
MAE 545: Lecture 15 (11/12)

Mechanics of cell membranes
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Figure 11.13: The geometry of
membrane deformation. From top to
bottom we illustrate stretching of a
membrane, bending of a membrane,
thickness deformation of a membrane,
and shearing of a membrane.

which proteins can influence the thickness of the surrounding bilayer.
Finally, to understand the various shapes of red blood cells, we will
have to consider shear deformations of the cell membrane and its
associated spectrin network. To get a sense geometrically for how
such deformations work, we will repeatedly appeal to the square patch
of membrane shown in Figure 11.13. There are many subtleties lay-
ered on top of the treatment here, but a full treatment of this rich
topic would take us too far afield, and we content ourselves with the
pictorial representations shown here.

Membrane Stretching Geometry Can Be Described by a Simple Area
Function

The top image in Figure 11.13 illustrates the first class of defor-
mations we will consider, namely, when the area of the patch of
membrane is increased by an amount!a. Just as the parameter !L was
introduced in Section 5.4.1 (p. 216) to characterize the homogeneous
stretching of a beam, the parameter !a will provide a simple way
to characterize the change in the area of a membrane. To be explicit
about the fact that the amount of stretch could in principle vary at
different points on the membrane, we introduce a function !a(x, y)

that tells us how the area of the patch of membrane at position (x, y)

is changed upon deformation.

Membrane Bending Geometry Can Be Described by a Simple Height
Function, h(x,y)

To consider bending deformations, we treat surfaces as shown in
Figure 11.14. We lay down an x–y grid on the reference plane and we
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Metric for measuring distances along curves
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Strain for deformation of beams
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Metric tensor for measuring distances on surfaces
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Strain tensor for deformation of membranes
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Figure 11.13: The geometry of
membrane deformation. From top to
bottom we illustrate stretching of a
membrane, bending of a membrane,
thickness deformation of a membrane,
and shearing of a membrane.

which proteins can influence the thickness of the surrounding bilayer.
Finally, to understand the various shapes of red blood cells, we will
have to consider shear deformations of the cell membrane and its
associated spectrin network. To get a sense geometrically for how
such deformations work, we will repeatedly appeal to the square patch
of membrane shown in Figure 11.13. There are many subtleties lay-
ered on top of the treatment here, but a full treatment of this rich
topic would take us too far afield, and we content ourselves with the
pictorial representations shown here.

Membrane Stretching Geometry Can Be Described by a Simple Area
Function

The top image in Figure 11.13 illustrates the first class of defor-
mations we will consider, namely, when the area of the patch of
membrane is increased by an amount!a. Just as the parameter !L was
introduced in Section 5.4.1 (p. 216) to characterize the homogeneous
stretching of a beam, the parameter !a will provide a simple way
to characterize the change in the area of a membrane. To be explicit
about the fact that the amount of stretch could in principle vary at
different points on the membrane, we introduce a function !a(x, y)

that tells us how the area of the patch of membrane at position (x, y)

is changed upon deformation.

Membrane Bending Geometry Can Be Described by a Simple Height
Function, h(x,y)

To consider bending deformations, we treat surfaces as shown in
Figure 11.14. We lay down an x–y grid on the reference plane and we
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use the variable h to characterize the height of the membrane above
that plane at the point of interest. The geometry of the membrane is
captured by its height h(x, y) at every point in the plane. Note that in
cases where the deformations of the membrane are sufficiently severe
(that is, there are folds and overlaps), this simple description will
not suffice and we would have to work using an intrinsic treatment
of the geometry without reference to the planar reference coordinates
described here.

x

y
h

Figure 11.14: The height function
h(x, y). The surface of the membrane is
characterized by a height at each point
(x, y). This height function tells us how
the membrane is disturbed locally from
its preferred flat reference state.

Once we have the height function in hand, we can then compute
the curvature, which we will see is the key way that we will cap-
ture the extent of bending deformations. As with our treatment of
beams, we are going to see that the energetics of bending a lipid
bilayer membrane will depend upon the curvature of the membrane.
To explore the idea of membrane curvature, we take the approach
shown in Figure 11.15. We can cut through our surface with a plane,
and in so doing, the intersection of the surface with that plane
results in a curve. We compute the curvature of that space curve
in exactly the same way we did in Chapter 10 (see Figure 10.4 on
p. 386) by finding the circle that best fits the curve at the point
of interest. However, there is a problem with this story. The value
we get for the curvature depends upon the orientation of the plane
we use to cut the surface. Each such plane will result in a differ-
ent curve and a correspondingly different curvature. The way around
this impasse is a beautiful theorem that states that there is one par-
ticular choice of two orthogonal planes for which the curvature will
take two extreme values, one high and one low. These are the so-
called principal curvatures. This theorem guarantees that it takes two
numbers to capture the curvature of a surface, as opposed to the
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Figure 11.15: The curvature of space curves and surfaces. (A) The curvature of a curve is found by making the best fit of a circle
to the point at which we are computing the curvature. (B) The curvature of a surface is obtained by finding the best circle along
two orthogonal directions on the surface. This figure shows the intersection between a surface and a plane parallel to the y-axis
and a second intersection between the surface and a plane parallel to the x-axis.
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Surfaces of various principal curvatures
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Curvature of curves

~r(x1)
0

parameter describing 
position along the curve x

1

function describing 
shape of the curve ~r(x1)

~

t(x1) =
d~r(x1)

dx

1

local tangent
to the curve

metric for 
measuring lengths

~

t(x1)

~n(x1)

local unit normal 
vector to the curve

R(x1)

g = ~t 2

curvature of curve

~n(x1)

1

R

= K =
1

g

✓
~n · d

2
~r

d(x1)2

◆

Example

~r(x1)

~

t(x1)

~r(x

1
) = R

�
cos(!x

1
), sin(!x

1
)

�

~n(x1)

~n(x

1
) =

�
cos(!x

1
), sin(!x

1
)

�

g(x1) = R

2
!

2

K = � 1

R



13

Curvature tensor for surfaces
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Bending energy for deformation of membranes
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Schwarz minimal surface
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CHAPTER 1. PHENOMENOLOGY OF MEMBRANES

Figure 1.7: Representative shapes from the stomatocyte–discocyte–echinocyte sequence of red blood
cells obtained from experiments (left images) and theory (right plots). See also Sec. 3.3. (After
Ref. [6].)

Figure 1.8: Schematic illustration of the great diversity in cell shape found in nature, with E. coli,
which roughly has the shape of a cylinder of length 2 µm and thickness/height 1 µm, as a “measurement
stick”. For details, see Fig. 2.8 of Ref. [3]. (After Ref. [3].)
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It is hard to experimentally measure 
the Gaussian bending rigidity for 
cells, because cell deformations 

don’t change the topology!


