 0.5 (m, and results are given for cells
of length L ' 4 (m and 10 (m. The ' functions, '(r & R),
represent local exchange of proteins between membrane and
cytoplasm; additional ' functions, '(z) and '(z & L), are
implemented for the end caps of the cylinder. The total con-
centrations of MinD and MinE are 1,000!(m and 350!(m,
respectively (assuming MinE is active as a homodimer, this
implies 700 monomers per (m) (16). The diffusion constants are

DD # DE # 2.5(m2!sec,

as measured for the cytoplasmic diffusion of a maltose-binding
protein in the E. coli cytoplasm (17), and the reaction rates are

%D
ADP3ATP # 1!sec, %D # 0.025 (m!sec,

%dD # 0.0015 (m3!sec,

%de # 0.7!sec, %E # 0.093 (m3!sec,

unless otherwise indicated. We discretize and solve Eqs. 1–5 on
a 3D lattice in cylindrical coordinates, with grid spacing dr '
dz ' 0.05 (m.

Periodic Oscillations with MinD Polar Zones and a MinE Ring
The results of numerical integration in time of our model
equations (see Fig. 1) for a 4-(m cylindrical cell are shown in Fig.
2. Periodic oscillations that are independent of initial conditions
occur for a wide range of parameters. The oscillations have the
same spatial character as those observed in experiment, includ-
ing the formation and shrinkage of the MinD polar zones and the
appearance of a MinE ring. These structures form spontaneously
without special targets for MinD at the cell ends, without
MinE–MinE interactions, and with no new protein synthesis.
MinD:ATP and MinE dwell in one-half of the cell membrane
during a period of polar zone compaction, before a brief
cytoplasmic burst results in rapid reformation of a new MinD
polar zone and MinE ring at the opposite end of the cell. The
bottom row of Fig. 2 shows the time-averaged concentrations

Fig. 3. Concentration of ATP-bound MinD (MinD:ATP) in the cytoplasm
corresponding to time t ' 5 sec in Fig. 2. The distribution is peaked at the
opposite end of the cell from the existing MinD:ATP polar zone, indicated by
the peak of the dashed curve, leading to the accumulation of MinD:ATP in a
new polar zone. (Inset) Waiting-time distribution for recovery of MinD:ATP,
assuming a nucleotide-exchange rate 1!) # %D

ADP3ATP of 1!sec.

Fig. 1. Model MinD,E cycle driven by ATP hydrolysis. 1, Cytoplasmic
MinD:ATP complex attaches to the membrane, preferentially where other
MinD:ATP is bound. 2, MinE in the cytoplasm attaches to a membrane-
associated MinD:ATP complex. 3, MinE activates ATP hydrolysis by MinD,
breaking apart the complex and releasing phosphate (a), MinE (b), and
MinD:ADP (c) into the cytoplasm. 4, MinD:ADP is converted back into
MinD:ATP by nucleotide exchange. In wild-type cells, MinE is likely active as a
homodimer (25).

Fig. 2. Time slices in 5-sec increments of one complete MinD, MinE oscillation
in a 4-(m cell. To mimic experimental observations of GFP fluorescence, we
show 2D projections of the concentrations of MinD (A) and MinE (B) inside a
3D cylindrical cell, with the concentrations assumed rotationally symmetric
about the axis of the cylinder. In A, the MinD polar zone shrinks toward the
end of the cell and reforms at the opposite pole. In B, MinE forms a ring near
the boundary of the MinD polar zone. Except during brief cytoplasmic-burst
phases (15 sec, 35 sec), both MinD and MinE are primarily membrane-bound.
(C) The membrane-associated concentrations, MinD:ATP in blue and MinE in
red. The vertical dashed lines and gray shading indicate the caps of the
cylindrical cell membrane. The final row shows the time average of each
quantity over a complete cycle.
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Stable fixed point for uniformly 
distributed concentrations
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First let us assume that concentration profiles are 
independent of x and find stable fixed point concentrations.

Fi

� �
C⇤

j

 �
= 0

Fixed point is reached 
within seconds!

C⇤
D:ADP ⇡ 240µm�1

C⇤
D:ATP ⇡ 210µm�1

C⇤
E ⇡ 10µm�1

C⇤
d ⇡ 210µm�1

C⇤
de ⇡ 340µm�1
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Linear stability analysis of fixed point
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+Di
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Ci(x, t)

@x

2

Let’s assume small perturbations around the fixed point

ci(x, t) = Ci(x, t)� C

⇤
i

and linearize the PDE
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Linear stability analysis of fixed point

It is convenient to analyze this PDE in Fourier space, but note 
that only              modes are consistent with boundary conditions.cos(kx)

Boundary conditions also restrict the values for wavenumber k
@ci

@x

(x = 0, t) =
@ci

@x

(x = L, t) = 0 k =
n⇡

L
, n = 0, 1, 2, · · ·

Let’s rewrite the PDE in Fourier space

ci(x, t) =

X

k

c̃i(k, t) cos(kx)

@ci(x, t)

@t

=
X

j

M

0
ijcj(x, t) +Di

@

2
ci(x, t)

@x

2

@c̃i(k, t)

@t
=

X

j

M0
ij c̃j(k, t)�Dik

2c̃i(k, t) =
X

j

Mij(k)c̃j(k, t)

Note: in higher dimensions use 
solutions of Helmholtz equation with 

appropriate boundary conditions
u(~r) = �k2r2u(~r)
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Linear stability analysis of fixed point
@c̃i(k, t)

@t
=

X

j

M0
ij c̃j(k, t)�Dik

2c̃i(k, t) =
X

j

Mij(k)c̃j(k, t)

From linear algebra we know that the solution of this equation can be 
expressed in terms of eigenvalues and eigenvectors of matrix Mij(k):

c̃i(k, t) =
X

↵

A↵(k)v
↵
i (k)e

�↵(k)t �↵v
↵
i =

X

j

Mij(k)v
↵
j

Thus small perturbations from fixed point evolve as

ci(x, t) =

X

↵,k

A↵(k)v
↵
i (k)e

�↵(k)t
cos(kx)

Fixed point is stable if and only if all eigenvalues have 
negative real parts for all allowed wavenumbers k! 

Re [�↵(k)] < 0

For unstable fixed points the mode that corresponds to 
the eigenvalue with the largest real part dominates!
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Eigenvalues in the model Min system
wavelength of the

most unstable mode

Note that only discrete set 
of wavenumber is allowed!

k =
n⇡

L
, n = 0, 1, 2, · · ·
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For bacteria that is shorter than 

fixed point is stable and there 
are no oscillations!

L < (⇡/1.5)µm ⇡ 2.1µm

For E.coli with 

Period of oscillations
�1,2 ⇡ (0.06± i0.10)s�1

(2⇡/0.010)s ⇡ 60s

L ⇡ 4µm

k = ⇡/L ⇡ 0.8µm

unstable modes
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Min system oscillations in large cells
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is lowest right at the middle of the cell. In considering wave equations
in the context of fluid mechanics or electromagnetism, it is well appre-
ciated that the same governing dynamical equations that generate
propagating waves in an extended medium will lead to standing waves
when certain kinds of boundary conditions are imposed. Inspection
of the dynamics of MinD localization inside of living bacterial cells
(see Figure 20.16) suggests that its behavior is consistent with what
might be expected when a traveling-wave system is confined to the
small oblong box of the bacterial cell. As shown in Figure 20.16(A),
MinD oscillates from one pole to another of a pre-divisional bacterial
cell, with a period T of about 40 s, which is much shorter than the
cell’s division time (of the order of about 30 minutes). As the oscil-
lating MinD carries MinC with it, the time-averaged concentration of
the MinC protein will necessarily be lowest right at the cell’s center,
exactly where the FtsZ ring is supposed to assemble, and preventing
FtsZ ring assembly near the cell poles, which would result in forma-
tion of minicells devoid of DNA. The nature of the MinD standing wave
is illustrated more dramatically in long cells where division has been
inhibited, as shown in Figure 20.16(B). For these filamentous cells, the
standing-wave pattern shows a spatial periodicity that is about twice
the normal length of an individual cell.

We can use the physical dimensions of the standing wave to estimate
whether the Min traveling waves observed for the purified system
in vitro really are a plausible physical underpinning for the center-
finding mechanism in living cells. Mathematically, a standing wave can
be described as two traveling waves, with the same amplitude, wave-
length, and propagation speed, but moving in opposite directions. The
wavelength λ of the in vivo standing wave is about 4–6 µm, which is
twice the length of the pre-divisional cell shown in Figure 20.16(A), or
the spacing between peaks shown in Figure 20.16(B). The period T is
about 40 s. Setting v = λ/T , we can estimate v to be around 0.1 µm/s.
This is the same order of magnitude as the wave propagation speed
for the in vitro system, v = 0.3–0.8 µm/s, and the estimate becomes
even closer if we recall that rates of diffusion for small molecules
in cytoplasm are typically about fourfold slower than rates in water
(see Figure 14.4, p. 549), which, according to our toy model, would
decrease the propagation speed in vivo by a factor of four.

Overall the Min system in E. coli is a remarkable fulfillment of the
biological promise of reaction–diffusion mechanisms as envisioned
by Turing for establishing biological patterns. Certainly, there are a
number of details in the system that he had not imagined (and we

Figure 20.16: Min oscillations and
how the bacterium finds its middle.
(A) Fluorescently tagged MinD can be
seen to oscillate rapidly from one pole
of the cell to another with a period of
only about 40 s, which is much less
than the cell’s division time. (B) In cells
that are prevented from physically
dividing, the Min oscillations continue,
forming an oscillating stripe pattern
throughout the entire length of the
filamentous cell. The total size of the
cell is shown in the transmitted-light
micrograph in the bottom panel.
(Adapted from D. M. Raskin and
P. A. J. de Boer, Proc. Natl Acad. Sci. USA
96:4971, 1999.)

0 s 20 s 40 s

0 s

20 s

40 s

60 s 

1 mm

5 mm

(A) (B)

924 Chapter 20 BIOLOGICAL PATTERNS: ORDER IN SPACE AND TIME

MinD oscillations in 
normal E. Coli

MinD oscillations in E. Coli, 
where division is prevented 
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R. Phillips et al., Physical 
Biology of the Cell
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Can the same mechanism work 
for spherical bacteria?
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K.C. Huang and N.S. Wingreen, 
Phys. Biol. 1, 229 (2004)

Min-protein oscillations in round bacteria
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Figure 2. Time slices in 14 s increments of one complete MinD,E
oscillation in a spherical cell with radius R = 0.5 µm. To mimic
experimental observations of GFP fluorescence, we show two-
dimensional projections onto the x–z plane (where the solution is
rotationally symmetric about the z-axis) of the concentrations of (a)
MinD and (b) MinE. In (a), the MinD polar zone shrinks toward the
south pole, and reforms at the north pole. In (b), the MinE also
forms a polar zone which lags behind the MinD distribution. Note
the absence of a MinE ring. Except during brief cytoplasmic-burst
phases (14 s, 56 s for MinD) both MinD and MinE are primarily
membrane bound. (c) shows the membrane-associated
concentrations as a function of polar angle θ , MinD:ATP in blue and
MinE in red. The y-axis on each plot ranges from 0 to 500 µm−2.

period down to a minimum of 70 s, beyond which point most
of the MinD is cytoplasmic and there are no oscillations.
Oscillations also occur for a range of protein concentrations,
with the period proportional to the ratio [MinD]/(σde[MinE])
[17], reflecting the time required for MinE to hydrolyze a
MinD:ATP polar zone.

The basic mechanism for these oscillations is that a typical
MinD, once released from the membrane, diffuses farther in
the cytoplasm than a typical MinE before reattaching to the
membrane. This allows formation of a new zone of MinD:ATP
at the opposite pole, while MinE is at work progressively
hydrolyzing the old polar zone. Growth of the new polar
zone mirrors a gradient of MinD:ATP in the cytoplasm caused
by the stickiness of the old polar zone [17]. The delay for
nucleotide exchange allows MinD:ADP to diffuse away from
the old polar zone and is essential to establishment of the
cytoplasmic gradient. The absence of a visible MinE ring in
our simulations (figure 2) can be understood as purely an effect
of geometry, as shown in figures 3(a) and (b). In either a round
or a rod-shaped cell, a MinE that escapes the MinD:ATP zone
at one pole of the cell is likely to rebind where it first contacts
the opposite polar zone. In a round cell, the likelihood of first
contact is roughly equal everywhere in the new polar zone
as shown in figure 3(a). In a rod-shaped cell, however, the
first contact is likely to occur near the medial edge of the new

polar zone, attenuating the probability for first contact farther
toward the pole, and resulting in a MinE ring as shown in
figure 3(b).

To test this geometrical model, we performed simulations
with MinE proteins released from one pole in both cylindrical
and spherical geometries. The MinE proteins start diffusing
from the center of one end of the cylinder and the north pole of
the sphere. For a cylinder with radius 0.5 µm and length 4 µm,
we approximate the new polar zone by a region of constant
binding on the opposite half cylinder (z ∈ [2, 4] µm) with
rate σ = 0.5 µm s−1. For a sphere with radius 0.5 µm, we
approximate the new polar zone as the southern hemisphere
with the same constant binding rate σ . Two-dimensional
projected images of the final membrane concentrations of
MinE are shown in figures 3(c) and (d ), with the densities
shown in figures 3(e) and (f ). In the sphere the MinE density
is nearly uniform throughout the southern hemisphere, while
in the cylinder the MinE density shows a clear central peak,
i.e., a MinE ring.

Oscillations in nearly round cells

Real cells are not perfectly round. In nearly round rodA−

mutants of E. coli, Min-protein oscillations were almost always
observed to orient along the long axis [15]. While this
orientation could be due to membrane targets or scars, we
ask whether the geometry of the cell alone could be sufficient
to orient the Min oscillations. In figure 4, we show the results
of numerical integration in time of equations (1)–(5) for an
ellipsoidal cell with semi-major axis of length R1 = 0.525 µm
and semi-minor axes of length R2 = 0.5 µm, starting from
a completely random distribution of proteins. All diffusion
constants, rate constants and mean volume concentrations
are the same as for the spherical cell in figure 2. Within
a few oscillation periods, a stable oscillation is established
precisely along the long axis of the ellipsoidal cell with a period
of 80 s.

Minimum radius for oscillations

We find that spherical cells below a minimum radius Rmin do
not support oscillations. The exact value of Rmin depends
on the choice of parameters; for our choice Rmin = 0.45 µm.
The non-oscillating solution of equations (1)–(5) is spherically
symmetric and has uniform concentrations of MinE and total
MinD in the cytoplasm, which lacks sources or sinks of these
proteins. However, the concentrations of the two species
MinD:ADP and MinD:ATP can individually vary in the radial
direction due to local exchange with the membrane. To analyze
stability, we solve for the static concentrations: ρ0

i (r) where
i ∈ S = {D: ADP,D: ATP, E, d, de}, and then perturb about
this static solution:

ρ0
i (r) → ρ0

i (r)[1 + εPl(cos θ)], (6)

where Pl is the lth Legendre polynomial, which is an
eigenmode of the angular part of the diffusion equation in
spherical coordinates with eigenvalue νl = l(l + 1)/r2. In
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Figure 4. Time slices in 14 s increments of one complete MinD,E
oscillation in an ellipsoidal cell with semi-major axis of length
R1 = 0.525 µm and semi-minor axes of length R2 = 0.5 µm. The
quantities shown in (a), (b) and (c) are the same as in figure 2.
Starting from a random initial distribution of proteins, pole-to-pole
oscillations along the long axis become established within 3
oscillation periods. The y-axis on each plot in (c) ranges from 0 to
600 µm−2.

consistently defined. This point is made in the schematic in
figure 6, with the schematic nucleoid segregation representing
the full machinery of accurate cell division. The requirement
for consistency between poles (MinCD accumulation zones)
and equator (division plane) suggests that Min oscillations
and division accuracy are directly coupled in N. gonorrhoeae.
Experiments in round E. coli mutants [15] indicate that Min
oscillations can pick out the long axis in slightly asymmetric
cells. Our numerical simulations in ellipsoidal cells support
this conclusion, and it is tempting to speculate that for cell
division in N. gonorrhoeae, the Min oscillations exploit small
variations in cell shape to define the poles and equator of the
cell.

The ability of the Min oscillations to select the long axis
of an ellipsoidal cell reflects the length dependence of the
oscillatory instability. As shown in figure 5(b), the instability
exponent !1 increases with radius. Therefore, in asymmetric
cells the oscillation pattern with the longest wavelength will
become established. In the case of an ellipsoidal cell, the
longest wavelength pattern corresponds to oscillations along
the long axis of the cell. In both ellipsoidal and rod-shaped
cells, a protein oscillator which prefers long wavelengths can
provide a general mechanism for polar targeting of proteins.

In the most spherical of their round rodA− E. coli
cells, Corbin et al [15] observed rapid reorientation of
Min oscillations of the MinDNg proteins. Ramirez-Arcos
et al [14] also observed uncoordinated oscillations in large
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Figure 5. (a) Oscillation period as a function of cell radius. For
cells with a radius smaller than Rmin = 0.45 µm, no oscillations are
possible. (b) Instability exponent !1 as a function of cell radius for
the most unstable perturbation (∼ cos θ) superimposed on a static,
spherically symmetric solution.
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Figure 6. Schematic of pre-division round cell. (a) The alignment
of the Min oscillations and nucleoid segregation ensures proper
formation of the FtsZ ring. (b) Misalignment of the axial direction
of the Min oscillations and the equator defined by the segregated
nucleoids prohibits FtsZ-ring formation.

rodA− E. coli cells, but saw consistent pole-to-pole oscillations
in smaller rodA− cells. In so far as the Min oscillations
have a preferred wavelength for oscillations [17], it is
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Finding midline is not enough to 
divide properly in spherical bacteria

Min-protein oscillations in round bacteria

0s

70s

56s

42s

28s

14s

[MinD]total [MinE]total [MinD/E]membrane

[M
in

D
:A

T
P]

 b
ou

nd
 to

 th
e 

m
em

br
an

e [M
inE

] bound to the m
em

brane 

average

(a) (b) (c)

 

θ =
 0

θ  =
 π

Figure 4. Time slices in 14 s increments of one complete MinD,E
oscillation in an ellipsoidal cell with semi-major axis of length
R1 = 0.525 µm and semi-minor axes of length R2 = 0.5 µm. The
quantities shown in (a), (b) and (c) are the same as in figure 2.
Starting from a random initial distribution of proteins, pole-to-pole
oscillations along the long axis become established within 3
oscillation periods. The y-axis on each plot in (c) ranges from 0 to
600 µm−2.

consistently defined. This point is made in the schematic in
figure 6, with the schematic nucleoid segregation representing
the full machinery of accurate cell division. The requirement
for consistency between poles (MinCD accumulation zones)
and equator (division plane) suggests that Min oscillations
and division accuracy are directly coupled in N. gonorrhoeae.
Experiments in round E. coli mutants [15] indicate that Min
oscillations can pick out the long axis in slightly asymmetric
cells. Our numerical simulations in ellipsoidal cells support
this conclusion, and it is tempting to speculate that for cell
division in N. gonorrhoeae, the Min oscillations exploit small
variations in cell shape to define the poles and equator of the
cell.

The ability of the Min oscillations to select the long axis
of an ellipsoidal cell reflects the length dependence of the
oscillatory instability. As shown in figure 5(b), the instability
exponent !1 increases with radius. Therefore, in asymmetric
cells the oscillation pattern with the longest wavelength will
become established. In the case of an ellipsoidal cell, the
longest wavelength pattern corresponds to oscillations along
the long axis of the cell. In both ellipsoidal and rod-shaped
cells, a protein oscillator which prefers long wavelengths can
provide a general mechanism for polar targeting of proteins.

In the most spherical of their round rodA− E. coli
cells, Corbin et al [15] observed rapid reorientation of
Min oscillations of the MinDNg proteins. Ramirez-Arcos
et al [14] also observed uncoordinated oscillations in large
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Figure 5. (a) Oscillation period as a function of cell radius. For
cells with a radius smaller than Rmin = 0.45 µm, no oscillations are
possible. (b) Instability exponent !1 as a function of cell radius for
the most unstable perturbation (∼ cos θ) superimposed on a static,
spherically symmetric solution.
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Figure 6. Schematic of pre-division round cell. (a) The alignment
of the Min oscillations and nucleoid segregation ensures proper
formation of the FtsZ ring. (b) Misalignment of the axial direction
of the Min oscillations and the equator defined by the segregated
nucleoids prohibits FtsZ-ring formation.

rodA− E. coli cells, but saw consistent pole-to-pole oscillations
in smaller rodA− cells. In so far as the Min oscillations
have a preferred wavelength for oscillations [17], it is
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Slight deformation of the cell due 
to chromosomes could be enough 
to properly align Min oscillations

Min-protein oscillations in round bacteria
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Figure 4. Time slices in 14 s increments of one complete MinD,E
oscillation in an ellipsoidal cell with semi-major axis of length
R1 = 0.525 µm and semi-minor axes of length R2 = 0.5 µm. The
quantities shown in (a), (b) and (c) are the same as in figure 2.
Starting from a random initial distribution of proteins, pole-to-pole
oscillations along the long axis become established within 3
oscillation periods. The y-axis on each plot in (c) ranges from 0 to
600 µm−2.

consistently defined. This point is made in the schematic in
figure 6, with the schematic nucleoid segregation representing
the full machinery of accurate cell division. The requirement
for consistency between poles (MinCD accumulation zones)
and equator (division plane) suggests that Min oscillations
and division accuracy are directly coupled in N. gonorrhoeae.
Experiments in round E. coli mutants [15] indicate that Min
oscillations can pick out the long axis in slightly asymmetric
cells. Our numerical simulations in ellipsoidal cells support
this conclusion, and it is tempting to speculate that for cell
division in N. gonorrhoeae, the Min oscillations exploit small
variations in cell shape to define the poles and equator of the
cell.

The ability of the Min oscillations to select the long axis
of an ellipsoidal cell reflects the length dependence of the
oscillatory instability. As shown in figure 5(b), the instability
exponent !1 increases with radius. Therefore, in asymmetric
cells the oscillation pattern with the longest wavelength will
become established. In the case of an ellipsoidal cell, the
longest wavelength pattern corresponds to oscillations along
the long axis of the cell. In both ellipsoidal and rod-shaped
cells, a protein oscillator which prefers long wavelengths can
provide a general mechanism for polar targeting of proteins.

In the most spherical of their round rodA− E. coli
cells, Corbin et al [15] observed rapid reorientation of
Min oscillations of the MinDNg proteins. Ramirez-Arcos
et al [14] also observed uncoordinated oscillations in large
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Figure 5. (a) Oscillation period as a function of cell radius. For
cells with a radius smaller than Rmin = 0.45 µm, no oscillations are
possible. (b) Instability exponent !1 as a function of cell radius for
the most unstable perturbation (∼ cos θ) superimposed on a static,
spherically symmetric solution.
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Figure 6. Schematic of pre-division round cell. (a) The alignment
of the Min oscillations and nucleoid segregation ensures proper
formation of the FtsZ ring. (b) Misalignment of the axial direction
of the Min oscillations and the equator defined by the segregated
nucleoids prohibits FtsZ-ring formation.

rodA− E. coli cells, but saw consistent pole-to-pole oscillations
in smaller rodA− cells. In so far as the Min oscillations
have a preferred wavelength for oscillations [17], it is
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Patterns in nature

1952: Alan Turing wrote “The Chemical Basis of Morphogenesis”
Many of these patterns can be constructed with reaction-diffusion models.

What are the minimal requirements that produce such patterns?

zebra leopard royal
angelfish peacock

giant
pufferfish

tiger bush fir waves mussels hallucination 
patterns

clouds
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Reaction-diffusion equations

Linearize the PDE around the fixed point

@Ci(~r, t)

@t
= Fi ({Cj(~r, t)}) +Dir2Ci(~r, t)

In the absence of diffusion find stable fixed points
i = 1, 2, · · · , N N interacting components

Fi

�
{C⇤

j }
�
= 0

Can diffusion destabilize such fixed points?

ci(~r, t) = Ci(~r, t)� C⇤
i

@ci(~r, t)

@t
=

NX

j=1

M0
ijcj(~r, t) +Dir2ci(~r, t) M0

ij =
@Fi

@Cj

����
C⇤

Fourier transform

What are the 
eigenvalues for 
such system?

@c̃i
⇣
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⌘

@t
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NX
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ij � �ijk
2Di
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One component system (N=1)

Because fixed point is stable in the absence of 
diffusion, we must have M11 < 0.

@c̃1
⇣
~k, t

⌘

@t
=

�
M0

11 � k2D1

�
c̃1

⇣
~k, t

⌘
⌘ �(k)c̃1

⇣
~k, t

⌘

�(k)

k0

There are no diffusion 
induced instabilities for 
one component system!

�(k)
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Two component system (N=2)

Relation between eigenvalues and trace of the matrix

@

@t

 
c̃1(~k, t)

c̃2(~k, t)

!
=

✓
M0

11 � k2D1, M0
12

M0
21, M0

22 � k2D2

◆ 
c̃1(~k, t)

c̃2(~k, t)

!

Therefore we must have one positive and one 
negative eigenvalue for Turing instability!

No temporal oscillations are possible!
�(k)

0 k

�2(k)

�1(k)

k� k+ What are the conditions 
for matrix        that lead 

to Turing instability?
M0

ij

�1(k) + �2(k) = M0
11 +M0

22 � k2(D1 +D2) < 0

�1(0) + �2(0) = M0
11 +M0

22 < 0

unstable 
modes
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�1(k)�2(k) = M0
11M

0
22 �M0

12M
0
21 � k2(M0

11D2 +M0
22D1) + k4D1D2

�(k)

0 k

�2(k)

�1(k)

k� k+

Two component system (N=2)

Relation between eigenvalues and determinant of the matrix

@

@t

 
c̃1(~k, t)

c̃2(~k, t)

!
=

✓
M0

11 � k2D1, M0
12

M0
21, M0

22 � k2D2

◆ 
c̃1(~k, t)

c̃2(~k, t)

!

�1(k)�2(k) = (M0
11 � k2D1)(M

0
22 � k2D2)�M0

12M
0
21

Determinant becomes negative and reaches minimal value at                     .k⇤ 2 (k�, k+)

d(�1(k)�2(k))

dk
= 0 k⇤2 =

M0
11D2 +M0

22D1

2D1D2
> 0

M0
11M

0
22 < 0

�1(0) + �2(0) < 0

M0
12M

0
21 < 0

�1(0)�2(0) > 0
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�(k)

0 k

�2(k)

�1(k)

k� k+

Two component system (N=2)
@

@t

 
c̃1(~k, t)

c̃2(~k, t)

!
=

✓
M0

11 � k2D1, M0
12

M0
21, M0

22 � k2D2

◆ 
c̃1(~k, t)

c̃2(~k, t)

!

Without loss of generality we can assume              , M0
22 > 0M0

11 < 0

M0
11 +M0

22 < 0 |M0
11| > |M0

22|

M0
11D2 +M0

22D1

2D1D2
> 0 D1 >

|M0
11|

|M0
22|

D2 > D2

Finite wavelength Turing instabilities 
arise by long-ranged inhibition and 

short-range excitation. The resulting 
patterns are fixed in time.

In the system with 3 or more 
components oscillating patterns in 

time are also possible.


