MAE 545: Lecture 4 (2/16)
Wrinkled surfaces
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Further reading about structural colors
and photonlc crystals
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Why do we get wrinkled surfaces?

Fingers after being exposed
to water for some time

Old apple




Compression of stiff thin sheets
on liquid and soft elastic substrates
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compression

\ ‘- ’ ."
. J
! if _
A - g " 44,
\ L . . 4%/ N ] 0
. -
\ " B
‘ ! ’ ‘ » ) \ 'V
: f . \" v AN \ 1
» . _ .
AR N ATTTER A '
‘ v U L AR

: y’ ’
$fe

10 ym thin sheet of ~10 ym thin PDMS (stiffer) sheet
polyester on water on PDMS (softer) substrate
)\() = 1.6 cm )\() =70 jvant!

L. Pocivavsek et al., Science 320, 912 (2008) . F. Brau et al., Soft Matter 9, 8177 (2013)



Buckling vs wrinkling

Compressed thin sheets buckle

e
———
e

Compressed thin sheets on liquid
and soft elastic substrates wrinkle

Liquid substrate Elastic substrate

In compressed thin sheets on liquid and soft elastic
substrates global buckling is suppressed, because it
would result in very large energy cost associated with
deformation of the liquid or soft elastic substrate!
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Brief intro to mechanics:

Young’s modulus

I Hooke’s law
(small deformations)

undeformed
material element

A=1L,L,

normal stress: 0 = F'/A
Young’s modulus: F

normal strain: e = AL./L,

Robert Hooke  Thomas Young
(1635-1703) (1773-1829)

—

element volume: V' = L, L, L,



Young’s modulus of materials
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http://www-materials.eng.cam.ac.uk/mpsite/physics/introduction/

Poisson’s ratio

undeformed

Typically material shrinks (expands) in the transverse Simeon Poisson
direction of the axial tension (compression)! (1781-1840)

normal strains: €; =




Effective negative Poisson’s ratio for structures

Certain structures behave like they have effective
negative Poisson’s ratio, even though they are made
of materials with positive Poisson’s ratio!
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Bulk modulus

undeformed _ ,
material element hydrostatic stress Hooke’s law

(small deformations)

p
p
L L/
p p
L D L/T L hydrostatic stress: P
L

b
bulk modulus: K —
b 3(1 — 2v)
volumetric strain: ﬂ ~ 3&
V L

Elastic energy of deformation




Shear

undeformed material element A=1L,L,

/— Hooke’s law

(small deformations)

shear stress: 7= F/A
E

2(1 +v)
shear strain: 7 = arctan (A/L,)
v=A/L,

shear modulus: GG =

Elastic energy of deformation

Note: shear stress does
not change the volume of
material element! 12

elementvolume: V =L L, L.,



Arbitrary deformation of 3D solid element

undeformed element deformed element
T ’Y:Izy
224
F LZ :
A 1 + ez
2 a z
T ) %y ‘/g 'Vy
9 L, %,;z 1 + €y)
1 + €;)

Arbitrary deformation can be decomposed to
the volume change and the shear deformation.

U = Upuik + Ushear
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In plane deformations of thin sheets

undeformed sheet thickness {
patch area Y , dul
square patch L oung’s modulus £

: A= L? . : :
of thin sheet Poisson’s ratio
L

isotropic shear anisotropic

deformation deformation stretching
L+aL _ EO

L(l —+ 61)
L+ AL

U B [(AA\® B (2AL\" U uy? U B ) )
z—§<7> ”E(T) A= | |aTplatreltylane)

2D bulk modulus 2D shear modulus 1,60 < 1
B — bt =Gt = Lt (shearing can be interpreted

2(1 —v) 2(1+v)  as anisotropic stretching)
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Curvature of surfaces

(A) (B)

<V

X

curvature curvature tensor maximal and
of space curves _ for surfaces minimal curvatures
1 ! 52}, 927 (principal curvatures)
— — S A h' Ko A 8x2’  dzdy correspond to the
R (1+ h’2)3/ tJ °h 9%h eigenvalues of
Oz Oy’ Oy?
curvature tensor

R. Phillips et al., Physical
Biology of the Cell 15



Surfaces of various principal curvatures
1 sphere
Ry
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Bending energy cost for thin sheets

undeformed thin sheet deformed thin sheet
( thickness 1)

y g

Y

€T
total mean curvature Gaussian curvature

k1 Y 1\° 1
U= | dA |-
/ 2 <R1 Rz) +KGR1RQ

& (0%h  0°h\° 0%h
U%/dajdy 5(5%2 | 8y2) + kg det (6’:132-5%') z;,x; € {z,y}

bending rigidity Et’  Gauss bending Et?

(flexural rlgldly) 12(1 — VQ) rigidity
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Compression of stiff thin sheets
on liquid and soft elastic substrates

air
stiff sheet ——————

> liquid or —
soft substrate

Liquid substrate Elastic substrate

compression

\ ‘- ’ ."
. J
! if _
A - g " 44,
\ L . . 4%/ N ] 0
. -
\ " B
‘ ! ’ ‘ » ) \ 'V
: f . \" v AN \ 1
» . _ .
AR N ATTTER A '
‘ v U L AR

: y’ ’
$fe

10 ym thin sheet of ~10 ym thin PDMS (stiffer) sheet
polyester on water on PDMS (softer) substrate
)\() = 1.6 cm )\() =70 jvant!

L. Pocivavsek et al., Science 320, 912 (2008) F. Brau et al., Soft Matter 9, 8177 (2013)
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Compression of stiff thin
membranes on liquid substrates

initial undeformed configuration

J :
e

> >

L
Consider the energy cost for two different scenarios:
1.) thin membrane is compressed (no bending)

v E
"I -
L

>

2.) thin membrane is wrinkled (no compression)
+ additional potential energy of liquid

4 A

2hg $




Compression of stiff thin
membranes on liquid substrates

v E
N B

< >
L
compression energy of thin membrane

U.~AXE, dx ¢

membrane liquid
membrane 3D Young’s strain density
area modulus A
A=WL Ep, ‘=1 P

Note: upon compression the liguid surface also raises, but we
will measure the potential energy relative to this new height!
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assumed profile

h(s) = hgcos(2ms/\)

Compression of stiff thin

membranes on liquid substrates
4

2ho §

<

L

projected length assuming that membrane doesn’t stretch

b [La/ TR [ o < (1)

amplitude of
wrinkles

bending energy of
stiff membrane

potential energy
of liquid

minimize total
energy (Un+Up)
with respect to )\
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Compression of stiff thin
membranes on liquid substrates

j > €

wrinkles are
stable above the
critical strain

wavelength of
wrinkles

amplitude of
wrinkles at the
critical strain
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Uy, U, ~ Aey/ E,,d3pg




Compression of stiff thin
membranes on liquid substrates

2hg §

scaling analysis In()\) ° |
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Compression of stiff thin
membranes on liquid substrates

How to go beyond the simple scaling analysis to
determine the nonlinear post-buckling behavior?

compression

Find shape profile h(s) that minimizes total energy

L /12
ds kh
=W | — - pgh®y/1 — /2
Vbt U /0 2 {(1+h’2)3 poh*/ }

subject to constraint

L
L—A:/ ds /1 — h'2
0

24 F. Brau et al., Soft Matter 9, 8177 (2013)




Compression of stiff thin
membranes on liquid substrates

Comparison between theory (infinite membrane) and experiment

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

L. Pocivavsek et al., Science 320, 912 (2008)

F. Brau et al., Soft Matter 9, 8177 (2013)
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Compression of stiff thin membranes
on soft elastic substrates

initial undeformed configuration

J :
e

> >

L

Consider the energy cost for two different scenarios:
1.) thin membrane is compressed (no bending)

v :
" I -
L

>

2.) thin membrane is wrinkled (no compression)
additional elastic energy for deformed substrate
dv A

2hg $




Compression of stiff thin membranes
on soft elastic substrates

dY A

I

<

>
L
compression energy of thin membrane

U.~AXE, dx ¢

membrane substrate
membrane 3D Young'’s strain 3D Young’s
area modulus A modulus
A=WL E,, =7 E

Note: soft elastic substrate is also compressed, but we will
measure the substrate elastic energy relative to this base value!
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Compression of stiff thin membranes

on soft elastic substrates
d4 Al

assumed profile 2hg 4
h(s) = hg cos(2ms/A)

amplitude of A A Ae

wrinkles T\ L T

deformation of the soft substrate decays
exponentially away from the surface
h(s,y) = hocos(2ms/\)e 27/

< >

A

28 F. Brau et al., Nat. Phys. 7, 56 (2010)



Compression of stiff thin membranes
on soft elastic substrates

v E
assumed profile 2ho $ d A ;
h(s) = hg cos(2ms/A) < , ly
L ]
——1 deformation of the soft substrate decays
amplitude of |, LN VAN WV exponentially away from the surface
- O - — —
wrinkles TV L T h(s,y) =~ hgcos(2ms/N)e 279/*
bending energy of 1 3 hi  AE,,d3c
stiff membrane Up~AX KX —5 ~AXE,d 4’\’ 5
R? )\ A
deformation energy h?

of soft substrate Us ~ V X L XE ~ AX X Ej X)\—NAE A€

minimize total

energy (Up+Us) il

with respect to )\

Uy, Uy ~ Ade (E2E,,)°




Compression of stiff thin membranes
on soft elastic substrates

d* A
T Ui Ax B

Uy, Uy ~ Ade (E2E,, )"

stable for
large strains

wrinkles are B\ 2 /3
S
€ > €. < >

wavelength of N o d E,, 1/3
wrinkles -

amplitude of
wrl_n_kles at t_he hey ~ A/ee ~d
critical strain
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Compression of stiff thin membranes
on liquid and soft elastic substrates

2ho §

wavelength of wrinkles 1“9.) ..................................................
on liquid substrates 2l D
— 1
N\ 1/4 p Py
\ =2 (-) ¢ i
Py | : ™
-10 F —— Theory (11)

wavelength of wrinkles
on soft elastic substrates

L
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F. Brau et al., Soft Matter 9, 8177 (2013)



Compression of stiff thin membranes
on soft elastic substrates

In order to explain period
doubling (quadrupling, ...)
one has to take into account
the full nonlinear deformation
of the soft substrate!
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