
MAE 545: Lecture 12 (4/4)

Spirals and phyllotaxis
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Spirals in nature
shells beaks claws

horns teeth tusks

What simple mechanism could produce spirals?
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Equiangular (logarithmic) spiral
in polar coordinates radius 

grows exponentially

r(✓) = a✓ = exp

(✓ cot↵)

name logarithmic spiral:

✓ =
ln r

ln a

↵ = 82�

cot↵ = ln a

Ratio between growth 
velocities in the radial and 

azimuthal directions 
velocities is constant! 

cot↵ =

dr

rd✓
=

dr/dt

rd✓/dt
=

vr
v✓
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Equiangular (logarithmic) spiral
↵ = 85� ↵ = 82� ↵ = 80�

↵ = 75� ↵ = 60� ↵ = 45�
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↵
↵

↵

r(✓) = a✓ = exp

(✓ cot↵)
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Growth of spiral structures

old structure

newly added
material

W

Lin

L
out

New material is added at a constant ratio of growth 
velocities, which produces spiral structure with side 

lengths and the width in the same proportions.
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Note: growth with constant width (vW=0) produces helices
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Growth of spiral structures

r
in

(✓) = �e✓ cot↵

r
out

(✓) = e✓ cot↵Assume the following spiral profiles 
of the outer and inner layers:

�
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�e2⇡ cot↵ > 1 �e2⇡ cot↵ < 1

In some 
shells the 
inner layer 
does not 

grow at all

� < 1
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3D spirals

3D spiral of ram’s horns 
is due to the triangular 

cross-section of the 
horn, where each side 
grows with a different 

velocity.

va

vb

vc

Shells of mollusks are 
often conical
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Phyllotaxis
Phyllotaxis is classification of leaves on a plant stem

distichous
pattern

leaves alternating 
every 1800

decussate
pattern
pairs of 

leaves at 900

whorled
pattern

3 or more leaves
originating from the 

same node (1800)

alternate
(spiral)
pattern
successive 

leaves at 137.50

maize Coleus sp. Veronicastrum 
virginicum sunflower

http://www.sciteneg.com/PhiTaxis/PHYLLOTAXIS.htm
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Spiral phyllotaxis

time

schematic description 
of leaves arrangement

leaves grow from the 
apical meristem, which 

also gives rise to 
petals, sepals, etc.

leaves

florets
(petals)

floral 
primordia

↵

↵ ⇡ 137.5�
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Parastichy numbers

21 left-handed
spirals

34 right-handed
spirals

Parastichy numbers (21,34)



11

Parastichy numbers
spiral

phyllotaxis

multijugate
phyllotaxis

(e.g. 2 new leaves are 
added at the same time)

succulent plant (3,5)

Gymnocalycium (10,16)=2(5,8)
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Parastichy numbers

sunflower (21,34)pine cone (8,13) artichoke (34,55)

aloe (5,8)succulent plant (3,5)aonium (2,3)

Parastichy numbers very often correspond 
to successive Fibonacci numbers!
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Fibonacci numbers
F1 = 1

F2 = 1

Fn = Fn�1 + Fn�2

Sequence of Fibonacci numbers
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, …

Fn =
1p
5
['n � (1� ')n]

Golden ratio ' =
1 +

p
5

2

↵

a+ b

a
=

a

b

a

b
= '

divide perimeter 
in golden ratio

Golden angle

↵ = 360�
b

(a+ b)
=

360�

'2
⇡ 137.5�

In spiral phyllotaxis successive leaves 
grow at approximately Golden angle!
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Non-Fibonacci parastichy numbers

Statistics for pine trees in Norway
95% Fibonacci numbers
   4% Lucas numbers
   1% not properly formed

Sequence of Lucas numbers
1, 3, 4, 7, 11, 18, 29, 47, 76

Lucas numbers
L1 = 1

L2 = 3

Ln = Ln�1 + Ln�2
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Spiral phyllotaxis

new primordial

Norway spruce
New primordia start growing at the site 
where plant hormone auxin is depleted.

meristem Auxin hormones are released by growing 
primordia. New primordium wants to be as far 
apart as possible from the existing primordia.

Mechanical analog with magnetic repelling particles

S. Douady and Y. Couder, PRL 68, 2098 (1992)

VOLUME 68, NUMBER 13 PH YSICAL R EVI EW LETTERS

Phyllotaxis as a Physical Self-Organized Growth Process
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S. Douady "' and Y. Couder
Laboratoire de Physique Statistique, 24 rue Lhomond, 75231 Paris CEDEL 05, France

(Received 12 November 1991)
A specific crystalline order, involving the Fibonacci series, had until now only been observed in plants

(phyllotaxis). Here, these patterns are obtained both in a physics laboratory experiment aud in a numer-
ical simulation. They arise from self-organization in an iterative process. They are selected depending
on only one parameter describing the successive appearance of new elements, and on initial conditions.
The ordering is explained as due to the system s trend to avoid rational (periodic) organization, thus
leading to a convergence towards the golden mean.

PACS numbers: 87. l0.+e, 05.45.+b, 61.50.Cj

The elements of a plant (leaves, sepals, florets, etc. )
form very regular lattices, with a crystallinelike order. In
the most common arrangement (e.g. , on a sunflower head
or a pinecone), the eye is attracted to conspicuous spirals
(the parastichies) linking each element to its nearest
neighbors. The whole surface is covered with a number i
of parallel spirals running in one direction, and j in the
other. The most striking feature is that (i,j) are nearly
always two consecutive numbers of the Fibonacci series,
[F~]=[1,1,2, 3,5, 8, 13,21,34, . . .] where each new term is
the sum of the two preceding ones. Early works [1-3]
showed that such patterns resulted from the successive
appearance of the elements on a uniquely tightly wound
spiral, called the generative spira/. The basic quantity is
then the divergence y which is the angle between the ra-
dial directions of two consecutive elements. Measure-
ments [3] of divergences on mature plants showed that
they were surprisingly close to the golden section:
=2n(I —r )= 137.5', where r =(—I +J5)/2 is the
golden mean.
A basic hypothesis is that these phyllotactic patterns

result from the conditions of appearance of the primordia
near the tip of the growing shoots (for reviews see Refs.
[4] and [5]). The stem tips (the apical meristems) have
axisymmetric profiles [Fig. 1(a)]. The summit is occu-
pied by a stable region: the apex. The primordia (which
will evolve into leaves, petals, stamens, florets, etc. ) are
first visible as small protrusions at the periphery of the
apex. In the reference frame of the tip, due to the
growth, the existing primordia are advected away from
the apex while new ones continue to be formed [6]. In
botany, it was suggested [7] that a new primordium ap-
pears with a periodicity T near the tip in the largest gap
left between the previous primordia and the apex.
Altogether this forms an iterative process which we

wish to investigate as a dynamical system. To implement
a laboratory experiment and a numerical simulation, we
retained from botany the following characteristics: Iden-
tical elements are generated with a periodicity T at a
given radius Ro from a center in a plane surface [8].
They are radially advected at velocity Vo, and there is a
repulsive interaction between them (so that the new ele-
ment will appear as far as possible from the preceding

(a)

(b)

R, !
I

H

FIG. l. (a) Sketch of the growth in plants. (b) Sketch of
the experimental apparatus.

ones, i.e., in the largest available place). The results can
be interpreted using only one adimensional parameter
G = VoT/Ro.
The experimental system [Fig. 1(b)] consists of a hor-

izontal dish filled with silicone oil and placed in a vertical
magnetic field H(r) created by two coils near the
Helmholtz position. Drops of ferrofluid of equal volume
(i =10 mm ) fall with a tunable periodicity T at the
center of the cell. The drops are polarized by the field
and form small magnetic dipoles, which repel each other
with a force proportional to d (where d is their dis-
tance). These dipoles are advected by a radial gradient
of the magnetic field (from 2.4&&10 A/m at the center to
2.48X10 A/m at the border of the dish), their velocity
V(r) being limited by the viscous friction of the oil. In
order to model the apex, the dish has a small truncated
cone at its center, so that the drop introduced at its tip
quickly falls to its periphery. 6 can be tuned by changing
either the periodicity T or the gradient of H (controlling
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FIG. 3. Three photographs (seen from above) of typical
phyllotactic patterns formed by the ferrofluid drops for di}erent
values of the control parameter G. The drops are visible as dark
dots. The tube for the ferrofluid supply partially hides the central
truncated cone. The drops are numbered in their order of
formation. (a) For strong advection, G11, each new drop is
repelled only by the previous one and a distichous mode is
obtained, 8=180°. (b) Below the first symmetry breaking
bifurcation (G10.7) the successive drops move away from each
other with a divergence angle 8=150° (shown between drop three
and four). They define an anti-clockwise generative spiral (dashed
line). The parastichy numbers correspond to (1, 2). (c) For smaller
advection (G10.1) higher order Fibonacci modes are obtained.
Here 81139° and the parastichy numbers are (5, 8).

the first two (see also Figs 6 and 7). This is a symmetry
breaking bifurcation which selects once for all the
direction of winding of the generative spiral. A steady
regime is reached later with a constant divergence 8

[in Fig. 3(b) 8=150° and two parastichies i=1, j=2
are observed]. For smaller T, the new drop becomes
sensitive to the repulsion of three or more previous
drops, and the divergence gets nearer to F. In
Fig. 3(c), 8=139° and the Fibonacci numbers
are i=5, j=8. The spiral mode obtained in this
non-biological system is strikingly similar to a very
usual organization observed in botany.

3.3. DISCUSSION

The observed patterns, in fact, do not depend only
on T, but also on Rc the radius of the circle outside
of which the angular position of the particles is fixed,
and on the advection velocity Vo (controlled by the
magnetic field gradient). The only relevant parameter
is in fact adimensional and defined by G=VoT/Rc . It
is the ratio of the two typical length scales of the
system, one corresponding to the radial displacement
of the elements during one period and the other
defining the size of the central region. This parameter
is directly related to the plastochrone ratio, a, which
was introduced by Richards (1951). This author
showed that the apical growth could be characterized
by the ratio a=rn⌧1/rn of the distance of two
successive primordia to the centre. This ratio is easily
measured on transverse sections of apices. The
relation between a and G is simple because the growth
near the apical region is exponential. As V(r) A r and
V(Ro )=Vo , the distance of a primordium to the
centre at time t is: r=Ro exp(Vot/Ro ) and its velocity
V=Vo exp(Vot/Ro ). The resulting plastochrone ratio
is a=rn⌧1/rn=exp(VoT/Ro ) and our parameter G is
simply: G=Ln(a). This parameter had been used
previously in botanical cases by Meicenheimer (1979)
and by Rutishauser (1982).

The only precise way of measuring G both in plant
growth and in our experiment is to deduce it from
a=rn+1/rn . In plants, obtaining G from measurements
of Vo , T and Ro would be more di.cult and less
precise than deducing it from the geometry of
transverse sections. In our experiment Vo and T are
known with precision, but there is ambiguity on the
choice of Ro because the drops are introduced at
the centre of the cell. If we deduce a value of Ro from
the measured plastochrone ratio we find that, in all
cases, Ro is equal to Rc the radius of the circular zone
out of which there is no further reorganization and
change of 8. This result could have a meaning in
botany. It is well known that the angular positions
of the primordia become rapidly fixed at the apex

decreased, a remarkable evolution of these patterns
takes place. Below a threshold value each new drop
becomes sensitive to the repulsion of the two previous
drops and can no longer remain on the radial line
formed by them. In such a case the third deposited
drop slides to one of either side of the line formed by

Parastichy
numbers (5,8)

magnetic field drives particles 
away from the center

particles repel via magnetic dipol interactions
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Energy minimization between repelling particles

L. Levitov, PRL 66, 224 (1991)
L. Levitov, EPL 14, 533 (1991)

Local energy minima for repelling particlesL. S. LEVITOV: ENERGETIC APPROACH TO PHYLLOTAXIS 535 
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Fig. 1. - Trajectories represent positions of minima of the energy (2.2) as a function of y; arcs (2.3) 
divide the plane (x, y) into triangles (2.4). Since the pattern is symmetric under x + - x and x + x + 1, 
we show it only for 0.5 < x < 1. Inset: quasi-bifurcation in a triangle [mln, p /q ,  (m + p)/(n + q)],  n c q. 

particular case of (2.3): n = q = 1, p = w. The arcs (2.3) divide the upper half-plane into 
curved triangles with vertices xl, xz, x3 located on the x-axis: 

I np - mq I = 1. P m+P x2=- x3=x10x2=- m 
X] = - n’ q ’  n+q’ (2.4) 

The notation we use below is [mln, plql for the arcs (2.3) and [mln, plq, (m + p)/(n + q)] for 
the triangles (2.4). 

By inspecting fig. 1, one can notice that in all triangles the behaviour of the trajectories of 
the minima is qualitatively similar (see inset of fig. 1). Under decrease of y a trajectory 
enters the triangle [mln, plq, (m + p)/(n + q)] (0 < n < q) through the arc [mln, plq] and then 
exits through the arc [plq,  (m + p)/(n + a)].  In addition, a new trajectory emerges, 
separated from the old one, going out of the triangle through [mln, (m + p)/(n + q)]. This 
configuration (we call it quasi-bifurcation) one finds in every triangle of fig. 1, except for 
[0/1,1/1,1/21 where a true bifurcation occurs: the trajectory splits into two, symmetrically 
with respect to the x = 0.5 line. These two .principal)> trajectories correspond to the states 
dynamically accessible for the system, i.e. to the lattices that can be formed under 
continuous variation of y starting from + CQ. One can observe that the triangles traced by 
the principal trajectories form two sequences: 

( 2 . 5 ~ )  

(2.5b) 

where F,, are Fibonacci numbers 1, 1, 2, 3, 5, 8, 13, 21, .... 
This is exactly the property of phyllotaxis we are tempting to explain. But, instead of 

concentrating on the two principal trajectories, we notice that it is sufficient to explain 
another property of the pattern shared by all trajectories: the arc [plq, (m + p) / (n  + a)] ,  
0 < n < q, chosen to exit from the triangle [mln, plq, (m + p)/(n + q)] corresponds to maximal 

radial spacing betw
een particles
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Fibonacci numbers

Lucas numbers

golden angle

As the plant is growing
it is gradually reducing the time 
delay between formation of new 
primordia. The spiral patterns 

then go sequentially through all 
the Fibonacci parastichies. 

Occasional excursions to the 
neighbor local minima produce 

Lucas parastichy numbers.



Further reading
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