
E. coli chemotaxis

MAE 545: Lecture 2 (9/22)
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Fokker-Planck equation
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In general the probability distribution     of jump 
lengths s can depend on the particle position x. 
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Lévy flights

2D random walk

Probability of 
jump lengths in 
D dimensions

Normalization 
condition

p(|~s|) =
⇢

C|~s|�↵, |~s| > s0
0, |~s| < s0

Z
dD~s p(|~s|) = 1 ↵ > D

Moments of 
distribution

h~si = 0
⌦
|~s|2

↵
=

⇢
ADs20, ↵ > D + 2
1, ↵ < D + 2

Lévy flights are better strategy than random 
walk for finding prey that is scarce

D. W. Sims et al.
Nature 451, 1098-1102 (2008)

↵ = 3.5, D = 2
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Number of distinct sites
visited by random walk

Shizuo Kakutani: “A drunk man will find his way 
home, but a drunk bird may get lost forever.”

Total number of sites
inside explored region

after N steps

N
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/ N

N
tot

/ N
p
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N
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/
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N1D
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3D

In 1D and 2D every 
site gets visited after 

a long time

In 3D not every site is 
visited even after a 

very long time!

Number of distinct visited 
sites after N steps 

Nvis ⇡
p
8N/⇡

Nvis ⇡ ⇡N/ ln(8N)

Nvis ⇡ 0.66N
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Fick’s laws
N noninteracting 

Brownian particles 
Local concentration c(x, t) = Np(x, t)

First Fick’s law

Flux of particles

Second Fick’s law

Fick’s laws below follow from 
Fokker-Plank equations

Diffusion of
particles

J = vc�D
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Adolf Fick 1855
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First Fick’s laws

x

x+�x

Estimate flow of particles due to concentration gradient

N(x+�x)
N(x)

At next time step half of 
particles jump to the 

left and half to the right 

Net flux

J = �1

2

[N(x+�x)�N(x)]
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In the presence of flow we need to add transport of molecules

J = vc�D
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Second Fick’s laws

x

x+�x

Estimate change in concentration due to gradient in flow

1
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Fick’s laws
N noninteracting 

Brownian particles 
Local concentration c(x, t) = Np(x, t)

First Fick’s law

Flux of particles

Second Fick’s law

Fick’s laws below follow from 
Fokker-Plank equations

Diffusion of
particles

Generalization to higher dimensions

~J = ~vc� ~r(Dc)
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= �~r · (~vc) + ~r2(Dc)
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E. coli chemotaxis

L. Turner, W.S. Ryu, H.C. Berg, J. Bacteriol. 182, 2793-2801 (2000)
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Figure 2.5. Electron micrograph of E. coli negatively stained (by expo-
sure of a dried sample to the salt of an element of high atomic number,
usually tungsten or uranium). Scale: the cell body is about 1mm in diam-
eter (2 wavelengths of green light). The flagella are extraordinarily thin.
(Adler, 1965, Fig. 1, reprinted with permission).

Escherichia coli

0.8µm

2.5µm

E. coli is a part of gut flora that 
helps us digest food.

Concentration of E. coli
Total concentration of bacteria

⇠ 109cm�3

⇠ 1011cm�3

flagella

In normal conditions E. coli 
divide and produce 2 daughter 

cells every ~20min.
In one day one E. coli could 
produce ~7x1010 new cells!
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Flagella filaments and rotary motors 

45nm

Rotary motorFlagellum filament
left handed helix

p ⇡ 2.3µm

d ⇡ 0.4µm

length

pitch

helix diameter

filament
diameter
⇡ 20nm

L . 10µm
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Swimming of E. coli

swimming speed vs ⇠ 20µm/s

body spinning 
frequency 

Fdrag

Fthrust

Thrust force generated by 
spinning flagellar bundle

water viscosity

fb ⇠ 10Hz

spinning 
frequency of 

flagellar bundle 
fr ⇠ 100Hz

size of E. coli

Fthrust = Fdrag ⇡ 6⇡⌘Rvs

Fthrust ⇠ 0.4pN = 4⇥ 10�13N

R ⇡ 1µm

Torque generated by 
spinning flagellar bundle

⌘ ⇡ 10�3kgm�1s�1

N ⇠ 2pNµm = 2⇥ 10�18Nm

N = Ndrag ⇡ 8⇡⌘R3!b
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How quickly E. coli stops if motors shut off?
swimming speed vs ⇠ 20µm/s

Fdrag

Fthrust

ma = �6⇡⌘Rv

x = x0

h
1� e

�t/⌧
i

⌧ ⇡ m

6⇡⌘R
⇡ 2⇢R2

9⌘
⇠ 0.2µs

x0 = vs⌧ ⇠ 0.1Å

Newton’s law

E. coli stops almost instantly!
signature of low Reynolds numbers

Re =
Rvs⇢

⌘
⇠ 2⇥ 10�5

water viscosity

size of E. coli R ⇡ 1µm

⌘ ⇡ 10�3kgm�1s�1

mass of E. coli m ⇠ 4⇡R3⇢

3
⇠ 4pg
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Translational and rotational diffusion

water viscosity
size of E. coli R ⇡ 1µm

⌘ ⇡ 10�3kgm�1s�1

x

hx2i = 2DT t

DT ⇡ kBT

6⇡⌘R
⇡ 0.2µm2/s

Boltzmann constant
temperature T = 300K

kB = 1.38⇥ 10�23J/K

✓

⌦
✓2
↵
= 2DRt

Einstein - Stokes relation Einstein - Stokes relation

After ~10s orientation 
changes by 90 degrees due 

to Brownian motion!

DR ⇡ kBT

8⇡⌘R3
⇠ 0.2 rad2/s
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E. coli chemotaxis

45nm

Rotary motor
typical duration: tr ⇠ 1s

typical duration: tt ⇠ 0.1s

swimming speed: vs ⇠ 20µm/s

Run

all motors turning counter clockwise

Tumble
random change in orientation h✓i = 68�

one or more motors turning clockwise

Increase (Decrease) run durations, when 
swimming towards good (harmful) environment.
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E. coli chemotaxis

run duration: tr ⇠ 1s

tumble duration: tt ⇠ 0.1s

swimming speed: vs ⇠ 20µm/s

drift
velocity

effective 
diffusion

vd = 0 De↵ =

⌦
�`2

↵

6 h�ti

De↵ ⇡ v2st
2
r

6(tr + tt)
⇠ 60µm2/s

Homogeneous environment Gradient in “food” concentration

ẑ

n̂

run duration increases 
(decreases) when  swimming 
towards (away) from “food”

tr(n̂) = tr + ↵(n̂ · ẑ)(@c/@z)

drift velocity

vd =
h�zi
h�ti ⇡ vs↵(@c/@z)

3(t̄r + tt)
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Sensing of environment
E. coli surface is covered with receptors, which can bind specific molecules.

Average fraction of bound receptors pB is related to concentration c of molecules.

pB =
c

c+ c0

Singling network inside E. coli analyzes state of receptors 
and gives direction to rotary motor. 

c
0

=
k
o↵

k
on

k
on

k
o↵
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Diffusion limited flux of molecules to E. coli
Fick’s law

@c

@t
= Dr2c = D

1

r2
@

@r

✓
r2

@c

@r

◆

boundary 
conditions

c(r ! 1) = c1

c(R) = 0

absorbing
sphere

steady state flux of molecules

c(r) = c1


1� R

r

�
J(r) = �D

@c(r)

@r
= �Dc1R

r2

rate of absorbing molecules
I(r) = J(r)⇥ 4⇡r2 = �4⇡DRc1 = I

0

= �k
on

c1

D ⇡ 103µm2/sdiffusion constant for 
small molecules

k
on

⇠ 104µm3/s

N absorbing
disks of radius s

I =
I0

1 + ⇡R/Ns

example s ⇠ 1nmR ⇠ 1µm

flux drops by factor 2 for 
N = ⇡R/s ⇠ 3000

fractional area covered by 
these receptors

(N⇡s2)/(4⇡R2) ⇠ 10�3

E. coli can use many 
types of receptors 

specific for different 
molecules, without 

significantly 
affecting the 
diffusive flux
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Accuracy of concentration measurement
How many molecules do we expect inside a volume occupied by E. coli?

Probability p(N) that cell measures N molecules follows Poisson distribution

p(N) =
N

N
E�N

N !
N �N =

p
Nmean standard 

deviation

Error in measurement 

for c = 1µM = 6⇥ 1020m�3 ) Err ⇠ 4%Err ⇠ �N

N
⇠ (R3c)�1/2

N ⇠ R3c

E.coli can be more precise by counting molecules for longer time t. 
However, they need to wait some time t0 in order for the original molecules 

to diffuse away to prevent double counting of the same molecules!

t0 ⇠ R2/D ⇠ 10�3s N ⇠ R3ct/t0 ⇠ DRct

Err ⇠ (DRct)�1/2
for t=1s, precision 

improves to Err~0.1%

When E. coli is swimming, it wants to swim faster than 
the diffusion of small molecules
vst & (Dt)1/2 ) t & D/v2s ⇠ 1s
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How E. coli actually measures concentration?
Probability for motor to rotate in CCW direction (runs) as a function of 

time in response to short pulse in external molecular concentration

constant that depends on the rate at which mechanical energy is
dissipated. You will get essentially the same result whether you
wear a boot or a tennis shoe. If the system is linear, that is, if the
way it responds to a new stimulus does not depend on how it is
responding to past stimuli, the response to the impulse allows one
to predict the response to any stimulus. Decompose the stimulus
of interest into a sequence of impulsive stimuli of different 
magnitudes, weight the corresponding impulse responses by these
magnitudes, and add them up.

The same is true for biochemical systems. If you kick the aspar-
tate receptor by loading it up with ligand for a fraction of a second,
the reactions set in motion by that change will play themselves out
until the cell returns to its initial quiescent state. In practice, this
takes about 4 seconds (Fig. 7.2). The impulse response for E. coli
is biphasic. The probability that the motor spins counterclockwise
rises from the baseline soon after the onset of the pulse, reaches

Impulse Responses 63

Figure 7.2. Impulse response of wild-type E. coli cells. The probability
that a cell spins counterclockwise (the bias) is plotted as a function 
of time; the smooth curve is a fit to a sum of exponentials. Pulses of 
aspartate or a-methylaspartate were applied beginning at 5.06 seconds
(vertical bar). The graph was constructed from 378 trials comprising 
7566 flagellar reversals obtained with 17 cells. (From Segall et al., 1986,
Fig. 1).

1s 3s

E. coli integrates measured concentration observed during the last 
second and compare this with measured concentration during the 

previous 3 seconds. If difference is positive then increase the probability 
of runs, otherwise increase the probability of tumbles.

Input 
concentration

J. E. Segall, S. M. Block, and H. C. Berg, 
PNAS 83, 8987–8991 (1986)
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Adaptation
Proc. Natl. Acad. Sci. USA 83 (1986)

internally consistent. Data are presented on the behavior of
wild-type cells and of mutants defective in methylation and
demethylation (deleted for cheR and cheB) or in the functions
specified by che Y or cheZ.

RESULTS

Calibration of the Impulse Response. Given the impulse
response of Fig. 1 (induced by pulses of small but unknown
amplitude), one can predict the time course of the response
to an arbitrary stimulus; however, the amplitude of this
response is unknown up to a constant scaling factor. To
predict both the amplitude and the time course of a response,
this scaling factor must be determined. First, we measured
the rate at which attractant was released from a particular set
of pipettes by exposing cells 5 ,um away to a large step in
current (-100 nA) and recording their recovery times: this
works because the steady-state concentration of attractant a
fixed distance away from the tip of a pipette is proportional
to the rate of release (p. 23 of ref. 17), and the recovery time
is proportional to the net change in receptor occupancy (cf.
table 1 of ref. 16). Next, we measured the amplitude of the
response of the same cells to a smaller step in current (-3 to
-10 nA). Assuming that the rate of release varies linearly
with current, the change in concentration generated by the
smaller step was determined. The type of response generated
by the smaller steps is shown in Fig. 2. Note that this
response is not saturated. For the subset of cells used in the
calibration (those exposed to a-methyl-DL-aspartate; see

figure legend) a change in bias of 0.23 occurred for an

estimated change in fraction of receptor bound of 0.0042.
Finally, we calibrated the impulse response by subtracting
the baseline and scaling its integral to the change in bias ofthe
calibrated step response. We found that a response of the
amplitude shown in Fig. 1 would be generated by a pulse that
increased the receptor occupancy by 0.19 for a period of 20
msec (the approximate width ofthe shortest pulse used in our
experiments).
Comparisons with Ramp and Sine-Wave Data. The solid line

in Fig. 3A is the dependence of bias on ramp rate for
experiments involving linear changes in receptor occupancy

1.0 _

c' 0.5 ,

0 5 10 15 20

Time (sec)

FIG. 1. Impulse response to attractant in wild-type cells. The
dotted curve is the probability, determined from repetitive stimula-
tion, that tethered cells of strain AW405 spin CCW when exposed to
pulses of L-aspartate or a-methyl-DL-aspartate beginning at 5.06 sec

(vertical bar). The smooth curve is a fit to a sum of exponentials (see
text). For methods, see refs. 14 and 16. Pipettes containing aspartate
(1 mM) were pulsed for 0.02 sec at -25 to -100 nA, and pipettes
containing methylaspartate (1-3 mM, with 1.6 mM in the bath) were
pulsed for 0.12 sec at -100 nA, both at 320C. Some pipettes
containing 1-7 mM methylaspartate were pulsed for 0.03-0.12 sec at
-50 to -100 nA at 220C. The curve was constructed from 378 records
comprising 7566 reversals of 17 cells. Points were determined every
0.05 sec.

1-0F

(n
.2 0.5
CD

0 2 4 6 8 10
Time (sec)

FIG. 2. Step response to attractant in wild-type cells. The thick
curve is the probability that cells of strain AW405 spin CCW when
exposed to steps of L-aspartate or a-methyl-DL-aspartate beginning
at 1.00 sec (vertical bar). Pipettes containing aspartate (0.1-1.0 mM)
or methylaspartate (1-10 mM, with 1.6 mM in the bath) were
switched on for 12 sec at -3 to -10 nA at 320C. The curve was
constructed from 227 records comprising 5040 reversals of 10 cells
and was plotted as described in Fig. 1. The thin line is the response
predicted from the impulse response (the dotted curve) of Fig. 1 (cf.
figure 4 of ref. 14). Note the expanded time scale.

predicted by the impulse response; the dashed line has the
same slope but is offset 0.0015 to compensate for the
response threshold. The slope of the predicted dependence is
114 sec, while a linear least-squares fit to the data gave a mean
slope and standard deviation of 78 ± 18 sec. Note that a shift
in bias of 0.1 occurs for a ramp that increases the receptor
occupancy by -0.1% per sec. The solid line in Fig. 3B is the
spectral response to sinusoidal changes in receptor occupan-
cy at different frequencies derived from the fit to the impulse
response (the smooth curve) of Fig. 1; the points comprise a
similar prediction based on the data (the dotted curve) of Fig.
1. The stars are the peak-to-peak changes in bias observed for
sinusoidal oscillations in receptor occupancy generated by
programmed mixing (figure 7 of ref. 15). Use of the latter
measure assumes a large response threshold for negative
rates of change of receptor occupancy (figure 6B of ref. 15).
The close agreement between the Fourier transform repre-
sented by the solid line in Fig. 3B and the data at very low
frequency is not fortuitous: the fit to the sum of exponentials
(the smooth curve of Fig. 1) was constrained so that its
Fourier transform passed through the point (-3, 0.75). Figs.
1 and 3B together show that the impulse and sine-wave data
are consistent. With allowance for thresholds, the agreement
between the three different sets of measurements is satisfac-
tory.

Impulse and Step Responses of Mutant Cells. As reported
earlier (figure 7A of ref. 14), cells with deletions in genes for
the methyltransferase (cheR) and the methylesterase (cheB)
show impulse responses with the second lobe much reduced
(Fig. 4A). This implies that such cells cannot adapt over a
short time span to a sudden increase in the concentration of
attractant. The measured step response bears out this pre-
diction (Fig. 4B). We also studied the behavior of cheRcheB
cells over a longer time span in a flow cell (19). Some cells
failed to respond to step stimuli (shifts from 0 to 25 AM
L-aspartate or from 0 to 1 mM a-methyl-DL-aspartate); others
spun exclusively CCW and failed to recover; still others gave
a sizable response and then partially recovered (Fig. 5). Some
of the latter cells exhibited dramatic swings in bias over
periods of the order of 1 min, but no periodicity was evident
in the average (Fig. 5). Note that cheRcheB cells are less
sensitive to L-aspartate or to c-methyl-DL-aspartate than
wild-type cells by factors of 10-100.

8988 Biophysics: Segall et al. Probability for motor to rotate in CCW direction (runs) as a function of time 
in response to a sudden increase in external molecular concentration

Input 
concentration

E. coli adapts to the new level of concentration in about 4 seconds.
This enables E. coli to be very sensitive to changes in concentration over 

a very broad range of concentrations!

J. E. Segall, S. M. Block, and H. C. Berg, 
PNAS 83, 8987–8991 (1986)
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How efficient is motor of E. coli?

Energy source for rotary 
motor are charged protons

H+

H+

Each proton gains energy due to
Transmembrane electric potential difference

� ⇡ �120mV

Change in pH pH = 7.0

�U = (�2.3kBT/e)�pH ⇡ �50mV

pH ⇡ 7.8

Total protonmotive force 
�p = � + �U ⇡ �170mV

Need 1200 protons per one revolution

Input power

Power loss due to stokes drag
P
rot

= N ⇥ (2⇡f) ⇡ 4600pN nm⇥ (20⇡Hz) ⇡ 2.9⇥ 105pN nm/s

Ptrans = F ⇥ v ⇡ 0.4pN⇥ 20000nm/s ⇡ 8⇥ 103pN nm/s

Motor efficiency
P
trans

+ P
rot

P
in

⇡ 90%

Pin = e�p⇥ f = 170meV⇥ 10Hz ⇡ 3.2⇥ 105pN nm/s
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Further reading


