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Shapes of swelling sheets

of Ω(r) at each lattice point according to Eqs. 3
and 4, determining the corresponding value of
flow from the fit of Eq. 2 to the data in Fig. 1H,
and finally setting the size of the dot at that
lattice point according to Eq. 1. Because the
power-law metrics in Eq. 3 diverge or vanish at
the origin, it is necessary to cut out a small re-
gion around the center of each of the two cones.

The shapes adopted by the corresponding gel
sheets (Fig. 2, A to D) are measured by laser scan-
ning confocal fluorescence microscopy (LSCM)
and analyzed as described in the SOM. Each of
the four surfaces shows only small deviations
about an average Gaussian curvature, with the
exception of the regions near the free edges,
where our analysis yields artifactual curvatures
(due to the finite thickness of the gel sheets, the
surface meshing procedure used yields addition-
al points on the edges that do not accurately
reflect the 2D geometries of the sheets). After
excluding regions of the surface within 2hof the
edges to avoid these artifacts, we find the aver-
age Gaussian curvatures of the spherical cap and
saddle to be 6.2 mm−2 and –20.6 mm−2, respec-
tively, with nearly axisymmetric distributions
of curvature (fig. S2A). Both values are in rea-
sonable agreement with the target values, al-
though the tendency of disks with uniform dot
sizes to show slight curvatures (with radii of 2
mm) suggests the presence of slight through-
thickness variations in swelling (see SOM for
details) that may contribute to the observed de-
viations from the programmed curvature. Inter-
estingly, we do not observe a boundary layer
with negative Gaussian curvature around the
edge of the spherical cap as has been reported

for truly smooth metrics (17, 18), possibly re-
flecting the influence of the through-thickness
variations in swelling. For both cones, the av-
erage Gaussian curvatures, excluding regions at
the free edges, are close to zero. Further, Fig. 2E
shows a plot of the deficit angle d measured for
five different cone metrics with power law ex-
ponents −1 ≤ b < 0, which agrees closely with
the programmed value d = −pb.

We next consider metrics of the form

WðrÞ ¼ c½1þ ðr=RÞ2ðn−1Þ&2 ð5Þ

corresponding to Enneper’s minimal surfaces
with nnodes. These surfaces all have zero mean
curvature and so are expected to minimize the
elastic energy for these metrics at vanishing
thickness (18). Although Eq. 5 is axisymmetric,
Enneper's surfaces spontaneously break axial
symmetry by forming nwrinkles. In Fig. 2, G
to J, we demonstrate patterned surfaces with n=
3 to 6, each of which reproduces the targeted
number of wrinkles. As shown in the maps of
curvature in Fig. 2 (and azimuthally averaged
plots in fig. S2B), each surface has small mean
curvature and negative Gaussian curvature that
matches closely with the target profile. For a
given film thickness, increasing n eventually
leads to a saturation in the number of wrinkles,
because the bending energy arising from Gaussian
curvature increases with n (for the films with
h≈ 7 mm in Fig. 4, a metric with n= 8 yielded
only six wrinkles). However, given the subtle
differences between the metrics plotted in Fig.
2F, the ability to accurately reproduce the pro-
grammed number of wrinkles for n= 3 to 6 is a

strong testament to the fidelity of the metrics
patterned by this technique.

The true power of our approach lies in the
fabrication of nonaxisymmetric swelling pat-
terns. As a simple demonstration, we first con-
sider the problem of how to form a sphere
through growth. For the axisymmetric metric
described in Eq. 4, the maximum value of r/R
to which this metric can be experimentally pat-
terned is restricted by the accessible range of
swelling. In our case, this range is Ωhigh/Ωlow ≈
3.7, limiting the maximum portion of a sphere
that can be obtained to slightly less than half.
Although further improvements in the material
system are likely to increase the available range,
the axisymmetric metric is inherently an ineffi-
cient way to form a sphere, because as one seeks
to go beyond a hemisphere and toward a closed
shape, the required swelling contrast diverges
rapidly. Given access to 2D metrics, however, a
number of well-established conformal mappings
of the sphere onto flat surfaces are known from
the field of map projections. For example, the
Peirce quincuncial projection (27) maps a sphere
of radius R onto a square using the metric

Wðx; yÞ ¼ 2
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where sn, cn, and dn are Jacobi elliptic func-
tions, and x and y are the components of r. This
metric still has four cusp-like singularities where
Ω(r) = 0; however, one of its useful properties
as a map projection is that only a small portion

Fig. 2. Halftoned disks
with axisymmetric met-
rics. Patterned sheets pro-
grammed to generate (A)
a piece of saddle surface
(Sa), (B) a cone with an
excess angle (Ce), (C) a
spherical cap (Sp), and
(D) a cone with a deficit
angle (Cd). (Top) 3D re-
constructed images of
swollen hydrogel sheets
and (bottom) top-view
surface plots of Gaussian
curvature. Initial thick-
nesses and disk diame-
ters are 9 and 390 mm,
respectively, although
the apparent thickness
of sheets is enlarged due
to the resolution of the
LSCM. (E) Measured val-
ues of deficit angle d
for cones with five dif-
ferent exponents b (see Eq. 3) (black solid circles) and the programmed
values (blue dashed line). (F) Swelling factors for the target metrics as a
function of normalized radial position on the unswelled disks r/R, with points
plotted at values corresponding to lattice points to indicate the resolu-
tion with which Ω is patterned. (G to J) Patterned sheets programmed to

generate Enneper’s minimal surfaces with n = (G) 3, (H) 4, (I) 5, and (J) 6
wrinkles upon swelling as dictated by Eq. 5. 3D reconstructed images (top)
and top-view surface plots of squared mean curvature H2 and Gaussian
curvature K (bottom). Initial thicknesses and disk diameters are 7 and 390 mm,
respectively.
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Figure 4 | Predictive 4D printing of biomimetic architectures. a–d, A native calla lily flower (a) inspires the mathematically generated model of the
flower (b), with a well-defined curvature (c), that leads to the print path (d) obtained from the curvature model to create the geometry of the flower on
swelling (see text and Supplementary Information). e,f, After swelling, the transformed calla lily (f) exhibits the same gradients of curvature as the
predicted model (e), nozzle size = 410 µm (scale bars, 5 mm).

range of matrices (for example, liquid-crystal elastomers) and
anisotropic fillers (for example, metallic nanorods) that when
combined with flow-induced anisotropy allows us to produce
dynamically reconfigurable materials with tunable functionality.
Through the control of printing parameters, such as filament size,
orientation, and interfilament spacing, we can create mesoscale
bilayer architectures with programmable anisotropy that morph
into given target shapes, predicted by our model, on immersion
in water. All together, owing to our biocompatible and flexible ink
design, our study opens new avenues for creating designer shape-
shifting architectures for tissue engineering, biomedical devices, soft
robotics and beyond.

Methods
Methods and any associated references are available in the online
version of the paper.
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Self-folding origami
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pattern of UV light (365 nm) via maskless lithography using a 
digital micromirror array device (DMD), [ 47 ]  and then developed 
by soaking in solvent to dissolve the uncross-linked regions. A 
similar procedure is followed to photo-crosslink a fl uorescent 
and temperature-responsive poly( N -isopropyl acrylamide- co -
sodium acrylate) (PNIPAM) copolymer fi lm with thickness 
 h  N  = 1–6 µm, and subsequently a top fi lm of PpMS with thick-
ness  h  P  matching that of the bottom PpMS fi lm. The dose 
applied to each layer is suffi cient to fully convert all of the 
benzophenone units within the illuminated regions. For the 
PNIPAM layer, this leads to a gel fi lm that, if allowed to swell 
to its equilibrium state in an aqueous buffer at room tempera-
ture (unconstrained by attachment to PpMS or the substrate), 
would expand by a factor of 2.7 in volume relative to its initial 
dry dimensions and would have a modulus of  E  N  = 0.8 MPa. [ 48 ]  
Critically, the use of benzophenone photochemistry allows for 
not only effi cient crosslinking of each individual layer [ 46 ]  but 
also chemical grafting between layers that provides excellent 
interlayer adhesion. [ 45 ]  The locations of mountain and valley 
folds are programmed by patterning gaps in the top and bottom 
PpMS layers, with respective widths  W  m  and  W  v , that are inde-
pendently specifi ed for each crease segment. An optical image 
of a patterned trilayer fi lm in the unswelled state is shown in 
Figure  1 f; in this case, the crease pattern was chosen to generate 
Randlett's fl apping bird. [ 49 ]  The folded structure resulting upon 
releasing the patterned trilayer fi lm from the substrate and 
allowing it to swell at room temperature in an aqueous buffer, 
as visualized by laser scanning confocal fl uorescence micros-
copy (LSCM), is shown in Figure  1 h alongside an image of the 

same crease pattern folded by hand in paper on a 200 times 
larger length scale in Figure  1 g. The self-folding origami adopts 
a shape that very closely matches the programmed structure; as 
follows, we explain in detail the fabrication and characterization 
of such self-folded structures. 

 Our choice of the PpMS/PNIPAM/PpMS trilayer geometry 
is directed by three primary concerns. First, the stretching 
modulus of the PNIPAM layer  Y  N  =  h  N  E  N  is roughly two orders 
of magnitude smaller than that of each PpMS layer  Y  P  =  h  P  E  P , 
meaning that the laminated fi lm will undergo negligible in-
plane expansion upon swelling of PNIPAM. Second, the result 
of patterning an open stripe in either the top or the bottom 
PpMS layer is to locally defi ne a bilayer fi lm that undergoes 
bending due to the swelling stress in the confi ned PNIPAM 
layer, allowing for the bending direction and fold angle of the 
crease to be programmed. Third, the bending modulus of the 
trilayer regions  B  t  ∼ EP  h  P  h  N  2 , where EP  = E  P  /(1−ν  P  2  )   is the plane 
strain modulus of PpMS (with  ν  P  as the Poisson's ratio), is 
much larger than that in the bilayer crease regions dominated 
by the larger of EN  h N   3  or EP  h P   3 . This means that the “panels” 
between each crease are relatively stiff compared with the folds. 
We note that a similar trilayer approach was reported very 
recently by Rus and co-workers [ 40,41 ]  for folding of macroscopic 
sheets based on heat shrink fi lms as the active middle layer; 
however, in this case folding was irreversible, and fold angles 
for each crease were limited to less than π/2. 

 Using the bending of bilayers to guide our choices of layer 
thicknesses (see Supporting Information for details), we next 
calibrate how the folding angle adopted by trilayer samples 

Adv. Mater. 2015, 27 , 79–85
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 Figure 1.    Fabrication of self-folding polymer origami. a) A thin layer of a photo-crosslinkable glassy polymer (PpMS) on a substrate precoated with 
a sacrifi cial layer is b) photolithographically patterned with open stripes of width  W  v  to defi ne the positions and angles of the valley folds. c) Next, a 
thicker layer of a photo-crosslinkable temperature-responsive polymer (PNIPAM) is coated on top and uniformly crosslinked over the entire area of 
the bottom PpMS sheet. d) Finally, a third layer of PpMS is coated and patterned with open stripes of width  W  m  to defi ne the positions and angles of 
the mountain folds. e) A magnifi ed schematic of the resulting trilayer fi lm (dimensions not to scale), with  h  N  and  h  P  as the respective thicknesses of 
PNIPAM and PpMS layers. f) An optical image of a trilayer fi lm patterned to fold into Randlett's fl apping bird (scale bar: 400 µm), along with a sche-
matic indicating the locations and widths of mountain (solid lines) and valley (dotted lines) folds. g) A photograph of Randlett's fl apping bird folded 
using paper, h) alongside a fl uorescence image of the self-folded trilayer fi lm.
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Mechanics of growing sheets
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Mechanics of growing membranes
One of the Gauss-Codazzi-Mainardi equations (Gauss's Theorema 

Egregium) relates the Gauss curvature to metric tensor 

,G ⇠ Ed3

scaling with 
membrane 
thickness d

det(K 0
ij) = F(g0ij)

For very thin membranes the equilibrium 
shape matches the preferred metric tensor to 
avoid stretching, compressing and shearing. 

This also specifies the Gauss curvature!
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Shaping of gel membranes by 
differential shrinking

E. Efrati et al. / Physica D 235 (2007) 29–32 31

Fig. 2. Schematic of the formation of sheets with inducible non-Euclidean
target metric. High and low NIPA concentration solutions are injected into
a Hele–Shaw cell through programmable valves. Polymerization leads to
the generation of a flat disc, having internal radial gradients in monomer
concentration. Once immersed in warm water of temperature T > Tc = 33 �C,
it shrinks differentially, adopting a new, non-Euclidean target metric. As a
result it forms a three-dimensional structure. The illustration shows a surface of
positive Gaussian curvature, generated by increasing monomer concentration
during the injection.

now 2⇡r⌘. The radius is ⇢(r) =
R

r

0 ⌘(r 0)dr
0. Thus, the perime-

ter of a circle of radius ⇢ on the shrunk disc is now f (⇢)2⇡⇢,
where f (⇢) is determined by ⌘(⇢) and its integral, and thus
by the monomer concentration profile. Using a polar coordi-
nate system, (⇢, ✓ ), the linear element determined by gtar is
dl

2 = d⇢2 + ⇢2
f (⇢)2d✓2, and the prescribed (by Gauss’s the-

orem) target Gaussian curvature reads

Ktar(⇢) = � (⇢ f (⇢))⇢⇢

⇢ f (⇢)
. (1)

The monomer concentration profile, which determines ⌘(⇢),
allows us to set (⇢ f (⇢))⇢⇢ and to prescribe a target Gaussian
curvature: For (⇢ f (⇢))⇢⇢ 6= 0 we have Ktar 6= 0. In this
case, any embedding of gtar cannot be flat. Indeed, sheets with
increasing/decreasing monomer concentration profiles (Fig. 3)
that define Gaussian curvatures, ranging from negative to
positive, attain configurations that correspond to the prescribed
metrics (insets in Fig. 3). The discs of Ktar > 0 are buckled
into dome-like shapes, while the discs of Ktar < 0 are shaped
into wavy structures, reminiscent of the wavy edges of torn
plastic sheets. In both cases, the larger the gradients in NIPA
concentration, the more curved the surfaces are.

Next we perform a quantitative comparison between the
metric of the curved discs and their target metric. The
topography of the discs z(x, y) is measured using an optical
profilometer (Conoscan 3000; inset of Fig. 4) with a resolution
of 25 µm in the lateral, x and y, directions and 5 µm in the
vertical, z, direction. In order to identify points of a given
distance ⇢ from the center, we re-parameterize the surface
onto a semi-geodesic coordinate system z(⇢, ✓). First we plot
radial geodesics (the equivalent of radial lines on a curved
surface) at azimuthal angles ✓ , by solving the geodesic equation
(see [12]) from a central circle. The points at distance ⇢ on
these geodesics form a circle of radius ⇢ on the surface (in
general, these are not circles in the x, y plane). Measurements
of the perimeters of circles of radius ⇢ on the surface are

Fig. 3. The control over the discs’ curvature. The NIPA concentration as
a function of radius on the cold discs (all discs are of initial thickness
t0 = 0.5 mm). Discs with NIPA concentration that increases with radius
(dot–dashed, bold line) result in the prescription of Ktar < 0 and the formation
of wavy configurations (left insets). A flat concentration profile (dotted) results
in Ktar = 0, and thus a flat disc (upper inset), while a decreasing concentration
profile defines Ktar > 0, resulting in the formation of dome-like structures
(right insets). The contact of the discs’ margins with air during polymerization
leads to the formation of a narrow region of Ktar < 0, resulting in the formation
of the observed short wavelength waviness along the margins of the disc of
Ktar = 0.

Fig. 4. The metric of the curved discs. The perimeter of a circle on the surface
of a disc, as a function of its radius (both measured along the surface; lines
as in Fig. 3). The surface topography measurements (insets) are “placed” on
a semi-geodesic coordinate system, allowing the identification of points of a
given radius ⇢, as illustrated for a surface of Ktar < 0 (bottom left inset; the
full color range spans 14 mm). Integration of the length of such circles yields
the perimeter at ⇢. As expected, for the flat disc (dotted) the perimeter equals
2⇡⇢, while for the discs of Ktar < 0/ > 0 the perimeter increases faster/slower
than linearly. The presented data do not include the narrow wavy strips along
the discs’ margins.

presented in Fig. 4. In accordance with the target metric, for
discs of Ktar > 0 the perimeter increases with ⇢ slower than
linearly, while for Ktar < 0 it increases faster than linearly. A
quantitative comparison of the perimeter at ⇢ to f (⇢)2⇡⇢ is
presented for the surfaces of smallest and largest Ktar (Fig. 5).
In both cases, the perimeter at ⇢ closely follows the prescribed
one, and indeed the sheets’ metric (averaged over ✓ ) is very

E. Efrati et al., Physica D 235, 29 (2007)
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Fig. 2. Schematic of the formation of sheets with inducible non-Euclidean
target metric. High and low NIPA concentration solutions are injected into
a Hele–Shaw cell through programmable valves. Polymerization leads to
the generation of a flat disc, having internal radial gradients in monomer
concentration. Once immersed in warm water of temperature T > Tc = 33 �C,
it shrinks differentially, adopting a new, non-Euclidean target metric. As a
result it forms a three-dimensional structure. The illustration shows a surface of
positive Gaussian curvature, generated by increasing monomer concentration
during the injection.

now 2⇡r⌘. The radius is ⇢(r) =
R

r

0 ⌘(r 0)dr
0. Thus, the perime-

ter of a circle of radius ⇢ on the shrunk disc is now f (⇢)2⇡⇢,
where f (⇢) is determined by ⌘(⇢) and its integral, and thus
by the monomer concentration profile. Using a polar coordi-
nate system, (⇢, ✓ ), the linear element determined by gtar is
dl

2 = d⇢2 + ⇢2
f (⇢)2d✓2, and the prescribed (by Gauss’s the-

orem) target Gaussian curvature reads

Ktar(⇢) = � (⇢ f (⇢))⇢⇢

⇢ f (⇢)
. (1)

The monomer concentration profile, which determines ⌘(⇢),
allows us to set (⇢ f (⇢))⇢⇢ and to prescribe a target Gaussian
curvature: For (⇢ f (⇢))⇢⇢ 6= 0 we have Ktar 6= 0. In this
case, any embedding of gtar cannot be flat. Indeed, sheets with
increasing/decreasing monomer concentration profiles (Fig. 3)
that define Gaussian curvatures, ranging from negative to
positive, attain configurations that correspond to the prescribed
metrics (insets in Fig. 3). The discs of Ktar > 0 are buckled
into dome-like shapes, while the discs of Ktar < 0 are shaped
into wavy structures, reminiscent of the wavy edges of torn
plastic sheets. In both cases, the larger the gradients in NIPA
concentration, the more curved the surfaces are.

Next we perform a quantitative comparison between the
metric of the curved discs and their target metric. The
topography of the discs z(x, y) is measured using an optical
profilometer (Conoscan 3000; inset of Fig. 4) with a resolution
of 25 µm in the lateral, x and y, directions and 5 µm in the
vertical, z, direction. In order to identify points of a given
distance ⇢ from the center, we re-parameterize the surface
onto a semi-geodesic coordinate system z(⇢, ✓). First we plot
radial geodesics (the equivalent of radial lines on a curved
surface) at azimuthal angles ✓ , by solving the geodesic equation
(see [12]) from a central circle. The points at distance ⇢ on
these geodesics form a circle of radius ⇢ on the surface (in
general, these are not circles in the x, y plane). Measurements
of the perimeters of circles of radius ⇢ on the surface are

Fig. 3. The control over the discs’ curvature. The NIPA concentration as
a function of radius on the cold discs (all discs are of initial thickness
t0 = 0.5 mm). Discs with NIPA concentration that increases with radius
(dot–dashed, bold line) result in the prescription of Ktar < 0 and the formation
of wavy configurations (left insets). A flat concentration profile (dotted) results
in Ktar = 0, and thus a flat disc (upper inset), while a decreasing concentration
profile defines Ktar > 0, resulting in the formation of dome-like structures
(right insets). The contact of the discs’ margins with air during polymerization
leads to the formation of a narrow region of Ktar < 0, resulting in the formation
of the observed short wavelength waviness along the margins of the disc of
Ktar = 0.

Fig. 4. The metric of the curved discs. The perimeter of a circle on the surface
of a disc, as a function of its radius (both measured along the surface; lines
as in Fig. 3). The surface topography measurements (insets) are “placed” on
a semi-geodesic coordinate system, allowing the identification of points of a
given radius ⇢, as illustrated for a surface of Ktar < 0 (bottom left inset; the
full color range spans 14 mm). Integration of the length of such circles yields
the perimeter at ⇢. As expected, for the flat disc (dotted) the perimeter equals
2⇡⇢, while for the discs of Ktar < 0/ > 0 the perimeter increases faster/slower
than linearly. The presented data do not include the narrow wavy strips along
the discs’ margins.

presented in Fig. 4. In accordance with the target metric, for
discs of Ktar > 0 the perimeter increases with ⇢ slower than
linearly, while for Ktar < 0 it increases faster than linearly. A
quantitative comparison of the perimeter at ⇢ to f (⇢)2⇡⇢ is
presented for the surfaces of smallest and largest Ktar (Fig. 5).
In both cases, the perimeter at ⇢ closely follows the prescribed
one, and indeed the sheets’ metric (averaged over ✓ ) is very
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Fig. 2. Schematic of the formation of sheets with inducible non-Euclidean
target metric. High and low NIPA concentration solutions are injected into
a Hele–Shaw cell through programmable valves. Polymerization leads to
the generation of a flat disc, having internal radial gradients in monomer
concentration. Once immersed in warm water of temperature T > Tc = 33 �C,
it shrinks differentially, adopting a new, non-Euclidean target metric. As a
result it forms a three-dimensional structure. The illustration shows a surface of
positive Gaussian curvature, generated by increasing monomer concentration
during the injection.

now 2⇡r⌘. The radius is ⇢(r) =
R

r

0 ⌘(r 0)dr
0. Thus, the perime-

ter of a circle of radius ⇢ on the shrunk disc is now f (⇢)2⇡⇢,
where f (⇢) is determined by ⌘(⇢) and its integral, and thus
by the monomer concentration profile. Using a polar coordi-
nate system, (⇢, ✓ ), the linear element determined by gtar is
dl

2 = d⇢2 + ⇢2
f (⇢)2d✓2, and the prescribed (by Gauss’s the-

orem) target Gaussian curvature reads

Ktar(⇢) = � (⇢ f (⇢))⇢⇢

⇢ f (⇢)
. (1)

The monomer concentration profile, which determines ⌘(⇢),
allows us to set (⇢ f (⇢))⇢⇢ and to prescribe a target Gaussian
curvature: For (⇢ f (⇢))⇢⇢ 6= 0 we have Ktar 6= 0. In this
case, any embedding of gtar cannot be flat. Indeed, sheets with
increasing/decreasing monomer concentration profiles (Fig. 3)
that define Gaussian curvatures, ranging from negative to
positive, attain configurations that correspond to the prescribed
metrics (insets in Fig. 3). The discs of Ktar > 0 are buckled
into dome-like shapes, while the discs of Ktar < 0 are shaped
into wavy structures, reminiscent of the wavy edges of torn
plastic sheets. In both cases, the larger the gradients in NIPA
concentration, the more curved the surfaces are.

Next we perform a quantitative comparison between the
metric of the curved discs and their target metric. The
topography of the discs z(x, y) is measured using an optical
profilometer (Conoscan 3000; inset of Fig. 4) with a resolution
of 25 µm in the lateral, x and y, directions and 5 µm in the
vertical, z, direction. In order to identify points of a given
distance ⇢ from the center, we re-parameterize the surface
onto a semi-geodesic coordinate system z(⇢, ✓). First we plot
radial geodesics (the equivalent of radial lines on a curved
surface) at azimuthal angles ✓ , by solving the geodesic equation
(see [12]) from a central circle. The points at distance ⇢ on
these geodesics form a circle of radius ⇢ on the surface (in
general, these are not circles in the x, y plane). Measurements
of the perimeters of circles of radius ⇢ on the surface are

Fig. 3. The control over the discs’ curvature. The NIPA concentration as
a function of radius on the cold discs (all discs are of initial thickness
t0 = 0.5 mm). Discs with NIPA concentration that increases with radius
(dot–dashed, bold line) result in the prescription of Ktar < 0 and the formation
of wavy configurations (left insets). A flat concentration profile (dotted) results
in Ktar = 0, and thus a flat disc (upper inset), while a decreasing concentration
profile defines Ktar > 0, resulting in the formation of dome-like structures
(right insets). The contact of the discs’ margins with air during polymerization
leads to the formation of a narrow region of Ktar < 0, resulting in the formation
of the observed short wavelength waviness along the margins of the disc of
Ktar = 0.

Fig. 4. The metric of the curved discs. The perimeter of a circle on the surface
of a disc, as a function of its radius (both measured along the surface; lines
as in Fig. 3). The surface topography measurements (insets) are “placed” on
a semi-geodesic coordinate system, allowing the identification of points of a
given radius ⇢, as illustrated for a surface of Ktar < 0 (bottom left inset; the
full color range spans 14 mm). Integration of the length of such circles yields
the perimeter at ⇢. As expected, for the flat disc (dotted) the perimeter equals
2⇡⇢, while for the discs of Ktar < 0/ > 0 the perimeter increases faster/slower
than linearly. The presented data do not include the narrow wavy strips along
the discs’ margins.

presented in Fig. 4. In accordance with the target metric, for
discs of Ktar > 0 the perimeter increases with ⇢ slower than
linearly, while for Ktar < 0 it increases faster than linearly. A
quantitative comparison of the perimeter at ⇢ to f (⇢)2⇡⇢ is
presented for the surfaces of smallest and largest Ktar (Fig. 5).
In both cases, the perimeter at ⇢ closely follows the prescribed
one, and indeed the sheets’ metric (averaged over ✓ ) is very
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Employing linear elasticity, the bending energy density
of a plate is cubic in the thickness and quadratic in the
principal curvatures. The stretching energy density is linear
in the thickness and quadratic in the in-plane strain, which is
half the difference between the metric tensors of a reference,
stress-free, and current configurations (see [15], p. 1). One
immediate conclusion is that for very thin plates (t ⌧ L),
bending will be energetically favorable over stretching. Thus
equilibrium configurations of thin sheets involve only small in-
plane strains [16].

In this work we study the equilibrium configurations
of growing/shrinking plates. Growing elastic bodies usually
contain internal stresses [13]. Thus, when trying to express
the energy of growing sheets we face the problem of defining
a stress-free configuration, with respect to which strains
are measured. To overcome this difficulty, we use the 2D
approximation formalism and recall that our sheets are plates;
thus their bending is measured with respect to a plane: The
sheets are free of bending energy only in planar configurations
and configurations that are symmetric with respect to a plane
will have the same bending energy. To evaluate the stretching
energy we recall that it results solely from in-plane strain. We,
thus, do not need a (stress-free) reference configuration, but
only a reference metric, with respect to which we measure the
in-plane strain. We use the term “target metric”, gtar (see [10]),
to describe a 2D metric tensor which is prescribed by the local
growth. A sheet adopting a configuration satisfying gtar will be
completely free of in-plane strain.

We are interested in cases where local growth leads to the
formation of 3D configurations. Gauss’s “Theorema Egregium”
provides a link between metrical properties of a surface and
3D configurations in space. It states that the local metric
tensor completely determines the local Gaussian curvature on
a surface. Thus, if gtar is non-Euclidean, it determines non-zero
“target Gaussian curvature”, Ktar. In this case, all configurations
satisfying gtar cannot be flat and the two terms in the energy
functional “aim” at two different types of configurations: The
bending term favors completely flat configurations, while the
stretching term favors 3D configurations with the metric gtar.
The selected configuration is set by the competition between
the two. As explained before, for thin enough sheets, we expect
the equilibrium configurations to be “very close” to embeddings
of gtar.

To conclude the introduction, the shaping scenario that we
study goes as follows: Take a sheet and make it grow, swell,
or shrink laterally, but non-uniformly. This process prescribes
a non-Euclidean gtar on the sheet, which corresponds to a non-
zero target Gaussian curvature, Ktar 6= 0. To minimize its elastic
energy, the sheet finds a configuration – an embedding of some
metric g – that is close to gtar, and thus not flat. However,
buckling of plates costs bending energy that increases with
curvature. The actual stable configurations are, thus, set by the
competition between stretching and bending.

2. Experimental system

We have built an experimental system that allows us
to use and study the mechanism discussed above. We use

Fig. 1. The shrinking of a NIPA gel sheet as a function of its monomer
concentration. The normalized length was obtained by dividing the diameter of
a warm gel disc by its original diameter. Shrinking was obtained by immersing
the discs into a water bath and increasing the temperature up to 45 �C over ten
hours. t0 is the thickness of the cold sheet.

N-isopropylacrylamide (NIPA) gel to construct sheets with
inducible non-Euclidean metrics. The gel is made by mixing
NIPA monomers with bisacrylamide (BIS) (5–10% of NIPA)
cross-linker in water. The addition of 1% ammonium persulfate
(APS) and 0.25% tetramethyl ethylene diamine (TEMED)
initiates polymerization of a cross-linked elastic hydrogel.
This gel undergoes a sharp volume reduction transition at
Tc = 33 �C [17], above which its equilibrium volume
decreases considerably. We measured the shrinking ratios
of homogeneous gel discs of different NIPA concentration.
These measurements show a strong dependence on monomer
concentration: Dilute gels shrink a lot, while concentrated
gels undergo a moderate volume reduction (Fig. 1). The
concentration of cross-linker (within the relevant range of
parameters) hardly affects the gels’ shrinking ratio.

We cast radial discs by injecting the NIPA solution into the
gap between two flat glass plates through a center hole in one
of them (a Hele–Shaw cell; Fig. 2). To impose non-Euclidean
target metrics, we change the NIPA concentration during the
injection. Polymerization takes place within a minute and the
gradients in concentration are “frozen” within the gel. the result
is a disc with internal lateral gradients in NIPA concentration.
Monotonic gradients are generated with a passive gradient
maker, while programmable actuated valves are used to inject
solutions with more complicated radial gradients in monomer
concentration (Fig. 2).

3. Results

The generated plates are flat below Tc, but are “pro-
grammed” to shrink with ratios ⌘(r) at each radius r on the
disc, once the temperature is increased above Tc. This differ-
ential shrinking sets new equilibrium distances between points
on the surface—it determines a new target metric, gtar, on the
sheet. To see the connection between the shrinking profile ⌘(r)

and gtar we consider a closed circle of radius r , on the cold disc.
Following the shrinking with ratio ⌘(r), both perimeter and ra-
dius of the circle are modified. The perimeter that was 2⇡r is
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Fig. 2. Schematic of the formation of sheets with inducible non-Euclidean
target metric. High and low NIPA concentration solutions are injected into
a Hele–Shaw cell through programmable valves. Polymerization leads to
the generation of a flat disc, having internal radial gradients in monomer
concentration. Once immersed in warm water of temperature T > Tc = 33 �C,
it shrinks differentially, adopting a new, non-Euclidean target metric. As a
result it forms a three-dimensional structure. The illustration shows a surface of
positive Gaussian curvature, generated by increasing monomer concentration
during the injection.

now 2⇡r⌘. The radius is ⇢(r) =
R

r

0 ⌘(r 0)dr
0. Thus, the perime-

ter of a circle of radius ⇢ on the shrunk disc is now f (⇢)2⇡⇢,
where f (⇢) is determined by ⌘(⇢) and its integral, and thus
by the monomer concentration profile. Using a polar coordi-
nate system, (⇢, ✓ ), the linear element determined by gtar is
dl

2 = d⇢2 + ⇢2
f (⇢)2d✓2, and the prescribed (by Gauss’s the-

orem) target Gaussian curvature reads

Ktar(⇢) = � (⇢ f (⇢))⇢⇢

⇢ f (⇢)
. (1)

The monomer concentration profile, which determines ⌘(⇢),
allows us to set (⇢ f (⇢))⇢⇢ and to prescribe a target Gaussian
curvature: For (⇢ f (⇢))⇢⇢ 6= 0 we have Ktar 6= 0. In this
case, any embedding of gtar cannot be flat. Indeed, sheets with
increasing/decreasing monomer concentration profiles (Fig. 3)
that define Gaussian curvatures, ranging from negative to
positive, attain configurations that correspond to the prescribed
metrics (insets in Fig. 3). The discs of Ktar > 0 are buckled
into dome-like shapes, while the discs of Ktar < 0 are shaped
into wavy structures, reminiscent of the wavy edges of torn
plastic sheets. In both cases, the larger the gradients in NIPA
concentration, the more curved the surfaces are.

Next we perform a quantitative comparison between the
metric of the curved discs and their target metric. The
topography of the discs z(x, y) is measured using an optical
profilometer (Conoscan 3000; inset of Fig. 4) with a resolution
of 25 µm in the lateral, x and y, directions and 5 µm in the
vertical, z, direction. In order to identify points of a given
distance ⇢ from the center, we re-parameterize the surface
onto a semi-geodesic coordinate system z(⇢, ✓). First we plot
radial geodesics (the equivalent of radial lines on a curved
surface) at azimuthal angles ✓ , by solving the geodesic equation
(see [12]) from a central circle. The points at distance ⇢ on
these geodesics form a circle of radius ⇢ on the surface (in
general, these are not circles in the x, y plane). Measurements
of the perimeters of circles of radius ⇢ on the surface are

Fig. 3. The control over the discs’ curvature. The NIPA concentration as
a function of radius on the cold discs (all discs are of initial thickness
t0 = 0.5 mm). Discs with NIPA concentration that increases with radius
(dot–dashed, bold line) result in the prescription of Ktar < 0 and the formation
of wavy configurations (left insets). A flat concentration profile (dotted) results
in Ktar = 0, and thus a flat disc (upper inset), while a decreasing concentration
profile defines Ktar > 0, resulting in the formation of dome-like structures
(right insets). The contact of the discs’ margins with air during polymerization
leads to the formation of a narrow region of Ktar < 0, resulting in the formation
of the observed short wavelength waviness along the margins of the disc of
Ktar = 0.

Fig. 4. The metric of the curved discs. The perimeter of a circle on the surface
of a disc, as a function of its radius (both measured along the surface; lines
as in Fig. 3). The surface topography measurements (insets) are “placed” on
a semi-geodesic coordinate system, allowing the identification of points of a
given radius ⇢, as illustrated for a surface of Ktar < 0 (bottom left inset; the
full color range spans 14 mm). Integration of the length of such circles yields
the perimeter at ⇢. As expected, for the flat disc (dotted) the perimeter equals
2⇡⇢, while for the discs of Ktar < 0/ > 0 the perimeter increases faster/slower
than linearly. The presented data do not include the narrow wavy strips along
the discs’ margins.

presented in Fig. 4. In accordance with the target metric, for
discs of Ktar > 0 the perimeter increases with ⇢ slower than
linearly, while for Ktar < 0 it increases faster than linearly. A
quantitative comparison of the perimeter at ⇢ to f (⇢)2⇡⇢ is
presented for the surfaces of smallest and largest Ktar (Fig. 5).
In both cases, the perimeter at ⇢ closely follows the prescribed
one, and indeed the sheets’ metric (averaged over ✓ ) is very

r[mm]

Co
nc

en
tra

tio
n 

C
 in

 %

‘‘printing’’ a wide range of target metrics in a high spatial reso-

lution. An example is presented in Fig. 9.

There are many other materials that can be used for the

construction of NEP and responsive NEP. Materials such as

electro active polymers26 or nematic elastomers27 seem to be

excellent candidates for using the shaping principles, with

responses in different time scales and environments.

Finally, we mention alteration of growth in plants as a way of

constructing ‘‘biological NEP’’. Growth of tissue can be viewed

as a process in which the target metric is constantly updated. It

was shown that genetic manipulation,28 as well as hormone

treatment29 can alter the growth distribution and cause a natu-

rally flat leaf to become non-Euclidean. Similar effects often

occur as a result of fungus attacks, when the leaf tissue grows

without proper control (Fig. 10).

5. Some results and interpretations

After reviewing the theoretical framework and experimental

techniques, we review the main results in this new field.

5.1 Rectangle geometry

Experiments in torn plastic sheets

As described before, in a controlled experiment the target metric,

imposed by the plastic flow around the tear tip, is very simple and

highly symmetric: it determines negative target Gaussian curva-

ture, which is a function only of the distance from the edge, y.

Surprisingly, the configurations of the sheets consist of a

Fig. 7 Non-Euclidean plates and tubes made of NIPA gel. Examples of plates with !K > 0 (a), !K < 0 (b, c) and a disc that contains a central region of !K >

0 and an outer part of !K < 0 (d). (e)-(h) Non-Euclidean tubes. A tube with a metric similar to the one in Fig. 5 in its cold (e) and warm (f) states. Tubes

with negative curvature bellow (g) and above (h) the ‘‘buckling-wrinkling’’ transition (see section 5.3).

Fig. 8 Engineering discs with constant Gaussian curvature. The

perimeter of a circle on a disc as a function of its radius (measured along

the surface) for discs of positive (bottom) and negative (top) constant

| !K | ¼ 0.0011 mm"2. The blue lines are the calculated curves (the relevant

functions are indicated). The red lines are the data measured on the

buckled discs. The dashed line indicates a flat disc: f(r) ¼ 2pr.

Fig. 9 ‘‘Lithography of curvature’’. (a) NIPA solution is inserted into simple mold with a ‘‘mask’’. Polymerization is controlled by a UV activated

initiator (in this case Riboflavin), leading to the generation of a non-uniform gel disc (b). (c) The non-uniform shrinking properties of the gel turn into

a non-Euclidean target metric. In this case the gradients in the metric are sharp, leading to wrinkling of the disc.
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with negative curvature bellow (g) and above (h) the ‘‘buckling-wrinkling’’ transition (see section 5.3).
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perimeter of a circle on a disc as a function of its radius (measured along
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a non-Euclidean target metric. In this case the gradients in the metric are sharp, leading to wrinkling of the disc.
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‘‘printing’’ a wide range of target metrics in a high spatial reso-

lution. An example is presented in Fig. 9.

There are many other materials that can be used for the

construction of NEP and responsive NEP. Materials such as

electro active polymers26 or nematic elastomers27 seem to be

excellent candidates for using the shaping principles, with

responses in different time scales and environments.

Finally, we mention alteration of growth in plants as a way of

constructing ‘‘biological NEP’’. Growth of tissue can be viewed

as a process in which the target metric is constantly updated. It

was shown that genetic manipulation,28 as well as hormone

treatment29 can alter the growth distribution and cause a natu-

rally flat leaf to become non-Euclidean. Similar effects often

occur as a result of fungus attacks, when the leaf tissue grows

without proper control (Fig. 10).

5. Some results and interpretations

After reviewing the theoretical framework and experimental

techniques, we review the main results in this new field.

5.1 Rectangle geometry

Experiments in torn plastic sheets

As described before, in a controlled experiment the target metric,

imposed by the plastic flow around the tear tip, is very simple and

highly symmetric: it determines negative target Gaussian curva-

ture, which is a function only of the distance from the edge, y.

Surprisingly, the configurations of the sheets consist of a

Fig. 7 Non-Euclidean plates and tubes made of NIPA gel. Examples of plates with !K > 0 (a), !K < 0 (b, c) and a disc that contains a central region of !K >

0 and an outer part of !K < 0 (d). (e)-(h) Non-Euclidean tubes. A tube with a metric similar to the one in Fig. 5 in its cold (e) and warm (f) states. Tubes

with negative curvature bellow (g) and above (h) the ‘‘buckling-wrinkling’’ transition (see section 5.3).

Fig. 8 Engineering discs with constant Gaussian curvature. The

perimeter of a circle on a disc as a function of its radius (measured along

the surface) for discs of positive (bottom) and negative (top) constant

| !K | ¼ 0.0011 mm"2. The blue lines are the calculated curves (the relevant

functions are indicated). The red lines are the data measured on the

buckled discs. The dashed line indicates a flat disc: f(r) ¼ 2pr.

Fig. 9 ‘‘Lithography of curvature’’. (a) NIPA solution is inserted into simple mold with a ‘‘mask’’. Polymerization is controlled by a UV activated

initiator (in this case Riboflavin), leading to the generation of a non-uniform gel disc (b). (c) The non-uniform shrinking properties of the gel turn into

a non-Euclidean target metric. In this case the gradients in the metric are sharp, leading to wrinkling of the disc.
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Shaping of gel membrane 
properties by lithography

limited resolution of the human eye to provide
the illusion of a homogeneous tone from closely
spaced dots, our approach relies on the elasticity
of the thin polymer sheet to locally smooth out
the sharp contrast between the highly cross-linked
dots and lightly cross-linked matrix, thereby yield-
ing an intermediate degree of swelling.

To calibrate the method, we first explore the
swelling of disks with dots of uniform diameter.
As indicated in Fig. 1H, these disks show globally
homogeneous swelling by an amount Ω that can
be continuously tuned between the two extremes
Ωlow and Ωhigh by changing the area fraction of
low-swelling regions, defined for d ≤ a as

flow ¼ p

2
ffiffiffi
3

p d
a

" #2

ð1Þ

Given that Ω is largely insensitive to flow be-
yond the point when neighboring dots begin to
touch—that is, at flow ≥ 0.91—for simplicity we
restrict dot sizes to d ≤ a without appreciably
restricting the accessible range of swelling.

A simple model to describe swelling comes
from considering the two gel regions as lumped
1D elements in parallel [see the supporting
online material (SOM) for details], yielding the
prediction

flow þ að1 − flowÞ
W1=2

¼ flow
W1=2

low

þ að1 − flowÞ
W1=2

high

ð2Þ

where a is the ratio of the elastic moduli in the
two material regions. Although this model captures

the essential qualitative physics of mutually
constrained swelling, it is too simple to yield
quantitative agreement with material properties;
thus, in practice a is treated as a fitting param-
eter. As shown in Fig. 1H, a value of a = 0.56
provides a good fit to the observed swelling of
halftoned composite gels. As expected based on
the well-known temperature sensitivity of NIPAm
copolymers, at each value of flow the composite
disks deswell with increasing temperature, as
shown in Fig. 1I. However, since the lightly
cross-linked regions show more pronounced de-
swelling, the values of swelling converge to a
narrow range between 1 and 2 at 45° to 50°C.

Whereas the composite disks described in
Fig. 1 behave as homogeneous materials on
length scales longer than the lattice dimension,
the compressive stresses present in the lightly
cross-linked matrix may cause local buckling
when the disks are made sufficiently thin. To pre-
vent this, we expect that the length scale of the
lattice should not be much larger than h. Indeed,
when we vary the dot size and spacing at constant
flow = 0.4, we find a critical lattice spacing, ac =
(7.9 T 0.8)h, below which the sheets remain flat
and above which the high-swelling regions form
buckled ridges spanning neighboring dots (Fig.
1J). Although the prefactor relating ac and h will
depend somewhat on flow, for the remainder of
the discussion we will keep a ≤ 4h, which is
sufficient to avoid local buckling in all cases.

Having established that halftoning provides
access to nearly continuous variations in swell-
ing for disks with homogeneous dot sizes, we

next consider the printing of spatially varying,
axisymmetric, patterns of growth corresponding
to target shapes with constant Gaussian curva-
ture K, as shown in Fig. 2, A to D. Following
Sharon and co-workers (17, 18, 21), we refer to
Ω(r) as the “target metric” encoding the local
equilibrium distances between points on the sur-
face. A sheet of vanishing thickness should adopt
the isometric embedding of this target metric
with the lowest bending energy (18), provided
that such an embedding exists. Written in terms
of the coordinates on the flat, unswelled gel sheet,
the target curvature at a material point r is set by
the swelling factor Ω(r) according to Gauss’s
theorema egregium, K = −∇2 lnΩ/(2Ω) (25).
Thus, where r represents the radial position in a
cylindrical coordinate system and c, R, and b are
constants, swelling factors of the form

WðrÞ ¼ c
r
R

$ %b
ð3Þ

should yield K = 0, whereas those of the form

WðrÞ ¼ c

½1þ ðr=RÞ2&2
ð4Þ

should yield constant K = 4/(cR2). Figure 2F
shows four example metrics: a piece of a saddle
surface with K = −16.8 mm−2, a cone with an
excess angle (26) specified by a swelling power-
law exponent b = 1, a spherical cap with K =
5.7 mm−2, and a cone with a deficit angle spe-
cified by b = −0.4. The corresponding patterns
of dots were computed by evaluating the value

Fig. 1. Halftone gel li-
thography and characteri-
zation of composite disks.
(A) Chemical structure of
the photo-cross-linkable
and temperature-responsive
NIPAm copolymer. (B to
G) A schematic illustration
of halftone gel lithogra-
phy. (B) On a silicon wafer
coated with a sacrificial
layer, (C) the copolymer
film (thickness h = 7 to
17 mm) is solution-cast
and exposed to a small
dose of UV light through
the first photomask and
subsequently (D) a large
dose through the second
photomask. (E) The pat-
terned film is (F) developed
to remove uncross-linked
material and (G) immersed
in aqueous solution to
release it from the sub-
strate and induce swell-
ing. (H) The areal expansion ratio Ω of composite disks at 22°C is plotted
against the area fraction of dots flow. Experimental data (black solid
circles) are fitted with Eq. 2 (blue line). The error bars denote standard
deviations for six independent measurements. (I) The temperature depen-
dence of Ω of the composite disks is shown for four different values of flow.

(J) Below a thickness-dependent critical lattice spacing ac, disks remain
flat, whereas above ac they undergo local buckling between neighboring
dots. The value of ac is plotted for a range of film thicknesses (symbols),
along with a least squares fit of a linear relationship with zero intercept
(dashed line).
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limited resolution of the human eye to provide
the illusion of a homogeneous tone from closely
spaced dots, our approach relies on the elasticity
of the thin polymer sheet to locally smooth out
the sharp contrast between the highly cross-linked
dots and lightly cross-linked matrix, thereby yield-
ing an intermediate degree of swelling.

To calibrate the method, we first explore the
swelling of disks with dots of uniform diameter.
As indicated in Fig. 1H, these disks show globally
homogeneous swelling by an amount Ω that can
be continuously tuned between the two extremes
Ωlow and Ωhigh by changing the area fraction of
low-swelling regions, defined for d ≤ a as

flow ¼ p

2
ffiffiffi
3

p d
a

" #2

ð1Þ

Given that Ω is largely insensitive to flow be-
yond the point when neighboring dots begin to
touch—that is, at flow ≥ 0.91—for simplicity we
restrict dot sizes to d ≤ a without appreciably
restricting the accessible range of swelling.

A simple model to describe swelling comes
from considering the two gel regions as lumped
1D elements in parallel [see the supporting
online material (SOM) for details], yielding the
prediction

flow þ að1 − flowÞ
W1=2

¼ flow
W1=2

low

þ að1 − flowÞ
W1=2

high

ð2Þ

where a is the ratio of the elastic moduli in the
two material regions. Although this model captures

the essential qualitative physics of mutually
constrained swelling, it is too simple to yield
quantitative agreement with material properties;
thus, in practice a is treated as a fitting param-
eter. As shown in Fig. 1H, a value of a = 0.56
provides a good fit to the observed swelling of
halftoned composite gels. As expected based on
the well-known temperature sensitivity of NIPAm
copolymers, at each value of flow the composite
disks deswell with increasing temperature, as
shown in Fig. 1I. However, since the lightly
cross-linked regions show more pronounced de-
swelling, the values of swelling converge to a
narrow range between 1 and 2 at 45° to 50°C.

Whereas the composite disks described in
Fig. 1 behave as homogeneous materials on
length scales longer than the lattice dimension,
the compressive stresses present in the lightly
cross-linked matrix may cause local buckling
when the disks are made sufficiently thin. To pre-
vent this, we expect that the length scale of the
lattice should not be much larger than h. Indeed,
when we vary the dot size and spacing at constant
flow = 0.4, we find a critical lattice spacing, ac =
(7.9 T 0.8)h, below which the sheets remain flat
and above which the high-swelling regions form
buckled ridges spanning neighboring dots (Fig.
1J). Although the prefactor relating ac and h will
depend somewhat on flow, for the remainder of
the discussion we will keep a ≤ 4h, which is
sufficient to avoid local buckling in all cases.

Having established that halftoning provides
access to nearly continuous variations in swell-
ing for disks with homogeneous dot sizes, we

next consider the printing of spatially varying,
axisymmetric, patterns of growth corresponding
to target shapes with constant Gaussian curva-
ture K, as shown in Fig. 2, A to D. Following
Sharon and co-workers (17, 18, 21), we refer to
Ω(r) as the “target metric” encoding the local
equilibrium distances between points on the sur-
face. A sheet of vanishing thickness should adopt
the isometric embedding of this target metric
with the lowest bending energy (18), provided
that such an embedding exists. Written in terms
of the coordinates on the flat, unswelled gel sheet,
the target curvature at a material point r is set by
the swelling factor Ω(r) according to Gauss’s
theorema egregium, K = −∇2 lnΩ/(2Ω) (25).
Thus, where r represents the radial position in a
cylindrical coordinate system and c, R, and b are
constants, swelling factors of the form

WðrÞ ¼ c
r
R

$ %b
ð3Þ

should yield K = 0, whereas those of the form

WðrÞ ¼ c

½1þ ðr=RÞ2&2
ð4Þ

should yield constant K = 4/(cR2). Figure 2F
shows four example metrics: a piece of a saddle
surface with K = −16.8 mm−2, a cone with an
excess angle (26) specified by a swelling power-
law exponent b = 1, a spherical cap with K =
5.7 mm−2, and a cone with a deficit angle spe-
cified by b = −0.4. The corresponding patterns
of dots were computed by evaluating the value

Fig. 1. Halftone gel li-
thography and characteri-
zation of composite disks.
(A) Chemical structure of
the photo-cross-linkable
and temperature-responsive
NIPAm copolymer. (B to
G) A schematic illustration
of halftone gel lithogra-
phy. (B) On a silicon wafer
coated with a sacrificial
layer, (C) the copolymer
film (thickness h = 7 to
17 mm) is solution-cast
and exposed to a small
dose of UV light through
the first photomask and
subsequently (D) a large
dose through the second
photomask. (E) The pat-
terned film is (F) developed
to remove uncross-linked
material and (G) immersed
in aqueous solution to
release it from the sub-
strate and induce swell-
ing. (H) The areal expansion ratio Ω of composite disks at 22°C is plotted
against the area fraction of dots flow. Experimental data (black solid
circles) are fitted with Eq. 2 (blue line). The error bars denote standard
deviations for six independent measurements. (I) The temperature depen-
dence of Ω of the composite disks is shown for four different values of flow.

(J) Below a thickness-dependent critical lattice spacing ac, disks remain
flat, whereas above ac they undergo local buckling between neighboring
dots. The value of ac is plotted for a range of film thicknesses (symbols),
along with a least squares fit of a linear relationship with zero intercept
(dashed line).
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limited resolution of the human eye to provide
the illusion of a homogeneous tone from closely
spaced dots, our approach relies on the elasticity
of the thin polymer sheet to locally smooth out
the sharp contrast between the highly cross-linked
dots and lightly cross-linked matrix, thereby yield-
ing an intermediate degree of swelling.

To calibrate the method, we first explore the
swelling of disks with dots of uniform diameter.
As indicated in Fig. 1H, these disks show globally
homogeneous swelling by an amount Ω that can
be continuously tuned between the two extremes
Ωlow and Ωhigh by changing the area fraction of
low-swelling regions, defined for d ≤ a as

flow ¼ p

2
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p d
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ð1Þ

Given that Ω is largely insensitive to flow be-
yond the point when neighboring dots begin to
touch—that is, at flow ≥ 0.91—for simplicity we
restrict dot sizes to d ≤ a without appreciably
restricting the accessible range of swelling.

A simple model to describe swelling comes
from considering the two gel regions as lumped
1D elements in parallel [see the supporting
online material (SOM) for details], yielding the
prediction

flow þ að1 − flowÞ
W1=2

¼ flow
W1=2

low

þ að1 − flowÞ
W1=2

high

ð2Þ

where a is the ratio of the elastic moduli in the
two material regions. Although this model captures

the essential qualitative physics of mutually
constrained swelling, it is too simple to yield
quantitative agreement with material properties;
thus, in practice a is treated as a fitting param-
eter. As shown in Fig. 1H, a value of a = 0.56
provides a good fit to the observed swelling of
halftoned composite gels. As expected based on
the well-known temperature sensitivity of NIPAm
copolymers, at each value of flow the composite
disks deswell with increasing temperature, as
shown in Fig. 1I. However, since the lightly
cross-linked regions show more pronounced de-
swelling, the values of swelling converge to a
narrow range between 1 and 2 at 45° to 50°C.

Whereas the composite disks described in
Fig. 1 behave as homogeneous materials on
length scales longer than the lattice dimension,
the compressive stresses present in the lightly
cross-linked matrix may cause local buckling
when the disks are made sufficiently thin. To pre-
vent this, we expect that the length scale of the
lattice should not be much larger than h. Indeed,
when we vary the dot size and spacing at constant
flow = 0.4, we find a critical lattice spacing, ac =
(7.9 T 0.8)h, below which the sheets remain flat
and above which the high-swelling regions form
buckled ridges spanning neighboring dots (Fig.
1J). Although the prefactor relating ac and h will
depend somewhat on flow, for the remainder of
the discussion we will keep a ≤ 4h, which is
sufficient to avoid local buckling in all cases.

Having established that halftoning provides
access to nearly continuous variations in swell-
ing for disks with homogeneous dot sizes, we

next consider the printing of spatially varying,
axisymmetric, patterns of growth corresponding
to target shapes with constant Gaussian curva-
ture K, as shown in Fig. 2, A to D. Following
Sharon and co-workers (17, 18, 21), we refer to
Ω(r) as the “target metric” encoding the local
equilibrium distances between points on the sur-
face. A sheet of vanishing thickness should adopt
the isometric embedding of this target metric
with the lowest bending energy (18), provided
that such an embedding exists. Written in terms
of the coordinates on the flat, unswelled gel sheet,
the target curvature at a material point r is set by
the swelling factor Ω(r) according to Gauss’s
theorema egregium, K = −∇2 lnΩ/(2Ω) (25).
Thus, where r represents the radial position in a
cylindrical coordinate system and c, R, and b are
constants, swelling factors of the form

WðrÞ ¼ c
r
R

$ %b
ð3Þ

should yield K = 0, whereas those of the form

WðrÞ ¼ c

½1þ ðr=RÞ2&2
ð4Þ

should yield constant K = 4/(cR2). Figure 2F
shows four example metrics: a piece of a saddle
surface with K = −16.8 mm−2, a cone with an
excess angle (26) specified by a swelling power-
law exponent b = 1, a spherical cap with K =
5.7 mm−2, and a cone with a deficit angle spe-
cified by b = −0.4. The corresponding patterns
of dots were computed by evaluating the value

Fig. 1. Halftone gel li-
thography and characteri-
zation of composite disks.
(A) Chemical structure of
the photo-cross-linkable
and temperature-responsive
NIPAm copolymer. (B to
G) A schematic illustration
of halftone gel lithogra-
phy. (B) On a silicon wafer
coated with a sacrificial
layer, (C) the copolymer
film (thickness h = 7 to
17 mm) is solution-cast
and exposed to a small
dose of UV light through
the first photomask and
subsequently (D) a large
dose through the second
photomask. (E) The pat-
terned film is (F) developed
to remove uncross-linked
material and (G) immersed
in aqueous solution to
release it from the sub-
strate and induce swell-
ing. (H) The areal expansion ratio Ω of composite disks at 22°C is plotted
against the area fraction of dots flow. Experimental data (black solid
circles) are fitted with Eq. 2 (blue line). The error bars denote standard
deviations for six independent measurements. (I) The temperature depen-
dence of Ω of the composite disks is shown for four different values of flow.

(J) Below a thickness-dependent critical lattice spacing ac, disks remain
flat, whereas above ac they undergo local buckling between neighboring
dots. The value of ac is plotted for a range of film thicknesses (symbols),
along with a least squares fit of a linear relationship with zero intercept
(dashed line).
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of the area of the sphere requires large distor-
tions. Thus, we can approximate the metric by
excising the small regions of the square where
Ω falls below the experimentally accessible range,
as shown in Fig. 3B. The resulting swelled shape
(Fig. 3A) does indeed approximate that of a
sphere (see fig. S3 for plots of surface curvatures)
with four small regions removed, although the
four corners of the square do not quite close.
The reason for the latter behavior remains under
investigation but may arise from the excised
singularities and/or the finite bending energy of
the sheet. Nonetheless, the contrast between the
nearly closed shape achieved in Fig. 3A and the
limited spherical caps that may be obtained for
the same material system with an axisymmetric
metric highlights the importance of 2D pattern-
ing, even for generating axisymmetric shapes.

Beyond fabricating simple shapes with con-
stant target Gaussian curvature, our approach
opens the door to shapes of arbitrary complex-
ity. Although numerous fundamental questions
and practical challenges remain to establishing
the necessary design rules, we take a first step
toward the construction of shapes whose swell-
ing factors are not known a priori by consid-
ering a corrugated surface (Fig. 3C) described
by the height function H(x,y) = H0 [cos(2px/L) +
cos(px/L + √3py/L)], where 2L is the width of
the sheet. We choose H0 = 60 mm and L = 300
mm. Determining an appropriate swelling factor
is equivalent to finding a conformal coordinate
system on the surface (as described in the SOM)
and yields the swelling function shown in Fig.
3H. This example highlights some of the re-
maining challenges in designing arbitrary 3D

shapes, because sheets patterned according to
Fig. 3H often fail to form the desired shape upon
swelling. The three local maxima in growth,
lying along the line cutting diagonally through
the center of the sheet, each represent regions
of positive target Gaussian curvature; however,
each may achieve its desired local curvature by
buckling either upward or downward. Indeed,
rather than buckling in the manner described by
H(x,y), these local maxima in swelling may
instead all buckle in the same direction, as shown
in Fig. 3G (again, possibly reflecting a preference
for buckling in one direction due to slight
through-thickness variations in swelling). How-
ever, in some cases, the sheets do swell into the
corrugated conformation shown in Fig. 3E, which
is very similar to the programmed surface H(x,y),
as can also be seen by comparing the targeted

(Fig. 3D) and measured (Fig. 3F) Gaussian cur-
vatures. The use of a glass micropipette to hold
the patterned sheet against the substrate during
swelling (upon cooling from 40° to 22°C) tends
to constrain the sheet to swell into the corrugated
shape, and initially misfolded sheets can also be
“snapped through” into the desired configura-
tion by application of force to the center-most
region of positive curvature. Thus, we conclude
that such surfaces with complex swelling pat-
terns may in general form multiple different shapes
that are locally metastable and that additional
constraints may therefore be required to ensure
that a specific shape is chosen.

Finally, we demonstrate the responsiveness
of the patterned sheets to changes in temperature
using another nonaxisymmetric metric that com-
bines that for an Enneper’s surface with four

Fig. 3. Nonaxisymmetric swelling patterns. (A) A 3D reconstructed image of
the nearly closed spherical shape formed by the metric of Eq. 6 and shown in
(B); the sizes and positions of open circles correspond to those of the low-
swelling dots. Before swelling, the patterned gel sheet was 9 mm thick, with
lateral dimensions of 600 by 620 mm. (C) The target height profile of the
corrugated surface, also shown in (D) top view. The grid represents the co-
ordinate lines of the conformal coordinate system. (E) 3D reconstructed image

and (F) Gaussian curvature of the sheet swollen into a shape similar to the
target surface. (G) 3D reconstructed image of the shape adopted when each of
the three regions of positive curvature along the center diagonal buckle in the
same direction. (H) The swelling pattern used to generate sheets in (E) to (G).
The sizes and positions of open circles correspond to those of the low-swelling
dots. Before swelling, the patterned gel sheets were 9 mm thick and had
lateral dimensions of 600 by 580 mm.

Fig. 4. Thermal actua-
tion of patterned sheets.
(A) When the tempera-
ture of the aqueous me-
dium is increased, the
hybrid Enneper’s surface
deswells and recovers its
flat shape by 49°C. (B)
Upon lowering the tem-
perature to 22°C, the disk
swells back to the initial
hybrid shape through a
different pathway. Initial
thickness and disk diam-
eter are 7 and 390 mm,
respectively.
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of the area of the sphere requires large distor-
tions. Thus, we can approximate the metric by
excising the small regions of the square where
Ω falls below the experimentally accessible range,
as shown in Fig. 3B. The resulting swelled shape
(Fig. 3A) does indeed approximate that of a
sphere (see fig. S3 for plots of surface curvatures)
with four small regions removed, although the
four corners of the square do not quite close.
The reason for the latter behavior remains under
investigation but may arise from the excised
singularities and/or the finite bending energy of
the sheet. Nonetheless, the contrast between the
nearly closed shape achieved in Fig. 3A and the
limited spherical caps that may be obtained for
the same material system with an axisymmetric
metric highlights the importance of 2D pattern-
ing, even for generating axisymmetric shapes.

Beyond fabricating simple shapes with con-
stant target Gaussian curvature, our approach
opens the door to shapes of arbitrary complex-
ity. Although numerous fundamental questions
and practical challenges remain to establishing
the necessary design rules, we take a first step
toward the construction of shapes whose swell-
ing factors are not known a priori by consid-
ering a corrugated surface (Fig. 3C) described
by the height function H(x,y) = H0 [cos(2px/L) +
cos(px/L + √3py/L)], where 2L is the width of
the sheet. We choose H0 = 60 mm and L = 300
mm. Determining an appropriate swelling factor
is equivalent to finding a conformal coordinate
system on the surface (as described in the SOM)
and yields the swelling function shown in Fig.
3H. This example highlights some of the re-
maining challenges in designing arbitrary 3D

shapes, because sheets patterned according to
Fig. 3H often fail to form the desired shape upon
swelling. The three local maxima in growth,
lying along the line cutting diagonally through
the center of the sheet, each represent regions
of positive target Gaussian curvature; however,
each may achieve its desired local curvature by
buckling either upward or downward. Indeed,
rather than buckling in the manner described by
H(x,y), these local maxima in swelling may
instead all buckle in the same direction, as shown
in Fig. 3G (again, possibly reflecting a preference
for buckling in one direction due to slight
through-thickness variations in swelling). How-
ever, in some cases, the sheets do swell into the
corrugated conformation shown in Fig. 3E, which
is very similar to the programmed surface H(x,y),
as can also be seen by comparing the targeted

(Fig. 3D) and measured (Fig. 3F) Gaussian cur-
vatures. The use of a glass micropipette to hold
the patterned sheet against the substrate during
swelling (upon cooling from 40° to 22°C) tends
to constrain the sheet to swell into the corrugated
shape, and initially misfolded sheets can also be
“snapped through” into the desired configura-
tion by application of force to the center-most
region of positive curvature. Thus, we conclude
that such surfaces with complex swelling pat-
terns may in general form multiple different shapes
that are locally metastable and that additional
constraints may therefore be required to ensure
that a specific shape is chosen.

Finally, we demonstrate the responsiveness
of the patterned sheets to changes in temperature
using another nonaxisymmetric metric that com-
bines that for an Enneper’s surface with four

Fig. 3. Nonaxisymmetric swelling patterns. (A) A 3D reconstructed image of
the nearly closed spherical shape formed by the metric of Eq. 6 and shown in
(B); the sizes and positions of open circles correspond to those of the low-
swelling dots. Before swelling, the patterned gel sheet was 9 mm thick, with
lateral dimensions of 600 by 620 mm. (C) The target height profile of the
corrugated surface, also shown in (D) top view. The grid represents the co-
ordinate lines of the conformal coordinate system. (E) 3D reconstructed image

and (F) Gaussian curvature of the sheet swollen into a shape similar to the
target surface. (G) 3D reconstructed image of the shape adopted when each of
the three regions of positive curvature along the center diagonal buckle in the
same direction. (H) The swelling pattern used to generate sheets in (E) to (G).
The sizes and positions of open circles correspond to those of the low-swelling
dots. Before swelling, the patterned gel sheets were 9 mm thick and had
lateral dimensions of 600 by 580 mm.

Fig. 4. Thermal actua-
tion of patterned sheets.
(A) When the tempera-
ture of the aqueous me-
dium is increased, the
hybrid Enneper’s surface
deswells and recovers its
flat shape by 49°C. (B)
Upon lowering the tem-
perature to 22°C, the disk
swells back to the initial
hybrid shape through a
different pathway. Initial
thickness and disk diam-
eter are 7 and 390 mm,
respectively.

9 MARCH 2012 VOL 335 SCIENCE www.sciencemag.org1204

REPORTSDifferential
swelling in liquid
deforms square
membrane to a 
closed sphere

gij =

✓
⌦(x, y), 0

0, ⌦(x, y)

◆
metric tensor

J. Kim et al., Science 335, 1201 (2012)

det(K 0
ij(x, y)) = �r2(ln⌦(x, y))

2⌦(x, y)
Inverse problem

can be solved with 
conformal maps.



11

Shaping of gel membrane 
properties by halftone lithography

of Ω(r) at each lattice point according to Eqs. 3
and 4, determining the corresponding value of
flow from the fit of Eq. 2 to the data in Fig. 1H,
and finally setting the size of the dot at that
lattice point according to Eq. 1. Because the
power-law metrics in Eq. 3 diverge or vanish at
the origin, it is necessary to cut out a small re-
gion around the center of each of the two cones.

The shapes adopted by the corresponding gel
sheets (Fig. 2, A to D) are measured by laser scan-
ning confocal fluorescence microscopy (LSCM)
and analyzed as described in the SOM. Each of
the four surfaces shows only small deviations
about an average Gaussian curvature, with the
exception of the regions near the free edges,
where our analysis yields artifactual curvatures
(due to the finite thickness of the gel sheets, the
surface meshing procedure used yields addition-
al points on the edges that do not accurately
reflect the 2D geometries of the sheets). After
excluding regions of the surface within 2hof the
edges to avoid these artifacts, we find the aver-
age Gaussian curvatures of the spherical cap and
saddle to be 6.2 mm−2 and –20.6 mm−2, respec-
tively, with nearly axisymmetric distributions
of curvature (fig. S2A). Both values are in rea-
sonable agreement with the target values, al-
though the tendency of disks with uniform dot
sizes to show slight curvatures (with radii of 2
mm) suggests the presence of slight through-
thickness variations in swelling (see SOM for
details) that may contribute to the observed de-
viations from the programmed curvature. Inter-
estingly, we do not observe a boundary layer
with negative Gaussian curvature around the
edge of the spherical cap as has been reported

for truly smooth metrics (17, 18), possibly re-
flecting the influence of the through-thickness
variations in swelling. For both cones, the av-
erage Gaussian curvatures, excluding regions at
the free edges, are close to zero. Further, Fig. 2E
shows a plot of the deficit angle d measured for
five different cone metrics with power law ex-
ponents −1 ≤ b < 0, which agrees closely with
the programmed value d = −pb.

We next consider metrics of the form

WðrÞ ¼ c½1þ ðr=RÞ2ðn−1Þ&2 ð5Þ

corresponding to Enneper’s minimal surfaces
with nnodes. These surfaces all have zero mean
curvature and so are expected to minimize the
elastic energy for these metrics at vanishing
thickness (18). Although Eq. 5 is axisymmetric,
Enneper's surfaces spontaneously break axial
symmetry by forming nwrinkles. In Fig. 2, G
to J, we demonstrate patterned surfaces with n=
3 to 6, each of which reproduces the targeted
number of wrinkles. As shown in the maps of
curvature in Fig. 2 (and azimuthally averaged
plots in fig. S2B), each surface has small mean
curvature and negative Gaussian curvature that
matches closely with the target profile. For a
given film thickness, increasing n eventually
leads to a saturation in the number of wrinkles,
because the bending energy arising from Gaussian
curvature increases with n (for the films with
h≈ 7 mm in Fig. 4, a metric with n= 8 yielded
only six wrinkles). However, given the subtle
differences between the metrics plotted in Fig.
2F, the ability to accurately reproduce the pro-
grammed number of wrinkles for n= 3 to 6 is a

strong testament to the fidelity of the metrics
patterned by this technique.

The true power of our approach lies in the
fabrication of nonaxisymmetric swelling pat-
terns. As a simple demonstration, we first con-
sider the problem of how to form a sphere
through growth. For the axisymmetric metric
described in Eq. 4, the maximum value of r/R
to which this metric can be experimentally pat-
terned is restricted by the accessible range of
swelling. In our case, this range is Ωhigh/Ωlow ≈
3.7, limiting the maximum portion of a sphere
that can be obtained to slightly less than half.
Although further improvements in the material
system are likely to increase the available range,
the axisymmetric metric is inherently an ineffi-
cient way to form a sphere, because as one seeks
to go beyond a hemisphere and toward a closed
shape, the required swelling contrast diverges
rapidly. Given access to 2D metrics, however, a
number of well-established conformal mappings
of the sphere onto flat surfaces are known from
the field of map projections. For example, the
Peirce quincuncial projection (27) maps a sphere
of radius R onto a square using the metric

Wðx; yÞ ¼ 2
jdn xþiy
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where sn, cn, and dn are Jacobi elliptic func-
tions, and x and y are the components of r. This
metric still has four cusp-like singularities where
Ω(r) = 0; however, one of its useful properties
as a map projection is that only a small portion

Fig. 2. Halftoned disks
with axisymmetric met-
rics. Patterned sheets pro-
grammed to generate (A)
a piece of saddle surface
(Sa), (B) a cone with an
excess angle (Ce), (C) a
spherical cap (Sp), and
(D) a cone with a deficit
angle (Cd). (Top) 3D re-
constructed images of
swollen hydrogel sheets
and (bottom) top-view
surface plots of Gaussian
curvature. Initial thick-
nesses and disk diame-
ters are 9 and 390 mm,
respectively, although
the apparent thickness
of sheets is enlarged due
to the resolution of the
LSCM. (E) Measured val-
ues of deficit angle d
for cones with five dif-
ferent exponents b (see Eq. 3) (black solid circles) and the programmed
values (blue dashed line). (F) Swelling factors for the target metrics as a
function of normalized radial position on the unswelled disks r/R, with points
plotted at values corresponding to lattice points to indicate the resolu-
tion with which Ω is patterned. (G to J) Patterned sheets programmed to

generate Enneper’s minimal surfaces with n = (G) 3, (H) 4, (I) 5, and (J) 6
wrinkles upon swelling as dictated by Eq. 5. 3D reconstructed images (top)
and top-view surface plots of squared mean curvature H2 and Gaussian
curvature K (bottom). Initial thicknesses and disk diameters are 7 and 390 mm,
respectively.
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of Ω(r) at each lattice point according to Eqs. 3
and 4, determining the corresponding value of
flow from the fit of Eq. 2 to the data in Fig. 1H,
and finally setting the size of the dot at that
lattice point according to Eq. 1. Because the
power-law metrics in Eq. 3 diverge or vanish at
the origin, it is necessary to cut out a small re-
gion around the center of each of the two cones.

The shapes adopted by the corresponding gel
sheets (Fig. 2, A to D) are measured by laser scan-
ning confocal fluorescence microscopy (LSCM)
and analyzed as described in the SOM. Each of
the four surfaces shows only small deviations
about an average Gaussian curvature, with the
exception of the regions near the free edges,
where our analysis yields artifactual curvatures
(due to the finite thickness of the gel sheets, the
surface meshing procedure used yields addition-
al points on the edges that do not accurately
reflect the 2D geometries of the sheets). After
excluding regions of the surface within 2hof the
edges to avoid these artifacts, we find the aver-
age Gaussian curvatures of the spherical cap and
saddle to be 6.2 mm−2 and –20.6 mm−2, respec-
tively, with nearly axisymmetric distributions
of curvature (fig. S2A). Both values are in rea-
sonable agreement with the target values, al-
though the tendency of disks with uniform dot
sizes to show slight curvatures (with radii of 2
mm) suggests the presence of slight through-
thickness variations in swelling (see SOM for
details) that may contribute to the observed de-
viations from the programmed curvature. Inter-
estingly, we do not observe a boundary layer
with negative Gaussian curvature around the
edge of the spherical cap as has been reported

for truly smooth metrics (17, 18), possibly re-
flecting the influence of the through-thickness
variations in swelling. For both cones, the av-
erage Gaussian curvatures, excluding regions at
the free edges, are close to zero. Further, Fig. 2E
shows a plot of the deficit angle d measured for
five different cone metrics with power law ex-
ponents −1 ≤ b < 0, which agrees closely with
the programmed value d = −pb.

We next consider metrics of the form

WðrÞ ¼ c½1þ ðr=RÞ2ðn−1Þ&2 ð5Þ

corresponding to Enneper’s minimal surfaces
with nnodes. These surfaces all have zero mean
curvature and so are expected to minimize the
elastic energy for these metrics at vanishing
thickness (18). Although Eq. 5 is axisymmetric,
Enneper's surfaces spontaneously break axial
symmetry by forming nwrinkles. In Fig. 2, G
to J, we demonstrate patterned surfaces with n=
3 to 6, each of which reproduces the targeted
number of wrinkles. As shown in the maps of
curvature in Fig. 2 (and azimuthally averaged
plots in fig. S2B), each surface has small mean
curvature and negative Gaussian curvature that
matches closely with the target profile. For a
given film thickness, increasing n eventually
leads to a saturation in the number of wrinkles,
because the bending energy arising from Gaussian
curvature increases with n (for the films with
h≈ 7 mm in Fig. 4, a metric with n= 8 yielded
only six wrinkles). However, given the subtle
differences between the metrics plotted in Fig.
2F, the ability to accurately reproduce the pro-
grammed number of wrinkles for n= 3 to 6 is a

strong testament to the fidelity of the metrics
patterned by this technique.

The true power of our approach lies in the
fabrication of nonaxisymmetric swelling pat-
terns. As a simple demonstration, we first con-
sider the problem of how to form a sphere
through growth. For the axisymmetric metric
described in Eq. 4, the maximum value of r/R
to which this metric can be experimentally pat-
terned is restricted by the accessible range of
swelling. In our case, this range is Ωhigh/Ωlow ≈
3.7, limiting the maximum portion of a sphere
that can be obtained to slightly less than half.
Although further improvements in the material
system are likely to increase the available range,
the axisymmetric metric is inherently an ineffi-
cient way to form a sphere, because as one seeks
to go beyond a hemisphere and toward a closed
shape, the required swelling contrast diverges
rapidly. Given access to 2D metrics, however, a
number of well-established conformal mappings
of the sphere onto flat surfaces are known from
the field of map projections. For example, the
Peirce quincuncial projection (27) maps a sphere
of radius R onto a square using the metric
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where sn, cn, and dn are Jacobi elliptic func-
tions, and x and y are the components of r. This
metric still has four cusp-like singularities where
Ω(r) = 0; however, one of its useful properties
as a map projection is that only a small portion

Fig. 2. Halftoned disks
with axisymmetric met-
rics. Patterned sheets pro-
grammed to generate (A)
a piece of saddle surface
(Sa), (B) a cone with an
excess angle (Ce), (C) a
spherical cap (Sp), and
(D) a cone with a deficit
angle (Cd). (Top) 3D re-
constructed images of
swollen hydrogel sheets
and (bottom) top-view
surface plots of Gaussian
curvature. Initial thick-
nesses and disk diame-
ters are 9 and 390 mm,
respectively, although
the apparent thickness
of sheets is enlarged due
to the resolution of the
LSCM. (E) Measured val-
ues of deficit angle d
for cones with five dif-
ferent exponents b (see Eq. 3) (black solid circles) and the programmed
values (blue dashed line). (F) Swelling factors for the target metrics as a
function of normalized radial position on the unswelled disks r/R, with points
plotted at values corresponding to lattice points to indicate the resolu-
tion with which Ω is patterned. (G to J) Patterned sheets programmed to

generate Enneper’s minimal surfaces with n = (G) 3, (H) 4, (I) 5, and (J) 6
wrinkles upon swelling as dictated by Eq. 5. 3D reconstructed images (top)
and top-view surface plots of squared mean curvature H2 and Gaussian
curvature K (bottom). Initial thicknesses and disk diameters are 7 and 390 mm,
respectively.
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of Ω(r) at each lattice point according to Eqs. 3
and 4, determining the corresponding value of
flow from the fit of Eq. 2 to the data in Fig. 1H,
and finally setting the size of the dot at that
lattice point according to Eq. 1. Because the
power-law metrics in Eq. 3 diverge or vanish at
the origin, it is necessary to cut out a small re-
gion around the center of each of the two cones.

The shapes adopted by the corresponding gel
sheets (Fig. 2, A to D) are measured by laser scan-
ning confocal fluorescence microscopy (LSCM)
and analyzed as described in the SOM. Each of
the four surfaces shows only small deviations
about an average Gaussian curvature, with the
exception of the regions near the free edges,
where our analysis yields artifactual curvatures
(due to the finite thickness of the gel sheets, the
surface meshing procedure used yields addition-
al points on the edges that do not accurately
reflect the 2D geometries of the sheets). After
excluding regions of the surface within 2hof the
edges to avoid these artifacts, we find the aver-
age Gaussian curvatures of the spherical cap and
saddle to be 6.2 mm−2 and –20.6 mm−2, respec-
tively, with nearly axisymmetric distributions
of curvature (fig. S2A). Both values are in rea-
sonable agreement with the target values, al-
though the tendency of disks with uniform dot
sizes to show slight curvatures (with radii of 2
mm) suggests the presence of slight through-
thickness variations in swelling (see SOM for
details) that may contribute to the observed de-
viations from the programmed curvature. Inter-
estingly, we do not observe a boundary layer
with negative Gaussian curvature around the
edge of the spherical cap as has been reported

for truly smooth metrics (17, 18), possibly re-
flecting the influence of the through-thickness
variations in swelling. For both cones, the av-
erage Gaussian curvatures, excluding regions at
the free edges, are close to zero. Further, Fig. 2E
shows a plot of the deficit angle d measured for
five different cone metrics with power law ex-
ponents −1 ≤ b < 0, which agrees closely with
the programmed value d = −pb.

We next consider metrics of the form

WðrÞ ¼ c½1þ ðr=RÞ2ðn−1Þ&2 ð5Þ

corresponding to Enneper’s minimal surfaces
with nnodes. These surfaces all have zero mean
curvature and so are expected to minimize the
elastic energy for these metrics at vanishing
thickness (18). Although Eq. 5 is axisymmetric,
Enneper's surfaces spontaneously break axial
symmetry by forming nwrinkles. In Fig. 2, G
to J, we demonstrate patterned surfaces with n=
3 to 6, each of which reproduces the targeted
number of wrinkles. As shown in the maps of
curvature in Fig. 2 (and azimuthally averaged
plots in fig. S2B), each surface has small mean
curvature and negative Gaussian curvature that
matches closely with the target profile. For a
given film thickness, increasing n eventually
leads to a saturation in the number of wrinkles,
because the bending energy arising from Gaussian
curvature increases with n (for the films with
h≈ 7 mm in Fig. 4, a metric with n= 8 yielded
only six wrinkles). However, given the subtle
differences between the metrics plotted in Fig.
2F, the ability to accurately reproduce the pro-
grammed number of wrinkles for n= 3 to 6 is a

strong testament to the fidelity of the metrics
patterned by this technique.

The true power of our approach lies in the
fabrication of nonaxisymmetric swelling pat-
terns. As a simple demonstration, we first con-
sider the problem of how to form a sphere
through growth. For the axisymmetric metric
described in Eq. 4, the maximum value of r/R
to which this metric can be experimentally pat-
terned is restricted by the accessible range of
swelling. In our case, this range is Ωhigh/Ωlow ≈
3.7, limiting the maximum portion of a sphere
that can be obtained to slightly less than half.
Although further improvements in the material
system are likely to increase the available range,
the axisymmetric metric is inherently an ineffi-
cient way to form a sphere, because as one seeks
to go beyond a hemisphere and toward a closed
shape, the required swelling contrast diverges
rapidly. Given access to 2D metrics, however, a
number of well-established conformal mappings
of the sphere onto flat surfaces are known from
the field of map projections. For example, the
Peirce quincuncial projection (27) maps a sphere
of radius R onto a square using the metric
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where sn, cn, and dn are Jacobi elliptic func-
tions, and x and y are the components of r. This
metric still has four cusp-like singularities where
Ω(r) = 0; however, one of its useful properties
as a map projection is that only a small portion

Fig. 2. Halftoned disks
with axisymmetric met-
rics. Patterned sheets pro-
grammed to generate (A)
a piece of saddle surface
(Sa), (B) a cone with an
excess angle (Ce), (C) a
spherical cap (Sp), and
(D) a cone with a deficit
angle (Cd). (Top) 3D re-
constructed images of
swollen hydrogel sheets
and (bottom) top-view
surface plots of Gaussian
curvature. Initial thick-
nesses and disk diame-
ters are 9 and 390 mm,
respectively, although
the apparent thickness
of sheets is enlarged due
to the resolution of the
LSCM. (E) Measured val-
ues of deficit angle d
for cones with five dif-
ferent exponents b (see Eq. 3) (black solid circles) and the programmed
values (blue dashed line). (F) Swelling factors for the target metrics as a
function of normalized radial position on the unswelled disks r/R, with points
plotted at values corresponding to lattice points to indicate the resolu-
tion with which Ω is patterned. (G to J) Patterned sheets programmed to

generate Enneper’s minimal surfaces with n = (G) 3, (H) 4, (I) 5, and (J) 6
wrinkles upon swelling as dictated by Eq. 5. 3D reconstructed images (top)
and top-view surface plots of squared mean curvature H2 and Gaussian
curvature K (bottom). Initial thicknesses and disk diameters are 7 and 390 mm,
respectively.
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limited resolution of the human eye to provide
the illusion of a homogeneous tone from closely
spaced dots, our approach relies on the elasticity
of the thin polymer sheet to locally smooth out
the sharp contrast between the highly cross-linked
dots and lightly cross-linked matrix, thereby yield-
ing an intermediate degree of swelling.

To calibrate the method, we first explore the
swelling of disks with dots of uniform diameter.
As indicated in Fig. 1H, these disks show globally
homogeneous swelling by an amount Ω that can
be continuously tuned between the two extremes
Ωlow and Ωhigh by changing the area fraction of
low-swelling regions, defined for d ≤ a as

flow ¼ p

2
ffiffiffi
3

p d
a

" #2

ð1Þ

Given that Ω is largely insensitive to flow be-
yond the point when neighboring dots begin to
touch—that is, at flow ≥ 0.91—for simplicity we
restrict dot sizes to d ≤ a without appreciably
restricting the accessible range of swelling.

A simple model to describe swelling comes
from considering the two gel regions as lumped
1D elements in parallel [see the supporting
online material (SOM) for details], yielding the
prediction

flow þ að1 − flowÞ
W1=2

¼ flow
W1=2

low

þ að1 − flowÞ
W1=2

high

ð2Þ

where a is the ratio of the elastic moduli in the
two material regions. Although this model captures

the essential qualitative physics of mutually
constrained swelling, it is too simple to yield
quantitative agreement with material properties;
thus, in practice a is treated as a fitting param-
eter. As shown in Fig. 1H, a value of a = 0.56
provides a good fit to the observed swelling of
halftoned composite gels. As expected based on
the well-known temperature sensitivity of NIPAm
copolymers, at each value of flow the composite
disks deswell with increasing temperature, as
shown in Fig. 1I. However, since the lightly
cross-linked regions show more pronounced de-
swelling, the values of swelling converge to a
narrow range between 1 and 2 at 45° to 50°C.

Whereas the composite disks described in
Fig. 1 behave as homogeneous materials on
length scales longer than the lattice dimension,
the compressive stresses present in the lightly
cross-linked matrix may cause local buckling
when the disks are made sufficiently thin. To pre-
vent this, we expect that the length scale of the
lattice should not be much larger than h. Indeed,
when we vary the dot size and spacing at constant
flow = 0.4, we find a critical lattice spacing, ac =
(7.9 T 0.8)h, below which the sheets remain flat
and above which the high-swelling regions form
buckled ridges spanning neighboring dots (Fig.
1J). Although the prefactor relating ac and h will
depend somewhat on flow, for the remainder of
the discussion we will keep a ≤ 4h, which is
sufficient to avoid local buckling in all cases.

Having established that halftoning provides
access to nearly continuous variations in swell-
ing for disks with homogeneous dot sizes, we

next consider the printing of spatially varying,
axisymmetric, patterns of growth corresponding
to target shapes with constant Gaussian curva-
ture K, as shown in Fig. 2, A to D. Following
Sharon and co-workers (17, 18, 21), we refer to
Ω(r) as the “target metric” encoding the local
equilibrium distances between points on the sur-
face. A sheet of vanishing thickness should adopt
the isometric embedding of this target metric
with the lowest bending energy (18), provided
that such an embedding exists. Written in terms
of the coordinates on the flat, unswelled gel sheet,
the target curvature at a material point r is set by
the swelling factor Ω(r) according to Gauss’s
theorema egregium, K = −∇2 lnΩ/(2Ω) (25).
Thus, where r represents the radial position in a
cylindrical coordinate system and c, R, and b are
constants, swelling factors of the form

WðrÞ ¼ c
r
R

$ %b
ð3Þ

should yield K = 0, whereas those of the form

WðrÞ ¼ c

½1þ ðr=RÞ2&2
ð4Þ

should yield constant K = 4/(cR2). Figure 2F
shows four example metrics: a piece of a saddle
surface with K = −16.8 mm−2, a cone with an
excess angle (26) specified by a swelling power-
law exponent b = 1, a spherical cap with K =
5.7 mm−2, and a cone with a deficit angle spe-
cified by b = −0.4. The corresponding patterns
of dots were computed by evaluating the value

Fig. 1. Halftone gel li-
thography and characteri-
zation of composite disks.
(A) Chemical structure of
the photo-cross-linkable
and temperature-responsive
NIPAm copolymer. (B to
G) A schematic illustration
of halftone gel lithogra-
phy. (B) On a silicon wafer
coated with a sacrificial
layer, (C) the copolymer
film (thickness h = 7 to
17 mm) is solution-cast
and exposed to a small
dose of UV light through
the first photomask and
subsequently (D) a large
dose through the second
photomask. (E) The pat-
terned film is (F) developed
to remove uncross-linked
material and (G) immersed
in aqueous solution to
release it from the sub-
strate and induce swell-
ing. (H) The areal expansion ratio Ω of composite disks at 22°C is plotted
against the area fraction of dots flow. Experimental data (black solid
circles) are fitted with Eq. 2 (blue line). The error bars denote standard
deviations for six independent measurements. (I) The temperature depen-
dence of Ω of the composite disks is shown for four different values of flow.

(J) Below a thickness-dependent critical lattice spacing ac, disks remain
flat, whereas above ac they undergo local buckling between neighboring
dots. The value of ac is plotted for a range of film thicknesses (symbols),
along with a least squares fit of a linear relationship with zero intercept
(dashed line).
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Note different intermediate shapes!
By slowly varying the temperature 
we stay in a local energy minimum!

Temperature controls swelling
and thus the deformed shape

of the area of the sphere requires large distor-
tions. Thus, we can approximate the metric by
excising the small regions of the square where
Ω falls below the experimentally accessible range,
as shown in Fig. 3B. The resulting swelled shape
(Fig. 3A) does indeed approximate that of a
sphere (see fig. S3 for plots of surface curvatures)
with four small regions removed, although the
four corners of the square do not quite close.
The reason for the latter behavior remains under
investigation but may arise from the excised
singularities and/or the finite bending energy of
the sheet. Nonetheless, the contrast between the
nearly closed shape achieved in Fig. 3A and the
limited spherical caps that may be obtained for
the same material system with an axisymmetric
metric highlights the importance of 2D pattern-
ing, even for generating axisymmetric shapes.

Beyond fabricating simple shapes with con-
stant target Gaussian curvature, our approach
opens the door to shapes of arbitrary complex-
ity. Although numerous fundamental questions
and practical challenges remain to establishing
the necessary design rules, we take a first step
toward the construction of shapes whose swell-
ing factors are not known a priori by consid-
ering a corrugated surface (Fig. 3C) described
by the height function H(x,y) = H0 [cos(2px/L) +
cos(px/L + √3py/L)], where 2L is the width of
the sheet. We choose H0 = 60 mm and L = 300
mm. Determining an appropriate swelling factor
is equivalent to finding a conformal coordinate
system on the surface (as described in the SOM)
and yields the swelling function shown in Fig.
3H. This example highlights some of the re-
maining challenges in designing arbitrary 3D

shapes, because sheets patterned according to
Fig. 3H often fail to form the desired shape upon
swelling. The three local maxima in growth,
lying along the line cutting diagonally through
the center of the sheet, each represent regions
of positive target Gaussian curvature; however,
each may achieve its desired local curvature by
buckling either upward or downward. Indeed,
rather than buckling in the manner described by
H(x,y), these local maxima in swelling may
instead all buckle in the same direction, as shown
in Fig. 3G (again, possibly reflecting a preference
for buckling in one direction due to slight
through-thickness variations in swelling). How-
ever, in some cases, the sheets do swell into the
corrugated conformation shown in Fig. 3E, which
is very similar to the programmed surface H(x,y),
as can also be seen by comparing the targeted

(Fig. 3D) and measured (Fig. 3F) Gaussian cur-
vatures. The use of a glass micropipette to hold
the patterned sheet against the substrate during
swelling (upon cooling from 40° to 22°C) tends
to constrain the sheet to swell into the corrugated
shape, and initially misfolded sheets can also be
“snapped through” into the desired configura-
tion by application of force to the center-most
region of positive curvature. Thus, we conclude
that such surfaces with complex swelling pat-
terns may in general form multiple different shapes
that are locally metastable and that additional
constraints may therefore be required to ensure
that a specific shape is chosen.

Finally, we demonstrate the responsiveness
of the patterned sheets to changes in temperature
using another nonaxisymmetric metric that com-
bines that for an Enneper’s surface with four
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tion of patterned sheets.
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dium is increased, the
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of the area of the sphere requires large distor-
tions. Thus, we can approximate the metric by
excising the small regions of the square where
Ω falls below the experimentally accessible range,
as shown in Fig. 3B. The resulting swelled shape
(Fig. 3A) does indeed approximate that of a
sphere (see fig. S3 for plots of surface curvatures)
with four small regions removed, although the
four corners of the square do not quite close.
The reason for the latter behavior remains under
investigation but may arise from the excised
singularities and/or the finite bending energy of
the sheet. Nonetheless, the contrast between the
nearly closed shape achieved in Fig. 3A and the
limited spherical caps that may be obtained for
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metric highlights the importance of 2D pattern-
ing, even for generating axisymmetric shapes.

Beyond fabricating simple shapes with con-
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opens the door to shapes of arbitrary complex-
ity. Although numerous fundamental questions
and practical challenges remain to establishing
the necessary design rules, we take a first step
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ing factors are not known a priori by consid-
ering a corrugated surface (Fig. 3C) described
by the height function H(x,y) = H0 [cos(2px/L) +
cos(px/L + √3py/L)], where 2L is the width of
the sheet. We choose H0 = 60 mm and L = 300
mm. Determining an appropriate swelling factor
is equivalent to finding a conformal coordinate
system on the surface (as described in the SOM)
and yields the swelling function shown in Fig.
3H. This example highlights some of the re-
maining challenges in designing arbitrary 3D

shapes, because sheets patterned according to
Fig. 3H often fail to form the desired shape upon
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the patterned sheet against the substrate during
swelling (upon cooling from 40° to 22°C) tends
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terns may in general form multiple different shapes
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tions. Thus, we can approximate the metric by
excising the small regions of the square where
Ω falls below the experimentally accessible range,
as shown in Fig. 3B. The resulting swelled shape
(Fig. 3A) does indeed approximate that of a
sphere (see fig. S3 for plots of surface curvatures)
with four small regions removed, although the
four corners of the square do not quite close.
The reason for the latter behavior remains under
investigation but may arise from the excised
singularities and/or the finite bending energy of
the sheet. Nonetheless, the contrast between the
nearly closed shape achieved in Fig. 3A and the
limited spherical caps that may be obtained for
the same material system with an axisymmetric
metric highlights the importance of 2D pattern-
ing, even for generating axisymmetric shapes.

Beyond fabricating simple shapes with con-
stant target Gaussian curvature, our approach
opens the door to shapes of arbitrary complex-
ity. Although numerous fundamental questions
and practical challenges remain to establishing
the necessary design rules, we take a first step
toward the construction of shapes whose swell-
ing factors are not known a priori by consid-
ering a corrugated surface (Fig. 3C) described
by the height function H(x,y) = H0 [cos(2px/L) +
cos(px/L + √3py/L)], where 2L is the width of
the sheet. We choose H0 = 60 mm and L = 300
mm. Determining an appropriate swelling factor
is equivalent to finding a conformal coordinate
system on the surface (as described in the SOM)
and yields the swelling function shown in Fig.
3H. This example highlights some of the re-
maining challenges in designing arbitrary 3D

shapes, because sheets patterned according to
Fig. 3H often fail to form the desired shape upon
swelling. The three local maxima in growth,
lying along the line cutting diagonally through
the center of the sheet, each represent regions
of positive target Gaussian curvature; however,
each may achieve its desired local curvature by
buckling either upward or downward. Indeed,
rather than buckling in the manner described by
H(x,y), these local maxima in swelling may
instead all buckle in the same direction, as shown
in Fig. 3G (again, possibly reflecting a preference
for buckling in one direction due to slight
through-thickness variations in swelling). How-
ever, in some cases, the sheets do swell into the
corrugated conformation shown in Fig. 3E, which
is very similar to the programmed surface H(x,y),
as can also be seen by comparing the targeted

(Fig. 3D) and measured (Fig. 3F) Gaussian cur-
vatures. The use of a glass micropipette to hold
the patterned sheet against the substrate during
swelling (upon cooling from 40° to 22°C) tends
to constrain the sheet to swell into the corrugated
shape, and initially misfolded sheets can also be
“snapped through” into the desired configura-
tion by application of force to the center-most
region of positive curvature. Thus, we conclude
that such surfaces with complex swelling pat-
terns may in general form multiple different shapes
that are locally metastable and that additional
constraints may therefore be required to ensure
that a specific shape is chosen.

Finally, we demonstrate the responsiveness
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3D printing anisotropic hydrogels

3D printed solution includes 
polymers, inactive cross-linkers 

and nanofibrillated cellulose  
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Figure 1 | Programming localized anisotropy via biomimetic 4D printing. One-step alignment of cellulose fibrils during hydrogel composite ink printing.
a, Schematic of the shear-induced alignment of cellulose fibrils during direct ink writing and subsequent e�ects on anisotropic sti�ness E and swelling
strain ↵. b–d, Direct imaging of cellulose fibrils (stained blue) in isotropic (cast) (b), unidirectional (printed) (c) and patterned (printed) (d) samples (scale
bar, 200 µm). e, Applying Fourier analysis to NFC-stained images allows quantification of directionality: printed unidirectional samples exhibit a clear peak
at 0�, corresponding to the print direction, whereas isotropic samples show no clear directional peaks. f, E�ect of nozzle diameter on transverse and
longitudinal swelling behaviour of printed hydrogel composites. g, Swelling strain of cast and printed samples (nozzle diameter = 510 µm). All error bars
represent the standard deviation (n=6).

and curvature strain tensors, and traction along the midplane must
be identical. Reflecting these conditions, we consider a theoretical
model for a three-dimensional structure produced by a prescribed
print path, where the print path dictates the local orientation of
the cellulose fibrils. The bottom layer is printed parallel to the
ex direction, and the top layer has been rotated anticlockwise by
✓ degrees (see Supplementary Fig. 1).

The resulting curvatures depend on the elastic moduli, the
swelling ratios, the ratio of layer thicknesses m= abottom/atop and
total bilayer thickness h= atop + abottom. The mean and Gaussian
curvatures scale, respectively, as

H =c1
↵k �↵?

h
sin2(✓)

c2 �c3 cos(2✓)+m4 cos(4✓)

and

K =�c4
(↵k �↵?)2

h2

sin2(✓)

c5 �c6 cos(2✓)+m4 cos(4✓)

where the ci are functions of the elastic constants (which
are given by their equilibrium swollen values) and m (see
Supplementary Information for further details). In the limit that

✓ ! 0�, we recover the classical Timoshenko equation26, whereas
perpendicular layers (✓ =90�) return a saddle-shaped structure9.

A series of simple printed bilayer architectures allows us to
explore these relationships and the quantitative connection between
swelling as well as elastic anisotropy and the curvature of the target
surface (Fig. 2).We first demonstrate independent control over both
the mean and Gaussian curvatures, the two invariants associated
with the curvature of any surface.

Positive Gaussian curvature can be generated by swelling a
structure that is primarily made of concentric circles27 (Fig. 2a).
This structure is conical (K ⇠ 0) far away from the tip, but has
Gaussian curvature K ⇠ ✏2/h2 concentrated near the apex, where
✏ ⇠ (↵k � ↵?). The conical opening angle, both measured and
calculated using our theory, is ✓ = 52� (see Supplementary
Information). On the other hand, almost uniformnegativeGaussian
curvature associated with saddle-like shapes comes from an
orthogonal bilayer lattice9 (Fig. 2b). The orthogonal swelling of
each layer yields a surface that is curved oppositely along two
directions—that is, a saddle-shaped surface with mean curvature
H ⇠ 0 and Gaussian curvature K ⇠ �✏2/h2. Combining these
two morphologies produces a sample with zones of both positive
and negative Gaussian curvature (Fig. 2c). Simple structures that
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Figure 1 | Programming localized anisotropy via biomimetic 4D printing. One-step alignment of cellulose fibrils during hydrogel composite ink printing.
a, Schematic of the shear-induced alignment of cellulose fibrils during direct ink writing and subsequent e�ects on anisotropic sti�ness E and swelling
strain ↵. b–d, Direct imaging of cellulose fibrils (stained blue) in isotropic (cast) (b), unidirectional (printed) (c) and patterned (printed) (d) samples (scale
bar, 200 µm). e, Applying Fourier analysis to NFC-stained images allows quantification of directionality: printed unidirectional samples exhibit a clear peak
at 0�, corresponding to the print direction, whereas isotropic samples show no clear directional peaks. f, E�ect of nozzle diameter on transverse and
longitudinal swelling behaviour of printed hydrogel composites. g, Swelling strain of cast and printed samples (nozzle diameter = 510 µm). All error bars
represent the standard deviation (n=6).

and curvature strain tensors, and traction along the midplane must
be identical. Reflecting these conditions, we consider a theoretical
model for a three-dimensional structure produced by a prescribed
print path, where the print path dictates the local orientation of
the cellulose fibrils. The bottom layer is printed parallel to the
ex direction, and the top layer has been rotated anticlockwise by
✓ degrees (see Supplementary Fig. 1).

The resulting curvatures depend on the elastic moduli, the
swelling ratios, the ratio of layer thicknesses m= abottom/atop and
total bilayer thickness h= atop + abottom. The mean and Gaussian
curvatures scale, respectively, as

H =c1
↵k �↵?

h
sin2(✓)

c2 �c3 cos(2✓)+m4 cos(4✓)

and

K =�c4
(↵k �↵?)2

h2

sin2(✓)

c5 �c6 cos(2✓)+m4 cos(4✓)

where the ci are functions of the elastic constants (which
are given by their equilibrium swollen values) and m (see
Supplementary Information for further details). In the limit that

✓ ! 0�, we recover the classical Timoshenko equation26, whereas
perpendicular layers (✓ =90�) return a saddle-shaped structure9.

A series of simple printed bilayer architectures allows us to
explore these relationships and the quantitative connection between
swelling as well as elastic anisotropy and the curvature of the target
surface (Fig. 2).We first demonstrate independent control over both
the mean and Gaussian curvatures, the two invariants associated
with the curvature of any surface.

Positive Gaussian curvature can be generated by swelling a
structure that is primarily made of concentric circles27 (Fig. 2a).
This structure is conical (K ⇠ 0) far away from the tip, but has
Gaussian curvature K ⇠ ✏2/h2 concentrated near the apex, where
✏ ⇠ (↵k � ↵?). The conical opening angle, both measured and
calculated using our theory, is ✓ = 52� (see Supplementary
Information). On the other hand, almost uniformnegativeGaussian
curvature associated with saddle-like shapes comes from an
orthogonal bilayer lattice9 (Fig. 2b). The orthogonal swelling of
each layer yields a surface that is curved oppositely along two
directions—that is, a saddle-shaped surface with mean curvature
H ⇠ 0 and Gaussian curvature K ⇠ �✏2/h2. Combining these
two morphologies produces a sample with zones of both positive
and negative Gaussian curvature (Fig. 2c). Simple structures that
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and curvature strain tensors, and traction along the midplane must
be identical. Reflecting these conditions, we consider a theoretical
model for a three-dimensional structure produced by a prescribed
print path, where the print path dictates the local orientation of
the cellulose fibrils. The bottom layer is printed parallel to the
ex direction, and the top layer has been rotated anticlockwise by
✓ degrees (see Supplementary Fig. 1).

The resulting curvatures depend on the elastic moduli, the
swelling ratios, the ratio of layer thicknesses m= abottom/atop and
total bilayer thickness h= atop + abottom. The mean and Gaussian
curvatures scale, respectively, as

H =c1
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c2 �c3 cos(2✓)+m4 cos(4✓)

and
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c5 �c6 cos(2✓)+m4 cos(4✓)

where the ci are functions of the elastic constants (which
are given by their equilibrium swollen values) and m (see
Supplementary Information for further details). In the limit that

✓ ! 0�, we recover the classical Timoshenko equation26, whereas
perpendicular layers (✓ =90�) return a saddle-shaped structure9.

A series of simple printed bilayer architectures allows us to
explore these relationships and the quantitative connection between
swelling as well as elastic anisotropy and the curvature of the target
surface (Fig. 2).We first demonstrate independent control over both
the mean and Gaussian curvatures, the two invariants associated
with the curvature of any surface.

Positive Gaussian curvature can be generated by swelling a
structure that is primarily made of concentric circles27 (Fig. 2a).
This structure is conical (K ⇠ 0) far away from the tip, but has
Gaussian curvature K ⇠ ✏2/h2 concentrated near the apex, where
✏ ⇠ (↵k � ↵?). The conical opening angle, both measured and
calculated using our theory, is ✓ = 52� (see Supplementary
Information). On the other hand, almost uniformnegativeGaussian
curvature associated with saddle-like shapes comes from an
orthogonal bilayer lattice9 (Fig. 2b). The orthogonal swelling of
each layer yields a surface that is curved oppositely along two
directions—that is, a saddle-shaped surface with mean curvature
H ⇠ 0 and Gaussian curvature K ⇠ �✏2/h2. Combining these
two morphologies produces a sample with zones of both positive
and negative Gaussian curvature (Fig. 2c). Simple structures that
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Figure 2 | Printing simple architectures with precise control over mean and Gaussian curvatures. a–c, Print paths and final swollen geometries display
positive (a), negative (b) and varying Gaussian curvature (c) (scale bar, 2.5 mm). d, Bending and twisting conformations are possible with strips of
90�/0� (left) and �45�/45� (right) print path orientations (see text for details). e, A gradient in local interfilament spacing generates a logarithmic spiral
(scale bars, 5 mm). f, Breaking lateral symmetry in print paths order takes a ru�ed structure (left) to a helicoidal structure (right) (scale bar, 10 mm).

exhibit uniform cylindrical curvature (H 6= 0, K = 0) arise with
90�/0� orientation of ink paths, whereas �45�/45� yields twisted
bilayer strips (Fig. 2d), similar to their natural counterparts
the Erodium awn28 and the Bauhinia seed pod9, respectively.
Because interfilament spacing acts as a proxy for the thickness
(see Supplementary Text), we can also make the curvature
spatially inhomogeneous, leading, for example, to the logarithmic
spiral (Fig. 2e and more examples in Supplementary Figs 7
and 8). Overlapping circular arcs generate a structure, which
transitions from primarily swelling perpendicular to the spine
of the petal to parallel to the border, leading to a surface with
varying K (Fig. 2f). This structure possesses negative Gaussian
curvature, which increases towards the edge. Similarly, in the
print path of a ribbon, breaking translational symmetry across
the midplane and replacing it by reflection symmetry yields a
ru�ed structure, whereas breaking the reflection symmetry across
the midplane and the midline yields a helicoid29,30 (Fig. 2f and
Supplementary Movie 1). Figure 2 also illustrates our ability to
control curvatures of both solid (infilled) structures and lattice-
based structures with varying porosity (see Supplementary Text
for details).

By combining patterns that generate simple curved surfaces,
we created a series of functional folding flower architectures to
demonstrate the capabilities of bio-4DP (Fig. 3). Inspired by flower
opening/closing31, we printed petals in a floral form (Fig. 3a)
comprised of a bilayer lattice with a 90�/0� configuration, similar
to previous bilayer strips9,16 and see that the structure closes as it
swells (see Supplementary Movie 2). As a control, we also printed
an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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exhibit uniform cylindrical curvature (H 6= 0, K = 0) arise with
90�/0� orientation of ink paths, whereas �45�/45� yields twisted
bilayer strips (Fig. 2d), similar to their natural counterparts
the Erodium awn28 and the Bauhinia seed pod9, respectively.
Because interfilament spacing acts as a proxy for the thickness
(see Supplementary Text), we can also make the curvature
spatially inhomogeneous, leading, for example, to the logarithmic
spiral (Fig. 2e and more examples in Supplementary Figs 7
and 8). Overlapping circular arcs generate a structure, which
transitions from primarily swelling perpendicular to the spine
of the petal to parallel to the border, leading to a surface with
varying K (Fig. 2f). This structure possesses negative Gaussian
curvature, which increases towards the edge. Similarly, in the
print path of a ribbon, breaking translational symmetry across
the midplane and replacing it by reflection symmetry yields a
ru�ed structure, whereas breaking the reflection symmetry across
the midplane and the midline yields a helicoid29,30 (Fig. 2f and
Supplementary Movie 1). Figure 2 also illustrates our ability to
control curvatures of both solid (infilled) structures and lattice-
based structures with varying porosity (see Supplementary Text
for details).

By combining patterns that generate simple curved surfaces,
we created a series of functional folding flower architectures to
demonstrate the capabilities of bio-4DP (Fig. 3). Inspired by flower
opening/closing31, we printed petals in a floral form (Fig. 3a)
comprised of a bilayer lattice with a 90�/0� configuration, similar
to previous bilayer strips9,16 and see that the structure closes as it
swells (see Supplementary Movie 2). As a control, we also printed
an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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exhibit uniform cylindrical curvature (H 6= 0, K = 0) arise with
90�/0� orientation of ink paths, whereas �45�/45� yields twisted
bilayer strips (Fig. 2d), similar to their natural counterparts
the Erodium awn28 and the Bauhinia seed pod9, respectively.
Because interfilament spacing acts as a proxy for the thickness
(see Supplementary Text), we can also make the curvature
spatially inhomogeneous, leading, for example, to the logarithmic
spiral (Fig. 2e and more examples in Supplementary Figs 7
and 8). Overlapping circular arcs generate a structure, which
transitions from primarily swelling perpendicular to the spine
of the petal to parallel to the border, leading to a surface with
varying K (Fig. 2f). This structure possesses negative Gaussian
curvature, which increases towards the edge. Similarly, in the
print path of a ribbon, breaking translational symmetry across
the midplane and replacing it by reflection symmetry yields a
ru�ed structure, whereas breaking the reflection symmetry across
the midplane and the midline yields a helicoid29,30 (Fig. 2f and
Supplementary Movie 1). Figure 2 also illustrates our ability to
control curvatures of both solid (infilled) structures and lattice-
based structures with varying porosity (see Supplementary Text
for details).

By combining patterns that generate simple curved surfaces,
we created a series of functional folding flower architectures to
demonstrate the capabilities of bio-4DP (Fig. 3). Inspired by flower
opening/closing31, we printed petals in a floral form (Fig. 3a)
comprised of a bilayer lattice with a 90�/0� configuration, similar
to previous bilayer strips9,16 and see that the structure closes as it
swells (see Supplementary Movie 2). As a control, we also printed
an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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exhibit uniform cylindrical curvature (H 6= 0, K = 0) arise with
90�/0� orientation of ink paths, whereas �45�/45� yields twisted
bilayer strips (Fig. 2d), similar to their natural counterparts
the Erodium awn28 and the Bauhinia seed pod9, respectively.
Because interfilament spacing acts as a proxy for the thickness
(see Supplementary Text), we can also make the curvature
spatially inhomogeneous, leading, for example, to the logarithmic
spiral (Fig. 2e and more examples in Supplementary Figs 7
and 8). Overlapping circular arcs generate a structure, which
transitions from primarily swelling perpendicular to the spine
of the petal to parallel to the border, leading to a surface with
varying K (Fig. 2f). This structure possesses negative Gaussian
curvature, which increases towards the edge. Similarly, in the
print path of a ribbon, breaking translational symmetry across
the midplane and replacing it by reflection symmetry yields a
ru�ed structure, whereas breaking the reflection symmetry across
the midplane and the midline yields a helicoid29,30 (Fig. 2f and
Supplementary Movie 1). Figure 2 also illustrates our ability to
control curvatures of both solid (infilled) structures and lattice-
based structures with varying porosity (see Supplementary Text
for details).

By combining patterns that generate simple curved surfaces,
we created a series of functional folding flower architectures to
demonstrate the capabilities of bio-4DP (Fig. 3). Inspired by flower
opening/closing31, we printed petals in a floral form (Fig. 3a)
comprised of a bilayer lattice with a 90�/0� configuration, similar
to previous bilayer strips9,16 and see that the structure closes as it
swells (see Supplementary Movie 2). As a control, we also printed
an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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exhibit uniform cylindrical curvature (H 6= 0, K = 0) arise with
90�/0� orientation of ink paths, whereas �45�/45� yields twisted
bilayer strips (Fig. 2d), similar to their natural counterparts
the Erodium awn28 and the Bauhinia seed pod9, respectively.
Because interfilament spacing acts as a proxy for the thickness
(see Supplementary Text), we can also make the curvature
spatially inhomogeneous, leading, for example, to the logarithmic
spiral (Fig. 2e and more examples in Supplementary Figs 7
and 8). Overlapping circular arcs generate a structure, which
transitions from primarily swelling perpendicular to the spine
of the petal to parallel to the border, leading to a surface with
varying K (Fig. 2f). This structure possesses negative Gaussian
curvature, which increases towards the edge. Similarly, in the
print path of a ribbon, breaking translational symmetry across
the midplane and replacing it by reflection symmetry yields a
ru�ed structure, whereas breaking the reflection symmetry across
the midplane and the midline yields a helicoid29,30 (Fig. 2f and
Supplementary Movie 1). Figure 2 also illustrates our ability to
control curvatures of both solid (infilled) structures and lattice-
based structures with varying porosity (see Supplementary Text
for details).

By combining patterns that generate simple curved surfaces,
we created a series of functional folding flower architectures to
demonstrate the capabilities of bio-4DP (Fig. 3). Inspired by flower
opening/closing31, we printed petals in a floral form (Fig. 3a)
comprised of a bilayer lattice with a 90�/0� configuration, similar
to previous bilayer strips9,16 and see that the structure closes as it
swells (see Supplementary Movie 2). As a control, we also printed
an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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exhibit uniform cylindrical curvature (H 6= 0, K = 0) arise with
90�/0� orientation of ink paths, whereas �45�/45� yields twisted
bilayer strips (Fig. 2d), similar to their natural counterparts
the Erodium awn28 and the Bauhinia seed pod9, respectively.
Because interfilament spacing acts as a proxy for the thickness
(see Supplementary Text), we can also make the curvature
spatially inhomogeneous, leading, for example, to the logarithmic
spiral (Fig. 2e and more examples in Supplementary Figs 7
and 8). Overlapping circular arcs generate a structure, which
transitions from primarily swelling perpendicular to the spine
of the petal to parallel to the border, leading to a surface with
varying K (Fig. 2f). This structure possesses negative Gaussian
curvature, which increases towards the edge. Similarly, in the
print path of a ribbon, breaking translational symmetry across
the midplane and replacing it by reflection symmetry yields a
ru�ed structure, whereas breaking the reflection symmetry across
the midplane and the midline yields a helicoid29,30 (Fig. 2f and
Supplementary Movie 1). Figure 2 also illustrates our ability to
control curvatures of both solid (infilled) structures and lattice-
based structures with varying porosity (see Supplementary Text
for details).

By combining patterns that generate simple curved surfaces,
we created a series of functional folding flower architectures to
demonstrate the capabilities of bio-4DP (Fig. 3). Inspired by flower
opening/closing31, we printed petals in a floral form (Fig. 3a)
comprised of a bilayer lattice with a 90�/0� configuration, similar
to previous bilayer strips9,16 and see that the structure closes as it
swells (see Supplementary Movie 2). As a control, we also printed
an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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an identical pattern using an ink devoid of microfibrils, and
observe that it remains flat on swelling (Supplementary Fig. 9).
When the petals are printed with the ink filaments oriented
at �45�/45� (Fig. 3b) the resulting structure yields a twisted
configuration (see Supplementary Movie 3)9; the chirality of the
resulting structures is due to broken top–bottom symmetry of
the bilayer and thence di�erential swelling across the thickness.
Importantly, these constructs contain spanning filaments that are
readily fabricated by direct writing of the viscoelastic composite ink.
The interfilament spacing promotes rapid uptake of water through
the filament radius (⇠100 µm), leading to shape transformations
that occur on the order of minutes (Fig. 3a,b), consistent with
di�usion-limited dynamics (Supplementary Fig. 10). Whereas the
shape transformation shown in Fig. 3 is not reversible, replacing
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Figure 3 | Complex flower morphologies generated by biomimetic 4D printing. a,b, Simple flowers composed of 90�/0� (a) and �45�/45� (b) bilayers
oriented with respect to the long axis of each petal, with time-lapse sequences of the flowers during the swelling process (bottom panel) (scale bars, 5 mm,
inset = 2.5 mm). c–f, Print path (c), printed structure (d) and resulting swollen structure (e) of a flower demonstrating a range of morphologies inspired by
a native orchid, the Dendrobium helix (courtesy of Ricardo Valentin) (f). Based on the print path, this orchid architecture exhibits four di�erent
configurations: bending, twisting and ru�ing corolla surrounding the central funnel-like domain (scale bars, 5 mm).

the poly(N ,N -dimethylacrylamide) matrix with stimuli-responsive
poly(N -isopropylacrylamide) allows reversible shape changes
in water of varying temperature (Supplementary Fig. 11 and
Supplementary Movie 4).

As an example of the versatility of bio-4DP, we mimic the
complexity of the orchid Dendrobium helix by encoding multiple
shape-changing domains. The print path is designed with discrete
bilayer orientations in each petal (Fig. 3c,d, see Supplementary
Movie 5 for a video of the printing process, and Supplementary
Fig. 12 for the fibril alignment needed for these complex shapes).
The resulting 3Dmorphology (Fig. 3e and Supplementary Movie 6)
following swelling in water resembles the orchid (Fig. 3f) and
exhibits four distinct types of shape change (three di�erent petal
types and the flower centre), based on configurations demonstrated
in Figs 2 and 3a,b.

In each of the previous examples, our model can be used
to predict the final curvature based on the print path, which
naturally suggests the inverse problem: how may we design print
paths associated with specific target surfaces? In an illustrative
demonstration, we harness continuous, detailed control over print
path, predicted by our model and enabled by bio-4DP, to mimic the

complex curvature of the calla lily flower (Zantedeschia aethiopica,
Fig. 4a). Our model enables the translation of a complex three-
dimensional surface (Fig. 4b and Supplementary Text) into the
two-layered print path (Fig. 4d and Supplementary Movie 7)
required to achieve this shape using only the local curvatures
(Fig. 4c), swelling ratio, elastic constants, height and size of
the structure. Gauss’s Theorema Egregium dictates the metric
of one of the layers (as demonstrated in ref. 25) whereas our
mechanical model determines the architecture of the other layer.
The good agreement between the final 3D shape, calculated
theoretically (Fig. 4e) andprinted experimentally (Fig. 4f), illustrates
our unprecedented control over smooth gradients in curvature
and the consequent ability to create shapes that are almost
impossible to create by any other method. In addition, our
bio-4DP approach allows the fabrication of shape changing elements
beyond planar bilayers, by encoding anisotropy in the z-direction
(Supplementary Fig. 13).

Our 4D printing method relies on a combination of materials
and geometry that can be controlled in space and time. This
technique has potential as a platform technology, where the
hydrogel composite ink design can be extended to a broad
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a native orchid, the Dendrobium helix (courtesy of Ricardo Valentin) (f). Based on the print path, this orchid architecture exhibits four di�erent
configurations: bending, twisting and ru�ing corolla surrounding the central funnel-like domain (scale bars, 5 mm).

the poly(N ,N -dimethylacrylamide) matrix with stimuli-responsive
poly(N -isopropylacrylamide) allows reversible shape changes
in water of varying temperature (Supplementary Fig. 11 and
Supplementary Movie 4).

As an example of the versatility of bio-4DP, we mimic the
complexity of the orchid Dendrobium helix by encoding multiple
shape-changing domains. The print path is designed with discrete
bilayer orientations in each petal (Fig. 3c,d, see Supplementary
Movie 5 for a video of the printing process, and Supplementary
Fig. 12 for the fibril alignment needed for these complex shapes).
The resulting 3Dmorphology (Fig. 3e and Supplementary Movie 6)
following swelling in water resembles the orchid (Fig. 3f) and
exhibits four distinct types of shape change (three di�erent petal
types and the flower centre), based on configurations demonstrated
in Figs 2 and 3a,b.

In each of the previous examples, our model can be used
to predict the final curvature based on the print path, which
naturally suggests the inverse problem: how may we design print
paths associated with specific target surfaces? In an illustrative
demonstration, we harness continuous, detailed control over print
path, predicted by our model and enabled by bio-4DP, to mimic the

complex curvature of the calla lily flower (Zantedeschia aethiopica,
Fig. 4a). Our model enables the translation of a complex three-
dimensional surface (Fig. 4b and Supplementary Text) into the
two-layered print path (Fig. 4d and Supplementary Movie 7)
required to achieve this shape using only the local curvatures
(Fig. 4c), swelling ratio, elastic constants, height and size of
the structure. Gauss’s Theorema Egregium dictates the metric
of one of the layers (as demonstrated in ref. 25) whereas our
mechanical model determines the architecture of the other layer.
The good agreement between the final 3D shape, calculated
theoretically (Fig. 4e) andprinted experimentally (Fig. 4f), illustrates
our unprecedented control over smooth gradients in curvature
and the consequent ability to create shapes that are almost
impossible to create by any other method. In addition, our
bio-4DP approach allows the fabrication of shape changing elements
beyond planar bilayers, by encoding anisotropy in the z-direction
(Supplementary Fig. 13).

Our 4D printing method relies on a combination of materials
and geometry that can be controlled in space and time. This
technique has potential as a platform technology, where the
hydrogel composite ink design can be extended to a broad
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Supplementary Figure 11 | Thermoreversible shape change is exhibited in a 90�/0� flower com-
posed of a poly(N-isopropylacrylamide) (PNIPAm) hydrogel matrix with 0.8 wt% NFC. The struc-
ture first reaches equilibrium in room temperature water (left), and upon immersion in a warm
water bath (50 �C) the coil-to-globule transition of the PNIPAm results in a contraction of the
hydrogel matrix and thus a return to the flat configuration (right). This transformation can be
cycled back and forth by changing water temperature. Top down views (above) compared to side
views (below). Nozzle size = 250 µm.

The degree of swelling can be 
controlled via temperature!

A. S. Gladman et al., Nat. Materials 15, 413 (2016)
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Figure 4 | Predictive 4D printing of biomimetic architectures. a–d, A native calla lily flower (a) inspires the mathematically generated model of the
flower (b), with a well-defined curvature (c), that leads to the print path (d) obtained from the curvature model to create the geometry of the flower on
swelling (see text and Supplementary Information). e,f, After swelling, the transformed calla lily (f) exhibits the same gradients of curvature as the
predicted model (e), nozzle size = 410 µm (scale bars, 5 mm).

range of matrices (for example, liquid-crystal elastomers) and
anisotropic fillers (for example, metallic nanorods) that when
combined with flow-induced anisotropy allows us to produce
dynamically reconfigurable materials with tunable functionality.
Through the control of printing parameters, such as filament size,
orientation, and interfilament spacing, we can create mesoscale
bilayer architectures with programmable anisotropy that morph
into given target shapes, predicted by our model, on immersion
in water. All together, owing to our biocompatible and flexible ink
design, our study opens new avenues for creating designer shape-
shifting architectures for tissue engineering, biomedical devices, soft
robotics and beyond.

Methods
Methods and any associated references are available in the online
version of the paper.
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Figure 4 | Predictive 4D printing of biomimetic architectures. a–d, A native calla lily flower (a) inspires the mathematically generated model of the
flower (b), with a well-defined curvature (c), that leads to the print path (d) obtained from the curvature model to create the geometry of the flower on
swelling (see text and Supplementary Information). e,f, After swelling, the transformed calla lily (f) exhibits the same gradients of curvature as the
predicted model (e), nozzle size = 410 µm (scale bars, 5 mm).

range of matrices (for example, liquid-crystal elastomers) and
anisotropic fillers (for example, metallic nanorods) that when
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dynamically reconfigurable materials with tunable functionality.
Through the control of printing parameters, such as filament size,
orientation, and interfilament spacing, we can create mesoscale
bilayer architectures with programmable anisotropy that morph
into given target shapes, predicted by our model, on immersion
in water. All together, owing to our biocompatible and flexible ink
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Figure 4 | Predictive 4D printing of biomimetic architectures. a–d, A native calla lily flower (a) inspires the mathematically generated model of the
flower (b), with a well-defined curvature (c), that leads to the print path (d) obtained from the curvature model to create the geometry of the flower on
swelling (see text and Supplementary Information). e,f, After swelling, the transformed calla lily (f) exhibits the same gradients of curvature as the
predicted model (e), nozzle size = 410 µm (scale bars, 5 mm).

range of matrices (for example, liquid-crystal elastomers) and
anisotropic fillers (for example, metallic nanorods) that when
combined with flow-induced anisotropy allows us to produce
dynamically reconfigurable materials with tunable functionality.
Through the control of printing parameters, such as filament size,
orientation, and interfilament spacing, we can create mesoscale
bilayer architectures with programmable anisotropy that morph
into given target shapes, predicted by our model, on immersion
in water. All together, owing to our biocompatible and flexible ink
design, our study opens new avenues for creating designer shape-
shifting architectures for tissue engineering, biomedical devices, soft
robotics and beyond.
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Figure 3 | Complex flower morphologies generated by biomimetic 4D printing. a,b, Simple flowers composed of 90�/0� (a) and �45�/45� (b) bilayers
oriented with respect to the long axis of each petal, with time-lapse sequences of the flowers during the swelling process (bottom panel) (scale bars, 5 mm,
inset = 2.5 mm). c–f, Print path (c), printed structure (d) and resulting swollen structure (e) of a flower demonstrating a range of morphologies inspired by
a native orchid, the Dendrobium helix (courtesy of Ricardo Valentin) (f). Based on the print path, this orchid architecture exhibits four di�erent
configurations: bending, twisting and ru�ing corolla surrounding the central funnel-like domain (scale bars, 5 mm).

the poly(N ,N -dimethylacrylamide) matrix with stimuli-responsive
poly(N -isopropylacrylamide) allows reversible shape changes
in water of varying temperature (Supplementary Fig. 11 and
Supplementary Movie 4).

As an example of the versatility of bio-4DP, we mimic the
complexity of the orchid Dendrobium helix by encoding multiple
shape-changing domains. The print path is designed with discrete
bilayer orientations in each petal (Fig. 3c,d, see Supplementary
Movie 5 for a video of the printing process, and Supplementary
Fig. 12 for the fibril alignment needed for these complex shapes).
The resulting 3Dmorphology (Fig. 3e and Supplementary Movie 6)
following swelling in water resembles the orchid (Fig. 3f) and
exhibits four distinct types of shape change (three di�erent petal
types and the flower centre), based on configurations demonstrated
in Figs 2 and 3a,b.

In each of the previous examples, our model can be used
to predict the final curvature based on the print path, which
naturally suggests the inverse problem: how may we design print
paths associated with specific target surfaces? In an illustrative
demonstration, we harness continuous, detailed control over print
path, predicted by our model and enabled by bio-4DP, to mimic the

complex curvature of the calla lily flower (Zantedeschia aethiopica,
Fig. 4a). Our model enables the translation of a complex three-
dimensional surface (Fig. 4b and Supplementary Text) into the
two-layered print path (Fig. 4d and Supplementary Movie 7)
required to achieve this shape using only the local curvatures
(Fig. 4c), swelling ratio, elastic constants, height and size of
the structure. Gauss’s Theorema Egregium dictates the metric
of one of the layers (as demonstrated in ref. 25) whereas our
mechanical model determines the architecture of the other layer.
The good agreement between the final 3D shape, calculated
theoretically (Fig. 4e) andprinted experimentally (Fig. 4f), illustrates
our unprecedented control over smooth gradients in curvature
and the consequent ability to create shapes that are almost
impossible to create by any other method. In addition, our
bio-4DP approach allows the fabrication of shape changing elements
beyond planar bilayers, by encoding anisotropy in the z-direction
(Supplementary Fig. 13).

Our 4D printing method relies on a combination of materials
and geometry that can be controlled in space and time. This
technique has potential as a platform technology, where the
hydrogel composite ink design can be extended to a broad
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Mimosa pudica = “Touch-me-not plant”

21 https://www.youtube.com/watch?v=g0LFBM3hOLshttps://www.youtube.com/watch?v=nPf3FbR6eQE

In response to touch plant releases certain chemicals and 
changes the osmotic environment for cells near the base 

of touched leaves. As a consequence these cells lose 
water and their shrinking causes the folding of leaves.

https://www.youtube.com/watch?v=g0LFBM3hOLs
https://www.youtube.com/watch?v=nPf3FbR6eQE


Japanese for ori=fold, gami=paper
Origami

22



Can we make a self-folding origami?

https://www.youtube.com/watch?v=GAnW-KU2yn4

Folding a Bunny

23

https://www.youtube.com/watch?v=GAnW-KU2yn4
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(top) A trilayer geometry for creating mountain and valley folds (16). The swelling of the central
layer is constrained by the sti↵, thin layers on either side, except where there is a trench (16).

(bottom) A prestressed, polystyrene sheet (or a Shrinky DinkTM) with heat absorbing ink which
locally shrinks where heated (13). (c) The surface tension of a shrinking droplet folds a thin sheet
(56).

two sti↵ but thin pPMS layers. The combination of a soft, swelling polymer layer and a

bendable but sti↵ polymer layer leads to the rolling of the strip. The large sti↵ness con-

trast ensures that the panels themselves cannot stretch in response to the swelling of the

pNIPAM slab. A similar process has recently been used to fold a graphene-glass system,

achieving thicknesses on the order of tens of nanometers (58).

In practice, these methods all provide a great deal of control technologically for pro-

ducing folded structures. There seems to be no obvious obstacle toward increasing the

candidate materials that can be used to fabricate self-folding structures. Yet, experience

shows that some very complex structures fold easily, while some simple structures fail to

fold. Why should that be?

4. The mechanics of folding

Given the technological progress in creating and programming self-folding materials, what

are the main obstacles preventing us from creating arbitrarily complex structures? As dis-

cussed in section 3, one issue is purely technological: finding materials that exhibiting a

high degree of programmability and are useful in applications. The second, however, is the-
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Self folding origami with gel swelling

J.-H. Na et al., Adv. Mater. 27, 79 (2015)
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pattern of UV light (365 nm) via maskless lithography using a 
digital micromirror array device (DMD), [ 47 ]  and then developed 
by soaking in solvent to dissolve the uncross-linked regions. A 
similar procedure is followed to photo-crosslink a fl uorescent 
and temperature-responsive poly( N -isopropyl acrylamide- co -
sodium acrylate) (PNIPAM) copolymer fi lm with thickness 
 h  N  = 1–6 µm, and subsequently a top fi lm of PpMS with thick-
ness  h  P  matching that of the bottom PpMS fi lm. The dose 
applied to each layer is suffi cient to fully convert all of the 
benzophenone units within the illuminated regions. For the 
PNIPAM layer, this leads to a gel fi lm that, if allowed to swell 
to its equilibrium state in an aqueous buffer at room tempera-
ture (unconstrained by attachment to PpMS or the substrate), 
would expand by a factor of 2.7 in volume relative to its initial 
dry dimensions and would have a modulus of  E  N  = 0.8 MPa. [ 48 ]  
Critically, the use of benzophenone photochemistry allows for 
not only effi cient crosslinking of each individual layer [ 46 ]  but 
also chemical grafting between layers that provides excellent 
interlayer adhesion. [ 45 ]  The locations of mountain and valley 
folds are programmed by patterning gaps in the top and bottom 
PpMS layers, with respective widths  W  m  and  W  v , that are inde-
pendently specifi ed for each crease segment. An optical image 
of a patterned trilayer fi lm in the unswelled state is shown in 
Figure  1 f; in this case, the crease pattern was chosen to generate 
Randlett's fl apping bird. [ 49 ]  The folded structure resulting upon 
releasing the patterned trilayer fi lm from the substrate and 
allowing it to swell at room temperature in an aqueous buffer, 
as visualized by laser scanning confocal fl uorescence micros-
copy (LSCM), is shown in Figure  1 h alongside an image of the 

same crease pattern folded by hand in paper on a 200 times 
larger length scale in Figure  1 g. The self-folding origami adopts 
a shape that very closely matches the programmed structure; as 
follows, we explain in detail the fabrication and characterization 
of such self-folded structures. 

 Our choice of the PpMS/PNIPAM/PpMS trilayer geometry 
is directed by three primary concerns. First, the stretching 
modulus of the PNIPAM layer  Y  N  =  h  N  E  N  is roughly two orders 
of magnitude smaller than that of each PpMS layer  Y  P  =  h  P  E  P , 
meaning that the laminated fi lm will undergo negligible in-
plane expansion upon swelling of PNIPAM. Second, the result 
of patterning an open stripe in either the top or the bottom 
PpMS layer is to locally defi ne a bilayer fi lm that undergoes 
bending due to the swelling stress in the confi ned PNIPAM 
layer, allowing for the bending direction and fold angle of the 
crease to be programmed. Third, the bending modulus of the 
trilayer regions  B  t  ∼ EP  h  P  h  N  2 , where EP  = E  P  /(1−ν  P  2  )   is the plane 
strain modulus of PpMS (with  ν  P  as the Poisson's ratio), is 
much larger than that in the bilayer crease regions dominated 
by the larger of EN  h N   3  or EP  h P   3 . This means that the “panels” 
between each crease are relatively stiff compared with the folds. 
We note that a similar trilayer approach was reported very 
recently by Rus and co-workers [ 40,41 ]  for folding of macroscopic 
sheets based on heat shrink fi lms as the active middle layer; 
however, in this case folding was irreversible, and fold angles 
for each crease were limited to less than π/2. 

 Using the bending of bilayers to guide our choices of layer 
thicknesses (see Supporting Information for details), we next 
calibrate how the folding angle adopted by trilayer samples 

Adv. Mater. 2015, 27 , 79–85
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 Figure 1.    Fabrication of self-folding polymer origami. a) A thin layer of a photo-crosslinkable glassy polymer (PpMS) on a substrate precoated with 
a sacrifi cial layer is b) photolithographically patterned with open stripes of width  W  v  to defi ne the positions and angles of the valley folds. c) Next, a 
thicker layer of a photo-crosslinkable temperature-responsive polymer (PNIPAM) is coated on top and uniformly crosslinked over the entire area of 
the bottom PpMS sheet. d) Finally, a third layer of PpMS is coated and patterned with open stripes of width  W  m  to defi ne the positions and angles of 
the mountain folds. e) A magnifi ed schematic of the resulting trilayer fi lm (dimensions not to scale), with  h  N  and  h  P  as the respective thicknesses of 
PNIPAM and PpMS layers. f) An optical image of a trilayer fi lm patterned to fold into Randlett's fl apping bird (scale bar: 400 µm), along with a sche-
matic indicating the locations and widths of mountain (solid lines) and valley (dotted lines) folds. g) A photograph of Randlett's fl apping bird folded 
using paper, h) alongside a fl uorescence image of the self-folded trilayer fi lm.
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depends on the width of the opening in one of the PpMS 
layers. In the simplest case, the sample will adopt a constant 
radius of curvature  R  across the entire width  W , leading to a 
fold angle of  θ = W/R . To test this prediction, we prepared a 
series of samples with openings of  W  m  in the top PpMS fi lm 
or  W  v  in the bottom PpMS fi lm, as illustrated in Figure  1 e, 
where the subscripts refer to the “mountain” (chosen arbitrarily 
as  θ  >  0) or “valley” ( θ  < 0) creases formed in these respective 
cases.  Figure    2  a shows epifl uorescent images of trilayers each 
patterned with a single open stripe of width varying from 0 to 
50 µm, and corresponding evolution in θ from 0–π. The fold 
angles measured from similar images are plotted in Figure  2 b 
for two different series of trilayer samples with PNIPAM layer 
thicknesses of either 1.5 or 5.5 µm and PpMS layer thickness 
of 70 nm. In both cases, the data are well described by a linear 
relationship across the full range of 0–π. Furthermore, the 

magnitudes of the fold angles | θ | for mountain and valley folds 
(open and fi lled symbols, respectively) are essentially identical 
to within the scatter in the data. This suggests that any through-
thickness gradients in the constituent layers, or other asym-
metries of the trilayer structure, are small in effect compared 
with the programmed bending, and thus a single calibration 
curve can be used to program both mountain and valley folds. 
In practice, we fi t equations of the form | θ | = | θ  0 | +  W / R , where 
the nonzero intercept helps to account for small nonidealities 
in the behavior of the hinges; best-fi t values of | θ  0 | were small, 
however, generally ≈0.1 (6°). These fi ts are subsequently used to 
choose the widths of the patterned openings in the PpMS fi lms 
necessary to defi ne the desired fold angles. Notably, the fi tted 
values of  R  of 7.9 µm ( h  N  = 1.5 µm) and 15.9 µm ( h  N  = 5.5 µm) 
are in reasonable agreement with the curvatures adopted by 
bilayer samples (Figure S2c, Supporting Information), there-
fore indicating a straightforward approach to further adjust the 
characteristic fold dimensions through changes in the relative 
layer thicknesses or the degree of swelling of the middle layer.  

 The ability to independently enumerate both the direction 
and angle of folds is demonstrated in Figure  2 c for perhaps the 
simplest origami: four folds emanating from a single vertex 
with left–right mirror symmetry. In this case, the arrange-
ment of creases is defi ned by a single angle  s . For rigid folding 
(i.e., if the panels remain fl at and the creases only bend), the 
fold angles  θ  i  are linked by the conditions  θ  2  = θ  4  and  θ  1  = – θ  3 , 
requiring that we pattern one valley and three mountain folds 
(or vice-versa). The twofold angles  θ  1  and  θ  2  are not inde-
pendent, however, but must satisfy

    

tan / 2

tan / 2
COSS

1

2

θ
θ

( )
( ) =

  
(1)

   

 leaving only one degree of freedom for the fold angles at fi xed 
 s . [ 50 ]  Here, we choose  s  = π/3 (60°) and target  θ  1  = – θ  3  = 0.73 
(42°), requiring  θ  2  =  θ  4  = 1.31 (75°). Using the linear fi ts to 
the data for 5.5-µm thick PNIPAM fi lms shown in Figure  2 b, 
we therefore pattern fi lms with open widths of  W  1  =  W  3  = 
10 µm and  W  2  =  W  4  = 20 µm, which give rise to fold angles 
of 0.74 ±  0.02 and 1.30 ±  0.02, respectively, as measured from 
LSCM reconstructions for three different samples. An impor-
tant point is that the pixel size of the micromirror array (cor-
responding to 1.3 µm at the sample plane) determines the 
resolution with which fold angles can be varied of about 
0.10 (6°) for this choice of layer thicknesses. 

 The high fi delity control of fold angle demonstrated in Figure  2  
allows for patterning of self-folding origami with complex 
crease patterns. As a fi rst step in this direction, we consider the 
well-studied Miura-ori tessellation, [ 51 ]  which ideally behaves as a 
compressible sheet with a negative Poisson's ratio. [ 52 ]   Figure    3  a 
shows the mountain (solid line) and valley (dotted line) crease 
pattern considered here, where we defi ne 25 fourfold vertices in 
a sheet with in-plane dimensions of 800 × 800 µm 2  in the fl at 
state and choose an oblique angle of  s  = π/4 (45°).  

 As for the single vertex, the pattern is then characterized 
by two unique fold angles  θ  1  and  θ  2 , which are linked by 
Equation  ( 1)   for rigid folding. 3D LSCM reconstructions of 
self-folded Miura-ori with three different target values of  θ  1  
and  θ  2  are shown in Figure  3 b–d, along with histograms of the 
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 Figure 2.    Folding angle calibration. a) Images of trilayers each patterned 
with a single open stripe with  W  v  varying from 0 to 50 µm, and corre-
sponding evolution in  θ  from 0 to π for samples with  h  P  = 70 nm and 
 h  N  = 5.5 µm. b) Fold angles (| θ |) measured from images similar to those 
in (a) as a function of  W  m  (open symbols) or  W  v  (fi lled symbols), with 
a constant thickness of  h  P  = 70 nm and  h  N  as indicated in the legend. 
c) Crease pattern (left) and 3D reconstructed image (right) of a single 
fourfold vertex origami. Here,  θ  1 – θ  4  refer to the angles made by each fold 
and we choose  s  = π/3.
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Temperature controls swelling
and thus the folding of origami
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copolymers in aqueous environments for two reasons. First, we 
have found similarly slow kinetics in previous studies of pat-
terned gel sheets without PpMS layers. [ 57 ]  Second, in the con-
text of photonic multilayers consisting of alternating layers of 
PpMS and PNIPAM, we have shown that the fl ux of ethanol 
through the PpMS layers is reasonably fast, requiring less than 
10 s to achieve a similar degree of swelling for PNIPAM fi lms 
buried under multiple PpMS layers. [ 45 ]  We therefore anticipate 
that further refi nements to the material system that allow the 
mass transport limitation to be reached will yield dramatically 
improved folding and unfolding speeds.  

 As a fi nal example, we consider the origami tessellation 
shown in  Figure    5   that was discovered independently by many 
origamists including Huffman, Kawasaki, and Resch. [ 58,59 ]  
This pattern is designed to fold into a portion of the octahe-
dron–tetrahedron (“octet”) truss space frame. As seen from the 
LSCM image in Figure  5 , despite having 198 patterned crease 
segments in an area of 4.7 mm 2  in the unswelled state, the 
origami is able to fold itself properly. This example is remark-
able, not only because it highlights the ability to design com-
plex self-folded structures through the current method but also 
because this fold pattern is not rigidly foldable, and hence some 
bending/stretching of panels or nonideal bending of folds is 
presumably required for proper folding to occur. A detailed 
characterization of how such structures overcome the associ-
ated energy barriers is an important topic for future study.  

 We close with a discussion of the strengths, limitations, and 
scalability of our approach. We propose that self-folding origami 
structures be characterized in terms of two parameters:  W , rep-
resenting the lateral size of a π-fold (or series of folds neces-
sary to fold by π), including any associated actuators, heaters, 
fasteners, etc., and a dimensionless fi gure of merit  A / W  2 , with 

 A  as the area of the fl at sheet, which provides a size-scale-inde-
pendent measure of the possible complexity of the origami that 
can be achieved via a given method. While  A / W  2  can be inter-
preted as a rough upper bound on the maximum achievable 
number of fold segments (where we assume that the folds must 
also have characteristic lengths of  L  = W  to operate properly), 
we note that most origami of interest would contain substan-
tially fewer folds. Here, we demonstrate values of  W  = 30 µm 
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 Figure 4.    Thermal actuation of self-folding origami. a) When the temperature is increased, the hydrogel polymer layer deswells, causing the Randlett’s 
bird to revert to an unfolded, nearly fl at, shape by 55 °C. b) Upon cooling to 22 °C, reswelling back to the folded state occurs through a similar pathway. 
Dry thicknesses of  h  P  = 70 nm and  h  N  = 1.5 µm are used, while the size of the square sheet is 800 µm on a side.

 Figure 5.    Origami tessellation. The crease pattern and LSCM 3D recon-
struction of a self-folded octahedron–tetrahedron truss with 198 crease 
segments. Dry thicknesses of  h  P  = 70 nm and  h  N  = 1.5 µm are used, while 
the size of the fl at sheet is 1.33 mm along each edge of the hexagon.
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pattern of UV light (365 nm) via maskless lithography using a 
digital micromirror array device (DMD), [ 47 ]  and then developed 
by soaking in solvent to dissolve the uncross-linked regions. A 
similar procedure is followed to photo-crosslink a fl uorescent 
and temperature-responsive poly( N -isopropyl acrylamide- co -
sodium acrylate) (PNIPAM) copolymer fi lm with thickness 
 h  N  = 1–6 µm, and subsequently a top fi lm of PpMS with thick-
ness  h  P  matching that of the bottom PpMS fi lm. The dose 
applied to each layer is suffi cient to fully convert all of the 
benzophenone units within the illuminated regions. For the 
PNIPAM layer, this leads to a gel fi lm that, if allowed to swell 
to its equilibrium state in an aqueous buffer at room tempera-
ture (unconstrained by attachment to PpMS or the substrate), 
would expand by a factor of 2.7 in volume relative to its initial 
dry dimensions and would have a modulus of  E  N  = 0.8 MPa. [ 48 ]  
Critically, the use of benzophenone photochemistry allows for 
not only effi cient crosslinking of each individual layer [ 46 ]  but 
also chemical grafting between layers that provides excellent 
interlayer adhesion. [ 45 ]  The locations of mountain and valley 
folds are programmed by patterning gaps in the top and bottom 
PpMS layers, with respective widths  W  m  and  W  v , that are inde-
pendently specifi ed for each crease segment. An optical image 
of a patterned trilayer fi lm in the unswelled state is shown in 
Figure  1 f; in this case, the crease pattern was chosen to generate 
Randlett's fl apping bird. [ 49 ]  The folded structure resulting upon 
releasing the patterned trilayer fi lm from the substrate and 
allowing it to swell at room temperature in an aqueous buffer, 
as visualized by laser scanning confocal fl uorescence micros-
copy (LSCM), is shown in Figure  1 h alongside an image of the 

same crease pattern folded by hand in paper on a 200 times 
larger length scale in Figure  1 g. The self-folding origami adopts 
a shape that very closely matches the programmed structure; as 
follows, we explain in detail the fabrication and characterization 
of such self-folded structures. 

 Our choice of the PpMS/PNIPAM/PpMS trilayer geometry 
is directed by three primary concerns. First, the stretching 
modulus of the PNIPAM layer  Y  N  =  h  N  E  N  is roughly two orders 
of magnitude smaller than that of each PpMS layer  Y  P  =  h  P  E  P , 
meaning that the laminated fi lm will undergo negligible in-
plane expansion upon swelling of PNIPAM. Second, the result 
of patterning an open stripe in either the top or the bottom 
PpMS layer is to locally defi ne a bilayer fi lm that undergoes 
bending due to the swelling stress in the confi ned PNIPAM 
layer, allowing for the bending direction and fold angle of the 
crease to be programmed. Third, the bending modulus of the 
trilayer regions  B  t  ∼ EP  h  P  h  N  2 , where EP  = E  P  /(1−ν  P  2  )   is the plane 
strain modulus of PpMS (with  ν  P  as the Poisson's ratio), is 
much larger than that in the bilayer crease regions dominated 
by the larger of EN  h N   3  or EP  h P   3 . This means that the “panels” 
between each crease are relatively stiff compared with the folds. 
We note that a similar trilayer approach was reported very 
recently by Rus and co-workers [ 40,41 ]  for folding of macroscopic 
sheets based on heat shrink fi lms as the active middle layer; 
however, in this case folding was irreversible, and fold angles 
for each crease were limited to less than π/2. 

 Using the bending of bilayers to guide our choices of layer 
thicknesses (see Supporting Information for details), we next 
calibrate how the folding angle adopted by trilayer samples 
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 Figure 1.    Fabrication of self-folding polymer origami. a) A thin layer of a photo-crosslinkable glassy polymer (PpMS) on a substrate precoated with 
a sacrifi cial layer is b) photolithographically patterned with open stripes of width  W  v  to defi ne the positions and angles of the valley folds. c) Next, a 
thicker layer of a photo-crosslinkable temperature-responsive polymer (PNIPAM) is coated on top and uniformly crosslinked over the entire area of 
the bottom PpMS sheet. d) Finally, a third layer of PpMS is coated and patterned with open stripes of width  W  m  to defi ne the positions and angles of 
the mountain folds. e) A magnifi ed schematic of the resulting trilayer fi lm (dimensions not to scale), with  h  N  and  h  P  as the respective thicknesses of 
PNIPAM and PpMS layers. f) An optical image of a trilayer fi lm patterned to fold into Randlett's fl apping bird (scale bar: 400 µm), along with a sche-
matic indicating the locations and widths of mountain (solid lines) and valley (dotted lines) folds. g) A photograph of Randlett's fl apping bird folded 
using paper, h) alongside a fl uorescence image of the self-folded trilayer fi lm.

Top view of self-folding origami
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into a capillary tube and thermally triggered to grasp a portion
of a living cell mass stained with Neutral red (a red stain that
accumulates in lysosomes after diffusing through the cell mem-
brane of viable cells). The microgripper was then guided out of
the capillary with the captured cells in its grasp (Fig. 5 D and E).
The cells were still viable, as indicated by their red color, and the
cluster of cells after retrieval can be seen in Fig. 5F. The
experiment was repeated numerous times with LIVE/DEAD
stain to further demonstrate cell viability after thermally trig-
gered capture (Fig. 5G). After retrieval, we placed cell-loaded
grippers into media and incubated them for 72 h; the cells were
still viable (Fig. 5H), signifying that the materials used in the
fabrication of the grippers and the capture and retrieval pro-
cesses were not harmful to the cells. The viability of the captured
cells after incubation provides evidence that the grippers could
be used as biological storage devices until the samples are ready
to be analyzed.

In addition to thermally triggering the grippers, we used
biochemical-triggered actuation to capture live cells. We ob-
served that grippers closed to some degree in a variety of
biochemicals, including aqueous solutions of glucose, trypsin,
and L929 cell media (detailed list in SI). It is important to note
that the time required to close the microgrippers with biochem-
ical triggers was longer than that needed with thermal or
caustic/solvent-based actuation. We believe that biochemical
actuation occurs as a result of a chemical attack of the poly-
mer–Cu interface, a process that takes longer and results in
decreased adhesion of the polymer. Based on the results from
our biochemical screening and the fact we were using L929 cells,
we chose to use L929 cell media as a biocompatible trigger.
Grippers were placed into centrifuged solutions containing L929
cells and L929 media and then placed into an incubator to sustain
the cells. It is important to note that the grippers partially closed
at room temperature when exposed to L929 media but further
closed under the incubator conditions used to maintain the cells
(details in Table S1). After 30 min, the grippers closed around
cells, and they were imaged after 4 h. Rather than imaging the

grippers immediately, waiting 4 h allowed us to determine
whether any apoptotic (as opposed to necrotic) cell death had
occurred. Fig. 5I features a fluorescent micrograph of a gripper
closed around live (green) L929 cells after 4 h in L929 media.

To explore the utility of the gripper in microsurgical applica-
tions, we performed an in vitro biopsy on a tissue sample from
a bovine bladder (Fig. 5J) loaded into a 1.5-mm glass capillary
tube (see also Fig. S3). This experiment necessitated the use of
the magnet to rotate the gripper such that the claw phalanges
could cut through the connective tissue and extricate the cells.
This experiment demonstrated that even though the grippers had
nanomicroscale actuation joints, they were strong enough to
perform an in vitro tissue biopsy.

Also, we magnetically manipulated a microgripper in different
regions of whole bovine bladder tissue, including both rough and
smooth areas. It was observed that the claw would become
adhered and immobile when manipulated across the rough
tissue, because the claw phalanges became entangled with the
tissue. However, the gripper could eventually be dislodged with
continued magnetic manipulation. On smooth tissue, it was
observed that the claw could be easily manipulated. Fig. 5K
shows a gripper that was manipulated through an orifice in the
bladder tissue.

Once closed, the contents of the grippers could be retrieved
in a biocompatible manner by mechanical disruption. Beads
retrieved from the gripper were not damaged, and retrieved cells
were viable (Figs. S2 and S4). After retrieving the microgrippers
with captured cells, they were mechanically agitated by using a
variety of methods (including force applied via Pasteur pipette
tip, prying open with 22-G syringe tips, and vortexing) to release
the cells. Vortexing also provided a way of releasing the cells and
leaving the microgripper intact. Vortexing dispersed the cells,
making them hard to find and image, but the cells could be
centrifuged and collected for further testing. To release captured
clumps of cells without dispersing them, we used either a Pasteur
pipette or syringe tips to open the grippers; however, this method
typically damaged the microgrippers. Ideally, it would be pos-
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Fig. 5. Thermally and biochemically triggered cell capture. (A–E) Optical microscopy sequence showing the thermally triggered capture and retrieval of Neutral
red-stained cells from a cell culture mass at the end of a 1.5-mm-diameter tube (Movie S3). (F) Zoomed detail of the microgripper with the cells captured in A–E
demonstrating viability (red). (G) Fluorescent micrograph demonstrating viability of thermally captured LIVE/DEAD stained cells. Note that the photopatternable
polymer in the joints fluoresces red under UV excitation. (H) Fluorescent micrograph with viable cells (green) captured by using a thermal trigger and incubated
for 72 h afterward. (I) Fluorescent micrograph of viable cells captured by using a biochemical trigger to actuate the gripper. (J) Optical image of a microgripper
with captured cells from a sample of a bovine bladder. (K) Overlaid optical micrograph sequence depicting the traversing of a gripper from left to right through
an orifice in a bovine bladder tissue sample.
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non-swelling polymer

polymer was stiff and well-adhered enough to the underlying
Cr/Cu bilayer to prevent the spontaneous flexing of the indi-
vidual joints, thereby keeping the gripper flat and open. When
the mechanical properties of the polymer were altered (by
thermal or chemical cues), the Cr/Cu bilayer beneath was
allowed to flex, resulting in the closure of the gripper. Thus,
trilayer-jointed microgrippers remained open after release from
the fabrication substrates (Fig. 4A) and closed en masse (Fig. 4B)
only when triggered. A variety of chemicals, including organic
solvents (e.g., acetone, alcohols, N-methylpyrrolidone, and di-
methyl sulfoxide) and caustics (e.g., sodium and potassium
hydroxides) can chemically actuate the grippers. For biological
applications, we screened a variety of biochemicals and observed
that actuation was also possible with triggers such as L-
glutamine, glucose, and L929 media. As compared with caustics
and organic solvents that tended to dissolve the polymeric
trigger, we observed that the biochemicals attacked the polymer
and polymer–Cu interface, resulting in cracking and decreased
adhesion to the underlying bilayer.

Regardless of the actuation method, we observed that any
mechanical property changes (both elastic and plastic) that
occurred within the polymer during actuation were important.
To understand the correlation between elastic mechanical prop-
erty changes in the polymer and the flexing of the joints, we
applied a model using published equations that predict the
curvature of multilayer films (19, 28, 29). The equations captured
the effect of elastic deformations in a plane strain condition and
were used mainly to gain insight into the actuation mechanism.
For a given joint length and width composed of elastically
isotropic thin films, the product of residual stress and thickness
of each film dictated the final f lex angle of the joint. Using a
KLA-Tencor Flexus FLP2904 wafer curvature thin film stress
device, we first determined that 50-nm films of Cr evaporated by
our equipment (thickness measured by using a quartz crystal
microbalance integrated within the evaporator) directly onto
silicon wafers had residual stresses of !1 GPa and that 200–250
nm of Cu had tensile residual stresses of !0.04–0.08 GPa,
respectively; these values are consistent with those reported in
literature (17). Taking the literature values for elastic moduli of
Cr and Cu films to be 144 GPa (30) and 130 GPa (31), the model
(details in SI Text) predicted a bend angle of 95°–70° for a Cr/Cu
bilayer (with no polymer) composed of a range of Cu thicknesses
between 200 and 250 nm, respectively (Fig. 3). The predicted
angles were consistent with experimental observations for joint
f lexing after complete dissolution of the polymer layer. When

the thin film bending model was extended to 3 layers, accounting
for the presence of an untriggered polymer component, the
model predicted very slight bending (on the order of a few
degrees) when the modulus of the polymer was !0.5 GPa. This
matched the observation that grippers with trilayer joints re-
mained flat upon liftoff at room temperature. The model
suggested that the elastic modulus of the polymer needed to be
decreased below !10 MPa for the joint to flex significantly (Fig.
3). A trilayer joint with a polymer trigger having an elastic
modulus reduced to !800 kPa achieved a flex angle that was
95% of that produced by a bare Cr/Cu bilayer. This modulus falls
within the range of soft materials, such as silicone dental
impression material (!500 kPa) (32). Thus, any process that
alters the polymeric trigger to decrease its elastic modulus to
within this kPa-to-MPa range can cause actuation of the gripper.
It should be noted that any plastic deformation of the polymer
(which also likely occurs during actuation) by biochemical or
thermal triggers was beyond the scope of the model.

In addition to characterizing the design, we performed appli-
cation-oriented experiments to highlight the utility of the mi-
crogrippers. Because the grippers were untethered and fabri-
cated with Ni (a ferromagnetic material) phalanges, they could
be precisely manipulated by using a magnet from distances as far
away as 10 cm. As opposed to tethered grippers, the mobile
microgrippers were easily moved through coiled tubes (Fig. 4C
and Movie S1). Additionally, multiple microgrippers could be
moved simultaneously. However, if they were brought too close,
the ferromagnetic grippers attracted each other and became
entangled; thus, for precision applications, they were used
individually. By enabling remote control of movement and by
using thermal triggering of gripper closure, it was possible to
perform spatiotemporally controlled capture and retrieval of
glass beads (Fig. 4 D–I). Shown in Fig. 4 E–I is a gripper that was
remotely manipulated to selectively retrieve a dyed bead among
numerous colorless beads in water (see also Fig. S2). The gripper
was moved over the bead, and the temperature of the solution
was increased to trigger closing. The gripper firmly grasped the
bead and was remotely manipulated while carrying the bead
within its grasp. This process was highly reproducible, even with
smaller grippers (Movie S2).

Because the microgrippers could be actuated in biologically
compatible, aqueous environments, we used them to capture
clusters of live L929 fibroblast cells from dense cell masses
deposited at the end of 1.5-mm-diameter capillary tubes. Shown
in Fig. 5 A–C and Movie S3 is a gripper that was remotely guided

A B C D
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Fig. 4. Thermally triggered actuation, magnetic manipulation, and bead capture. (A and B) Optical images of 23 grippers (face-up and face-down) triggered
to close en masse by heating. (C) Overlaid movie sequence (Movie S1) showing the remote-controlled manipulation of a mobile gripper in a coiled tube. (D)
Schematic diagram depicting remote, magnetically directed movement and capture of a bead on a substrate. (E–I) Optical microscopy sequence showing the
remote-controlled, thermally triggered capture of a dyed bead (275 !m) from among several clear beads.
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layer. The free energy of the hydrogel is assumed to be the sum
of a mechanical part, represented by a Neo-Hookean model for
the entropy elasticity of the polymer network with Gaussian
chain statistics and a component for the energy of mixing
represented by the Flory−Huggins model.45 The Flory−
Huggins parameter increases sigmoidally with temperature.
The low-temperature and high-temperature values along with
the transition temperature range were determined from the
temperature-dependent swelling experiments described in the
Materials and Methods section. The effect of diffusion through
the micrometer-scale thick hydrogel layer was neglected, and
we assumed the hydrogel was at equilibrium for each test
temperature. A Neo-Hookean model was also applied to
describe the mechanical behavior of the PPF layer. The shear
modulus of the two layers was determined by dynamic
mechanical analysis (DMA) described in the Materials and
Methods section. Simulation snapshots in Figure 3B capture
the opening and closing behavior of the grippers with the
pNIPAM-AAc film on the inside of the grippers at high
temperatures, and the trends agree with experimental data.
We also applied the model to investigate the effect of the gap

between PPF segments, thickness, and modulus on the
temperature-dependent folding configuration. Specifically, we
varied the spacing between adjacent PPF segments on the
gripper arms from 20 to 90 μm and found that this had a
negligible effect. A smaller spacing between the rigid segments
led to only slightly more folding. In contrast, both the thickness
and modulus of the layers had a pronounced effect. In order to
quantify the extent of folding as a function of these parameters,
we plotted the ratio of the overall diameter of the grippers in
the folded state (D) to the unfolded, flat diameter (Do) while
varying these parameters (Figure 4). A smaller value of (D/Do)
signifies greater folding. The thickness of PPF and pNIPAM-
AAc was varied between half to twice the experimental
thickness used, i.e., from 5 to 20 μm for PPF and 10 to 100

μm for pNIPAM-AAc (Figure 4A). The thickness of PPF (tp)
used in experiments was approximately 10 μm while the
thickness of pNIPAM-AAc (tn) used was approximately 34 μm
when swollen. Increasing the PPF layer thickness results in a
higher (D/Do) ratio signifying lower folding which we attribute
to a higher bending rigidity of the PPF. However, the effect of
varying the thickness of the pNIPAM-AAc layer is more
complicated. For example, when the thickness of pNIPAM-AAc

Figure 3. Experimental and simulation image snapshots from Supporting Information Movies 2 and 3 (am508621s_si_003 and am508621s_si_004)
illustrating reversible thermally responsive self-folding of a representative microgripper in DI H2O. (A) Images of a closed gripper with PPF
segments on the outside opening as the temperature is decreased below 36 °C and then folding back on itself to become a closed gripper but with
the PPF segments on the inside. On heating the self-folding process reverses, and reversibility was verified over 50 cycles (data not shown). In the
absence of any thermal gradients associated with heating the grippers, we estimate the experimental time scale for actuation on the order of minutes.
(B) Simulation snapshots are in agreement with the experimental trends and suggest that the extent of gripper folding depends on the temperature
and the swelling function φ.

Figure 4. FEM sensitivity analysis exploring the dependence of the
microgripper diameter reduction ratio (D/Do) on the (A) thickness of
the pNIPAM-AAc and PPF layers and (B) the modulus of the stiff
layer.
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Biopsy of biological tissues

into a capillary tube and thermally triggered to grasp a portion
of a living cell mass stained with Neutral red (a red stain that
accumulates in lysosomes after diffusing through the cell mem-
brane of viable cells). The microgripper was then guided out of
the capillary with the captured cells in its grasp (Fig. 5 D and E).
The cells were still viable, as indicated by their red color, and the
cluster of cells after retrieval can be seen in Fig. 5F. The
experiment was repeated numerous times with LIVE/DEAD
stain to further demonstrate cell viability after thermally trig-
gered capture (Fig. 5G). After retrieval, we placed cell-loaded
grippers into media and incubated them for 72 h; the cells were
still viable (Fig. 5H), signifying that the materials used in the
fabrication of the grippers and the capture and retrieval pro-
cesses were not harmful to the cells. The viability of the captured
cells after incubation provides evidence that the grippers could
be used as biological storage devices until the samples are ready
to be analyzed.

In addition to thermally triggering the grippers, we used
biochemical-triggered actuation to capture live cells. We ob-
served that grippers closed to some degree in a variety of
biochemicals, including aqueous solutions of glucose, trypsin,
and L929 cell media (detailed list in SI). It is important to note
that the time required to close the microgrippers with biochem-
ical triggers was longer than that needed with thermal or
caustic/solvent-based actuation. We believe that biochemical
actuation occurs as a result of a chemical attack of the poly-
mer–Cu interface, a process that takes longer and results in
decreased adhesion of the polymer. Based on the results from
our biochemical screening and the fact we were using L929 cells,
we chose to use L929 cell media as a biocompatible trigger.
Grippers were placed into centrifuged solutions containing L929
cells and L929 media and then placed into an incubator to sustain
the cells. It is important to note that the grippers partially closed
at room temperature when exposed to L929 media but further
closed under the incubator conditions used to maintain the cells
(details in Table S1). After 30 min, the grippers closed around
cells, and they were imaged after 4 h. Rather than imaging the

grippers immediately, waiting 4 h allowed us to determine
whether any apoptotic (as opposed to necrotic) cell death had
occurred. Fig. 5I features a fluorescent micrograph of a gripper
closed around live (green) L929 cells after 4 h in L929 media.

To explore the utility of the gripper in microsurgical applica-
tions, we performed an in vitro biopsy on a tissue sample from
a bovine bladder (Fig. 5J) loaded into a 1.5-mm glass capillary
tube (see also Fig. S3). This experiment necessitated the use of
the magnet to rotate the gripper such that the claw phalanges
could cut through the connective tissue and extricate the cells.
This experiment demonstrated that even though the grippers had
nanomicroscale actuation joints, they were strong enough to
perform an in vitro tissue biopsy.

Also, we magnetically manipulated a microgripper in different
regions of whole bovine bladder tissue, including both rough and
smooth areas. It was observed that the claw would become
adhered and immobile when manipulated across the rough
tissue, because the claw phalanges became entangled with the
tissue. However, the gripper could eventually be dislodged with
continued magnetic manipulation. On smooth tissue, it was
observed that the claw could be easily manipulated. Fig. 5K
shows a gripper that was manipulated through an orifice in the
bladder tissue.

Once closed, the contents of the grippers could be retrieved
in a biocompatible manner by mechanical disruption. Beads
retrieved from the gripper were not damaged, and retrieved cells
were viable (Figs. S2 and S4). After retrieving the microgrippers
with captured cells, they were mechanically agitated by using a
variety of methods (including force applied via Pasteur pipette
tip, prying open with 22-G syringe tips, and vortexing) to release
the cells. Vortexing also provided a way of releasing the cells and
leaving the microgripper intact. Vortexing dispersed the cells,
making them hard to find and image, but the cells could be
centrifuged and collected for further testing. To release captured
clumps of cells without dispersing them, we used either a Pasteur
pipette or syringe tips to open the grippers; however, this method
typically damaged the microgrippers. Ideally, it would be pos-
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Fig. 5. Thermally and biochemically triggered cell capture. (A–E) Optical microscopy sequence showing the thermally triggered capture and retrieval of Neutral
red-stained cells from a cell culture mass at the end of a 1.5-mm-diameter tube (Movie S3). (F) Zoomed detail of the microgripper with the cells captured in A–E
demonstrating viability (red). (G) Fluorescent micrograph demonstrating viability of thermally captured LIVE/DEAD stained cells. Note that the photopatternable
polymer in the joints fluoresces red under UV excitation. (H) Fluorescent micrograph with viable cells (green) captured by using a thermal trigger and incubated
for 72 h afterward. (I) Fluorescent micrograph of viable cells captured by using a biochemical trigger to actuate the gripper. (J) Optical image of a microgripper
with captured cells from a sample of a bovine bladder. (K) Overlaid optical micrograph sequence depicting the traversing of a gripper from left to right through
an orifice in a bovine bladder tissue sample.
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Origami for satellite solar panels

28

https://www.youtube.com/watch?v=3E12uju1vgQ

https://www.youtube.com/watch?v=3E12uju1vgQ


Origami for shielding telescopes
for detection of exoplanets
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https://www.ted.com/speakers/jeremy_kasdin

Shield is used to block 
the strong light coming 

from a star, which 
enables the telescope to 
detect faint signals from 
planets orbiting the star.

https://www.ted.com/speakers/jeremy_kasdin


Shrinky-Dinks
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Shrinky-Dinks are sheets made of optically transparent, pre-strained 
polystyrene that shrink if heated to the glass transition temperature.

source) can be realized by patterning black ink on opposite sides

of the polymer film as schematized in Fig. 1d.

We use sheets of inkjet printable Shrinky-Dinks, commercially

available toys composed of pre-stressed polystyrene shrink sheets

(the printable versions of Shrinky-Dinks include a proprietary

surface coating to improve adhesion of ink or toner).34,35 Pre-

stressed polymer sheets are essentially shape memory materials

that are fabricated by heating the polymer above Tg, stretching,

and subsequently cooling below Tg to preserve the deformed

shape.36 As a consequence of such processing, the stress stored

temporarily in the sheets releases rapidly when heated above the

Tg (e.g., sheets of Shrinky Dinks contract in-plane by 50–60% in

both the x and y dimensions34; cf. Figure S1 in the supporting

information†). Shrinky-Dinks have been used previously as

substrates for the fabrication of microfluidic chips34,35 the

densification of metal microdot arrays,37 and the topographical

patterning of surfaces38 All of these applications make use of

uniform heating of Shrinky-Dinks to cause the entire film to

shrink. In contrast, our self-folding process requires rapid local

heating of the hinges to induce self-folding. We achieve hinging

without doing any shape pre-programming by selectively heating

ink patterned regions of the sheets. In this paper, we demonstrate

and characterize this simple self-folding process experimentally

and present a simple theoretical model that provides insight into

the folding mechanism.

Results and discussion

We patterned black toner on Shrinky-Dinks using a desktop

printer and induced folding by placing the sheets under an IR light

bulb at a set distance (5 cm from the lamp). The samples folded

typicallywithin seconds upon exposure to the light (cf.Video S1 in

the supporting information†). The onset of folding and the time

required to complete folding depends on the intensity of the IR

light (fixed in our experiment at 988 mW cm!2), the hinge width

(w), and the temperature (TS) of the base support (e.g., a hot plate

on which the 2D patterned sheet rested during the IR light

exposure). The folding angle (aF, the angle between two adjacent

facets on the inked side of the hinge) can be controlled by varying

the exposure time to light and the shape, size, and pattern of the

inked region that defines the hinge. For clarity, we note that aF is

related complementarily to the angular displacement of the fold,

aB, by aF ¼ 180# ! aB. For instance, to achieve a folding angle of

60#, the originally flat sheet has to bend by 120#.

Fig. 2a–c depict three examples of 3D folds generated via our

approach. The left column depicts the 2D patterns before irra-

diation with IR light and the right column displays the corre-

sponding 3D structures after self-folding. Fig. 2b–c demonstrate

bidirectional folding of patterned Shrinky-Dinks; black ink

patterned on the backside of the sheet absorbs the IR light that

passes through the sheet (The sheets are slightly hazy due to light

scattering, but transmit light effectively as shown in Figure S1.

Measurements using an integrating sphere attachment on

a UV-Vis spectrometer show $ 90% transmission.). White

Shrinky-Dinks featuring patterns of black lines also undergo

unidirectional self-folding, but bidirectional folding requires

transparent substrates.

Self-folding can form 3D structures, including rectangular and

polyhedral boxes, as shown in Fig. 2d–f. The folding angle

generated by a single hinge is typically 90#, which is convenient

for forming boxes. The folding angle can, however, range from

60# to 90# depending on the duration of exposure to light and the

width of the hinge (cf. Table S1 in the supporting information†).

We created tetrahedrons by defining hinges with folding angles of

60# (cf. Fig. 2e–f). Single line hinges with line widths narrower

than 2 mm result in folding angles larger than 60# and thus

incomplete closing of the tetrahedron. This limitation can be

overcome by increasing the width of the printed line (cf. Fig. 2e).

Alternatively, adjacent parallel lines (cf. Fig. 2f) also produce

hinges that possess small folding angles (cf. Table S2 in the

supporting information†). These empirical results suggest that

various 3D structures can be realized by controlling the line

width and pattern of the hinge.

We measured the surface temperature of the polymer sheet as

a function of time during exposure to light using an IR camera

(FLIR A325). The measurements reveal that folding begins when

Fig. 1 Schematic of different approaches to self-folding via thermal actuation (a–c are in cross-sectional view). Previous approaches include folding

induced by:25 a) pre-programming of shape memory polymers; b) responsive hinges (dark red) composed of materials that differ from the bulk (blue); c)

expansion mismatch of multilayer film stacks. d) Our approach uses a uniform sheet and an even stimulus that is absorbed locally by surface patterns: i)

A plain Shrinky-Dink; ii) Unidirectional folding via absorption of light by black ink (width, w) patterned on one side of the Shrinky-Dink; and iii)

Bidirectional folding due to ink on both sides of the transparent Shrinky-Dink. Due to effective light absorption by the ink, the polymer under the black

ink heats up faster than the rest of the polymer. The thicknesses of polymer films and black ink are not drawn to scale.
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source) can be realized by patterning black ink on opposite sides

of the polymer film as schematized in Fig. 1d.

We use sheets of inkjet printable Shrinky-Dinks, commercially

available toys composed of pre-stressed polystyrene shrink sheets

(the printable versions of Shrinky-Dinks include a proprietary

surface coating to improve adhesion of ink or toner).34,35 Pre-

stressed polymer sheets are essentially shape memory materials

that are fabricated by heating the polymer above Tg, stretching,

and subsequently cooling below Tg to preserve the deformed

shape.36 As a consequence of such processing, the stress stored

temporarily in the sheets releases rapidly when heated above the

Tg (e.g., sheets of Shrinky Dinks contract in-plane by 50–60% in

both the x and y dimensions34; cf. Figure S1 in the supporting

information†). Shrinky-Dinks have been used previously as

substrates for the fabrication of microfluidic chips34,35 the

densification of metal microdot arrays,37 and the topographical

patterning of surfaces38 All of these applications make use of

uniform heating of Shrinky-Dinks to cause the entire film to

shrink. In contrast, our self-folding process requires rapid local

heating of the hinges to induce self-folding. We achieve hinging

without doing any shape pre-programming by selectively heating

ink patterned regions of the sheets. In this paper, we demonstrate

and characterize this simple self-folding process experimentally

and present a simple theoretical model that provides insight into

the folding mechanism.

Results and discussion

We patterned black toner on Shrinky-Dinks using a desktop

printer and induced folding by placing the sheets under an IR light

bulb at a set distance (5 cm from the lamp). The samples folded

typicallywithin seconds upon exposure to the light (cf.Video S1 in

the supporting information†). The onset of folding and the time

required to complete folding depends on the intensity of the IR

light (fixed in our experiment at 988 mW cm!2), the hinge width

(w), and the temperature (TS) of the base support (e.g., a hot plate

on which the 2D patterned sheet rested during the IR light

exposure). The folding angle (aF, the angle between two adjacent

facets on the inked side of the hinge) can be controlled by varying

the exposure time to light and the shape, size, and pattern of the

inked region that defines the hinge. For clarity, we note that aF is

related complementarily to the angular displacement of the fold,

aB, by aF ¼ 180# ! aB. For instance, to achieve a folding angle of

60#, the originally flat sheet has to bend by 120#.

Fig. 2a–c depict three examples of 3D folds generated via our

approach. The left column depicts the 2D patterns before irra-

diation with IR light and the right column displays the corre-

sponding 3D structures after self-folding. Fig. 2b–c demonstrate

bidirectional folding of patterned Shrinky-Dinks; black ink

patterned on the backside of the sheet absorbs the IR light that

passes through the sheet (The sheets are slightly hazy due to light

scattering, but transmit light effectively as shown in Figure S1.

Measurements using an integrating sphere attachment on

a UV-Vis spectrometer show $ 90% transmission.). White

Shrinky-Dinks featuring patterns of black lines also undergo

unidirectional self-folding, but bidirectional folding requires

transparent substrates.

Self-folding can form 3D structures, including rectangular and

polyhedral boxes, as shown in Fig. 2d–f. The folding angle

generated by a single hinge is typically 90#, which is convenient

for forming boxes. The folding angle can, however, range from

60# to 90# depending on the duration of exposure to light and the

width of the hinge (cf. Table S1 in the supporting information†).

We created tetrahedrons by defining hinges with folding angles of

60# (cf. Fig. 2e–f). Single line hinges with line widths narrower

than 2 mm result in folding angles larger than 60# and thus

incomplete closing of the tetrahedron. This limitation can be

overcome by increasing the width of the printed line (cf. Fig. 2e).

Alternatively, adjacent parallel lines (cf. Fig. 2f) also produce

hinges that possess small folding angles (cf. Table S2 in the

supporting information†). These empirical results suggest that

various 3D structures can be realized by controlling the line

width and pattern of the hinge.

We measured the surface temperature of the polymer sheet as

a function of time during exposure to light using an IR camera

(FLIR A325). The measurements reveal that folding begins when

Fig. 1 Schematic of different approaches to self-folding via thermal actuation (a–c are in cross-sectional view). Previous approaches include folding

induced by:25 a) pre-programming of shape memory polymers; b) responsive hinges (dark red) composed of materials that differ from the bulk (blue); c)

expansion mismatch of multilayer film stacks. d) Our approach uses a uniform sheet and an even stimulus that is absorbed locally by surface patterns: i)

A plain Shrinky-Dink; ii) Unidirectional folding via absorption of light by black ink (width, w) patterned on one side of the Shrinky-Dink; and iii)

Bidirectional folding due to ink on both sides of the transparent Shrinky-Dink. Due to effective light absorption by the ink, the polymer under the black

ink heats up faster than the rest of the polymer. The thicknesses of polymer films and black ink are not drawn to scale.
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the surface of the hinge exceeds 120 !C (cf. Figure S2 in the

supporting information†), which is above Tg of the polymer sheet

(z102.7 !C, as measured by differential scanning calorimetry).

At temperatures above Tg, the polymer starts relaxing to obtain

sufficient shrinkage for folding. Notably, the temperature of the

non-patterned regions of the polymer does not change signifi-

cantly in most cases (e.g., a sheet pre-heated to 80 !C stays within

the range of 80–90 !C during folding).

We performed systematic experimental measurements to study

the impact of the line width and the temperature of the support

on the onset of folding. For these studies, we define the ‘onset of

folding’ as the exposure time of the Shrink-Dink to the IR source

required to initiate folding as observed by the naked eye. Since

heat is required for folding, it is intuitive that the onset of folding

occurs faster at higher TS values (which require less light

absorption to generate the heat required to exceed Tg) and larger

w values (which provide more heat absorption), as shown in

Fig. 3a. With TS set to 90 !C, folding commences within one

second regardless of the width of the patterned line (2.0 mm

down to 0.5 mm, w < 0.5 mm gives imperfect folding). Lines

having w ranging from 1.5 mm to 2.0 mm at TS values of 50
!C

and 70 !C also initiate folding at a similar rate. At the other

extreme, TS at 20 !C and line widths <0.7 mm, folding occurs

after prolonged exposure times, which results in imperfect

folding and deformation of non-hinged regions of the substrate

(Figure S3 in the supporting information† shows deformed

panels resulting from over exposure to the IR light). During long

exposure times, heat dissipates and is no longer localized at the

hinge; this observation underscores the importance of differential

heating of the hinge relative to the facets.

We modeled the temperature profile inside the polymer films

using COMSOL Multiphysics 4.0a software and compared the

simulation results to the experimental measurements to gain

more insight into the folding mechanism. The model assumes

that (1) the black patterned lines act as heat sources with a heat

flux equivalent to the local intensity of the lamp, (2) the only

source of heat originates from the absorption of light by the

printed lines, (3) the bare surface of the Shrinky-Dinks does not

absorb light, (4) the initial temperatures for the polymer sheets

are the same as the temperatures of the support, and (5) the

thermal conductivity and heat capacity of the polymer sheet are

those of polystyrene.39 Based on our thermal imaging measure-

ments we define the theoretical onset of folding as the instant

at which any point on the top surface reaches z120 !C

(cf. Figure S2 in supporting information†).

Fig. 2 Photographs of 3D structures created by self-folding of Shrinky-Dinks patterned with a desktop printer. a) Single line (w ¼ 1 mm, L0 ¼ 10 mm)

patterned on the top side of the Shrinky-Dink; b) two lines (w ¼ 1 mm, 12 mm spacing, L0 ¼ 10 mm) patterned on either side of the Shrinky-Dink; c)

three lines patterned on alternating sides of the Shrinky-Dink (w ¼ 1 mm, 12 mm spacing, L0 ¼ 10 mm); d) rectangular box (20 mm # 10 mm # 10 mm,

w ¼ 1.5 mm); e) tetrahedral box (w ¼ 2.0 mm); and f) tetrahedral box with adjacent double hinges (w ¼ 1.0 mm, inter-hinge spacing 0.3 mm). Both

tetrahedrons have a square bottom facet (10 mm # 10 mm) and equilateral triangles on the other facets.

Fig. 3 a) Experimental onset of folding (sfolding,exp) as a function of

different patterned line widths and support temperatures and b) Time

difference between the experimental and simulated onset of folding

(sfolding,exp-sfolding,simul) as a function of different patterned line widths

and support temperatures. Shrinky-Dinks (25 mm # 10 mm) feature

a single line of ink patterned across the center of the sample. The initial

support temperatures (TS) range from 20 to 90 !C and the widths of the

lines vary from 0.5 mm to 2.0 mm.
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the surface of the hinge exceeds 120 !C (cf. Figure S2 in the

supporting information†), which is above Tg of the polymer sheet

(z102.7 !C, as measured by differential scanning calorimetry).

At temperatures above Tg, the polymer starts relaxing to obtain

sufficient shrinkage for folding. Notably, the temperature of the

non-patterned regions of the polymer does not change signifi-

cantly in most cases (e.g., a sheet pre-heated to 80 !C stays within

the range of 80–90 !C during folding).

We performed systematic experimental measurements to study

the impact of the line width and the temperature of the support

on the onset of folding. For these studies, we define the ‘onset of

folding’ as the exposure time of the Shrink-Dink to the IR source

required to initiate folding as observed by the naked eye. Since

heat is required for folding, it is intuitive that the onset of folding

occurs faster at higher TS values (which require less light

absorption to generate the heat required to exceed Tg) and larger

w values (which provide more heat absorption), as shown in

Fig. 3a. With TS set to 90 !C, folding commences within one

second regardless of the width of the patterned line (2.0 mm

down to 0.5 mm, w < 0.5 mm gives imperfect folding). Lines

having w ranging from 1.5 mm to 2.0 mm at TS values of 50
!C

and 70 !C also initiate folding at a similar rate. At the other

extreme, TS at 20 !C and line widths <0.7 mm, folding occurs

after prolonged exposure times, which results in imperfect

folding and deformation of non-hinged regions of the substrate

(Figure S3 in the supporting information† shows deformed

panels resulting from over exposure to the IR light). During long

exposure times, heat dissipates and is no longer localized at the

hinge; this observation underscores the importance of differential

heating of the hinge relative to the facets.

We modeled the temperature profile inside the polymer films

using COMSOL Multiphysics 4.0a software and compared the

simulation results to the experimental measurements to gain

more insight into the folding mechanism. The model assumes

that (1) the black patterned lines act as heat sources with a heat

flux equivalent to the local intensity of the lamp, (2) the only

source of heat originates from the absorption of light by the

printed lines, (3) the bare surface of the Shrinky-Dinks does not

absorb light, (4) the initial temperatures for the polymer sheets

are the same as the temperatures of the support, and (5) the

thermal conductivity and heat capacity of the polymer sheet are

those of polystyrene.39 Based on our thermal imaging measure-

ments we define the theoretical onset of folding as the instant

at which any point on the top surface reaches z120 !C

(cf. Figure S2 in supporting information†).

Fig. 2 Photographs of 3D structures created by self-folding of Shrinky-Dinks patterned with a desktop printer. a) Single line (w ¼ 1 mm, L0 ¼ 10 mm)

patterned on the top side of the Shrinky-Dink; b) two lines (w ¼ 1 mm, 12 mm spacing, L0 ¼ 10 mm) patterned on either side of the Shrinky-Dink; c)

three lines patterned on alternating sides of the Shrinky-Dink (w ¼ 1 mm, 12 mm spacing, L0 ¼ 10 mm); d) rectangular box (20 mm # 10 mm # 10 mm,

w ¼ 1.5 mm); e) tetrahedral box (w ¼ 2.0 mm); and f) tetrahedral box with adjacent double hinges (w ¼ 1.0 mm, inter-hinge spacing 0.3 mm). Both

tetrahedrons have a square bottom facet (10 mm # 10 mm) and equilateral triangles on the other facets.

Fig. 3 a) Experimental onset of folding (sfolding,exp) as a function of

different patterned line widths and support temperatures and b) Time

difference between the experimental and simulated onset of folding

(sfolding,exp-sfolding,simul) as a function of different patterned line widths

and support temperatures. Shrinky-Dinks (25 mm # 10 mm) feature

a single line of ink patterned across the center of the sample. The initial

support temperatures (TS) range from 20 to 90 !C and the widths of the

lines vary from 0.5 mm to 2.0 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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Different ink colors have 
different  absorption spectra 
for red, green and blue light. 

hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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Sequential folding of Shrinky-Dinks origami

33

The order of folding corresponds to the amount  
of absorbed blue light (black > red > walnut)Fig. 2. Images of complex structures formed via sequential folding. (A) Nested boxes with a small box with green hinges (5 mm × 5 mm × 5 mm) on top of a large

one with orange hinges (10 mm × 10 mm × 10 mm). (B) Unfolding pathway: Folding first occurs toward the top green hinge using a red LED. An orange hinge is
patterned on the opposite side of the green hinge. Unfolding occurs by activating the orange hinge using a blue LED. (C) Supercoil formed in a polymer strip patterned
with yellow (width, 1.5 mm) and cyan (width, 2.0 mm) diagonal stripes. Scale bars, 10 mm.

Fig. 3. Complex geometries via sequential folding. (A) Perspective schematic of star-shaped templates featuring a small star (black hinges) placed on the top of a
medium-sized star (red hinges) placed on top of the largest star (walnut-colored hinges). All hinge widths are 2 mm. (B) Corresponding sequential folding of the three-
layer lotus made of three stars with five hinges placed on top of each other. Onset time for these snapshots are 0 s (top) and 3, 4, 6, and 16 s (bottom) (see video S1 in
the Supplementary Materials). (C) Photograph of a folded structure. (D) Schematic of a template featuring double hinges with black, red, and walnut colors patterned
on a polymer sheet. Numbers 1 to 3 denote the designed folding order of the three panels. The double-line hinges are 2.0 mm wide with a spacing of 1.0 mm between
the two lines. (E) Three independent but overlapping single folding panels self-fold sequentially. The double-hinge design facilitates folding up to 180°. Time for these
snapshots are 1 s (top) and 2, 3, 5, 7, and 25 s (bottom) (see video S2 in the Supplementary Materials). (F) Photograph of a folded structure. Scale bars, 10 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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hinges printed onto the same polystyrene (PS) sheet, can thus be
achieved by using selective absorption of light. This strategy enables
sequential shape programming in a simple and controllable hands-
free manner.

RESULTS AND DISCUSSION
Differential optical absorption
Our approach to self-folding relies on differential light absorption.
The pristine prestrained polymer sheets are optically transparent in
the visible range and can therefore be exposed indefinitely to light in
the visible regime without any response. The use of colored hinges
that selectively absorb (or transmit) light of a given wavelength enables
sequential folding. The radar plot (Fig. 1A) highlights the absorption
of blue, green, and red light by different colors of ink printed on a
plain, transparent polymer sheet. For example, the yellow and cyan
inks show an opposite absorption response to red and blue LEDs.
In contrast to black or grayscale inks, which absorb light indiscriminant

of wavelength (52, 53), the folding sequence of a sheet containing yel-
low and cyan hinges depends entirely on the order of exposure to light,
as shown in Fig. 1B. The cyan hinge only folds in response to 660-nm
light, whereas it remains unresponsive to 470-nm light even after
extended exposures (at least 10 min), as shown in Fig. 1C. Concurrent-
ly, the yellow hinge only folds in response to 470-nm light, whereas it
remains unresponsive to 660-nm light for at least 10 min. This simple
idea can be extended to other color pairs with different LED wave-
lengths (Fig. 1D). The UV-vis absorption spectra of different color
inks at wavelengths ranging from 300 to 800 nm are provided in fig.
S1. More details about the LEDs and inks are provided in tables S1
and S2.

Sequential folding using colored hinges to achieve
complex structures
This approach can sequentially fold complex 3D structures, in which
the order of the folding affects the final shape. We designed, printed,
and tested different colored hinge patterns for fabricating 3D structures

Fig. 1. Concept of differential light absorption for sequential folding. (A) Radar plot in which each wedge represents an ink color from a laserjet printer. Data points
represent the optical absorption of the three wavelengths of LEDs used in this study: red (660 nm), green (530 nm), and blue (470 nm) LEDs. The data points are connected by
lines to guide the eye. (B) Photographs for folding controlled in sequence by using hinges in yellow (in response to a blue LED) and cyan (in response to a red LED). Fifteen-
watt LEDs were used at ~1.5 cm above the sample. (C) Bending angle as a function of LED exposure time for yellow and cyan hinges under the exposure of red and blue LEDs.
(D) Photographs for folding controlled in sequence by using the hinges in magenta (in response to a green LED) and cyan (in response to a red LED). Fifteen-watt red LED was
used at ~1.5 cm away from the sample, and 15-W green LED was used at a distance of 0.7 cm. The sample dimensions are 18 mm × 5 mm with a hinge width of 2 mm.
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Fig.2.Imagesofcomplexstructuresformedviasequentialfolding.(A)Nestedboxeswithasmallboxwithgreenhinges(5mm×5mm×5mm)ontopofalarge
onewithorangehinges(10mm×10mm×10mm).(B)Unfoldingpathway:FoldingfirstoccurstowardthetopgreenhingeusingaredLED.Anorangehingeis
patternedontheoppositesideofthegreenhinge.UnfoldingoccursbyactivatingtheorangehingeusingablueLED.(C)Supercoilformedinapolymerstrippatterned
withyellow(width,1.5mm)andcyan(width,2.0mm)diagonalstripes.Scalebars,10mm.

Fig.3.Complexgeometriesviasequentialfolding.(A)Perspectiveschematicofstar-shapedtemplatesfeaturingasmallstar(blackhinges)placedonthetopofa
medium-sizedstar(redhinges)placedontopofthelargeststar(walnut-coloredhinges).Allhingewidthsare2mm.(B)Correspondingsequentialfoldingofthethree-
layerlotusmadeofthreestarswithfivehingesplacedontopofeachother.Onsettimeforthesesnapshotsare0s(top)and3,4,6,and16s(bottom)(seevideoS1in
theSupplementaryMaterials).(C)Photographofafoldedstructure.(D)Schematicofatemplatefeaturingdoublehingeswithblack,red,andwalnutcolorspatterned
onapolymersheet.Numbers1to3denotethedesignedfoldingorderofthethreepanels.Thedouble-linehingesare2.0mmwidewithaspacingof1.0mmbetween
thetwolines.(E)Threeindependentbutoverlappingsinglefoldingpanelsself-foldsequentially.Thedouble-hingedesignfacilitatesfoldingupto180°.Timeforthese
snapshotsare1s(top)and2,3,5,7,and25s(bottom)(seevideoS2intheSupplementaryMaterials).(F)Photographofafoldedstructure.Scalebars,10mm.

SCIENCEADVANCES|RESEARCHARTICLE

Liuetal.,Sci.Adv.2017;3:e16024173March20173of7

 o
n 

M
ar

ch
 8

, 2
01

7
ht

tp
://

ad
va

nc
es

.s
ci

en
ce

m
ag

.o
rg

/
D

ow
nl

oa
de

d 
fro

m
 

Note: red ink is thicker 
than the walnut ink!
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Self-folding robots (in 4 min)
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Robot assembly
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Fig. S1.  
The fabrication process of the self-folding robot. This process harnesses planar 
techniques to rapidly produce self-folding machines. (A) A mask is applied to a sheet of 
copper-polyimide using a solid ink printer. (B) The copper-polyimide is etched with 
ferric chloride. (C) The copper-polyimide layer, as well as two sheets of PSPS and two 
sheets of paper, are laser-machined with layer-specific features. (D) These layers are 
bonded together by hand, using silicone tape. (E) The final composite is laser-machined 
again. (F) Electrical components, motors, and batteries are added either manually, or with 
a pick-and-place machine. 
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in which they are triggered create a fold pattern
that determines the final shape of the 3D struc-
ture or mechanism.
The self-folding composite combines a con-

tractile layer of prestretched polystyrene (PSPS)
and a passive paper substrate, resulting in a bi-
morph actuator (24). PSPS is a shape-memory
polymer that is mechanically programmed to
contract bidirectionally when heated to approx-
imately 100°C. When the contractile layer is ac-
tivated, it exerts a shear stress on the substrate,
causing the composite to fold. These materials
were chosen for their low cost and ease of use;
substituting other shape-memory materials or
substrates into the composite would be straight-
forward. Embedded resistive circuits are included
at each hinge as heating elements to enable
localized heating and activation of the PSPS. The
composite includes PSPS on both sides to en-
able bidirectional folding (Fig. 1). Once folding
is completed, the hinge is cooled and the PSPS
hardens, resulting in a static fold. Self-folding
hinges are programmed into the composite with
layer-specific features (Fig. 1, B and C). Passive
flexures for dynamicmechanisms are programmed
in a similar manner (Fig. 1, D and E) (25). Not
only are flexure joints compatible with folded
assembly, they also have operational advantages
over typical bearing joints, such as negligible
friction losses and monolithic construction
(26, 27).
The composite’s first capability is that of pro-

ducing complex geometries. It is mathematically

possible to fold arbitrary geometries from a
single sheet of paper (10, 25). In particular,
Origamizer is a practical approach to design auto-
mation implemented as free software (12). To apply
this algorithm to self-folding, we need to demon-
strate two fundamental features of our composite:
(i) the ability to fold a crease by an arbitrary angle
in a desired direction, up to 180°, and (ii) the ability
for these creases to be connected together in any
cyclic fold—a collection of creases radiating out-
ward from a point or area.
Previous work in shape-memory composites

has already demonstrated folding of controlled
angles of up to 135° (24, 28), and angles up to
180° have been approximated using two adjacent
folds (29). We control the fold angle by varying
the gapwidth of the paper substrate at the hinge;
the substrate acts as a mechanical stop, and a
greater gap allows for a larger fold angle (fig.
S2A) (25). Standalone hinges with square faces
were built with varying paper gap widths to dem-
onstrate that fold angles could be controlled via
gapwidth. Each hinge was activated and allowed
to fold to completion, at which point the hinge
angle was measured. The data show that there is
a positive correlation between gap width and
fold angle over a range of 0° to 120°. The data also
show that for a given gap width, the standard
deviation of the final fold angle is 5° when the
angle is less than 100°, and 8° when the angle is
greater (fig. S2B).
The second feature necessary for complex

geometries was demonstrated by including cyclic

folds in the machine’s fold pattern to create the
body and the legs (Fig. 2, G and H). These folds
provide stiffness and raise the robot’s body while
angling the legs downward. Furthermore, the
legs are folded using a four-edge, single-vertex
fold—a specific type of cyclic fold with a single
degree of freedom. This fold is noteworthy
because it is the component fold of the Miura
pattern (19), a versatile fold pattern for compress-
ing a large area into a small volume.
There is a limitation on the spatial resolution

of a folded structure due to the thickness of the
folded sheet. The algorithms mentioned above
assume an infinitesimally thin material. Addi-
tional work developed rules and algorithms for
so-called “thick origami” to account for the non-
zero thickness of physical sheets (30).
The second capability of this composite is

the ability to produce arbitrary mechanisms. It
is mathematically possible to create bar-and-
joint linkages that can trace any algebraic curve
(25, 31–33). To apply these results to self-folding,
we need to produce general linkages with hinge
joints. We demonstrate this by including two
symmetric eight-bar linkages in the robot’s de-
sign. Each linkage assembly is driven by one
motor and actuates a front and back leg along
trajectories designed to create a walking motion
(Fig. 3). These linkages reduce the number of
motors required for walking while enabling dif-
ferential actuation for steering. We also demon-
strate the ability to integrate motors with our
linkages through alignment and locking tabs
that couple the linkages to the motor crank
arms (fig. S4).
The third capability of the composite, auto-

nomous assembly, is demonstrated by the robot
with embedded circuitry and an onboard power
supply (fig. S5). Self-assembly occurs in five se-
quential steps controlled by an onboard micro-
controller. Three of these steps involve actuated
folding (Fig. 2).
The design was created using 2D computer

design tools, so the digital plans are compatible
with many software programs and fabrication
tools. The robot was designed using a combina-
tion of kinematic simulations and iterative pro-
totypes to determine a functional fold pattern.
These rapid iterations weremade possible by the
fast fabrication process. (See supplementary text
for additional design information for all compo-
nents of the robot.)
Fabricating the 2D composite and installing

the electrical components took 2 hours by
hand (movie S2) (34). This is possible in part
because the composite is 2D, allowing for easy
installation and soldering. Our process was
designed around readily available parts and
materials, but the assembly time could be sub-
stantially reduced and completely automated
with the use of pick-and-place electrical compo-
nent assembly machines and automated adhe-
sive dispensers.
The robot self-assembled in 270 s, after which

time it was able to walk without further manual
intervention (Fig. 2 and movie S1). The self-
assembled linkagemechanisms operated effectively,

SCIENCE sciencemag.org 8 AUGUST 2014 • VOL 345 ISSUE 6197 645

Fig. 2.The self-assembly steps of the robot.The robot assembles itself in five steps, three of which
are self-folding. (A to F) The robot in each stage of assembly; (G to I) the fold pattern and active hinges.
Activated mountain folds are highlighted in red, valley folds in blue. (A) The robot begins in a flat
conformation. Folding is initiated 10 s after the batteries are connected. (B and G) The outer legs and
alignment tabs fold first. As the legs fold, they bring the linkages into position. (C) The motors rotate
180°, pushing the crank arm pins into notches in the alignment tabs. (D and H) Next, the body and
locking tabs fold. (E) The motors turn another 180°, causing the robot to stand up. (F and I) Smaller
middle legs fold down for added stability. Once the final folds cool and become rigid, the robot is
assembled and ready for operation.
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in which they are triggered create a fold pattern
that determines the final shape of the 3D struc-
ture or mechanism.
The self-folding composite combines a con-

tractile layer of prestretched polystyrene (PSPS)
and a passive paper substrate, resulting in a bi-
morph actuator (24). PSPS is a shape-memory
polymer that is mechanically programmed to
contract bidirectionally when heated to approx-
imately 100°C. When the contractile layer is ac-
tivated, it exerts a shear stress on the substrate,
causing the composite to fold. These materials
were chosen for their low cost and ease of use;
substituting other shape-memory materials or
substrates into the composite would be straight-
forward. Embedded resistive circuits are included
at each hinge as heating elements to enable
localized heating and activation of the PSPS. The
composite includes PSPS on both sides to en-
able bidirectional folding (Fig. 1). Once folding
is completed, the hinge is cooled and the PSPS
hardens, resulting in a static fold. Self-folding
hinges are programmed into the composite with
layer-specific features (Fig. 1, B and C). Passive
flexures for dynamicmechanisms are programmed
in a similar manner (Fig. 1, D and E) (25). Not
only are flexure joints compatible with folded
assembly, they also have operational advantages
over typical bearing joints, such as negligible
friction losses and monolithic construction
(26, 27).
The composite’s first capability is that of pro-

ducing complex geometries. It is mathematically

possible to fold arbitrary geometries from a
single sheet of paper (10, 25). In particular,
Origamizer is a practical approach to design auto-
mation implemented as free software (12). To apply
this algorithm to self-folding, we need to demon-
strate two fundamental features of our composite:
(i) the ability to fold a crease by an arbitrary angle
in a desired direction, up to 180°, and (ii) the ability
for these creases to be connected together in any
cyclic fold—a collection of creases radiating out-
ward from a point or area.
Previous work in shape-memory composites

has already demonstrated folding of controlled
angles of up to 135° (24, 28), and angles up to
180° have been approximated using two adjacent
folds (29). We control the fold angle by varying
the gapwidth of the paper substrate at the hinge;
the substrate acts as a mechanical stop, and a
greater gap allows for a larger fold angle (fig.
S2A) (25). Standalone hinges with square faces
were built with varying paper gap widths to dem-
onstrate that fold angles could be controlled via
gapwidth. Each hinge was activated and allowed
to fold to completion, at which point the hinge
angle was measured. The data show that there is
a positive correlation between gap width and
fold angle over a range of 0° to 120°. The data also
show that for a given gap width, the standard
deviation of the final fold angle is 5° when the
angle is less than 100°, and 8° when the angle is
greater (fig. S2B).
The second feature necessary for complex

geometries was demonstrated by including cyclic

folds in the machine’s fold pattern to create the
body and the legs (Fig. 2, G and H). These folds
provide stiffness and raise the robot’s body while
angling the legs downward. Furthermore, the
legs are folded using a four-edge, single-vertex
fold—a specific type of cyclic fold with a single
degree of freedom. This fold is noteworthy
because it is the component fold of the Miura
pattern (19), a versatile fold pattern for compress-
ing a large area into a small volume.
There is a limitation on the spatial resolution

of a folded structure due to the thickness of the
folded sheet. The algorithms mentioned above
assume an infinitesimally thin material. Addi-
tional work developed rules and algorithms for
so-called “thick origami” to account for the non-
zero thickness of physical sheets (30).
The second capability of this composite is

the ability to produce arbitrary mechanisms. It
is mathematically possible to create bar-and-
joint linkages that can trace any algebraic curve
(25, 31–33). To apply these results to self-folding,
we need to produce general linkages with hinge
joints. We demonstrate this by including two
symmetric eight-bar linkages in the robot’s de-
sign. Each linkage assembly is driven by one
motor and actuates a front and back leg along
trajectories designed to create a walking motion
(Fig. 3). These linkages reduce the number of
motors required for walking while enabling dif-
ferential actuation for steering. We also demon-
strate the ability to integrate motors with our
linkages through alignment and locking tabs
that couple the linkages to the motor crank
arms (fig. S4).
The third capability of the composite, auto-

nomous assembly, is demonstrated by the robot
with embedded circuitry and an onboard power
supply (fig. S5). Self-assembly occurs in five se-
quential steps controlled by an onboard micro-
controller. Three of these steps involve actuated
folding (Fig. 2).
The design was created using 2D computer

design tools, so the digital plans are compatible
with many software programs and fabrication
tools. The robot was designed using a combina-
tion of kinematic simulations and iterative pro-
totypes to determine a functional fold pattern.
These rapid iterations weremade possible by the
fast fabrication process. (See supplementary text
for additional design information for all compo-
nents of the robot.)
Fabricating the 2D composite and installing

the electrical components took 2 hours by
hand (movie S2) (34). This is possible in part
because the composite is 2D, allowing for easy
installation and soldering. Our process was
designed around readily available parts and
materials, but the assembly time could be sub-
stantially reduced and completely automated
with the use of pick-and-place electrical compo-
nent assembly machines and automated adhe-
sive dispensers.
The robot self-assembled in 270 s, after which

time it was able to walk without further manual
intervention (Fig. 2 and movie S1). The self-
assembled linkagemechanisms operated effectively,

SCIENCE sciencemag.org 8 AUGUST 2014 • VOL 345 ISSUE 6197 645

Fig. 2.The self-assembly steps of the robot.The robot assembles itself in five steps, three of which
are self-folding. (A to F) The robot in each stage of assembly; (G to I) the fold pattern and active hinges.
Activated mountain folds are highlighted in red, valley folds in blue. (A) The robot begins in a flat
conformation. Folding is initiated 10 s after the batteries are connected. (B and G) The outer legs and
alignment tabs fold first. As the legs fold, they bring the linkages into position. (C) The motors rotate
180°, pushing the crank arm pins into notches in the alignment tabs. (D and H) Next, the body and
locking tabs fold. (E) The motors turn another 180°, causing the robot to stand up. (F and I) Smaller
middle legs fold down for added stability. Once the final folds cool and become rigid, the robot is
assembled and ready for operation.
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so-called “thick origami” to account for the non-
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is mathematically possible to create bar-and-
joint linkages that can trace any algebraic curve
(25, 31–33). To apply these results to self-folding,
we need to produce general linkages with hinge
joints. We demonstrate this by including two
symmetric eight-bar linkages in the robot’s de-
sign. Each linkage assembly is driven by one
motor and actuates a front and back leg along
trajectories designed to create a walking motion
(Fig. 3). These linkages reduce the number of
motors required for walking while enabling dif-
ferential actuation for steering. We also demon-
strate the ability to integrate motors with our
linkages through alignment and locking tabs
that couple the linkages to the motor crank
arms (fig. S4).
The third capability of the composite, auto-

nomous assembly, is demonstrated by the robot
with embedded circuitry and an onboard power
supply (fig. S5). Self-assembly occurs in five se-
quential steps controlled by an onboard micro-
controller. Three of these steps involve actuated
folding (Fig. 2).
The design was created using 2D computer

design tools, so the digital plans are compatible
with many software programs and fabrication
tools. The robot was designed using a combina-
tion of kinematic simulations and iterative pro-
totypes to determine a functional fold pattern.
These rapid iterations weremade possible by the
fast fabrication process. (See supplementary text
for additional design information for all compo-
nents of the robot.)
Fabricating the 2D composite and installing

the electrical components took 2 hours by
hand (movie S2) (34). This is possible in part
because the composite is 2D, allowing for easy
installation and soldering. Our process was
designed around readily available parts and
materials, but the assembly time could be sub-
stantially reduced and completely automated
with the use of pick-and-place electrical compo-
nent assembly machines and automated adhe-
sive dispensers.
The robot self-assembled in 270 s, after which

time it was able to walk without further manual
intervention (Fig. 2 and movie S1). The self-
assembled linkagemechanisms operated effectively,
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Fig. 2.The self-assembly steps of the robot.The robot assembles itself in five steps, three of which
are self-folding. (A to F) The robot in each stage of assembly; (G to I) the fold pattern and active hinges.
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conformation. Folding is initiated 10 s after the batteries are connected. (B and G) The outer legs and
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APPLIED ORIGAMI

A method for building
self-folding machines
S. Felton,1* M. Tolley,1 E. Demaine,2 D. Rus,2 R. Wood1

Origami can turn a sheet of paper into complex three-dimensional shapes, and similar
folding techniques can produce structures and mechanisms. To demonstrate the
application of these techniques to the fabrication of machines, we developed a crawling
robot that folds itself. The robot starts as a flat sheet with embedded electronics, and
transforms autonomously into a functional machine. To accomplish this, we developed
shape-memory composites that fold themselves along embedded hinges. We used
these composites to recreate fundamental folded patterns, derived from computational
origami, that can be extrapolated to a wide range of geometries and mechanisms.
This origami-inspired robot can fold itself in 4 minutes and walk away without human
intervention, demonstrating the potential both for complex self-folding machines and
autonomous, self-controlled assembly.

S
elf-assembly is ubiquitous in nature, with
examples as varied as the formation of cel-
lular components (1) and dynamically orga-
nizing insect colonies (2). Self-assembly
concepts drawn from natural contexts have

many applications in engineering (3), and sev-
eral artificial methods for self-assembly have
been developed at length scales ranging from
nanometers to centimeters (4). One particularly
useful form of self-assembly involves folding two-
dimensional materials into three-dimensional

(3D) structures. Folding is capable of complex
shapes and can be scaled to different sizes. Folded
structures have high strength-to-weight ratios
(5), and planar materials are compatible with a
wide range of fabrication techniques (e.g., photo-
lithography). Prior to folding, the integration
of system components (e.g., batteries, integrated
circuits, motors) can be automated for planar
structures with the use of pick-and-place tools
to populate printed circuit boards. Several ac-
tuation methods for self-folding have already
been developed at a range of length scales from
micrometers to centimeters, including poly-
mer swelling (6), shape-memory materials (7, 8),
and magnetic fields (9). Fold patterns can be
created using existing computational origami
design automation tools (10–13), and many ge-
ometries and mechanisms have been invented

that harness the unique strengths of folded
structures (14–16). Existing approaches to self-
folding are capable of creating static geometric
structures but are limited in making complex
geometries or functional mechanisms (i.e., struc-
tures that move or compute). Functional folded
mechanisms have been demonstrated, but they
require manual assembly steps, such as scaffold
removal or integration of components after
folding (17, 18).
There are two primary application areas for

a practical and sophisticated self-folding meth-
od. The first is remote, autonomous assembly.
Structures and machines could be transported
in a flat conformation, such as when putting
satellites into space (19, 20) or rapidly deploy-
ing shelters in dangerous environments (21, 22).
The second application is automation of cer-
tain aspects of manufacturing. In particular,
self-folding can be combined with inexpen-
sive planar fabrication techniques such as li-
thography, laser machining, and pick-and-place
electrical component assembly machines to quick-
ly produce machines from digital plans, allow-
ing for “printable” manufacturing (i.e., rapid
manufacture with minimal overhead) to com-
plement or compete with 3D printing, including
the ability to create monolithic electromechan-
ical systems (23).
Wedemonstrate that autonomous self-assembly

of functional machines from flat sheets is possible
with a composite that folds itself. Specifically, we
used this composite to build a self-folding crawling
robot that represents both a complex structure
and a functional device that demonstrates three
capabilities of the composite: (i) producing com-
plex shapes, (ii) producing dynamicmechanisms,
and (iii) assembling autonomously. The composite
includes self-folding hinges that are controlled
by embedded heating elements. The placement
of these hinges in the composite and the order

644 8 AUGUST 2014 • VOL 345 ISSUE 6197 sciencemag.org SCIENCE

Fig. 1. Self-folding shape-memory composites. (A) The self-folding shape-memory composite consists of five layers: two outer layers of PSPS, two layers of
paper, and a layerof polyimide (PCB) bearinga coppercircuit in themiddle.Cuttinga gap into theupper paper layer allowscontrolled foldingof the polyimide, and slits
in the bottom layers of paper and PSPS prevent antagonistic forces. (B) A structural hinge, designed to fold once when activated and then become static. (C) When
activated, the PSPS on the concave side pulls the two faces together, bending the polyimide along the hinge. (D and E) A dynamic hinge, designed to bend freely and
repeatably. (F) A self-folding crawler built with the shape-memory composite.This robot includes both (G) self-folding and (H) dynamic hinges.
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A method for building
self-folding machines
S. Felton,1* M. Tolley,1 E. Demaine,2 D. Rus,2 R. Wood1
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folding techniques can produce structures and mechanisms. To demonstrate the
application of these techniques to the fabrication of machines, we developed a crawling
robot that folds itself. The robot starts as a flat sheet with embedded electronics, and
transforms autonomously into a functional machine. To accomplish this, we developed
shape-memory composites that fold themselves along embedded hinges. We used
these composites to recreate fundamental folded patterns, derived from computational
origami, that can be extrapolated to a wide range of geometries and mechanisms.
This origami-inspired robot can fold itself in 4 minutes and walk away without human
intervention, demonstrating the potential both for complex self-folding machines and
autonomous, self-controlled assembly.
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concepts drawn from natural contexts have

many applications in engineering (3), and sev-
eral artificial methods for self-assembly have
been developed at length scales ranging from
nanometers to centimeters (4). One particularly
useful form of self-assembly involves folding two-
dimensional materials into three-dimensional

(3D) structures. Folding is capable of complex
shapes and can be scaled to different sizes. Folded
structures have high strength-to-weight ratios
(5), and planar materials are compatible with a
wide range of fabrication techniques (e.g., photo-
lithography). Prior to folding, the integration
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created using existing computational origami
design automation tools (10–13), and many ge-
ometries and mechanisms have been invented

that harness the unique strengths of folded
structures (14–16). Existing approaches to self-
folding are capable of creating static geometric
structures but are limited in making complex
geometries or functional mechanisms (i.e., struc-
tures that move or compute). Functional folded
mechanisms have been demonstrated, but they
require manual assembly steps, such as scaffold
removal or integration of components after
folding (17, 18).
There are two primary application areas for

a practical and sophisticated self-folding meth-
od. The first is remote, autonomous assembly.
Structures and machines could be transported
in a flat conformation, such as when putting
satellites into space (19, 20) or rapidly deploy-
ing shelters in dangerous environments (21, 22).
The second application is automation of cer-
tain aspects of manufacturing. In particular,
self-folding can be combined with inexpen-
sive planar fabrication techniques such as li-
thography, laser machining, and pick-and-place
electrical component assembly machines to quick-
ly produce machines from digital plans, allow-
ing for “printable” manufacturing (i.e., rapid
manufacture with minimal overhead) to com-
plement or compete with 3D printing, including
the ability to create monolithic electromechan-
ical systems (23).
Wedemonstrate that autonomous self-assembly

of functional machines from flat sheets is possible
with a composite that folds itself. Specifically, we
used this composite to build a self-folding crawling
robot that represents both a complex structure
and a functional device that demonstrates three
capabilities of the composite: (i) producing com-
plex shapes, (ii) producing dynamicmechanisms,
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demonstrating both the efficacy of the compo-
site’s dynamic hinges and its ability to precisely
align folds to couple the motors to the linkages.
When operating, the robot moved at a speed of
0.43 body lengths per second (5.4 cm/s). It was
also able to turn at an average speed of 0.56
rad/swith an average turning radius of 6.1 cm. The
folding process required approximately 8.8 kJ of
electrical energy to activate (25).
We calculate that the mechanical work re-

quired to assemble the machine was 3.8 mJ,
based on the mass (78 g) and final center of mass
height (10 mm) of the machine. If we assume
that the torque is exerted evenly by all hinges
and that all hinges reach completion at 90°, then
the total torque exerted by the hinges must be at
least 0.01 N·m. This does not account for the
effects of friction or antagonistic forces caused by
hinges pushing against each other. According to
an analytical model relating the hinge geometry
and material properties to actuated torque, we
calculate that the actual torque exerted by the
hinges is 0.15 N·m (25).
Out of three attempted self-assemblies, one ro-

bot was able to complete the assembly process
and achieve the desired functionality. In the other
two trials, a single hinge failed to fold to the
required precision. This illustrates the inter-
dependent nature of self-assembling machines
with localized actuation and the need for design
methodologies that produce folding plans that
are robust to failures of individual folds. If we
consider these three trials as sets of individual
hinges, 82 of 84 hinges self-folded to their neces-
sary position (25).
For the machine presented here, folding was

initiated by a simple timing program in the mi-
crocontroller, designed to trigger assembly 10 s
after the batterieswere connected.However,more
complex triggers could be integrated, including
wireless activation or response to an environ-
mental change (25). The materials used in this
robot are well suited for structures andmachines
at a length scale of tens of centimeters, but limit-

ations imposed by fabrication techniques and
hinge torques can restrict their use for smaller
and larger devices, respectively. Fortunately, these
limitations can be overcome by using different
materials and fabricationmethods. This substrate
also has a maximum operating temperature of
approximately 100°C.Ahigher temperature causes
uniform activation of the shape-memory poly-
mer, resulting in a deformed and nonfunctional
machine. This limit can also be altered through
material selection (25).
The self-folding robot demonstrates a practical

process for creating self-assemblingmachines with
complex structures and dynamics by means of
planar materials and folding. By automating the
folding process, origami-inspired machines can
be produced without manual folding, reducing
the skill and time necessary for fabrication. This
technique can be used to rapidly prototype electro-
mechanical systems, build satellites that assemble
themselves in space, and fabricate centimeter-scale
robots. Because this technique uses composites
that are inexpensive and can be easily altered,
this technique can be adapted to a wide range of
applications.
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Fig. 3. Linkages
connect the front
and back legs to the
motors of the
self-folding robot.
(A) The linkages before
self-assembly takes
place. (B) The linkage
assembly after coupling
with the motor. The
front (right) leg
is driven by a four-bar
linkage (L1 to L4), and
the rear (left) leg is
driven by an eight-bar
linkage (L1 to L8).
The kinematics of the
linkages produce
walking trajectories in
the front and rear feet
when driven by the motors (shown in red). The middle leg (gray) supports the robot when the outer
legs are raised. Linkage lengths are given in table S1.
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A method for building
self-folding machines
S. Felton,1* M. Tolley,1 E. Demaine,2 D. Rus,2 R. Wood1

Origami can turn a sheet of paper into complex three-dimensional shapes, and similar
folding techniques can produce structures and mechanisms. To demonstrate the
application of these techniques to the fabrication of machines, we developed a crawling
robot that folds itself. The robot starts as a flat sheet with embedded electronics, and
transforms autonomously into a functional machine. To accomplish this, we developed
shape-memory composites that fold themselves along embedded hinges. We used
these composites to recreate fundamental folded patterns, derived from computational
origami, that can be extrapolated to a wide range of geometries and mechanisms.
This origami-inspired robot can fold itself in 4 minutes and walk away without human
intervention, demonstrating the potential both for complex self-folding machines and
autonomous, self-controlled assembly.

S
elf-assembly is ubiquitous in nature, with
examples as varied as the formation of cel-
lular components (1) and dynamically orga-
nizing insect colonies (2). Self-assembly
concepts drawn from natural contexts have

many applications in engineering (3), and sev-
eral artificial methods for self-assembly have
been developed at length scales ranging from
nanometers to centimeters (4). One particularly
useful form of self-assembly involves folding two-
dimensional materials into three-dimensional

(3D) structures. Folding is capable of complex
shapes and can be scaled to different sizes. Folded
structures have high strength-to-weight ratios
(5), and planar materials are compatible with a
wide range of fabrication techniques (e.g., photo-
lithography). Prior to folding, the integration
of system components (e.g., batteries, integrated
circuits, motors) can be automated for planar
structures with the use of pick-and-place tools
to populate printed circuit boards. Several ac-
tuation methods for self-folding have already
been developed at a range of length scales from
micrometers to centimeters, including poly-
mer swelling (6), shape-memory materials (7, 8),
and magnetic fields (9). Fold patterns can be
created using existing computational origami
design automation tools (10–13), and many ge-
ometries and mechanisms have been invented

that harness the unique strengths of folded
structures (14–16). Existing approaches to self-
folding are capable of creating static geometric
structures but are limited in making complex
geometries or functional mechanisms (i.e., struc-
tures that move or compute). Functional folded
mechanisms have been demonstrated, but they
require manual assembly steps, such as scaffold
removal or integration of components after
folding (17, 18).
There are two primary application areas for

a practical and sophisticated self-folding meth-
od. The first is remote, autonomous assembly.
Structures and machines could be transported
in a flat conformation, such as when putting
satellites into space (19, 20) or rapidly deploy-
ing shelters in dangerous environments (21, 22).
The second application is automation of cer-
tain aspects of manufacturing. In particular,
self-folding can be combined with inexpen-
sive planar fabrication techniques such as li-
thography, laser machining, and pick-and-place
electrical component assembly machines to quick-
ly produce machines from digital plans, allow-
ing for “printable” manufacturing (i.e., rapid
manufacture with minimal overhead) to com-
plement or compete with 3D printing, including
the ability to create monolithic electromechan-
ical systems (23).
Wedemonstrate that autonomous self-assembly

of functional machines from flat sheets is possible
with a composite that folds itself. Specifically, we
used this composite to build a self-folding crawling
robot that represents both a complex structure
and a functional device that demonstrates three
capabilities of the composite: (i) producing com-
plex shapes, (ii) producing dynamicmechanisms,
and (iii) assembling autonomously. The composite
includes self-folding hinges that are controlled
by embedded heating elements. The placement
of these hinges in the composite and the order

644 8 AUGUST 2014 • VOL 345 ISSUE 6197 sciencemag.org SCIENCE

Fig. 1. Self-folding shape-memory composites. (A) The self-folding shape-memory composite consists of five layers: two outer layers of PSPS, two layers of
paper, and a layerof polyimide (PCB) bearinga coppercircuit in themiddle.Cuttinga gap into theupper paper layer allowscontrolled foldingof the polyimide, and slits
in the bottom layers of paper and PSPS prevent antagonistic forces. (B) A structural hinge, designed to fold once when activated and then become static. (C) When
activated, the PSPS on the concave side pulls the two faces together, bending the polyimide along the hinge. (D and E) A dynamic hinge, designed to bend freely and
repeatably. (F) A self-folding crawler built with the shape-memory composite.This robot includes both (G) self-folding and (H) dynamic hinges.
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Fig. S4 
The motor and alignment mechanism of the robot. (A) The linkages are fabricated in 
plane with the composite, and the crank arms are oriented upward. (B) The legs and 
linkages fold into position, and the alignment tab folds into place. (C) The motor rotates 
180°, pushing the crank arm pin into the alignment notch. (D) The locking tab folds over 
the pin, coupling the pin to the linkage. In (C) and (D) the obscuring linkage is displayed 
in outline only for clarity. 

sequential folding enables  
locking of the crank arm to 

the robot structure

rotary motor moves the crank 
arm, which controls the 

movement of robot legs via a 
specific structure mechanism


