MAE 545: Lecture 10 (10/20)

How bacteria find midline
for cell division?




Contraction of FtsZ-ring
divides bacterial cell in two

FtsZ is analogous to tubulin
(assembly by GTP hydrolysis)

Bacterial division is extremely
precise. FtsZ forms at

(0.50 + 0.01) L

1 um How does bacteria know where
to place the contractile ring?



FtsZ

MinC

MinD

MinE

Min system oscillations provide
cues for the formation of FtsZ ring

Predator-prey like dynamics
between MinD and MinE
proteins produce oscillations
on a minute time scale, which
iIs much shorter than typical
division time (~20 min).

On average MinC/MinD
proteins are depleted
near the cell center,
where FtsZ ring forms!
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H. Meinhardt and P.A.J. de Boer,
PNAS 98, 14202 (2001)



1D model of Min system

HRXAXANX X X X ARXAAARAAAN X 1K X X HAANRX

» U

Concentrations of proteins in the cytoplasm
Cp:.app(2,1) Cp.atp(x,t) Cg(z,t)

Concentrations of membrane bound proteins _
Note: in paper they

Ca(z,t) Cae(z,t) treat the full 3D model

K.C. Huang et al., PNAS 100,
12724 (2003)



Diffusion of Min proteins

Diffusion of Min
proteins in cytoplasm

Dp ~ Dg ~ 2.5um? /s

Diffusion of membrane bound
Min proteins is negligible!

KRXAXAXN X X X HAARXAANNAN X 0 X X HAAAX

» U
JCp.app D 0°Cp:ADP
ot TP 922
JCp.aTp D 0*Cp.ATp
ot [P 0x2
oCe | 9°Ck
ot De Ox?
ocs
ot
8Ode

ot



Reaction 1

MinD-ATP binds to the membrane
op ~0.1s7 !

MinD-ATP in the membrane @
Ne
(P)

recruits more MinD-ATP proteins
—1

3a

oqp ~ 0.002um s

KRXAXAXN X X X HAARXAANNAN X 0 X X HAAAX

» U
OCp:ADP _ D 0”Cp:apP
ot D92
oCH. 0°Ch.
D:ATP Dp D';‘TP — opCp.atp — 04pCp.aTp [Ca + Cle]
ot ox
8CE o 82CE
ot De 02
oC
a_td =lopCp.atp + 0apCh.aTp [Ca + Cye]
8Cde |

ot



Reaction 2

MinE binds to MinD-ATP
in the membrane

1

op ~ 0.12ums™
XXXXXXXK X X X XXXXAXAAAAK X XX X X XXXXX
» U
aCD;ADP aQCD:ADP
or Dp Ox?
80]2;:17}) = Dp aQCa[;?TP — UDCD:ATP — UdDCD:ATP [Od -+ Cde]
80]5) 8QCE
el Dg 5.2 | ocrCqCE
% = opCp.aTP + 0apCp:ATP [Ca + C4e)|— UECdCE‘
9Cae z'aEcch.-

ot




Reaction 3

MinE increases the rate of

ATP hydrolysis and 3c
afterwards both MinE and @
MinD fall off the membrane ® (;\ ”

Oae ~ 0.7 xxxxxxxxxxxxxxxxxxxxxxxxxxmmzx
» L

OCp.ADP _ D 0?Cp.ADP
ot D ox2

+ 04:C4e ‘

OCh. 0*Ch:
DAY _ 1y TEONE e — 0anCinare [Ca + Cae

oC 0*C
vvE = Dg b —O'ECdCE‘i‘O'deCde‘

ot Ox?
0Cy
ot
0Cqe
ot

= 0pCp.aTp + 04pCp:ATP [Cd + Cde] — 05C4CE

= 0pCqCE|— 04.C4ae




Reaction 4

Replacement of ADP with
ATP for MinD proteins in
the cytoplasm

%DP—>ATP 18_1

XXAAAAAX X X X XXAAAAAAAAN X XX X X XXXKK
» L

OCp.ADP _ D 0?Cp.ADP
ot D ox2

ADP—ATP CD ADP

—l_ O-deCde - UD

ADP—ATP
-+ 0p OD:ADP

Ot Ox?

dCh. 0*Ch:
DAY = pp—28E 5L Cpatp — 0apChiatp [Cd + Cacl

oC 0°C

—atE = Dpg 8:C2E — opC4qCE + 04C4e

0Cy4

o opCp:aTp + 0apCp.aTp [Cd + Cae| — 05CaCE
8Ode

= o0pCqCE — 04.C4e

ot



Boundary conditions

No flux of proteins through the edge

OCp.ADP OCp:ADP
80&5 ey 80890 ’ " —
R .
%(wzoﬂf):a@ﬁ(x:[ﬁwzo 0 L
T xr
2
0Ch. 0% Ch.
%?TP = Dp a]?,;?TP — 0pCp.arp — dapCp.arp [Ca + Cac] + op”" 77 Cp.app
oC 0*C
a—tE = Dpg 8:62E — opC4qCE + 04C4e
0Cy
el 0pCp:.atp + 0apCp:aTp [Cd + Cde] — 0CaCE
8Cde

5 = ogCqCE — 04.Cqe
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How do we analyze such system of PDEs?

AAAAAXNX X X X AANXUXANNAN X X XX X KNAXN

OCp.ADP _ D 0?Cp.ADP
ot D ox2

ADP—sATP
+ 04.Cde — 0D Cb:ADP

0Ch. 0%Ch.
%?TP Dp a]?,;?TP — 0pCp:atp — 0apCp:aTp [Cd + Cael + 0

(9C 02C
0Cy4
ke opCp.atp + 0apCp.arp |Cq + Cye] — 05CyCr
0C 46
8: = o0pCqCg — 04.C4e

F({Cj(x,t)}) + D; 82%;;””5)

11

0C; (x, t)
ot




Stable fixed point for uniformly
distributed concentrations

(‘907;(:13,75) o | .8207;(56,75)
It —FZ({CJ(x7t)})‘|‘Dz 72

First let us assume that concentration profiles are
independent of x and find stable fixed point concentrations.

| B({C))) =0

Fixed point is reached

within seconds!

Ch.app ~ 240pm ™"

Ct ~ 10pm ™!

C* ~ 210pum ™"

Ch. =~ 340pum™*
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'Lj_

OF;

9Cj ¢

Linear stability analysis of fixed point

Let’s assume small perturbations around the fixed point

7t)'_'(j;

[

0C; (x, t)

ot

Fi({Cj(z. 1)}

ci(z,t)

::(:%($

) + D,

and linearize the PDE

(92C%(17

)

Ox?

8(32 (x,1) 0%c;(x,t)
E c] x,t) + D;
Ox?
%DP—)ATP O, 0’ 07
+O_%DP_>ATP —0D — 0dD (Cglk T C:ie) ) 07 _O-dDCE:ATP7
0, 0, —opC} —ogCh,
0, 0D + 0dD (Cgil< + Cgike) ) _UEO;;? UdDCB:ATP - UECE?
0, 0, O'ECS, O'ECE,

13

Ode
—0dD CE:ATP
Ode
0dD CE:ATP
—0de




Linear stability analysis of fixed point

(9(:@:1:'75

=2 M

cja;t

+ D;

0%c;(x, 1)

Ox?

It is convenient to analyze this PDE in Fourier space, but note
that only cos(kx) modes are consistent with boundary conditions.

Boundary conditions also restrict the values for wavenumber k

ci(z,t)

k

—, n=0,1,2,-

ni

Let’s rewrite the PDE in Fourier space

=Y (k1) cos(kx)

(%zk't

=2 M

0.8;(k,t) —

— D;k?E;(k, 1)

=Y M;;(k)é;(k, t)

J

Note: in higher dimensions use

solutions of Helmholtz equation with (1)

—

appropriate boundary conditions

14

= —k*V*u(F)




Linear stability analysis of fixed point

ac”” Z 0.8 (k, t) — Dik®e(k, t) = ZMW

From linear algebra we know that the solution of this equatlon can be
expressed in terms of eigenvalues and eigenvectors of matrix Mi(k):

Z A A (k)t Ao =¥ M;j(k)v
J
Thus small perturbations from fixed point evolve as

Z Aq( ere (Rt cos(kx)

Fixed point is stable if and only if all eigenvalues have
negative real parts for all allowed wavenumbers Kk

Re[Aq (k)] <O

For unstable fixed points the mode that corresponds to
the eigenvalue with the largest real part dominates!
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—O’EC;; — DEk2,
—UECS,

0.2
0.15

-0.15

( _O.%DP—>ATP — Dpk2, 0,
+0%DP_>ATP, —op —oap (C% + C%.) — Dpk?,
0, op+oap (Cf + Ci.) s
\ 0, 0,
10
5 _
0)
o1 _)\1 \\
Tﬁl '1 O - )\2 -
5 '1 5 _)\3
é '20 - )\4
251 — A,
301t |
351 |
40

0 02040608 1 12141618 2

™)
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-0.2

0,

*k
_UdDCD:ATPa

—O’ECE,

0apCh.arp — 0ECE,

O'ECE,

Eigenvalues in the model Min system

Ode
—0apCh. aTp
Ode
0apCh. aTp
—O0de

*

P N
-

k[pm™]

)

0 02040608 1 12141618 2



Eigenvalues in the model Min system

wavelength of the
most unstable mode 27 /kmax ~ 8.2um™"
/

0.1
0.08 ¢
0.06 t
0.04 ¢

T 0.02¢

/

o 0
jg-o.oz :
-0.04 -
-0.06 +

-0.08 ¢

>
unstable modes

—A,

__)\2

-0.1

kpm ™)

0 02040608 1 1.21.41.6‘.8 2

0.2

0.15}
_ 0.1}
| = 0.05}
J :—<\ O
£ -0.05}

0.1}

-0.15}

-0.2

kmax ~ 0.8pum™*

——_——__
-
-

0 02040608 1 1.21.4161.8 2
k[pm™]

Note that only discrete set For bacteria that is shorter than For E.coli with L ~ 4um

of wavenumber is allowed!

ni

k= 7

n=0,12---

L < (m/1.5)pm ~ 2.1uym

fixed point is stable and there
are no oscillations!

17

k=mn/L ~0.8um
A2 ~ (0.06 £140.10)s™!

Period of oscillations
(27/0.010)s = 60s



Oscillations in the model Min system
Tot MinE

time averaged
concentrations

Tot MinD

Cp:app + Cp.ATP
t[S] +C4 + Cyae
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Min system oscillations in larger cells

C.A. Hale et al., EMBO 20, 1563 (2001)
MinE
MinD MinE
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http://mesord.sourceforge.net

Tot MinD

Tot MinE

Tot MinE

L =4um 19 L = 10um


http://mesord.sourceforge.net

Min system oscillations in large cells

MinD oscillations in E. Coli,
where division is prevented
by removing FtsZ

(B)
- -
- - O0s

MinD oscillations Iin
normal E. Coli

(A)

* * .

Os 20 s 40 s 60 s
L

1 um

T
E
i ’
R — 20 s

R. Phillips et al., Physical
Biology of the Cell
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Can the same mechanism work
for spherical bacteria?




Os

14s

288

42s

56s

70s

average

Min system oscillations
in spherical bacteria

no MinE ring

membrane

[MinD],,.,; | [MInE],., [MinD/E]

g

R—

[MinD:ATP] bound to the membrane

QuEBIqUIdW Ay} 0} punoq [HUIA ]

(@ (b) T © 0

Min oscillations can
identify midline

Instability exponent A, (s!)
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Oscillations possible
only for sufficiently

large cells
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K.C. Huang and N.S. Wingreen,
Phys. Biol. 1, 229 (2004)



Finding midline is not enough to
divide properly in spherical bacteria

proper alignment

)

Mln - [MIHD ] total [MIHE] total [MIHD/E ] membrane
oscillations —
~——Yr Us - ; \¥
S
misalignment 14s EN =
- =
) SN & 2
28s ‘5 a
Min - -é _4 3
oscillations 104 E =
— =
56S - E — __~ %
Slight deformation of the cell due 70s %_
to chromosomes could be enough
i . . i average ~—_—
to properly align Min oscillations

(a) (b) @
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Patterns in nature

royal . giant
leopard angelfish peéacoc pufferfish

tiger bush fir waves mussels clouds hallucination
patterns

1952: Alan Turing wrote “The Chemical Basis of Morphogenesis”

Many of these patterns can be constructed with reaction-diffusion models.

What are the minimal requirements that produce such patterns?

24



Reaction-diffusion equations

aCz (7?7 t)
ot
i=1,2.---.N N interacting components

— F,({C,(7.1)}) + DiV2Ci(F, 1

In the absence of diffusion find stable fixed points
F; ({C7}) =
Can diffusion destabilize such fixed points?

Linearize the PDE around the fixed point
Cz(’F t) — CZ(F, t) — C,;k

OC’L 2 0 aFrL
MO —
Z t) + D;V<c;(7,t) i ac; |
Fourier transform
O¢; (E, t) N \ What are the
P Z (M}, — 6;;k°D;) ¢; (/Z, t) eigenvalues for

j=1 such system?



One component system (N=1)

¢, ng t) = (MY — k*Dy) & (’5 t) = Ak) (E t)

Because fixed point is stable in the absence of
diffusion, we must have M1 <0.

A(K)

0 > K

There are no diffusion
induced instabilities for
one component system!
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Two component system (N=2)

o (@ | _( Mh-wD. M, o ()
ot 52(/{, t) M201; Mgz — k* Dy 52(]2, t)

Relation between eigenvalues and trace of the matrix

A1 (0) + X2 (0) = MY, + M3, <0
(k) + Xa(k) = MY, + M3y — k*(Dy + D) <0

Therefore we must have one positive and one
negative eigenvalue for Turing instability!
No temporal oscillations are possible!

A(k)
A1 (k)
2 k. What are the conditions
04 - » k& for matrix 1, that lead
/ unstable to Turing instability?

modes

Ao (k)

27



Two component system (N=2)

il ( & (k1) ) B ( MY — k2Dy, MY, ) ( & (k1) )
ot \ c(k,t) | M3, Mys — k? Do Ga(k, t)
Relation between eigenvalues and determinant of the matrix
Al(k)AZ(k) — (Mi)l - kQDl)(Mgz — k2D2) - M102M201
A (k) Ao (k) = MY, M3y — MYy M3, — k*(M7y Dy + M3y D1 ) + k* Dy Dy
Determinant becomes negative and reaches minimal value at " < (k_, k).

2D, D

d(A1(k)A2(k))
A(E) dk

k*Q N 0

=0

¢ A1(0) + A2 (0) <0

M&Mgz <0

i A1(0)A2(0) >0

M?QMgl <0

28



Two component system (N=2)
) _ ( MY - k2Dy, MY, ) ( o (1) )
B M2017 Mg2 — k* Dy 52(]2, t)

Without loss of generality we can assume M}, < 0, M5, >0

MY} + Mgz, <0 M7y | > | M3, ]
M{\Ds + MS,D, [ MY
> 0 D > Dy > D
2D, D LM, T
A(k)
4 M (B) Finite wavelength Turing instabilities
arise by long-ranged inhibition and
" short-range excitation. The resulting
" patterns are fixed in time.

In the system with 3 or more

components oscillating patterns in
time are also possible.
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