MAE 545: Lecture 15 (11/12)
Mechanics of cell membranes
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Energy cost for stretching and shearing

undeformed ; patch area
square patch A=1L"
L
isotropic shear anisotropic
deformation deformation stretching
n
' L(1+ A1)
L
L+ AL
E B [(AA\° B [(2AL\’ E  pb? E B >
T _Z2(22) L2 (22X R — = (A +A AL — A
=3 (50) ~s () | |F-E] |Fraeerwtefoan
bulk modulus shear modulus A1, A2 K1
B ~ 0.2N/m i~ 107°N/m

(shearing can be interpreted
(lipid bilayer) (spectrin network) as anisotropic stretching)
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Metric for measuring distances along curves

. parameter describing
L position along the curve

_,( 1) function describing
shape of the curve

0
_ 1, dr(z') local tangent Example
t(x) = Ayl to the curve

metric for measuring lengths

dr® = di® = 12 (da')” = g (dz*)”

- 7(z") = R( cos(wz"), sin(wz"))
g=1 t(z') = Rw( — sin(wz), cos(wz'))
dl = \/§d$1 g(z') = R*w?
dl = Rwdz’




Strain for deformation of beams

undeformed beam deformed beam
?’\/ 77/ gjl
(a') 0 o)
g = (dr/dz")’ g = (di' Jdz")?
dt = \/gdx? dl' = /g'dx' = di(1 + ¢)
strain Energy cost for
A0 — dr% = (2e + 2)di? ~ 2e di? stretching/compressing

de’? —de? 1 1
€ = =59 (9 —9) B = / (Vgdz®) Ske

2d0? 2




Metric tensor for measuring distances on surfaces

1 .2 parameters describing
’ position along the surface to

7”(:1:1 372) function describing
’ shape of the surface

ro_ O local tangent vectors

L Oyt to the surface
1 .2
11 Xt2 unit normal vector 0 ’
n - — —
11 X o of the surface

metric tensor for measuring lengths area element
d? = di? = Zt tidrtda? = Z gijdz'dz? gdﬁia

, ] t1dx’

o ([t tl, t1 - to Lo
gij =ti-t; = ( 0ot by i ) dA = |t1||t2] sin adz! dz?

g = det(gs;) = [t1 X Lo]? I dA = /g dz'dz?




Examples

r(z,y) = (z,y,0)

, SR 1, 0

L 0r

v =g, — (OL0) dA = drdy
==X 0,1
s X |
(¢, z) = (Rcos ¢, Rsin ¢, 2)

s 2
{¢:§_;:R(—sinqb,cosgb,0) 9i; :t_;t_; - ( Fé” (1) >
EZ:&:(O,OJ)

?Z ) dA = Rdodz
n = t_,qu% = (cos ¢, sin ¢, 0)

[ty X
(0, ¢) = R(sin 6 cos ¢, sin 6 sin ¢, cos 6) o R2 0

, gq;j:tz”tj:<0’ R2-29)
fy = % = R(cos 6 cos ¢, cos 0 sin ¢, — sin ) 7 .
S or . : -
b = 99 = Rsin O(— sin ¢, cos ¢, 0) dA = R?sin 6 dfdo
n = t_’@ . t_fb = (sin 6 cos ¢, sin 0 sin ¢, cos 0)

|t9><t¢

v



Strain tensor for deformation of membranes

undeformed membrane deformed membrane

o OF g = o
95 = 9 Hpi Yoo Oxt Oxd
Z Gij dmzdx] CM’Q Z gw da:zda;‘]
strain tensor Energy cost for
: ) I stretching/compressing
Ujj = 5 Z(g_l)ik (Q;fj - gkj) 1 i -
1 2 2 2
k E = /\/Ed:c dx 5 (B—,LL)(ZUM) +2M;Uz‘j
inverse metric tensor - T
Z Dikgr; = Zgzk g =iy g = det(gi;)



Membrane deformations
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Curvature of surfaces

curvature for curvature for surfaces
Space curves depends on the orientation

maximal and minimal curvatures are
called principal curvatures and

R. Phillips et al., Physical they appear in orthogonal directions

Biology of the Cell 10



Surfaces of various principal curvatures

1
Ro
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Curvature of curves

- .
L 3
- ~

g R(z*

A
)

. parameter describing
L position along the curve

_,( 1) function describing

shape of the curve (xl)
0 (")
_ 1, dr(z') local tangent
t(a) = ] to the curve EXélmlf)Je1
t(x
S 1 local unit normal )
n(z) vector to the curve L
ni(x”)
_ 72 metric for
9= measuring lengths
curvature of curve 7(z') = R(cos(wz"), sin(wz"))
i(z") = (cos(wz'), sin(wz"))
) —
i:Kzl ﬁ dT g(ml):R2w2
R g d(xl)? oo 1
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CBl 2

Curvature tensor for surfaces

parameters describing
, X .
position along the surface

7;»(331 :CQ) function describing
’ shape of the surface
P O ocal tangent vectors
YOt to the surface
7 t1 X 12 unit normal vector
,{1 < {’2‘ of the surface
g metric tensor for
%5 = %% measuring lengths
curvature tensor for surfaces
0%
- —1 ,
K’Lj — zk: (g )zk 83:’“8:1:9
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principal curvatures correspond to

2 (o

R1’ R
mean curvature

1
Ry Rg

ZKZZ =

Gaussian curvature

1
Ri1 Ry

== det(Km)

the eigenvalues of curvature tensor
1 1

tr( Ky )



Examples K=Y (07, (it aﬁ;)

r(z,y) = (z,y,0)

L or
tx:—: 1 - - 1, O
oy ~ 100 Qijztz"tﬂ':<0 1)
by = — = y 9
o0y K. — 0, 0
==X 0,1 + 0, 0
Lz X ty|
(¢, 2) = (Rcos ¢, Rsin ¢, 2)
ty = a—; = R(—sin ¢, cos ¢,0) Gij =t; - tj = ( }(2)7’ (1)
L or
tz:_: ) 71
0z (0,0, 1) I7e —%, 0
i = 2" = (cos ¢, 5in 6, 0) N 0, 0
[tg X L2
(0, ¢) = R(sin 6 cos ¢, sin 6 sin ¢, cos 6) o B2 0
. gz:tzt:< ) 5 . 2 )
L 0 J J 0, R 0
o = 8—2 = R(cos 6 cos ¢, cos 0 sin ¢, — sin ) ’ .
R 1
= — = 1 — q] .. — R’
& 9 Rsin 0(— sin ¢, cos ¢, 0) Kzg — < 0 1 >
" FeXng : : : ’ i
n=———=— = (sinf cos ¢, sin 6 sin ¢, cos 6)
|t9><t¢
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Examples for Gaussian curvature
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Bending energy for deformation of membranes

undeformed membrane deformed membrane

N

(L O K T
hs zk: (g )'Lk (n 6’xk8x~7) v zk: (g )zk " ok O
bending strain tensor Energy cost of bending
sz — K’:j — Kz E = /\/gdfljldan [%/ﬁ: tl’(bij)2 —+ e det(bij)]

(local measure of deviation
from preferred curvature)
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Bending energy

k(1 1 kG Helfrich
E= [dA | — C
/ 2 (R1 Ro O) R R, || free energy

bending rigidity ~ ~ 20kpT mean curvature H = L ( ! + ! )

2\ R, " Ry
Gaussian Gaussian oo 2
bending rigidity ¢ ~ —U-8k curvature R R
spontaneous .
curvature ’

Example: bending energy for a sphere

E =41 (2k + kg) ~ 300kpT

bending energy is independent
of the sphere radius!




Bending energy

K 1 1 : RaG
E= |dA | — C
/ 2 (R1 R 0) R R,

Gaussian bending rigidity ~c has to be
negative for stability of membranes

Schwarz minimal surface

Such surfaces would
be preferred for
positive Gaussian
bending rigidity,
when Co=0.




Gauss-Bonet theorem

For closed surfaces the integral
over Gaussian curvature only /
depends on the surface topology!

dA

4 (1 —g)

RiRy

It is hard to experimentally measure
the Gaussian bending rigidity for
cells, because cell deformations

don’t change the topology!
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