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Figure 11.13: The geometry of
membrane deformation. From top to
bottom we illustrate stretching of a
membrane, bending of a membrane,
thickness deformation of a membrane,
and shearing of a membrane.

which proteins can influence the thickness of the surrounding bilayer.
Finally, to understand the various shapes of red blood cells, we will
have to consider shear deformations of the cell membrane and its
associated spectrin network. To get a sense geometrically for how
such deformations work, we will repeatedly appeal to the square patch
of membrane shown in Figure 11.13. There are many subtleties lay-
ered on top of the treatment here, but a full treatment of this rich
topic would take us too far afield, and we content ourselves with the
pictorial representations shown here.

Membrane Stretching Geometry Can Be Described by a Simple Area
Function

The top image in Figure 11.13 illustrates the first class of defor-
mations we will consider, namely, when the area of the patch of
membrane is increased by an amount!a. Just as the parameter !L was
introduced in Section 5.4.1 (p. 216) to characterize the homogeneous
stretching of a beam, the parameter !a will provide a simple way
to characterize the change in the area of a membrane. To be explicit
about the fact that the amount of stretch could in principle vary at
different points on the membrane, we introduce a function !a(x, y)

that tells us how the area of the patch of membrane at position (x, y)

is changed upon deformation.

Membrane Bending Geometry Can Be Described by a Simple Height
Function, h(x,y)

To consider bending deformations, we treat surfaces as shown in
Figure 11.14. We lay down an x–y grid on the reference plane and we
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Figure 11.20: Schematic of the energy
penalty associated with average
bending of the bilayer. (A) The
undeformed state of the membrane.
(B) A membrane that has suffered a
bending deformation resulting in
relative tilt of neighboring lipid
molecules.

(A) (B)

There Is a Free-Energy Penalty Associated with Bending a Lipid Bilayer

When a patch of lipid bilayer is bent away from its flat zero-energy
state (assuming there is no spontaneous curvature), there is a rear-
rangement of both the headgroups and the tails of the lipids within
the bilayer. Loosely speaking, we can think of these rearrangements
as being equivalent to stretching and compressing springs as shown
in Figure 11.20. More precisely, the free energy of bending can be
written in terms of the curvature as

Gbend[h(x, y)] = Kb
2

∫
da [κ1(x, y) + κ2(x, y)]2, (11.7)

a model sometimes known as the Helfrich–Canham–Evans free energy.
We have introduced the notations κ1 and κ2 to represent the princi-
pal curvatures of the surface at the point of interest and they may be
thought of as the outcome of diagonalizing the matrix κij that appears
in Equation 11.3. The mean curvature is defined as κ̄ = (κ1 + κ2)/2.
What this equation really instructs us to do is to visit every point
on the surface, find its curvature, and compute κ̄2 at that point, and
then to add up the energy over all points on the membrane.

Note that the bending free energy introduced in Equation 11.7
involves a new material parameter, Kb, the bending rigidity. Since
the units of κ are 1/length (as can be seen from the definition of the
curvature as the second derivative, length/length2) and da has units
of length2, and since the overall unit of the expression is an energy,
we see that Kb has units of energy with typical values in the range
10–20 kBT . We will describe how the bending rigidity is measured in
Section 11.3.1.
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Figure 11.21: Energy penalty for
bilayer thickness changes. Springs are
used to illustrate the idea that there is
an energy cost to change the thickness
of a lipid bilayer from its equilibrium
value, 2w0.

There Is a Free-Energy Penalty for Changing the Thickness of a Lipid
Bilayer

Yet another type of membrane springiness results from changing the
bilayer thickness as indicated schematically in Figure 11.21. If we con-
sider an equilibrium thickness 2w0 and the thickness is changed to 2w
(for mathematical convenience, we define w as the half-width of the
membrane), then the contribution of such thickness variations to the
overall free energy budget is given by

Gthickness[w(x, y)] = Kt

2

∫
da

[
w(x, y)−w0

w0

]2
, (11.8)
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reveal the relation between the applied tension and the current flow-
ing through the channel. One of the key observables to emerge from
these experiments is the open probability popen as a function of the
applied pressure as shown in Figure 11.43. This figure goes beyond
the version shown in Figure 7.5 (p. 287) by illustrating the intriguing
way in which the open probability depends upon the lengths of the
lipid tails of the membrane in which the channel lives. The fact that
the open probability depends upon lipid-tail length provides a clue
as to the importance of membrane deformation in dictating part of
the free-energy budget associated with channel gating. As a result, we
now consider how membrane proteins deform the lipid bilayer that
surrounds them.
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Figure 11.43: Ion channel open
probability. The graph shows the open
probability as a function of the pressure
for the mechanosensitive channel,
MscL. Different curves correspond to
different length tails for the lipids in the
surrounding membrane. The particular
cases are tails with 16, 18, and 20
carbon atoms in their backbone.
(Adapted from E. Perozo et al., Nat.
Struct. Biol. 9:696, 2002.)

11.6.2 Elastic Deformations of Membranes Produced by Proteins

Proteins Induce Elastic Deformations in the Surrounding Membrane

As argued at the beginning of this chapter, the liveliness of mem-
branes owes much to the activity of their proteins. The hypothesis
we explore now is that the energetics of the surrounding membrane
contributes to the functioning of a wide class of membrane proteins.
Our examples of choice are the mechanosensitive proteins because
of the availability of quantitative data such as those shown in Fig-
ure 11.43. This class of ion channels is gated by the presence of
tension in the surrounding membrane. However, more generally, any
membrane protein that undergoes some conformational change that
alters the shape that it presents to the surrounding membrane will
deform that membrane. The interesting idea explored in this section
is that this membrane deformation feeds back to the protein and can
alter its conformational preference.

To see how membrane deformation might couple to protein func-
tion, we begin by considering a membrane protein like that shown
schematically in Figure 11.44(A). For mathematical convenience, we
consider the one-dimensional geometry shown in Figure 11.44(B),
where we define the functions h+(x) and h−(x) that characterize the
height of the upper and lower leaflets of the lipid bilayer. The basis
for this figure is the idea that, like their lipid partners, membrane

h+(x )

hydrophobic
region of
protein

h–(x )

x
(A) (B)

Figure 11.44: Protein-induced membrane deformation. (A) Protein in a membrane. (B) Schematic showing the nature of the
deformations in the vicinity of a membrane protein. The heights of the upper and lower leaflets of the bilayer are defined by the
two fields, h+(x) and h−(x). The lipids near the protein are deformed as a result of a hydrophobic matching to the hydrophobic
patches of the protein. The lipid schematic ignores the fact that the lipids are fluctuating, resulting in many different
conformations.
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Area difference between lipid layers
Length difference for 2D example on the left

ters of the system, we first present expressions for the
relevant contributions to the system’s mechanical energy.
We then describe the rather unique shape behavior of lipid
vesicles. The emphasis will be on providing a qualitative
understanding of the dependence of shape on the param-
eters of the system. Therefore, we avoid any description of
the formalisms that are used in theoretical determina-
tions of vesicle shape (Svetina and Žekš, 1996; Seifert,
1997). In the second part we discuss some biologically
important vesicle phenomena to which lipid vesicle shape
behavior can be related. Special attention is given to the
relationship between vesicle shape transformations and
vesicle fission and fusion processes, and to the phenome-
non of cellular polarity. We also discuss the functional
significance of the shape of the red blood cell. We conclude
by suggesting that some biological processes may have
their origin in the general shape behavior of closed lamel-
lar membranes.

MECHANICAL BASIS OF LIPID VESICLE
SHAPE FORMATION

Lipid vesicles form when lipid molecules, because of
their amphiphilic nature and geometry, associate in an
aqueous environment to form membranes. Typical of
these lipid membranes are phospholipid membranes. In
these membranes an adequate contact of phospholipid
molecules with water is established by arrangement of
their polar heads at the membrane surface, and by their
hydrophobic tails oriented in the direction of the mem-
brane interior. The thermodynamically stable bilayer
membrane is obtained by the hydrophobic side of one such
monolayer being covered by the hydrophobic side of an-
other, oppositely-oriented monolayer. A piece of a bilayer
membrane would have the hydrophobic parts of the mol-
ecules at its edges still in contact with the water. How-
ever, because the membrane of a vesicle forms a closed
surface, there are no edges; consequently, vesicles are
more stable than membrane pieces. In an unilamellar
phospholipid vesicle, a single bilayer membrane separates
the external and internal water solutions (Fig. 1). There
are different prescribed conditions for the spontaneous
formation of phospholipid vesicles from a mixing of water
and phospholipids (Lasic, 1993). The resulting vesicles
may thus have different sizes: !10 nm for small phospho-
lipid vesicles (SPVs), !0.1 "m for large phospholipid ves-
icles (LPVs), and !10 "m for giant phospholipid vesicles
(GPVs). The size influences vesicle behavior by phenom-
ena that depend, for example, on both vesicle volume and
membrane area, as is the case with the characteristic time
for transmembrane diffusion transport, or on the ratio
between the membrane thickness (!5 nm) and vesicle
diameter. Among vesicles of different sizes, GPVs deserve
special attention because their dimensions are compara-
ble to the dimensions of cells. As such, they can also be
visualized by an optical microscope.

For a given area of the vesicle membrane (A), the vesicle
volume (V), being practically equal to the volume of the
internal solution, can have any value between nothing and
the volume of a sphere with radius Rs # (A/4$)1/2. Vesicle
volume may be the result of the process of vesicle forma-
tion and the processes occurring during its subsequent
history. It can also be monitored by the osmotic state of
the inside and outside solutions. For any vesicle volume
smaller than the volume of the sphere, the vesicle is flac-
cid and can assume an infinite number of shapes. How-

ever, experimental determination of shapes indicates that
they are limited to certain distinct shape types. In Figure
2 are the cross-sections of some characteristic GPV shapes
that have been obtained from optical microscopy. Two
characteristic oblate shapes are the disc shapes (shape 4)
and cup shapes (shapes 1–3), and two characteristic pro-
late shapes are the cigar shapes (shape 5) and pear shapes
(shapes 6–8). Shapes 9–12 are characteristic of shapes
with lower volumes, and shapes 13–16 are those with
narrow necks. It can be seen that phospholipid vesicle
shapes exhibit some symmetry characteristics, which in-
dicates that their formation obeys certain rules. It can also
be deduced from Figure 2 that different shapes can exist
at the same vesicle volume. This implies that there are
systemic properties other than the vesicle volume that
influence vesicle shape.

Elastic Properties of a Membrane Described as
an Elastic Sheet

The outside and inside vesicle solutions are liquids;
therefore, the formation of vesicle shapes can be, in the
absence of external forces, related only to the mechanical
properties of their membranes (Evans and Skalak, 1980).
Because of their relatively small thickness, phospholipid
membranes as a mechanical system resemble a thin elas-

Fig. 1. A schematic representation of a phospholipid vesicle. a: The
cross-section of a spherical vesicle. b: The axial cross-section of a
vesicle with an axisymmetric shape exhibiting a protuberance and re-
sembling a pear. Rs is the radius of the sphere and R m is the meridianal
principal radius. The two examples of Rm indicate that the membrane
principal radii are defined to be positive at the convex parts of the
membrane and negative at its concave parts. In both vesicles the struc-
tural features of phospholipid membranes are shown schematically for
the indicated membrane section. Phospholipid molecules are shown as
composed of heads (circles) and two tails. Dashed lines represent neu-
tral surfaces of the membrane monolayers, with their positions defined
through the requirement of independent lateral expansion and bending
deformational modes. The distance between the neutral surfaces is
denoted by h. The arrows in the section of vesicle b indicate the relative
shifts of the positions of phospholipid molecules in the two monolayers
when the protuberance forms.
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