
MAE 545: Lecture 20 (4/19)
E. coli chemotaxis 

(continued)

How proteins find target sites on DNA?
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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E. coli chemotaxis

L. Turner, W.S. Ryu, H.C. Berg, J. Bacteriol. 182, 2793-2801 (2000)
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Translational and rotational diffusion of E. coli

water viscosity
size of E. coli R ⇡ 1µm

⌘ ⇡ 10�3kgm�1s�1

x

hx2i = 2DT t

DT ⇡ kBT

6⇡⌘R
⇡ 0.2µm2/s

Boltzmann constant
temperature T = 300K

kB = 1.38⇥ 10�23J/K

✓

⌦
✓2
↵
= 2DRt

Einstein - Stokes 
relation

Einstein - Stokes 
relation

After ~10s the orientation of 
E. coli changes by 900 due 
to the Brownian motion!

DR ⇡ kBT

8⇡⌘R3
⇠ 0.2 rad2/s
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E. coli chemotaxis

45nm

Rotary motor
typical duration: tr ⇠ 1s

typical duration: tt ⇠ 0.1s

swimming speed: vs ⇠ 20µm/s

Run

all motors turning counter clockwise

Tumble
random change in orientation h✓i = 68�

one or more motors turning clockwise

Increase (Decrease) run durations, when 
swimming towards good (harmful) environment.
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E. coli chemotaxis

run duration: tr ⇠ 1s

tumble duration: tt ⇠ 0.1s

swimming speed: vs ⇠ 20µm/s

drift
velocity effective diffusion

vd = 0
De↵ =

⌦
�`2

↵

6 h�ti

De↵ ⇡ v2st
2
r

6(tr + tt)
⇠ 60µm2/s

Homogeneous environment Gradient in “food” concentration

ẑ

n̂

run duration increases (decreases) when  
swimming towards (away) from “food”

tr(n̂) = tr + ↵(n̂ · ẑ)(@c/@z)
drift velocity

vd =
h�zi
h�ti ⇡ vs↵(@c/@z)

3(t̄r + tt)

h�zi = hvz(n̂)tr(n̂)i = hvs(n̂ · ẑ)tr(n̂)i
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Sensing of environment
E. coli surface is covered with receptors, which can bind specific molecules.

Average fraction of bound receptors pB is related to concentration c of molecules.

pB =
c

c+ c0

Chemical signaling network inside E. coli analyzes 
state of receptors and gives direction to rotary motor. 

c0 =
ko↵
kon

kon ko↵
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Diffusion limited flux of molecules to E. coli
Fick’s law

@c

@t
= Dr2c = D

1

r2
@

@r

✓
r2

@c

@r

◆

boundary 
conditions

c(r ! 1) = c1

c(R) = 0

absorbing
sphere

steady state flux density of molecules
c(r) = c1


1� R

r

�

J(r) = �D
@c(r)

@r
= �Dc1R

r2

N absorbing
disks of radius s

I =
I0

1 + ⇡R/Ns

example s ⇠ 1nmR ⇠ 1µm
flux drops by factor 2 for 

N = ⇡R/s ⇠ 3000

fractional area covered by 
these receptors

(N⇡s2)/(4⇡R2) ⇠ 10�3

E. coli can use many 
types of receptors 

specific for different 
molecules, without 

significantly 
affecting the 
diffusive flux

rate of absorbing molecules
I(r) = J(r)⇥ 4⇡r2 = �4⇡DRc1 = I0 = �konc1

D ⇡ 103µm2/s
diffusion constant for 

small molecules kon = 4⇡DR ⇠ 104µm3/s
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Accuracy of concentration measurement
How many molecules do we expect inside a volume occupied by E. coli?

Probability p(N) that cell measures N molecules follows Poisson distribution

p(N) =
N

N
E�N

N !
N �N =

p
Nmean standard 

deviation

Error in measurement 

for c = 1µM = 6⇥ 1020m�3 ) Err ⇠ 4%Err ⇠ �N

N
⇠ (R3c)�1/2

N ⇠ R3c

E.coli can be more precise by counting molecules for longer time t. 
However, they need to wait some time t0 in order for the original molecules 

to diffuse away to prevent double counting of the same molecules!

t0 ⇠ R2/D ⇠ 10�3s N ⇠ R3ct/t0 ⇠ DRct

Err ⇠ (DRct)�1/2
for t=1s, precision 

improves to Err~0.1%

When E. coli is swimming, it wants to swim faster  
than the diffusion of small molecules

vst & (Dt)1/2 ) t & D/v2s ⇠ 1s

1M = 6⇥ 1026m�3

Molar concentration
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How E. coli actually measures concentration?
Probability for motor to rotate in CCW direction (runs) as a function of time 

in response to short pulse in external molecular concentration

constant that depends on the rate at which mechanical energy is
dissipated. You will get essentially the same result whether you
wear a boot or a tennis shoe. If the system is linear, that is, if the
way it responds to a new stimulus does not depend on how it is
responding to past stimuli, the response to the impulse allows one
to predict the response to any stimulus. Decompose the stimulus
of interest into a sequence of impulsive stimuli of different 
magnitudes, weight the corresponding impulse responses by these
magnitudes, and add them up.

The same is true for biochemical systems. If you kick the aspar-
tate receptor by loading it up with ligand for a fraction of a second,
the reactions set in motion by that change will play themselves out
until the cell returns to its initial quiescent state. In practice, this
takes about 4 seconds (Fig. 7.2). The impulse response for E. coli
is biphasic. The probability that the motor spins counterclockwise
rises from the baseline soon after the onset of the pulse, reaches

Impulse Responses 63

Figure 7.2. Impulse response of wild-type E. coli cells. The probability
that a cell spins counterclockwise (the bias) is plotted as a function 
of time; the smooth curve is a fit to a sum of exponentials. Pulses of 
aspartate or a-methylaspartate were applied beginning at 5.06 seconds
(vertical bar). The graph was constructed from 378 trials comprising 
7566 flagellar reversals obtained with 17 cells. (From Segall et al., 1986,
Fig. 1).

1s 3s

E. coli integrates measured concentration observed during the last second 
and compare this with measured concentration during the previous 3 
seconds. If difference is positive then increase the probability of runs, 

otherwise increase the probability of tumbles.

Input 
concentration

J. E. Segall, S. M. Block, and H. C. Berg, 
PNAS 83, 8987–8991 (1986)
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Adaptation
Proc. Natl. Acad. Sci. USA 83 (1986)

internally consistent. Data are presented on the behavior of
wild-type cells and of mutants defective in methylation and
demethylation (deleted for cheR and cheB) or in the functions
specified by che Y or cheZ.

RESULTS
Calibration of the Impulse Response. Given the impulse

response of Fig. 1 (induced by pulses of small but unknown
amplitude), one can predict the time course of the response
to an arbitrary stimulus; however, the amplitude of this
response is unknown up to a constant scaling factor. To
predict both the amplitude and the time course of a response,
this scaling factor must be determined. First, we measured
the rate at which attractant was released from a particular set
of pipettes by exposing cells 5 ,um away to a large step in
current (-100 nA) and recording their recovery times: this
works because the steady-state concentration of attractant a
fixed distance away from the tip of a pipette is proportional
to the rate of release (p. 23 of ref. 17), and the recovery time
is proportional to the net change in receptor occupancy (cf.
table 1 of ref. 16). Next, we measured the amplitude of the
response of the same cells to a smaller step in current (-3 to
-10 nA). Assuming that the rate of release varies linearly
with current, the change in concentration generated by the
smaller step was determined. The type of response generated
by the smaller steps is shown in Fig. 2. Note that this
response is not saturated. For the subset of cells used in the
calibration (those exposed to a-methyl-DL-aspartate; see
figure legend) a change in bias of 0.23 occurred for an
estimated change in fraction of receptor bound of 0.0042.
Finally, we calibrated the impulse response by subtracting
the baseline and scaling its integral to the change in bias ofthe
calibrated step response. We found that a response of the
amplitude shown in Fig. 1 would be generated by a pulse that
increased the receptor occupancy by 0.19 for a period of 20
msec (the approximate width ofthe shortest pulse used in our
experiments).
Comparisons with Ramp and Sine-Wave Data. The solid line

in Fig. 3A is the dependence of bias on ramp rate for
experiments involving linear changes in receptor occupancy

1.0 _

c' 0.5 ,

0 5 10 15 20
Time (sec)

FIG. 1. Impulse response to attractant in wild-type cells. The
dotted curve is the probability, determined from repetitive stimula-
tion, that tethered cells of strain AW405 spin CCW when exposed to
pulses of L-aspartate or a-methyl-DL-aspartate beginning at 5.06 sec
(vertical bar). The smooth curve is a fit to a sum of exponentials (see
text). For methods, see refs. 14 and 16. Pipettes containing aspartate
(1 mM) were pulsed for 0.02 sec at -25 to -100 nA, and pipettes
containing methylaspartate (1-3 mM, with 1.6 mM in the bath) were
pulsed for 0.12 sec at -100 nA, both at 320C. Some pipettes
containing 1-7 mM methylaspartate were pulsed for 0.03-0.12 sec at
-50 to -100 nA at 220C. The curve was constructed from 378 records
comprising 7566 reversals of 17 cells. Points were determined every
0.05 sec.

1-0F

(n
.2 0.5
CD

0 2 4 6 8 10
Time (sec)

FIG. 2. Step response to attractant in wild-type cells. The thick
curve is the probability that cells of strain AW405 spin CCW when
exposed to steps of L-aspartate or a-methyl-DL-aspartate beginning
at 1.00 sec (vertical bar). Pipettes containing aspartate (0.1-1.0 mM)
or methylaspartate (1-10 mM, with 1.6 mM in the bath) were
switched on for 12 sec at -3 to -10 nA at 320C. The curve was
constructed from 227 records comprising 5040 reversals of 10 cells
and was plotted as described in Fig. 1. The thin line is the response
predicted from the impulse response (the dotted curve) of Fig. 1 (cf.
figure 4 of ref. 14). Note the expanded time scale.

predicted by the impulse response; the dashed line has the
same slope but is offset 0.0015 to compensate for the
response threshold. The slope of the predicted dependence is
114 sec, while a linear least-squares fit to the data gave a mean
slope and standard deviation of 78 ± 18 sec. Note that a shift
in bias of 0.1 occurs for a ramp that increases the receptor
occupancy by -0.1% per sec. The solid line in Fig. 3B is the
spectral response to sinusoidal changes in receptor occupan-
cy at different frequencies derived from the fit to the impulse
response (the smooth curve) of Fig. 1; the points comprise a
similar prediction based on the data (the dotted curve) of Fig.
1. The stars are the peak-to-peak changes in bias observed for
sinusoidal oscillations in receptor occupancy generated by
programmed mixing (figure 7 of ref. 15). Use of the latter
measure assumes a large response threshold for negative
rates of change of receptor occupancy (figure 6B of ref. 15).
The close agreement between the Fourier transform repre-
sented by the solid line in Fig. 3B and the data at very low
frequency is not fortuitous: the fit to the sum of exponentials
(the smooth curve of Fig. 1) was constrained so that its
Fourier transform passed through the point (-3, 0.75). Figs.
1 and 3B together show that the impulse and sine-wave data
are consistent. With allowance for thresholds, the agreement
between the three different sets of measurements is satisfac-
tory.

Impulse and Step Responses of Mutant Cells. As reported
earlier (figure 7A of ref. 14), cells with deletions in genes for
the methyltransferase (cheR) and the methylesterase (cheB)
show impulse responses with the second lobe much reduced
(Fig. 4A). This implies that such cells cannot adapt over a
short time span to a sudden increase in the concentration of
attractant. The measured step response bears out this pre-
diction (Fig. 4B). We also studied the behavior of cheRcheB
cells over a longer time span in a flow cell (19). Some cells
failed to respond to step stimuli (shifts from 0 to 25 AM
L-aspartate or from 0 to 1 mM a-methyl-DL-aspartate); others
spun exclusively CCW and failed to recover; still others gave
a sizable response and then partially recovered (Fig. 5). Some
of the latter cells exhibited dramatic swings in bias over
periods of the order of 1 min, but no periodicity was evident
in the average (Fig. 5). Note that cheRcheB cells are less
sensitive to L-aspartate or to c-methyl-DL-aspartate than
wild-type cells by factors of 10-100.

8988 Biophysics: Segall et al. Probability for motor to rotate in CCW direction (runs) as a function of time in 
response to a sudden increase in external molecular concentration

Input 
concentration

E. coli adapts to the new level of concentration in about 4 seconds.
This enables E. coli to be very sensitive to changes in 

concentration over a very broad range of concentrations!

J. E. Segall, S. M. Block, and H. C. Berg, 
PNAS 83, 8987–8991 (1986)
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How efficient is motor of E. coli?

Energy source for rotary 
motor are charged protons

H
+

H
+

Each proton gains energy due to
Transmembrane electric potential difference

� ⇡ �120mV

Change in pH 
pH = 7.0

�U = (�2.3kBT/e)�pH ⇡ �50mV

pH ⇡ 7.8

Total protonmotive force 
�p = � + �U ⇡ �170mV

Need 1200 protons per one body revolution

Input power

Power loss due to Stokes drag
Prot = N ⇥ (2⇡f) ⇡ 4600pN nm⇥ (20⇡Hz) ⇡ 2.9⇥ 10

5
pN nm/s

Ptrans = F ⇥ v ⇡ 0.4pN⇥ 20000nm/s ⇡ 8⇥ 103pN nm/s

Motor efficiency Ptrans + Prot

Pin
⇡ 90%

Pin = n⇥ e�p⇥ f = 1200⇥ 0.17eV⇥ 10Hz ⇡ 3.2⇥ 10
5
pNnm/s
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pH value of solutions

[H+][OH�]

c20
=

[H2O]Keq(T, p)

c20
⇡ 10�14

c0 = 1M

pH = � log10

�
[H

+
]/c0

�

pOH = � log10
�
[OH�]/c0

�
⇡ 14� pH

at room 
temperature

How much free energy is changed when H+ 
goes to environment with different pH?

pH1 pH2

H
+

Nernst electric potential E

µ2 � µ1 = kBT ln
�
[H

+
]2/[H

+
]1

�

E =
µ2 � µ1

e0
⇡ �2.3026 kBT

e0
(pH2 � pH1)
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Further reading
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How proteins find target sites on DNA?

J. Phys. A: Math. Theor. 42 (2009) 434013 L Mirny et al
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and

3
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Production of new proteins
Transcription of DNAtranscription

factors

Transcription factors are proteins, which bind to specific locations 
on DNA, and they help recruiting RNA polymerase (RNAP) that 

makes a messenger RNA (mRNA) copy of certain DNA segment.

Translation of mRNA

mRNA

protein

Note: some transcription factors (repressors) also prevent transcription.

DNA
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Protein-DNA interactions

DNA sequence

protein

target
sequence
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.

3d1d

n

(A) (B)

Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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kNS
o↵kSo↵

kSon kNS
on

Binding to specific target 
sequence is strong

�GS ⇠ 20� 25kBT

Binding to nonspecific 
sequence is weak
�GNS ⇠ 5� 10kBT

on rates are 
diffusion limited

off rates depend on 
binding strengths

b = 0.34nm

kSon ⇡ kNS
on ⇡ 4⇡D3b kSo↵ = Ase

��GS/kBT ⌧ kNS
o↵ = Ase

��GNS/kBT

kSo↵
kNS
o↵

⇠ 10�6

(Binding free energies can 
be modified by changing 
salt concentration, etc.)
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How long proteins remain bound on DNA?

ko↵

Probability that protein unbinds 
in a small time interval       :

Probability that protein remains bound for time    
and then it unbinds between time    and              :

t
t t+�t

�t

ko↵�t

ko↵�t⇥ (1� ko↵�t)t/�t

�t ! 0limit

p(t) = ko↵e
�kofft

Average binding time

Proteins remain bound to specific target sites for minutes to hours, 
while they unbind from nonspecific sites after milliseconds to seconds.

hti =
Z 1

0
t p(t)dt =

1

ko↵
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How quickly proteins find target sites on DNA?

concentration of free proteins 
far from the target site

rate of absorption (see slide 6)
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.

3d1d

n

(A) (B)

Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and

3

proteintarget
site

c(r ! 1) = [P ]

Characteristic search time via 3D diffusion

b = 0.34nm

Approximate target site as 
absorbing sphere of radius

I0 = 4⇡D3b[P] ⌘ kon[P] kon = 4⇡D3b

characteristic search time

short time binding kinetics for 
initially empty target sites [P-T]=0

d[P-T]

dt
= (kon[T])[P] ⌘

[P]

ts

ts = (kon[T])
�1

kon

ko↵
[P] + [T] [P-T]

Kinetics of protein binding/unbinding

d[P-T]

dt
= kon[P][T]� ko↵[P-T]

[T] concentration of empty target sites

[P-T] concentration of proteins bound to target sites
[P] concentration of free proteins
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How quickly proteins find target sites on DNA?
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and

3

proteintarget
site

Example: characteristic search time 
for lac repressor protein in E. coli
b ⇡ 0.34nm D3 ⇡ 30µm2/s

[T] ⇠ 1 per cell ⇠ 10�9M

kon ⇠ 108M�1s�1 ts ⇠ 10s

in vitro experiments (1970)
kexpon ⇠ 1010M�1s�1 ts ⇠ 0.1s

Why is experimentally observed rate 100 times larger?

A.D.Riggs et al., 
J. Mol. Biol. 53, 401-417 (1970)

Characteristic search time via 3D diffusion

ts = (kon[T])
�1

kon = 4⇡D3b

1M = 6⇥ 1026m�3

Molar concentration

1917 Smoluchowski theory
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Berg - von Hippel theory (1980s)

1. Proteins diffuse in space and non-
specifically bind to a random location on DNA.
2. Proteins slide (diffuse) along the DNA.
3. Proteins jump (diffuse) to another random 
location on DNA and continue this sliding/
jumping process until the target site is found.

O.G.Berg et al., 
Biochemistry 20, 6929-48 (1981)

(facilitated diffusion)

How long that is it take to find a target site in this process?
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and

3

b = 0.34nm L - DNA length
- diffusion constant in space

D1

D3

- diffusion constant along the DNA
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Berg - von Hippel theory (1980s)

Number of distinct sites visited 
during each sliding event

(valid for n>>1)

Probability that target site is 
found during a sliding event

q = nb/L
Probability that target site is 

found exactly after NR rounds

p(NR) = q(1� q)NR�1

First assume fixed sliding time 

n =
p
16D1⌧1d/(⇡b2)

⌧1d

Average number of rounds 
needed to find the target

O.G.Berg et al., 
Biochemistry 20, 6929-48 (1981)

Average search time

NR =
1X

NR=1

NR p (NR) = 1/q

ts = NR (⌧1d + ⌧3d)
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and

3

b = 0.34nm L - DNA length
- diffusion constant in space

D1

D3

- diffusion constant along the DNA
- characteristic jumping time⌧3d
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Facilitated diffusion

Average number of distinct sites 
visited during each sliding

In reality sliding times  
are exponentially distributed

Average probability that target site 
is found during a sliding event

Average number of rounds NR 
needed to find the target site

hqi = hni b/L

p(⌧1d) = kNS
o↵ e�kNS

off ⌧1d

h⌧1di =
Z 1

0
d⌧1d ⌧1d p(⌧1d) = 1/kNS

o↵

hni =
Z 1

0
d⌧1d p(⌧1d)

p
16D1⌧1d/ (⇡b2)

hni = 2
p

D1 h⌧1di / (b2)

hNRi = 1/ hqi

Average search time

htsi = hNRi (h⌧1di+ ⌧3d)

htsi =
L

2
p

D1 h⌧1di
(h⌧1di+ ⌧3d)
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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D3
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- characteristic jumping time⌧3d
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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Average search time

h`sli = 2
p
D1 h⌧1di

Optimal search time

Facilitated diffusion
htsi =

L

h`sli
(h⌧1di+ ⌧3d)

Average sliding length

dhtsi
d h⌧1di

= 0

htsiopt = L

r
⌧3d
D1

h⌧1diopt = ⌧3d

Search time for sliding alone

htsisliding ⇠ L2

D1

Typical jump time 

Search time for jumps alone
⌧3d =

1

kon [NS]
=

V

4⇡D3L

Concentration of 
non-specific sites [NS] =

L/b

V
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Example: search time for target site in 
bacteria on DNA with 106 base pairs
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Simultaneous search for target site by multiple proteins
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Figure 1. (A) Schematic representation of the protein–DNA search problem. The protein (yellow)
must find its target site (red) on a long DNA molecule confined within the cell nucleoid (in bacteria)
or cell nucleus (in eukaryotes). Compare with figure 9(A) which shows confined DNA. (B) The
target site must be recognized with 1 base-pair (0.34 nm) precision, as displacement by 1 bp results
in a different sequence and consequently a different site.
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Figure 2. (A) The mechanism of facilitated diffusion. The search process consists of alternating
rounds of 3D and 1D diffusion, each with average duration τ3D and τ1D, respectively. (B) The
antenna effect [9]. During 1D diffusion (sliding) along DNA, a protein visits on average n̄ sites.
This allows the protein to associate some distance ∼n̄ away from the target site and reach it by
sliding, effectively increasing the reaction cross-section from 1bp to ∼n̄. The antenna effect is
responsible for the speed-up by facilitated diffusion.

1.3. History of the problem: theory

To resolve this discrepancy, one possible mechanism of facilitated diffusion that includes both
3D diffusion and effectively 1D diffusion of protein along DNA (the 1D/3D mechanism) was
suggested. This mechanism was first proposed and dismissed by Riggs et al [1] but was soon
revived and rigorously studied by Richter and Eigen [3], then further expanded and corrected
by Berg and Blomberg [4] and finally developed by Berg et al [5]. The basic idea of the 1D/3D
mechanism is that while searching for its target site, the protein repeatedly binds and unbinds
DNA and, while bound non-specifically, slides along the DNA, undergoing one-dimensional
(1D) Brownian motion or a random walk. Upon dissociation from the DNA, the protein
diffuses three dimensionally in solution and binds to the DNA in a different place for the next
round of one-dimensional searching (figure 2(A)).

During 1D sliding the protein is kept on DNA by the binding energy to non-specific
DNA. This energy has been measured for several DNA-binding proteins and has a range
of 10–15 kBT (at physiological salt concentration), was shown to be driven primarily by
screened electrostatic interactions between charged DNA and protein molecules [6], and
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