MAE 545: Lecture 2 (2/8)
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Structural color

Structural colors of animals and plants appear due to the selective
reflection of ambient light on structural features underneath the surface.

structural color

White light coming from the
sun consists of all colors.
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E Electromagnetic waves

speed of light
E electric field P 9

s’
f”‘ ‘; \
=1, Py 'y 8
- 1
' P
T ‘il 12 " i ] C AV 3 >< ]_ O m S
A s’ 97 — —
PP A A mag netlc Ie O
1 > ’ 25’ -
27 > e
] g = i ,
” ] y 2
i5c e 72! Z'%t Z % 7
el » Y
v . v

v\ wavelength )\
B
c" by = c X Ey frequency U

2057
.....
A
A

wef}

< Increasing Frequency (v)

10 10* 10* 10'® 10' 10" 10" 10" 10% 10° 104 10° 10" v (Hz)
| I | | | | I | I | | | |
Y rays X rays uv IR Microwave |FM AM Long radio waves
Radio waves
I | I | ol [ [ ! I [ [ (I
' ™ 1w 1w 1 ) ot 107 107 10" 10 10* 10° 10% % (m)
L |
Increasing Wavelength (L) —

- -
- - -
- - -
- -
-
- -
- -
- -
- -
- -
- -
- -
- -
- - .
-

-

White light coming from the
sun contains electromagnetic
waves of all wavelengths!
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electromagnetic waves Wave equation

" o2 Solutions are
U 2y traveling waves
YR C V u g
ot with velocity c.
L waves in ropes under tension
—— C — e
€ permittivity 0 A

1 permeability

| :
sound waves tensile force

£ mass density

A cross-section area
P waves on liquid surfaces

- K bulk modulus shallow water
p mass density c=+\/gh
deep water
shear waves
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Plane waves

Solutions of wave equation
can be described as a linear

AhY L superposition of plane waves:
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“" Plane waves travel in

>\ direction of & with velocity:
. - ; :
Planes of constant phases: c=73 =Y
k - r = const Note: velocity of plane

waves may depend on
the wavevector c(k) !



Propagation of light in medium

vacuum medium w!th index
of refraction n>1

Ao
<
L1
: _ 8 _
speed of light co =3 x 10°m/s c=co/n
frequency Lo V=1
wavelength Ao A= Xo/n
Co = VoAo c=1v\

Optical path length is
geometric distance multiplied
by the index of refraction!

total number | *1 | To _ X1+ NT2
of cycles Ao A Ao




Reflection of waves
light rope heavy rope
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J Wave equation for rope under tension

| shape profile: h(x,1)
X

Assume small deformations and
ignore movement in x direction!

Forces acting on a small rope element: Second Newton’s law for a
small rope element:
0°h
pAdzx 57 = = F,(x +dx,t) — F,(x,1)
82h oF, 0°h
A—F = = F
P02 ~ on V922

Forces act only in direction of the rope: Wave equation:

Fy(x,t)  0h(x,1) O*h _ Ko &*h _ ,0%h
Fq T Ox ot? pA 0x? o2




Boundary conditions between

connected ropes
L, € shape profiles:
hb(xat) hg(wﬂf)
FO FO
7o
Forces acting on the massless Continuity: ropes are connected

point, where ropes are connected:

hb(ﬂj‘o, )— h (.CE(), )

Force balance:

' Ohy oh,
Foy,—Fy,=ma=0 — Iy (5507 t) 33:’ (3707 t)

Newton’s law for this massless point:




Reflection of waves on ropes

U; =—» :
wave speed in N wave speed in
black rope incoming pulse green rope
_ W Uy = i — Ut _“
Cl1 — 7 /. N\ : — Co —
kl : ]{72

reflected pulse : transmitted pulse

a:oz()

Solutions of wave equations can be expanded in Fourier series:
incoming pulse reflected pulse
ub(az,t) _ Z (Awei(klx—wt) 4+ Bwei(—klx—wt)>

“  transmitted pulse

_ i(kox—wt) amplitudes of reflected
g (¥, 1) = Z (C“’e ) and transmitted waves:

boundary conditions: ’ B A (c2 —c1)

up(0,t) = uy(0, 1) A, + B, = C, T (a1t )
O 0, _ 9 _bikl(A — B,,) = ik C_> Co, = Ay 22
%( 9 )_%(Oat) “ d 2w (61—|—CQ)
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Reflection of light at the interface between two media

boundary conditions for incident
waves nhormal to the interface:

amplitude of E.  nq—no
reflected r = oA —
electric field 0 ni + n2

energy density of
electromagnetic waves

reflectance

x n|E|?

amplitude of
transmitted
electric field

0F
° ox
- _t _ 2711
By ng 4




Reflection of light at the interface
between two media

amplitude of E, Ny — g amplitude of
reflected transmitted
electric field | Zi 1T 72 | electric field



Interference

constructive destructive
interference interference

) j . i
LA VAVAVAV VI A VAVAVAVAY
| |
| |
+ + s
A | N

(|A| + |B]) e'*7=et (|A| - |B|) e'F7=wt)

Constructive interference occurs Destructive interference occurs when
when the two waves are in phase: the two waves are out of phase:
waves offset by m\, waves offset by (m + 1/2)\,
m:O, 1, 2,... m:O,::l,::Q,...
eikmA _ 6?127Tm — 41 i3 eik(m—l—l/Q))\ _ 6’i(27rm—|—7r) — 1



Interference on thin films
Constructive interference of
reflected rays results In
strongly reflected rays with
very little transmission.

mirrors

Deconstructive interference of
reflected rays results In
almost perfectly transmitted
rays with very little reflection.

A i
-

antireflective
coatings




Interference on thin films

incident ray

ray reflected on
interface 1-2

ray reflected on |
interface 2-3

T 1

difference between optical path
lengths of the two reflected rays
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ny < no < nsg ni > N9 > N3
no additional phase

difference due to reflections
constructive

interference of OPD = m\
reflected rays

destructive |
interference of OPD = (m + —) A
reflected rays 2
m=0,x1,%2,...

ny > Ng < N3 ny < ng > N3y

additional 7 phase
difference due to reflections
constructive !
interference of OPD = (m 4 _) A
reflected rays 2
destructive
interference of Hpp _ )
reflected rays

What happens for
other wavelengths?



Transfer matrices

How can we relate the amplitudes of electromagnetic
waves in the region 0 (white) to the amplitudes of
electromagnetic waves in the region 2 (blue)?
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Transfer matrices

——
I 2TNg  NqW 0 d1

A Co EO(SE, t) — E, Rei(kow—wt) 1 FE, Lei(—kox—wt)
Electromagnetic waves _ i(kiz—wt) | i(—kiz—wt)
in different regions: Er(z,t) El’Re, Er Le
E, (33, t) — B, Rez(kgx—wt) 1+ B, Lez(—kgx—wt)
Boundary conditions:

Ey(0,t) = E1(0,1) E1(dy,t) = Ea(dy, 1)

an 8E1 aEl (9E2
T2000. 1) = =L — = (dy,t) = ——=(di,1
5 (0,1) 5 (0,1) By (di,1) . (dyi,1)
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Transfer matrices

| | &
0 dyq
Boundary conditions:
Ey(0,t) = E1(0, 1) Ey(d1,t) = Ea(dy, 1)
0FE 0F; OF OF5

%(O,t) 5 ——(0,1) By ——(d1,t) = P —(dq,t)

We would like to relate boundary conditions at
two different interfaces via a transfer matrix M;:

( sy )= 4 )

ox ox
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Transfer matrices

| > T
0 di
Electromagnetic Ei(r 1) = Fy petlkrz—wt) | p i(=kiz—wt)
waves in regions 1: 1) 1,RC + L€

Relation between boundary conditions:

( Er(dy,1) >:< Es(dy,1) )zM < L (0, ) >:M1( £4(0, ) )
98, (dy, 1) OL: (dy, t) P\ 20,1 98, (0, 1)
El,Rezikldl + E1,L€_ik1d.1 _y Eir+E11
ik1 By getfrd — ik By pe~#d ) TN\ Gk By g — ik Ey L

i i} k‘ d Sin(kl dl)
Transfer matrix M can be obtained M, = cos(k1dy), ki
by solving equations above: —kq sin(ki1dy), cos(kidy)
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Transfer matrices

0 1 T2
Transfer matrix for m layers:

Em—l—l (xma t) ) ( Em (xm—la t) ) ( Em—l (xm—27 t) )
= My, = My, M,,—1 OFE,,_ — ..
< 8E(’9W;;+1 (JZm, t) Ul (x’m—h t) O - ( m—2 t)

Note:
Em_|_1 (Qjm, t) EO(07 t) B COS(kada), sin(kydg)
( 8E8n;+1 (x"mﬁt) ) =M ( Lo (Ovt) Mo = ( —kq sin(kqd,), COS(Zaada) )
det(M) = det(M,) =1

27N, NqW
ka p— p—
A Co
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Transfer matrices

—— | ——f——2z

0 1 Ty **°* Tm—1 Tm
Incoming and outgoing electromagnetic waves:
Ein(z,t) = EgetFne=wt) 4 B ei(—kinz—wi)
Eout(x,t) = t Eqet(Foutz—wt)
( é)EE()ut(mmat) ): ( Myy, My > ( fip((),t) )
O%out (g, 1) Moy, Moo Olin ((), 1)
(Ma1 + Kinkouw Mi2) + t(kin Moz — kous Mi1)

i (—Mo1 + kinkout Mi2) + t(kous M11 + kinMos)
Amplitudes of reflected 9il o—iTmkou

. } t = ;
and transmitted waves: (— Moy + kinkousMi2) + i(kous M11 + Kin Mas)
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Example: antireflective coating

We would like to design a thin film coating for
glasses that minimizes reflection of visible light.

Nair ~ 1

wavelength [nm|

Assume that thin film is made of MgF: that can be - _ 138
easily applied with physical vapor deposition: film — =

interference of reflected rays can be satisfied 2dsimngim = | M + -

only for discrete set of wavelengths Ao : :
20 m:O,1,27...

Note: the condition for deconstructive ( 1)
A0



Example: antireflective coating

0.06

——no coating
—1 layer

R
O
o
a1

0.04 |

0.03

0.02 \

spectrum of visible light 0.01

reflectance

O I I 1 I I
400 450 500 550 600 650 700

400 500 600 700

wavelength [nm wavelength )\ [nm)]

Use film thickness that corresponds
to the destructive interference for the Atarget

wavelength in the middie of the dfilm = yr—— 100 nm
visible spectrum A¢yrgct = 550 nm :
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Example: antireflective coating

spectrum of visible light

reflectance R

400 500 600 700
wavelength [nm)|

Atarget = 550 nm

>\t t
deim = —== = 100 nm
T H1m

constructive interference
2nﬁlm dﬁlm = mA

006 ///// /

——no coating
—1 layer

o o
o o
BN O'I

o
o
w

0.01 M‘

u/ \/

O I
200 /400
/ / wavelength A [
I

deconstructive interference
2N61mda1m = (m -+ 1/2))\
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Example: antireflective coating

Multiple layers of coating significantly
reduce the reflectance of visible spectrum!

Nair ~ 1

0.06 ; .
: ——no coating
: —1 layer
Sy 0.05¢ : — 3 layers
8 0.04f :
C :
-g 0.03} :
O E
15 0.02 + :
p - 1
spectrum of visible light 0.01¢
O : L | ]

400 450 500 550 600 650 700

400 500 600 700

wavelength [nm] wavelength A\ [nm|

Use film thicknesses that correspond di = Aarect/(411)
to the destructive interference for the dy = \ ° /(2n9) <
wavelength in the middle of the 0, — )\target/(4n3)
— /\target

visible spectrum A, gt = 550 nm:
25

note the additional
~— phase difference!




Example: antireflective coating
Multiple layers of coating significantly

enhance reflectance of certain wavelengths
outside the visible spectrum!
Y/
/// / / ——no coating
- n _

Nair ~ 1

o
N

—1 layer
M /\ —3 layers

o
—h
o1

o
—h

spectrum of visible light

400 500 600 700 0 m
200 400 600

wavelength [nm)|

Atarget = 550 nm

d1 = Atarget/(411) Additional peaks (minima) correspond to the
da = Atarget /(2n9) constructive (deconstructive) interference for rays
ds = Marget/ (413) scattered on different combination of interfaces.
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reflectance R
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wavelength A\ [nm)
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Example: structural color

Chrysochroa raja bettle = We would like to design periodic structure, which
preferentially reflects green color with A\ = 500 nm.

Nair ~ 1

>

wavelength [nm]|

Typical refraction indices:
ng =169 np =156

Constructive interference of v
reflected rays can be achieved with:

m periodic layers (m=4)

dy = i — 74nm
4nH
A
dp, = = =80nm

27
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Chrysochroa raja bettle

< \

Example: structural color

|

400

wavelength [nm]|

reflectance R

0

Multiple periodic layers increase the
reflectance of target wavelength Ao = 500 nm

O
o

O
o))

O
~

0.2 Mﬁ

——m=1 layer
——m=2 layers
——m=4 layers -
——m=16 layers

400

450

500 550

A [nm]

600

650

In periodic structures high reflectance is

achieved for a range of wavelengths around the

/700

target wavelength. This range is called band gap.
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