MAE 545: Lectures 7,8 (2/27)

Wrinkled Shapes of
surfaces growing sheets




How are villi formed in guts?
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Villi increase internal surface area of intestine for
faster absorption of digested nutrients.



Lumen patterns in chick embryo

Stiff muscles grow slower
than softer mesenchyme
and endoderm layers

DAPI marks cell nuclei
e aSMA marks smooth muscle actin

E...: age of chick embryo in days P T
A | _DAPY [ DAY Lumen ES8 ||z
E12 ||
E3 radial compression due
to differential growth
£10 produces striped wrinkles
No muscle + circ. muscle
endoderm L -
E12 mesenchyme
muscle

up until E6 E8-E12
Smooth Ridges

3  A. Shyer et al., Science 342, 212 (2013)
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Lumen patterns in chick embryo

Formation of longitudinal muscles at

No muscle + circ. muscle + long. muscle + long. muscle

J g 4 4
endoderm
mesenchyme
muscle |

up until E6 E8-E12 E13-E15

Smooth Ridges Zigzags
4 A. Shyer et al., Science 342, 212 (2013)




Lumen patterns in chick embryo
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\ Relatively faster growth of valleys

Top view

Side view

Villi start forming at E16 because Twisting Bulges

of the faster growth in valleys

B [Zigzag |[Twisting][Bulges ] | | € [ Ziazag |[Twisting]
The same mechanism for § >
villi formation also works 2 =
= = = -
in other organisms! o §
w

5  A. Shyer et al., Science 342, 212 (2013)



Why are guts shaped like that?

Regions of the small intestine
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i Guts In chick embryo

Surgically removed guts from chick embryo

Tube straightens after Tube grows faster than
separation from mesentery mesentery sheet!
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7 T. Savin et al., Nature 476, 57 (2011)



Synthetic analog of guts

Rubber model of guts

L—L <L
\ ‘/Stretch
L »

. (n =5 here)

What is the wavelength of
this oscillations?

8 T. Savin et al., Nature 476, 57 (2011)



Compression of stiff tube on
soft elastic mesentery sheet

QTO 2.
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assumed profile /(s) = hocos(27s/))
. - deformation of the soft mesentery decays
amplitude of A /A \ \/g exponentially away from the surface
wrinkles |0 = 2\ T T h(s,y) ~ hocos(2ms/\)e=2mv/A
2
bending energy N N hg  LEde
of stiff tube Up ~ L Xk X R2 L x Logdy X \4 )2
' 2
deformation energy 5 h§
of soft mesentery Up ~ A X Epd X €, ~ LA X End X 2~ LE;,d\e
inimi [ ' bending
en:er:-lgn;?fjbtfzjan:) ecoem e ol A\ Et 1 ! 1/3 stiffness of tube
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ke < By (rg — )
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Wavelength of oscillations in guts

animal data, rubber model,
computer simulations

100

Chick E12 00 Quail E12 FinchE13 Vv  Mouse E16.5 X

chick quail finch mouse
10 T. Savin et al., Nature 476, 57 (2011)



Compression of soft elastic material

When soft elastic material is compressed by more than 35%
surface forms sharp creases. This is effect of nonlinear elasticity!

swollen gel
on a stiff substrate

arm of rising Liangfen swollen gel
an infant dough (starch jelly) on a stiff substrate

11



Swelling of thin membranes on elastic substrates

stiff membrane soft membrane soft membrane
soft substrate stiff substrate soft substrate
- Stiff ~ Soft ~ Soft
Soft Stiff Soft

l l
N aaad

wrinkles
+Ccreases

=5

swelling

wrinkles creases

swelling
of gels

J \\
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12 T. Tallinen et al., PNAS 111, 12667 (2014)



Cortical convolutions in brains
gray white
matter matter

gyrus
sulcus

white
matter

gray
matter
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Formation of cortical convolutions

in developing brains
Magnetic resonance images (MRI) of fetal brains

GW 22-23 GW 25-26 GW 28-29 E GW 33-34 GW 36-37

gestational week (GW): age of fetus in weeks
Numerical simulations of developing brain

Initial condition: shape from MRI
image of fetal brain at GW 22.

gray white
matter matter

2cm

Assumptions:
iIsotropic expansion of white matter
additional tangential expansion

of gray matter 14 T Tallinen et al., Nature Physics 12, 588 (2016




Formation of cortical convolutions

in developing brains
Magnetic resonance images (MRI) of fetal brains

GW 22-23 GW 25-26  GW 28-29 GW 33-34
gestational week (GW): age of fetus in weeks

GW 36-37

GW 22 GW 26 GW 29 GW 34

From GW 22 to adult stage:
brain volume increases 20-fold from 60 ml to 1,200 ml

cortical area increases 30-fold from 80 cm?2 to 2,400 cm?2

15 T Tallinen et al., Nature Physics 12, 588 (2016)




Formation of cortical convolutions

in developing brains
Magnetic resonance images (MRI) of fetal brains

GW 22-23 GW 25-26  GW 28-29 GW 33-34

gestational week (GW): age of fetus in weeks

Swelling of gel models of brain

3D-printed master mould  oyjicated
brain model gel-brain

GW 22

GW 36-37

Tcm
|

gel-brain
coated with
thin layer

e

In experiments only the
thin coated layer swells
by absorbing a liquid!

Speed 64x

16 T. Tallinen et al., Nature Physics 12, 588 (2016)




Formation of cortical convolutions

in developing brains
Magnetic resonance images (MRI) of fetal brains

: . @ ‘ ’
GW 22-23 GW 25-26 GW 28-29 GW 33-34 GW 36-37

P

gestational week (GW): age of fetus in weeks

GW 22 GW 26 GW 29 GW 34 GW 40
Swelling of gel models of brain

»
GW 22 (t=0) GW 26 (t=4 min) GW 29 (t=9 min)
17 T. Tallinen et al., Nature Physics 12, 588 (2016)




Formation of cortical convolutions
in developing brains
Magnetic resonance images (MRI) of brains

GW22  GW29 GW34  GW 40 adult
Numerical simulations of developing brain

338 3E 3

GW 22 GW 29 GW 34 GW 40 adult
Swelling of gel models of brain

(SN Y

GW 22 GW 29 GW 34
(t=0) (t=9 min) (t=16 min)

18 T. Tallinen et al., Nature Physics 12, 588 (2016)




tangential expansion g2

Brains for various organisms

computer
simulations

1IO 1I5
brain size R/T

20

25

measurements of
brain parameters

R: brain size

» & T:thickness of
% gray matter

tangential expansion

contour length
of gray matter

g —
length of
circular section

gyrification index

GI =

area of brain surface

area of convex hull

19 T. Tallinen et al., PNAS 111, 12667 (2014)



Power law scaling for the brain size
of various organisms

white matter
volume

gray matter
volume
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£~ South African giant shrew
- Small Madagascar hedgehog ~>8

white matter volume W [mm?3]

Pygmy shrew
L)

Risso’s dolphin
Human ~_
Bottlenose dolphin ™~

Horse

Harbor porpoise  ~

Chimpanzee ~J~ ¢
Sea lion S

Camuchi . Olive baboon ~ Cow
apuchin nmonke .
P Vervet mgnkey Lar gibbon
Red colobus  ~_ ™~ Pig
Redtail monkey > X Macaque monkey
Howler monkey ~_ Sheep
Squirrel monkey Cat\ . Woolly monkey
White sifaka ™ Fox
White—fronted lemur - * Aye—aye
Owl monkey ~_ & ® Indri
Slow loris < Mara
Tufted—ear marmoset Marmoset
Rabbit ~_

~
A Woolly lemur
O Red—tailed sportive lemur
™ Pygmy marmoset
. Flying fox
Dwaif bushbaby

Tarsier
~ Tree shrew
Lesser mouse lemur

Everett’s tupaia <

West European hedgehog
Algerian hedgehog

a
Fisherman bat
Tenrec N

Large Madagascar hedgehog
Mouse e
Water shrew

~ Long—eared desert hedgehog

J > Streaked tenrec
™~ .
Asian house shrew

Iog10 W= (1.23+0.01) Iog10 G-(1.47£0.04)

S Common shrew
European white—toothed shrew

O Elephant 3
Pilot whale

r=0.998
o e e e e e 10
gray matter volume G [mm3]

20

another scaling relation

gray matter
thickness

0.¢
(gray matter ) 0.10

volume

Note: power law
scalings of various
quantities among
organisms are very
common!

K. Zhang and T.J. Sejnowski,
PNAS 97, 5621 (2000)



Brain malformations

lissencephaly
pachygyria

(small number of larger gyri)

polymicrogyria
(large number of smaller gyri)

‘4*

-— )

Reduced neuronal Typically gray matter has
migration to cortex only four rather than six
l layers in the affected areas.

Gray matter is thicker
and it swells less!
21



Compression of thin membranes on

elastic substrates with finite adhesion
Strong adhesion between membrane and substrate

stiff membrane soft membrane soft membrane
soft substrate stiff substrate soft substrate
WI ‘ P —— \l /V\I | /\/l ’\/I |

wrinkles creases folds

Weak adhesion between membrane and substrate

N o thin membrane
delaminates/buckles!

The morphology of compressed structures can be
obtained by minimizing the total energy

Utotal — Usubstrate + Umembrane + Uadhesion

elastic energy elastic energy adhesion energy » [ — —TA
of deformed of deformed between membrane
substrate membrane and substrate
00

I' adhesion constant
A contact area



Compression of thin membranes on
elastic substrates with finite adhesion

Experimental protocol

< > stretch
substrate

release
substrate

€ — compressive
Ly, strain

E,,, membrane Young’s modulus

adhesion constant

(strength of glue) b/ substrate Young’s modulus

23



Compression of thin membranes on elastic
substrates with finite adhesion

Computationally predicted phase diagram

membrane stiffness

/ adhesion
strength

24 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic
substrates with finite adhesion

Very strong adhesion (I'/(E;d) > 1)

wrinkling
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25 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic

substrates with finite adhesion
Very strong adhesmn (I'/(Esd) > 1)

105 O 00 0O g o o
4 Ridge
10 | A Ad o oo ooag e >E
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26 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic
substrates with finite adhesion
Very strong adhesmn (I'/(Esd) > 1)

1 O O o0 O B B ()
4 Ridge

10 | A Af O oo ooo y>E
103 A Wrinkle & © o0 o oo oo
Period-double
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-y WW
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e = 0.25 e = 0.33 e =041 e = 0.49 e = 0.59

27 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic
substrates with finite adhesion
Very strong adhesmn (I'/(Esd) > 1)

10 T OT T T
4 Ridge
10 A Af O oo ooa 3->E
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gl Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic
substrates with finite adhesion
Very strong adhesmn (I'/(Esd) > 1)

10 O 00 0O OO0 O
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29 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic

substrates with finite adhesion
Strong adhesion

- 66.63 - 3.99
Esd Byl 7
all phases are present the region of “Delaminated-
buckle” phase expands,

delamination/buckling of {:IAges the “Ridge” phase disappears

AANS AL delamination/buckling of wrinkles
5 __Delaminated- 10° . ' N\
__ buckle Delaminated-

v buckle »xan~9\

=3.99

0 01 02 03 04 05 06 0 01 02 03 04 05 06
€
€
30 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic

substrates with finite adhesion
Moderate adhesion

. — (.81
E.d

“Ridge” and “Period-double”
phases disappear

delamination/buckling of folds

10 \
10° Delaminated- \
buckle '

Crease _
0 01 02 03 04 05 06

I
—=0.46
bgd

“Ridge” and “Period-double”
phases disappear

delamination/buckling of wrinkles

10 . ' N\

Delaminated-
buckle

10 =0.46

0 01 02 03 04 05 06
€

Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Compression of thin membranes on elastic

substrates with finite adhesion
Weak adhesion

I' I'
—= (.28 —=0.13
Ed Ed
“Ridge”, “Period-double” and delaminatied/buckled phase almost
“Fold” phases disappear completely takes over the other phases
delamination/buckling of creases delamination/buckling of flat phase
10° . . _ . 10° . . . \\
10° Delaminated-buckle \ 10°
; | Delaminated-buckle
2| 4 o 107] TETG“O-G—M—
=% Delamination _m
1 : > Crease/fold Lmm E 10" TN O OO0 -0
: S i :
100 Tt = . ‘% 10°)
1 Crease : | Flat _ .
10 1 x : ' : 10 1 1 1 n
0 01 02 03 04 05 06 0 01 02 03 04 05 06
€
€

32 Q. Wang and X. Zhao, Sci. Rep. 5, 8887 (2015)




Shapes of growing/swelling
sheets and coiling of rods
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Shapes of flowers and leaves

saddles
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Wrinkled and straight blades in macroalgae

S o~ R :
SN z

bull kelp
(seaweed)
Slow water flow Fast water flow
environment (v~0.5 m/s) environment (v~1.5 m/s)

new growth after old growth before
transplantation (wrinkled) transplanted (flat)

Transplantation of blade
from one environment to 7 4
the other changes '

morphology! blades

M. Koehl et al., Integ. Comp.
35 Biol. 48, 834 (2008)



Wrinkled and straight blades in macroalgae

S

bull kelp
(seaweed)
Slow water flow Fast water flow
environment (v~0.5 m/s) environment (v~1.5 m/s)

reduced drag to prevent

Increased drag detachment from base (=death)

blades flap like flags minimal flapping
flapping prevents bundling of blades bundle together and
blades, which can thus receive some blades on the bottom
more sunlight (photosynthesis) receive less sunlight

M. Koehl et al., Integ. Comp.
36 Biol. 48, 834 (2008)



Wrinkled and straight blades in macroalgae

Slow water flow Fast water flow
environment (v~0.5 m/s) environment (v~1.5 m/s)

edges of blades grow at the
same speed as the midline

edges of blades grow
faster than the midline

A B

s 10:254 O - edge o 0.2 O - edge

5 ® - midline © m - midline

[ -

S 0271 £ 0.15 1

g E~

£ s 2

1= . s 5 0.1

bl o

2 0.1 =

g 2 0.05 -

— ()]

3 0.05 - S

g\ 0 T T T

S 0 S . = , © 10 20 30 40 50 60 70
) 10 20 30 40 50 60 70 : distance from origin at start of
: distance from origin at start of experiment ' experiment (cm)

(cm)

What is the effect of differential
growth rate between the edge M. Koehl et al., Integ. Comp.
and the midline of the blade? 37 Biol. 48, 834 (2008)



Differential growth produces internal stress

faster growth of the
bottom edge in x direction
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Differential growth produces internal stresses,
which can be partially released via bending!

Next: Short detour to differential geometry.
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Metric for measuring distances along curves

| parameter describing
L position along the curve

_’(:cl) function describing
shape of the curve

0
- df'(xl) local tangent /
1y —
t(z”) 7yl tothe curve "

0
metric for measuring lengths

dr? = di® = 12 (dz')” = g (dz*)”

g=1t
dt = \/gdx’

Natural parametrization
corresponds to g = 1, where z'
measures distance along the beam. 39




Metric for measuring distances along curves

| parameter describing
L position along the curve

_’(azl) function describing
shape of the curve

0
o1y dr(z') local tangent
(z°) = sl tothe curve Example

metric for measuring lengths
dr? = di® = 12 (dz')” = g (dz*)”

9 = t r(x”) = R(Cos(wxl),sjn(wxl))
dt = \/gdz’ t{z') = Rw( — sin(wa'), cos(wz"))
9(33'1) — R?wW?
/

Natural parametrization
corresponds to g = 1, where z',
measures distance along the beam. 40




Strain and energy of beam deformations

undeformed beam deformed beam
Q\/ ’]7/(331)
; (a) 0
g = (di/dz")’ g = (di' Jdz")?
dt = \/gdz’ Al = \/qg'dz* = d0(1 + €)
strain Energy cost for
A0 — df® = (2¢ + 2)dl? ~ 2 df? stretching/compressing
. dl’? — Jdp? I ., U_/(\/_dl 1 2
€ 5772 59 (9" —9) 9
strain measures the difference k=EA
of metric ¢’ for deformed beam E - 3D Young’s modulus

from the preferred metric g ! A - beam cross-section area
41



Metric tensor for measuring distances on surfaces

1 2 parameters describing
, m L] L]
position along the surface

7;»(331 :CQ) function describing
’ shape of the surface

—

P O Jlocal tangent vectors
Y Oxt to the surface

= t1 X t2  unit normal vector

- 11 x o]  of the surface
metric tensor for measuring lengths area element
2 2 N N . . . . S S P
dl* = dr* = Z t; - tidx'dr’) = Zgijd:vzdxj tha;QZO;
i, i, '

P 1 tldCE’l

o o [ttt -t I

gig = ti - lj = ( 0i bl ) dA = |t1||t2] sin adz! dz?

g = det(gs;) = [t1 X Lo]? I dA = /g dz'dz?

42



Examples

r(z,y) = (z,y,0)

, SR 1, 0

L 0r

v =g, — (OL0) dA = drdy
==X 0,1
s X |
(¢, z) = (Rcos ¢, Rsin ¢, 2)

s 2
{¢:§_;:R(—sinqb,cosgb,0) 9i; :t_;t_; - ( Fé” (1) >
EZ:&:(O,OJ)

?Z ) dA = Rdodz
n = t_,qu% = (cos ¢, sin ¢, 0)

[ty X
(0, ¢) = R(sin 6 cos ¢, sin 6 sin ¢, cos 6) o R2 0

, gq;j:tz”tj:<0’ R2-29)
fy = % = R(cos 6 cos ¢, cos 0 sin ¢, — sin ) 7 .
S or . : -
b = 99 = Rsin O(— sin ¢, cos ¢, 0) dA = R?sin 6 dfdo
n = t_’@ . t_fb = (sin 6 cos ¢, sin 0 sin ¢, cos 0)

|t9><t¢
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Strain tensor and energy of shell deformations
undeformed shell deformed shell

<3 9 AN 555
W= a0/

S
sheet thickness d

7“(931, X 0 77’(:1317 332) Young’s modulus £

O Poisson’s ratio v
- or  or , or’ or'
91 = i G Y15 = i 9a
2 1 ' : .
aers = Zgijdx dz’ Al = Zggjdx"dxj
v,J i,7
strain tensor Energy cost for stretching,
: compressing and shearing
Uiy = 2 Z(g_l)ik (g;cj - gkj) R i 2 ]
k U = /(\/gjda: dx ) 3 A <Z um> —I—QuZuwuﬂ
. . ¢ Y
inverse metric tensor n n
1) g = (V) = 5 Lame constants
zk;(g ) kE9k; Ek:g k(g )kj J Evd Ed

g = det(gi; \ =
44 (915) 1-2) "7 20+



Strain tensor for deformation of flat plates

undeformed plate deformed plate
t oo

O
SN S S AN NGNS

e R N SENE P o

\\'}"'4/,"1; g

0 0
77([L‘,y) :x€$+y5y T/(Qf,y) :F(way)_l_ufﬂ(x?y)—)m‘
_|_uy (ZIZ', y)gy + h(ma y) _)z
local tangents i, J,k € {x,y} local tangents
t_;' = O, = (3’_77 = &, t_;z = az":; = €; + Z(@zuk)ék + (0;h)ée,
01 -
metric tensor Stl‘aln tensor
1
PN ]., 0 Uy — = g;—(sz
gij = ti - tj = 0ij = 0. 1 ’ 2( J 3)

2u7;j = (&Luj -+ 8JUZ) + Z @uk(‘?]uk -+ &hﬁjh
k
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Curvature of curves

- .
L 3
- ~

g R(z*

A
)

. parameter describing
L position along the curve

_,( 1) function describing

shape of the curve (xl)
0 (")
_ 1, dr(z') local tangent
t(a) = ] to the curve EXélmlf)Je1
t(x
S 1 local unit normal )
n(z) vector to the curve L
ni(x”)
_ 72 metric for
9= measuring lengths
curvature of curve 7(z') = R(cos(wz"), sin(wz"))
i(z") = (cos(wz'), sin(wz"))
) —
i:Kzl ﬁ dT g(ml):R2w2
R g d(xl)? oo 1
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Curvature tensor for surfaces

1 2 parameters describing
, m L] L]
position along the surface

7;»(331 :CQ) function describing
’ shape of the surface

ro_ O Jlocal tangent vectors
Y Oxt to the surface

t1 X ¥2  unit normal vector
!t1 < tz\ of the surface

n =
principal curvatures correspond to
_ the eigenvalues of curvature tensor
oo metric tensor for
gij = li - 1 - Lo
measuring lengths :
Ri R»

mean curvature

curvature tensor for surfaces

1 /1 1 1 1
' S\t 5 ) =5 ) K= Sty
K ~1 L O 2 <R1 " RQ) 2 zz: : )
tJ zk: (g )zk OxkOxI Gaussian curvature
1
— det(Kij)

Ri1Rs
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| curvatures

ious principa
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Examples for Gaussian curvature

_/
<
\______./
\___,,/
\-_____,j
L —1—1
e— \4___——"
S = 1
t._—’ > 0
b RiRo
\_-——
e | | 1
= (
RiRo
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Examples K=Y (07, (it aﬁ;)

r(z,y) = (z,y,0)

L or
tx:—: 1 - - 1, O
oy ~ 100 Qijztz"tﬂ':<0 1)
by = — = y 9
o0y K. — 0, 0
==X 0,1 + 0, 0
Lz X ty|
(¢, 2) = (Rcos ¢, Rsin ¢, 2)
ty = a—; = R(—sin ¢, cos ¢,0) Gij =t; - tj = ( }(2)7’ (1)
L or
tz:_: ) 71
0z (0,0, 1) I7e —%, 0
i = 2" = (cos ¢, 5in 6, 0) N 0, 0
[tg X L2
(0, ¢) = R(sin 6 cos ¢, sin 6 sin ¢, cos 6) o B2 0
. gz:tzt:< ) 5 . 2 )
L 0 J J 0, R 0
o = 8—2 = R(cos 6 cos ¢, cos 0 sin ¢, — sin ) ’ .
R 1
= — = 1 — q] .. — R’
& 9 Rsin 0(— sin ¢, cos ¢, 0) Kzg — < 0 1 >
" FeXng : : : ’ i
n=———=— = (sinf cos ¢, sin 6 sin ¢, cos 6)
|t9><t¢
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Bending energy for deformation of shells
deformed shell

undeformed shell

S OSSN

'///’l‘: %)

sheet thickness d

74(33,17 332) 0 ff"’(xl’ T Young’s modulus E
0 Poisson’s ratio v
- 0°r 07"
L 1 — — —
K = zk: (9 )zk (n 8xk8xj> vaj — Z (9/ 1)7,k (n’ ' (‘M’“@ﬂ)
k

bending strain tensor

Energy cost of bending

1

U —

(local measure of deviation
from preferred curvature)
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Bending strain for deformation of flat plates

undeformed plate deformed plate

7 /

77(5177 y) = xe, + ygy

local normal local normal (neglecting in-plane deformations)
o t_;; X {y . ’r;’ o~ €, — (axh) €r — (ayh) 5y
mn — = = — ez
& %1, V1 + (@:h)? + (9,h)?

(
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Mechanics of growing sheets

Growth defines preferred metric tensor gi;,
and preferred curvature tensor K.

strain tensors

= or’ or’ 1 _
SN gfgj = D7 O Uij = 2 ; (g 1)% (gllcj —gm)

0 77/(331, $2) ng - Z (g/ 1)7;k (n’ ' 3xkaxj) bij = Kéj — Ky
k

The equilibrium membrane shape 7' (z', z*)
corresponds to the minimum of elastic energy:

2
1 1 2
U = /(\/gdajldng) 5)\ (Z uzz) —+ ,LLZ”U,Z]U,JZ —+ 5/43 (tl’(bij)) —+ /igdet(bij)
- ¢ Z’] —
Growth can independently tune the metric tensor g;; and the
curvature tensor K;; , which may not be compatible with any

surface shape that would produce zero energy cost!

Zero energy shape exists only when preferred metric tensor 9:; and
preferred curvature tensor K;; satisfy Gauss-Codazzi-Mainardi relations!
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Mechanics of growing sheets

One of the Gauss-Codazzi-Mainardi equations (Gauss's Theorema
Egregium) relates the Gauss curvature to metric tensor

det(ng) — -7:(9;7')

The equilibrium membrane shape 7' (z"', z*)
corresponds to the minimum of elastic energy:

2
U= /(\/gdatldx2) 5)‘ (Z uzz) + Mzuijuji + %li (tr(bij))2 + kedet(b;;)
scaling with For very thin membranes the equilibrium
membrane shape matches the preferred metric tensor to
thickness d avoid stretching, compressing and shearing.
Mot~ Ed This also .?pecifies the Gaus:s curvature!

/
K, kg ~ Ed° 9i5 = Yij
det(K;) = F(gi5)
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