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Abstract

In recent years, we have seen an exciting new development in research on mechanical
metamaterials, topological phononics, and mechanics of atomically thin 2D materials.
In this thesis, I present how methods from physics can help us in understanding the
mechanical properties of these systems as well as gaining further intuition. First, we
develop a multipole expansion method to describe the deformation of infinite as well
as finite solid structures with cylindrical holes and inclusions by borrowing concepts
from electrostatics, such as induction and method of image charges. Our method
shows excellent agreement with finite element simulations and experiments. Next,
using representation theory, I show how symmetries of phononic crystals affect the
degeneracies in their phononic band structures. Deformation of phononic crystals
under external load that causes breaking of some symmetries can lead to the lifting
of degeneracies for bands and creating gaps such that waves of certain frequencies
become disallowed. Finally, using methods from statistical physics, I present how
the mechanical properties of atomically thin 2D sheets and shells get modified due
to thermal fluctuations. Freely suspended sheets subject to such fluctuations are
much harder to bend, but easier to stretch, compress and shear, beyond a char-
acteristic thermal length scale, which is on the order of nanometers for graphene
at room temperatures. Just like in critical phenomena, these renormalized elastic
constants become scale dependent with universal power-law exponents. In nanotubes,
competition between stretching and bending costs associated with radial fluctuations
introduces another characteristic elastic length scale, which is proportional to the
geometric mean of the radius and effective thickness. Beyond this elastic length scale,

bending rigidities and in-plane elastic constants of nanotubes become anisotropic.
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Chapter 1

Introduction

Motivated by recent explosion in research in mechanical metamaterials [2, 3, 4, 5, 6, 7],
bio-physics and bio-mechanics [8, 9, 10], nano-scale origami [11] and kirigami [12]
structures, and micro-robots [13, 14, 15], this work focuses on using concepts and tech-
niques from physics to understand elasticity and mechanics problem. In particular,
we use electrostatic induction and image charges, representation theory of symmetry
groups, and renormalization group theory from statistical mechanics, and apply to
problems of deformation of 2D inhomogeneous elastic structures, elastic wave propa-
gation in periodic elastic media, and effect of thermal fluctuations on the mechanical
properties atomically thin structures respectively. A broad perspective of the specific
problems and how ideas from physics can help us in the respective areas is given

below.

1.1 Inhomogeneous elastic materials

Elastic materials with holes and inclusions have been studied extensively in materials
science. Typically, the goal is to homogenize the microscale distribution of holes and
inclusions to obtain effective material properties on the macroscale [16, 17, 18, 19],

where the detailed micropattern of deformations and stresses is ignored. On the
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other hand, it has recently been recognized that the microscale interactions between
proteins embedded in biological membranes can promote the assembly of ordered
protein structures [20, 8, 9] and can also facilitate the entry of virus particles into
cells [10]. Furthermore, in mechanical metamaterials [2], the geometry, symmetry,
topology and contrasting elastic properties of different materials are exploited to
achieve extraordinary functionalities, such as shape morphing [3, 21], mechanical
cloaking [4, 22, 23], negative Poisson’s ratio [24, 25, 26, 27, 28], negative thermal
expansion [5, 29], effective negative swelling [6, 30, 31], and tunable phononic band
gaps [32, 7, 33]. At the heart of these functionalities are deformation patterns of such
materials with holes and inclusions. Therefore, understanding how these structures
deform under applied external load and how symmetries of these structures affect
their functionalities are crucial for the design of novel metamaterials. A significant
part of this thesis is dedicated to investigating these two topics using methods from

electrostatics and representation theory.

1.1.1 Elastic deformation of 2D solids with circular inclusions

using concepts from electrostatics

Linear deformations of infinite thin plates with circular holes under external load
have been studied extensively over the years [34, 35, 36, 37, 38]. The solution for
one hole can be easily obtained using standard techniques [1] and the solution for
two holes can be constructed with conformal maps and complex analysis [35]. Green
demonstrated how to construct a solution for infinite thin plates with any number
of holes [34] by expanding the Airy stress function around each hole in terms of the
Michell solution for biharmonic functions [39]. However, it remained unclear how this
procedure could be generalized to finite structures with boundaries.

Deformations of thin membranes with infinitely rigid inclusions have also received

a lot of attention, especially in the context of rigid proteins embedded in biological

2
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Figure 1.1:  Induction in electrostatics and elasticity. (a,b) Induced polarization
resulting from the charge (—, +) redistribution due to the external electric field Eq of
(a) a single and (b) multiple conducting spheres (yellow). The resultant electric field
lines are shown in grey color. (c,d) Induced quadrupoles resulting from the charge
(—, +) redistribution due to external uniaxial compressive stress oy in (c) a single
and (d) multiple circular holes (white disks) embedded in an elastic matrix. Heat
maps show the von Mises stress field, where yellow and dark purple colors indicate
regions of high and low von Mises stress, respectively.

membranes [40, 41, 42, 43, 44, 8, 45, 46, 9, 10, 47]. Several different approaches
were developed to study the elastic and entropic interactions between inclusions,
such as multipole expansion [40], the effective field theory approach [45, 46], and
homogenization [10]. Even though these articles considered membrane bending, the
governing equation for the out-of-plane displacement is also biharmonic to the lowest
order. Hence these methods could be adapted to investigate the in-plane deformations
of plates with rigid inclusions.

The analogies with electrostatics can help us to describe the linear response of a
thin elastic plate (plane stress) or an infinitely thick elastic matrix (plane strain) with
embedded cylindrical holes and inclusions, which can be treated as a 2D problem
with circular holes and inclusions. Just like a polarized conductive object in an

external electric field can be described by an induced dipole (see Fig. 1.1a), a hole

deformed by the external load can be described by induced elastic quadrupoles (see

3



Fig. 1.1c). ! Circular inclusions in the elastic matrix under external load are analogous
to dielectric objects in an external electric field. When multiple conductive objects
are placed in an external electric field, the induced polarizations generate additional
electric fields, which lead to further charge redistribution on the surface of conductive
objects (see Fig. 1.1b). Similarly, induced quadrupoles in deformed holes generate
additional stresses in the elastic matrix, which lead to further deformations of holes
(see Fig. 1.1d). Note that the effect of the induced charge distributions outside the
conductive objects and inclusions can be interpreted as the induced multipoles at
their centers.

When there are conductive boundaries in the system, charges in electrostatics
induce image charges near conductive boundaries and an external electric field induces
polarization (dipoles, quadrupoles, and other multipoles) of conductive and dielectric
objects. When such a polarized object is near a conductive plate, it is also influenced
by the electric field generated by its image, which leads to further charge redistribution
on the surface of this object (see Fig. 1.2a). Moreover, when multiple conductive
objects in an external electric field are placed near conductive plates, they interact
with each other as well as with their images via the electric fields generated by induced
polarizations and induced image charges (see Fig. 1.2b).

Similarly, charges in elasticity induce image charges near boundaries and external
stress induces polarization (quadrupoles and other multipoles) inside deformed holes
and inclusions. When such a deformed inclusion is near a boundary it is also influ-
enced by the stress fields produced by its image, which leads to further deformation of
the inclusion (see Fig. 1.2¢). When multiple deformed holes and inclusions are located

near boundaries, they interact with each other as well as with their images via the

'Note that the lowest order multipole that is induced in elasticity is quadrupole unlike in elec-
trostatics where the lowest order induced multipole is a dipole because the governing equation in
2D elasticity is biharmonic unlike the harmonic equation in electrostatics. This will be discussed in
Chapter 2 in detail.



(a) electrostatics (c) elasticity

Figure 1.2: Induction and image charges in electrostatics and elasticity. (a,b) Induced
polarization due to external electric field Eq of (a) a single and (b) multiple conducting
spheres (yellow disks) near a conductive wall (dashed blue line), which induces image
charges (dashed circles). The induced charge distribution on conductive spheres is
influenced by interactions between the spheres as well as by interactions with their
images. The resultant electric field lines are shown in grey color. (c,d) Induced
quadrupoles due to external uniaxial compressive stress oy in (c) a single and
(d) multiple circular holes (white disks) embedded in an elastic matrix near an edge
with prescribed tractions (dashed blue line), which induces image charges (dashed
circles). The induced charge distribution inside holes is affected by interactions
between holes as well as by interactions with their images. Heat maps show the
resultant stress fields o,, and oy,.

stress fields generated by induced elastic multipoles and induced image charges (see
Fig. 1.2d).

These analogies with electrostatics allow us to write down these charge distribu-
tions induced by applied mechanical load at the circumference of the holes and at
the boundary in terms of multipoles at center of the holes and image multipoles just

as we do for conductors in the case of electrostatics [48]. In Chapters 2 and 3, I

make these analogies concrete and develop an elastic multipole method to describe
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deformations of 2D infinite (Chapter 2), semi-infinite and finite (Chapter 3) elastic
solids with circular holes and inclusions. Our collaborators Matjaz Cebron and Miha
Brojan at University of Ljubljana, Slovenia helped us by providing with finite element
simulations and experimental results. The contents of these two chapters have been

published in the journal Physical Review E [49, 50].

1.1.2 Understanding effects of symmetry on elastic wave
propagation in periodic metamaterials using group

theory

Over the past decade periodic elastic structures, called phononic crystals, have gained
great attention in the research community [3, 4, 5, 6, 7, 51, 52, 33]. Bragg scattering
of elastic waves from periodic structure of these crystals prevent waves of particular
ranges of frequencies, called band gaps, from propagating through these crystals [53,
54, 55]. Note that this property of periodic media is not limited to phononic crystals,
rather it is seen in any wave propagation problem such as electron waves in condensed
matter systems [56, 57] and electromagnetic waves in photonic crystals [58]. Because
of this property, they have been used in a variety of applications, such as noise
reduction [59], vibration control [60, 61], wave guides [62], frequency modulators [63]
to name a few. This has led to increasing interest in controlling the frequency range of
the band gaps of these structures for specific applications [51, 52, 64, 33, 7, 65, 66]. To
this end, it has been shown that the openning and closing of band gaps can be changed
by changing temperature [64] or applying deformation [51, 52, 33, 7, 65, 66]. While the
former of these methods changes the speed of elastic wave inside the materials using a
ferroelectric phase transition, the later relies on changing the periodic structure upon

deformation induced by mechanical loading. To control the change in band gaps



by modifying the periodic structure, it is important to understand how structural

changes affect the band structure of an elastic system.

(a) 1.0 (b) 1.0
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315 1f
N N
0.4 A 0.4 -
Y
/X x
0.2 1 r X 0.2 1
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Figure 1.3: Anti-plane shear wave band structures of elastic systems with space group
symmetry pdmm (a), and p2mm (b). The unit cells are shown inset with the band
structures. The elastic matrix with shear modulus p and densitypg is shown in dark
grey and the elliptic inclusions with shear modulus u; and densityp; are shown in
light grey, where pu;/po = 1/10 and p;/po = 1/2. The ellipses in (a) have major
axes 0.3a and minor axes 0.15a, where a is length of the sides of the unit cells. In
(b), only change from (a) is that the top and bottom ellipses have major axes 0.37a.
The eigenfrequency w was normalized by 27cg/a where ¢y = \/1o/po is the speed of
shear wave inside the elastic matrix. The red boxes highlight certain region where a
degeneracy has been lifted from (a) to (b).

One aspect of a periodic medium (electronic [67, 68], photonic [69, 70] or phononic)
that influences the band structure is the symmetry of medium. If the periodic medium
has certain rotational, mirror or glide symmetries on top of the discrete translational
symmetry, there can be degeneracies in its wave propagation eigenfrequencies. Under
perturbative change (more so when the change is large) of the structure, if some of
the symmetries are broken, the degeneracies can be lifted and a directional band
gap can open up at that position. For example, consider the elastic structures in
Fig. 1.3. The unit cell (the smallest piece which upon repeating in horizontal and
vertical direction gives the whole periodic structure) in Fig. 1.3(a) is symmetric under
7/2 rotation around the center and reflection about horizontal, vertical and diagonal
lines passing through the center. It’s band structure has degeneracy (pointed out
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with red box in Fig. 1.3(a)). However, once the major axes of the top and bottom
ellipses are elongated to break the 7/2 rotation and the diagonal mirror symmetries
(see Fig. 1.3(b)), that degeneracy is lifted and we see directional band gap at that
position. In Chapter 4, using techniques from group theory, well-known to researchers
in the field of condensed matter [67, 68|, I show how spatial and time-reversal symme-
tries give rise to degeneracies in band structures of anti-plane shear wave (anti-plane
shear waves are chosen as example because of simplicity) band structures and how
breaking of these symmetries sometimes result in opening of directional band gaps.
The contents of this chapter is under preparation to be submitted for publication.
The author of the thesis acknowledges the efforts of Tejas Dethe, Polona Zhilkina,
Matevz Marinéic for their help with the simulations and PI Andrej Kosmrlj for helpful

discussions.

1.2 Effect of thermal fluctuations in microscopic
elastic structures

Atomically thin membranes are subject of interest over the last few decades [71, 72,
73, 74, 75] for their promising electronic properties. Thin solid membranes are also
ubiquitous in soft condensed matter [76, 77, 78] and biological systems [79, 80, 81,
82, 83, 84, 85, 86, 87]. In these contexts, the statistical mechanics of freely suspended
elastic membranes have been studied extensively [88, 89, 90, 91, 92, 93, 94, 95, 96, 97,
98, 99, 100, 101]. Theoretical studies of these membranes suggest that due to long-
range interaction between out-of-plane undulations mediated by in-plane phonons
(see Fig. 1.4(a)), arbitrarily large elastic membranes can remain flat at low enough
temperatures [88, 89, 90, 91, 92, 93]. In such membranes, the thermal fluctuations
stiffen the bending rigidity  in scale (¢) dependent fashion k(f) ~ ¢" and reduce

the Young’s modulus Y (¢) ~ ¢~ beyond a temperature 7' dependent length £y, ~
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\/m, where ko and Yy are the microscopic bending rigidity and Young’s
modulus respectively. This result has been obtained using various methods such as
perturbative renormalization group with e-expansion [92, 94, 95], 1/d-expansion [93],
self consistent screening approximation [96, 97] and nonperturbative renormalization
group [98, 99, 100], verified with numerical simulations [102, 103, 104], and being

studied in experiments [105, 12].

(a) (b)

Figure 1.4: Schematic pictures of thermally fluctuating flat sheet (a) and cylindrical
shell (b). The geometric dimensions of the sheet and the shell are shown. In-plane
displacements are shown as w; whereas the out-of-plane (radial in case of the shell)
displacement is shown as h.

However, much less is known about the mechanical behavior of thin curved shell
under thermal fluctuations. There have been works [106, 107] on mechanical prop-
erties of thermalized spherical shells, where it was found that at any temperature,
if radius of the shell is large enough it spontaneously buckles. Still, little is known
about mechanical properties of thermalized cylindrical shells. Atomically thin cylin-
drical shell-like structures are important in the context of carbon nanotubes. Since its
invention in 1991 [72], carbon nanotubes have gained significant research interest due
to their electronic properties [108], high tensile strength [109, 110], thermal conduc-
tivity [110] and their ability to absorb gases [111]. They have been used in field-effect
transistors [112], composite materials [113], environmental monitoring [111] etc. For

these applications, it is important to study the effect of thermal fluctuations on the



mechanical properties of nanotubes. In Chapter 5, using renormalization group tech-
nique, we investigate how the presence of the anisotropic curvature in nanotubes affect
their mechanical properties under thermal fluctuations, and show that unlike in the
case flat membranes, the linear response elastic moduli of the nanotubes become
anisotropic above a length scale fy ~ v/Rt, R and t being the radius and effective
thickness of the nanotube respectively (see Fig. 1.4(b)). The contents of this chapter is
under preparation to be submitted for publication. The author of the thesis acknowl-

edges Mohamed El Hedi Bahri and PI Andrej Kosmrlj for helpful discussions.

1.3 Thesis outline

The remaining part of the thesis is organized as follows. In Chapter 2, using the
analogy with electrostatics, we develop a method based on multipole expansion for
describing deformation of 2D elastic solid with circular inclusions. In Chapter 3,
starting from the method of Chapter 2, we add image charges to take flat and circular
boundaries with different boundary conditions into account. In Chapter 4, using
group theory techniques, we describe how symmetries influence wave propagation
properties in periodic elastic media. Chapter 5 describes the mechanical proper-
ties nanotubes under thermal fluctuations. Chapter 6 summarizes these works and

presents possible future directions.
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Chapter 2

Elastic multipole method for
describing deformation of infinite

2D solids with circular inclusions

In this chapter, we present a method to describe linear deformations of circular holes
and inclusions embedded in an infinite 2D elastic matrix under small external loads
by systematically expanding induced polarization of each hole/inclusion in terms of
elastic multipoles that are related to terms in the Michell solution for biharmonic
functions [39]. Note that various multipole expansion techniques have previously
been used to describe point defects, such as vacancies and interstitials [114, 115, 116],
dislocation defects in piezoelectric composite materials [117, 118, 119], and dynamics
of dislocation loops [120]. However, most of these studies were limited to the leading
order in multipole expansion. Here we show that as the maximum degree of elastic
multipoles is increased, the error decreases exponentially. Moreover, the results of this
method are shown to be in excellent agreement with linear finite element simulations

and experiments. In the next chapter, we describe how this method can be generalized
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Table 2.1: Comparison between equations in electrostatics and 2D linear elasticity.
Note that in electrostatics E is the electric field, while in elasticity E is the 2D Young’s
modulus.

Electrostatics Elasticity
Scalar potentials U X
. 2
Fle].ds E = —VU O'ZJ = Eikﬁjl%
D05
Properties of scalar V X E = W; =
functions -VxVU=0 Eineil -2 Px _ _
RTJ Oz OOy
Governing equations AU = —p./€c AAx = Ep

to finite size structures by employing ideas of image charges, which become important

for holes and inclusions near boundaries.

2.1 Analogy between electrostatics and 2D linear
elasticity

The analogy between electrostatics and 2D linear elasticity can be recognized, when
the governing equations are formulated in terms of the electric potential U [121]
and the Airy stress function y [1], respectively, which are summarized in Table 2.1.

The measurable fields, namely the electric field E and the stress tensor field o;;, are

obtained by taking spatial derivatives of these scalar functions as E = —VU and
oij = eikeﬂ%, where ¢;; is the permutation symbol (€12 = —€21 = 1, €17 = €22 = 0)

and summation over repeated indices is implied. The most compelling aspect of the
formulations in terms of scalar functions U and x is that Faraday’s law in electro-
statics (V x E = 0) and the force balance in elasticity (8807]] = 0) are automatically
satisfied. Moreover, the governing equations for these scalar functions take simple
forms. Equation AU = —p. /e, describes the well known Gauss’s law, where p, is

the electric charge density and €, is the permittivity of the material. The analogous
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equation in elasticity AAx = E)p describes the (in)compatibility conditions [122, 123],
where F is the 2D Young’s modulus and p is the elastic charge density associated
with defects, which are sources of incompatibility. Note that a strain field is said to
be compatible if it is continuous and its integral over any loop is identically equal to
zero [124]. This is, however, not the case for the integrals of strain field over a loop
around disclination and dislocation defects [122, 123]. Note also that in the absence
of electric charges (p. = 0) the electric potential U is a harmonic function, while in
the absence of defects (p = 0) the Airy stress function x is a biharmonic function.
When a conductive object is placed in an external electric field, it gets polar-
ized due to the redistribution of charges (see Fig. 1.1a). This induced polarization
generates an additional electric field outside the conductive object, which can be
expanded in terms of fictitious multipoles (dipole, quadrupole, and other multipoles)
located at the center of the conductive object [121]. Note that the induced polar-
ization does not include a monopole charge, because the total topological charge is
conserved [121]. Similarly, a hole or inclusion embedded in an elastic matrix gets
polarized when the external load is applied (see Fig. 1.1¢). The additional stresses in
the elastic matrix due to this induced polarization can again be expanded in terms of
fictitious elastic multipoles (quadrupoles and other multipoles) located at the center of
hole/inclusion. In elasticity, the induced polarization does not include disclinations
(topological monopole) and dislocations (topological dipole), which are topological
defects [122]. In order to demonstrate this, we first briefly present the multipoles and

induction in electrostatics and describe the meaning of their counterparts in elasticity.

2.1.1 Monopoles

In electrostatics, a topological monopole is defined as the electric charge density distri-
bution proportional to the Dirac delta function, i.e. p. = gd(x — Xg), where ¢ is the

charge and x, denotes its position. The electric potential U,,(x — xo|¢) in 2D is then
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obtained by solving the governing equation as [121]

AU, = —gé(x — Xo),
(2.1)

Un(x — xolq) = — In |x — x|

2me,

For the positive monopole charge, the electric field E,, = —VU,, is pointing radially
outward (see Fig. 2.1a). Note that the total charge is topologically conserved [121].
Similarly, we can define a topological monopole in 2D elasticity as the charge
density proportional to the Dirac delta function, i.e. p = sé(x — @), where s is the
charge and x denotes its position. Topological monopoles are called disclinations
and their Airy stress function y?, (x —Xg|s) can be obtained by solving the governing

equation as [122, 125]

AAx;, = Fsd(x — x), 22)

s
Xon (X — Xq|s) = §|X — x0/*(In [x — xo| — 1/2).

The physical interpretation of topological monopoles in 2D elasticity comes from
condensed matter theory. When a wedge with angle s is cut out from a 2D elastic
material and the newly created boundaries of the remaining material are glued
together, a positive disclination defect of charge s is formed (see Fig. 2.1b). The
negative disclination with charge s < 0 corresponds to the insertion of a wedge with
angle |s|. The stresses generated by these operations are described with the Airy
stress function in Eq. (2.2). [122, 125]

Unlike in electrostatics, we can also define a non-topological monopole in 2D elas-
ticity as the charge density proportional to p = pAgd(x — @), where p is the charge,
X denotes its position, and Ay corresponds to the Laplace operator with respect to
xg. The corresponding Airy stress function x?,(x — Xo|p) can be obtained by solving

the governing equation as [125]
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electrostatic multipoles elastic multipoles s elastic multipoles p

(@)

q>0

monopoles

Figure 2.1: Monopoles in electrostatics and 2D elasticity. (a) An electrostatic
monopole with positive charge ¢ (green) generates an outward radial electric field
(black lines). For a monopole with negative charge, the direction of the electric field
is reversed. (b) In 2D elasticity a disclination defect (topological monopole) with
charge s forms upon removal (s > 0) or insertion (s < 0) of a wedge of material (red),
where |s| is the wedge angle. (c) In 2D elasticity, a non-topological monopole p > 0
(p < 0) corresponds to a local isotropic contraction (expansion) of the material.

AAXm = EpA()(S(X — Xo),

Ep
p — = —
Xh (< = xolp) = 52

(2.3)
In(|x — xo|) +1/2).

Note that the Airy stress functions for the non-topological monopole p and for the
topological monopole s are related via x2, (x — Xo|p) = AoxZ,(x —Xo|p). The constant
term in Eq. (2.3) does not generate any stresses and can thus be omitted. A positive
(negative) non-topological monopole with charge p > 0 (p < 0) is related to a local

isotropic contraction (expansion) of the material (see Fig 2.1c). [126, 125]

2.1.2 Dipoles

An electrostatic dipole is formed at xy when two opposite charges 4+¢q are located at

x4 = Xo £ a/2 (see Fig. 2.2a). The electric potential for a dipole in 2D is thus

Ua(x = %0|p) = Un(x — x4|q) + Un(x —x_| — q),
(2.4)

aj»0 P (X —Xo)
2T |x — X2

Ug(x — Xo|p)

where we introduced the dipole moment p = ga. [121] Note that in electrostatics

dipoles and all higher-order multipoles are non-topological [121].

15



electrostatic multipoles elastic multipoles s elastic multipoles p

(a) (b)

=

»
g

dipoles

2N

T~
XX remove

Figure 2.2: Dipoles in electrostatics and 2D elasticity. (a) An electrostatic dipole p
is formed when a positive (green) and a negative (red) charge of equal magnitude are
brought close together. The resulting electric field lines are shown with black lines.
(b) In 2D elasticity, a dislocation (topological dipole) forms upon removal or insertion
of a semi-infinite strip of material of width |b| and is represented by the Burgers vector
b. In a triangular lattice, the dislocation corresponds to two adjacent disclinations
of opposite charges. The two black lines indicate the positions of points before and
after the removal of a semi-infinite strip (red) from crystal. A dipole moment d® can
be defined in the direction from negative to positive disclination and its magnitude
is equal to the distance between two disclinations times the magnitude of charge of
each disclination. (c) In 2D elasticity, a non-topological dipole d? is formed when a
positive (green) and a negative (red) non-topological charge of equal magnitude are
brought close together.

Similarly, a dipole d* = sa in 2D elasticity is formed when two disclination defects

of opposite charges +s are located at x+ = xg+a/2 (see Fig. 2.2b). Dipoles are called

dislocations and their Airy stress function is [122]

Xa(x = Xo|d®) = x5, (x = X s) + X7 (x — x| — ),

a E
im0 P s, (x — %) In |x — xq|.
m

(2.5)
Xa(x — xo[d?)

Dislocation is a topological defect, which forms upon removal or insertion of a semi-
infinite strip of material of width |b| (see Fig. 2.2b). Note that dislocations are
conventionally represented by the Burgers vector b, which is equal to the dipole
moment d® rotated by 90°, i.e. b; = €;;d5. [122, 125]

In 2D elasticity, we can define another non-topological dipole d? = pa, which is

formed when two non-topological monopoles of opposite charges +p are located at
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x4+ = Xo = a/2 (see Fig. 2.2c). Their Airy stress function is

Xh(x —xold?) = XD (x — x4|p) + xb,(x —x_| — p),

2.6
XZ(X—X0|dp) |a|—>0/ _EdW(X—Xo). (2.6)

21 |x — x¢?
2.1.3 Quadrupoles

An electrostatic quadrupole Q in 2D is formed when two positive and negative charges
are placed symmetrically around x,, such that charges ¢; = q(—1)" are placed at
positions x; = xo + a( cos(0 + im/2),sin(f + iw/2)), where i € {0,1,2,3} and angle 6
describes the orientation of quadrupole (see Fig. 2.3a). The electric potential of the

quadrupole is thus

(r,p|@Q,0) = ZU X — X;|q:),
a0, Qcos (2(p —0))

TELT2

(2.7)
Uq(r, ¢|Q,0)

Y

where we introduced the quadrupole moment Q = ga? and polar coordinates (r =

V(T —x0)2+ (y — yo)?, » = arctan[(y — yo)/(z — x0)]) centered at xq.

Similarly, an elastic quadrupole Q° is formed when two positive and negative
disclinations are placed symmetrically around xg, such that disclinations with charges
si = s(—1)" are placed at positions x; = xo + a( cos(d + i /2),sin(6 + i /2)), where
i € {0,1,2,3} and angle 6 describes the orientation of quadrupole (see Fig. 2.3b).

The Airy stress function for quadrupole Q® in polar coordinates is thus

(r,0lQ°, 6 }:Mnx Xils:),

v, B cos (2 — 0)
47 ’

(2.8)

Xo(r, ¢|Q°,0)
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Figure 2.3: Quadrupoles in electrostatics and 2D elasticity. ((a) An electrostatic
quadrupole Q consisting of four charges at the vertices of a square with opposite
charges at the adjacent vertices. The resulting electric field lines are shown with
black lines. (b) In 2D elasticity, a quadrupole Q? is represented by four disclinations
at the vertices of a square with opposite charges at the adjacent vertices. Due to
the quadrupole Q?, material locally expands in the direction of positive disclinations
and locally contracts in the direction of negative disclinations, while the total area
remains locally unchanged. (c) In 2D elasticity, a quadrupole QP is represented by
four non-topological monopoles at the vertices of a square with opposite charges at
the adjacent vertices.

where we introduced the quadrupole moment Q° = sa®?. The elastic quadrupole

Q?° causes the material to locally expand in the 6 direction and locally contract
in the orthogonal direction (see Fig. 2.3b). Note that the quadrupole Q° is non-
topological [126, 125].

In elasticity, we can define another quadrupole QF, which is formed when two
positive and negative non-topological monopoles are placed symmetrically around
X, such that non-topological charges p; = p(—1)° are placed at positions x; =
xo + a(cos(f + im/2),sin(f + ir/2)), where i € {0,1,2,3} and angle 6 describes
the orientation of quadrupole (see Fig. 2.3c¢). The Airy stress function for quadrupole

QP in polar coordinates is thus

3

X%(Tv 90|Qp7 8) = Z Xﬁl(x - Xi|pi)7

=0 (2.9)
aso  EQP 2(p—0
X (r, @7, 0) <= ¢ COS(Q(@ )),
wr

where we introduced the quadrupole moment QP = pa?.
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2.1.4 Higher-order multipoles

The procedure described in the previous sections can be generalized to define higher-
order multipoles QF and QF. In 2D the quadrupole Q° is generalized by placing n
positive and n negative disclinations symmetrically around xg, such that disclinations
of charges s; = s(—1)" are placed at positions x; = xo+a( cos(f+ir/n),sin(0+im/n)),
where i € {0,1,...,2n — 1} and angle € describes the orientation of multipole. The

Airy stress functions for such multipoles Q7 in polar coordinates are

2n—1

Xo(r 1@, 0) = ) x5 (x — xilsy),
1=0

a0, EQ; cos (n(p —0))
4(n — 1)mrn—2

(2.10)

X (1, 0|@Q;,, 0)

where we introduced the multipole moment Q)5 = sa™.

The quadrupole QP is generalized to higher-order multipoles by placing n positive
and n negative non-topological monopoles symmetrically around xq, such that charges
of strength p; = p(—1)" are placed at positions x; = xo + a(cos(f + im/n),sin( +
ir/n)), wherei € {0,1,...,2n—1} and angle 6 describes the orientation of multipole.

The Airy stress functions for such multipoles Q? in polar coordinates are

2n—1

o olQ6) = 37 W (x — xi[p).
1=0

a—0, _EQJrDL Cos (n(SO - 0))

Trh

(2.11)

Xh(r, | QP 0)

Y

where we introduced the multipole moment Q¥ = pa”.
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2.1.5 Multipoles vs. the Michell solution for biharmonic

functions

The elastic multipoles of types s and p introduced in the previous sections are
closely related to the general solution of the biharmonic equation AAy = 0, due

to Michell [39], which is given in polar coordinates (r, ) as

x(r, ) = Agr? 4+ Bor*Inr + Colnr + I
B
+ (Air + 71 + Birp + Cir® + Dyrlnr) cos g

Fy
+ (Eyr + — + Flro + Gir® + HyrInr) sin
(B " e+ G 1 ) sin @ (2.12)

= n Bn n+2 Dn
+ Z(Anr + ey + Cr™ T2+ 7""_*2) cos(ny)

n=2

- F, H, . .
+ Z(Enr” +oo T Gnr™t? + 7’”—2) sin(ny).

n=2

The Michell solution above contains the Airy stress functions corresponding to multi-
poles located at the origin: disclination (r?Inr), dislocation (rInr cos ¢, rIn7sin @),
non-topological monopole (Inr), non-topological dipole (cos ¢/r, sin ¢/r), quadrupole
Q* (cos(2¢p), sin(2¢)), quadrupole QP (cos(2p)/r?, sin(2p)/r?), as well as all higher-
order multipoles Q? and QP (see Eqs. (2.10, 2.11)). Note that the Michell solution
also contains terms that increase faster than r? far away from the origin. These terms
are associated with stresses that increase away from the origin and can be interpreted
as multipoles located at infinity [127]. Due to the connection with elastic multipoles
we refer to coefficients A;, B;, ..., H; in the Michell solution as the amplitudes of

multipoles.

2.1.6 Induction

As mentioned previously, the external electric field induces polarization in conducting

and dielectric objects. Similarly, external stress induces elastic quadrupoles inside
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holes and inclusions. To make this analogy concrete, we first demonstrate how
external electric field in 2D polarizes a single conductive or dielectric disk, and then
discuss how external stress induces quadrupoles inside a circular hole or inclusion.
Let us consider a perfectly conductive disk of radius R in a uniform external
electric field (E = EpX) in 2D. This electric field provides a driving force for mobile
charges on the disk, which are redistributed until the resulting tangential component
of the total electric field at the circumference of the disk is zero. This means that
the electric potential is constant on the circumference (r = R). Assuming that the
electric potential is zero on the circumference of the disk and that the resultant
electric field approaches the background field far away from the disk, we can solve the
governing equation AU = 0 in polar coordinates to find that the electric potential
is Uft(r, ) = 0 inside the conductive disk (r < R) and that the electric potential

m

Utt(r, ¢) outside the conductive disk (r > R) is given by [48]

out

R2
U (r, o) = —Eor cos ¢ + Ey— cos ¢, (2.13)
r

out

where the origin of the coordinate system is at the center of the conductive disk.
The first term in the above Eq. (2.13) for the electric potential U (r, ) outside
the conductive disk is due to the external electric field and the second term can be
interpreted as the electric potential of an induced electrostatic dipole at the center of
the disk (see Eq. (2.4) and Fig. 1.1a). This analysis can be generalized to a dielectric
disk with dielectric constant ¢, that is embedded in a material with the dielectric

constant €., in a uniform external electric field (E = FEyX). The electric potentials

inside and outside the disk are then given by [48]

Uit (r, ) = —Eor cos ¢ + Ey T COS ©, (2.14a)

U (r, p) = —Eyr cos p + Ejy

out

— Cos . (2.14b)
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The first terms in both U and U correspond to the external electric field, whereas

the second terms can be interpreted as induced dipoles. The expression in Eq. (2.13)
for the conductive disk is recovered in the limit €;, /€5,y — 0. Note that the resulting
electric field inside the dielectric disk is uniform Ef* = —VU" = 2Fyequ/(€m +

6out)fc-
Similarly, external stress induces multipoles in elastic systems. For example,

consider a circular hole of radius R embedded in an infinite elastic matrix. Under

ext

external stress o5 = —0y, the resultant Airy stress function is obtained by solving

the governing equation AAx = 0 with the traction-free boundary condition (o, =
oo = 0) at the circumference of the hole. The Airy stress function outside the hole

(r > R) in polar coordinates is given by [128]

oor? oo R?
4
O'()R

tot

Xout(r7 90) = - Inr

(1 —cos(2¢)) +

i (2.15)
00
cos(2¢) + ™ cos(2¢).

The above equation for the Airy stress function reveals that the external stress induces
a non-topological monopole p (Eq. (2.3)), and quadrupoles Q® and QP (Egs. (2.8, 2.9))
at the center of the hole (see Fig. 1.1c¢). Note that unlike in electrostatics, dipoles
d® are not induced in elasticity. This is because isolated disclinations (topological
monopoles) and dislocations (topological dipoles) are formed by insertion or removal
of material, which makes them topological defects [122]. On the other hand, elastic
non-topological monopole p and quadrupoles Q® and QP can be obtained by local
material rearrangement and can thus be induced by external loads [126, 125].

The above analysis can be generalized to the case with a circular inclusion of radius
R made from material with the Young’s modulus Ej, and the Poisson’s ratio v, that is

embedded in an infinite elastic matrix made from material with the Young’s modulus

ext

Eoy and the Poisson’s ratio vo,;. Under uniaxial compressive stress oo

= —0y,

the Airy stress function corresponding to the external stress is Yext = —0ooy?/2 =

22



Table 2.2:

the Airy stress function x [see Eq. (2.12)] in the Michell solution [1].
Kolosov’s constant for plane stress is k = (3 — v)/(1 4+ v) and for plane strain is
rk = 3 — 4v. Here, p is the shear modulus and v is the Poisson’s ratio.

Stresses o0;; and displacements wu; corresponding to different terms for
The value of

=2 cos(nep)

—(n+2)(n—1)r"

™ cos(nyp)

—n(n—1)r—"

sin(ny)

(n—1)(n —2)r—"cos(nyp)

7"7”+1 (

X Orr Ore Top 2p (Z;

r2 2 0 2 r (“ N 1)

Inr r—2 0 2 i (’Ol>
7142 cos(ng) | —(n+ 1)(n — 2r" cos(ng) | n(n+ Drtsinng) | (n+ 1)(n + 2)r" cos(ng) | ! (((“ o ?) ::’j((zg)
r+2sin(ng) | —(n+1)(n — 2r"sin(ng) | —n(n+ 1) cos(ng) | (n+ 1)(n + 2)r"sin(ng) | 1 ( (E‘H;”nlll) S;‘;(S”?fw )

(k +n — 1) cos(nyp)
(k —n + 1) sin(ny)
K+ mn —1)sin(ne

)

P2 sin(ng) | —(n + 2)(n — Dr—"sin(ng) | n(n — )r~"cos(ng) | (n— 1)(n — 2)r~" sin(ng) | =+ (gn Tt Cos(w))
" cos(n) —n(n—1)r"2cos(ng) | n(n—1)r"2sin(ng) | n(n—1)r""2cos(ny) pn=l (‘:;Z?SS))
" sin(ne) —n(n—1)r"2sin(ng) | —n(n—1)r"2cos(np) | n(n — 1)r"=2sin(ng) =l (:Zi;‘; (’;‘;D
= cos(ng) | —n(n+ 2 cos(ng) |—n(n+ Dr—m2sin(ng)| n(n+ 1)r-m2 cos(nyp) e (o)
r~"sin(ng) | —n(n+1)r~""2sin(ng) | n(n+1)r-""2cos(ng) | n(n+ 1)r-""2sin(ny) pn—1 (_"::;i( ;))

—ogr? (1 — cos(2<p)) /4. Since the Airy stress function due to external stress contains
both the axisymmetric and the cos(2¢p) term, the Airy stress function due to induced
multipoles should have the same angular dependence. Furthermore stresses should

remain finite at the center of the inclusion (r = 0) and also far away from the inclusion

tot

(r — o0). The total Airy stress function x(r, ) inside (r < R) and 2% (r, ¢)

outside (r > R) the inclusion can thus be written in the following form

2
tot oor

Xin

(r,p) = — (1 — cos(2<p)) + cor®

4

’
+ agr? cos(2¢p) + 2 cos(2¢p), (2.16a)
oor? r
Xk () = = 22— (1 = cos(2¢)) + Ao In ()
+ CyR? cos(2¢) + Ay R*7r ™2 cos(2¢). (2.16b)

The last three terms in Eq. (2.16b) correspond to the induced non-topological

monopole p and quadrupoles Q° and QP at the center of the inclusion, similar to
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induced multipoles at the center of the hole in Eq. (2.15). The last three terms in
Eq. (2.16a) can also be interpreted as induced multipoles that are located far away
from the inclusion. The unknown coefficients are determined from the boundary
conditions, which require that tractions (o,, and o,,) and displacements (u, and
u,) are continuous at the circumference of the inclusion (r = R). Stresses corre-
sponding to the Airy stress function x(r, ) can be calculated as o, = r~1(9x/0r) +
r72(02x /0%, 0oy = 0*x/Or?, and 0., = —0(r~'0x/d¢)/Or. Table 2.2 summarizes

the stresses corresponding to different terms in the Michell solution [1]. The boundary

conditions for tractions at the circumference of inclusion are thus o{.. = oo .. and
Tinrp = Oout,rpr Where
Titrr = —% +2c0 — (% + 2a2> cos(2¢p), (2.17a)
tot 90 g0
Ooutar =~ + Ag — (5 +4C5 + 6A2> cos(2y), (2.17Db)
Uitrcl),trcp = (% + 2ay + 662) Sin(2(p)7 (217C)
O-(t)(l)ltt,rw = (% - 202 - 6142) Sln(QSD) (217d)

In order to obtain displacements, we first calculate the strains e,, = ((k + 1)0,, — (3 — K)0y,) /(81),
rp = 7o) (2p1) and £,y = (5 + D)oy — (3= K)o /(8p2), where 1 = B/[2(1 + v)]
is the shear modulus and we introduced the Kolosov’s constant x = (3 —v)/(1 4+ v)
for plane stress and k = 3 — 4v for plane strain condition [1]. Displacements w,
and u, are then obtained by integrating the strains. Table 2.2 summarizes the
displacements corresponding to different terms in the Michell solution [1]. The
boundary conditions for displacements at the circumference of inclusion are thus
tot

tot _ utot and ult — utot

in,r out,r n,p out,p? Where

u

tot _ (_90 ) R(kim — 1)
uln,r ( 4 + ¢o 2,Uin
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R 2
+ <—@ — 2a9 + CQ(KJIH — 3)) —COS< 80)7 (2.18&)

2 2:uin
R 1
(t)ou‘;:,r - _Z/Lout <100(/€0ut - 1) + AO>
R 2
+ <—— + Cy(kow + 1) + 2142) M, (2.18b)
2 2M0ut
Rsin(2
fr?tgo <EO + 2@2 + CQ(/ﬁn + 3)) %, (2180)
Rsin(2
utth o = (2 = Caltion — 1) +245) Rsin(2p), (2.18d)
2 2,uout

The boundary conditions in Eqgs. (2.17) and (2.18) have to be satisfied at every point
() on the circumference of the inclusion. Thus the coefficients of the Fourier compo-
nents have to match on both sides of these equations, which allows us to rewrite the
boundary conditions as a matrix equation

M, M| [ acu 0
= . (2.19)

disp disp dis
Mdse gl ain bisp

out »

The top and bottom rows of the matrix in the above equation are obtained from the
boundary conditions for tractions (superscript ‘trac’) and displacements (superscript

‘disp’), respectively, where

1 0 0

Mo ={0o -6 —4|. (2.20a)
0 -6 —2
—2 0 0

M=o 2 o |, (2.20b)
0 -2 —6
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2/Jfout 0
disp _ R(Kout+1
Mout O Nit (guoit ) 5 (2200)
0 R _ R(kout—1)
Hout 2pout
R(kin—1)
2/"111 0 0
disp __ R R(kin—3
MP — 0 L G (2.20d)
O _ v _ R(Kin+3)
Hin 2/J'in

The left and right columns of the matrix in Eq. (2.19) describe the effect of the

induced multipoles a,,; outside and a;, inside the inclusion, respectively, where

Ao Co
Aout = AQ ,  Qin = | a9 (221)
02 Co
The right hand side of the Eq. (2.19) describes the effect of external load as
ﬁ ( (Hout 1) Hm_l) >
8 Hout Hin
pise — ( L L) (2.22)
Hout Hin

4
ooR (1
4 < Hout _I_

1
Hin

By solving the set of equations in Eq. (2.19) we find that the Airy stress functions

X5 (r, ) inside (r < R) and x°

tot

Xin

tot

Xout(r QO)

(7“, 90) = -

(r,p) outside (r > R) the inclusion are given by

out

2
ﬁ(l — cos(2¢))
(,Uout("{'in - 1) - ,Uin(/iout -
4(,uout(/iin - 1) + 2#111)
B (/flout - :uin) 0'07’2
4(/fbout + ,uinKvout)

Tor” (1 — cos(2¢))

D) s

ooTr

+

cos(2¢p), (2.23a)
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(,LLout(KVin - 1) - /*Lin(/{/out - 1))

+ ooR?1nr
2(,U01.1t("'iin - 1) + 2ﬂin) 0
(Mout - Min) 2
— ooR* cos(2
2(/flout + ,uin"iout) 0 ( 90)
(Nout - ,uin)

oo R*r 2 cos(2). 2.23b
4(,UJout + ,uin/fout) 0 ( SO) ( )

In the above Eq. (2.23) for the Airy stress functions the last three terms can again
be interpreted as induced non-topological monopole p and quadrupoles Q° and QP.
The expression in Eq. (2.15) for the hole is recovered in the limit g, — 0. Note that
similar to the Eshelby inclusions in 3D [16], the stress field inside the inclusion in 2D

is uniform and is given by

,LLin(1 + Kout)(,uout’iin + ,U/in<2 + Hout))

ot = g, , 2.24a
. ’ 2(MOUt(Hin - 1) + 2Nin)(uout + Nin"but) ( )
in =0y :uin(l + Kout)(,uout(ﬁin - 2) - ,uin(/{out - 2)) (2 24b)
w 2(Nout('"@in - 1) + 2Nin>(ﬂout + Ninﬁout) ’

oy = 0. (2.24c)

By comparing the above analyses in elasticity and electrostatics, we conclude that
holes and inclusions in elasticity are analogous to perfect conductors and dielectrics
in electrostatics, respectively.

The problem of induction becomes much more involved when multiple dielectric
objects are considered in electrostatics or multiple inclusions in elasticity. This is
because dielectric objects and inclusions interact with each other via induced elec-
tric fields and stress fields, respectively. In the next Section, we describe how such
interactions can be systematically taken into account in elasticity, which enabled us

to calculate the magnitudes of induced multipoles in the presence of external load.
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2.2 Elastic multipole method

Building on the concepts described above, we have developed a method for calcu-
lating the linear deformation of circular inclusions and holes embedded in an infinite
elastic matrix under external stress. External stress induces elastic multipoles at the
centers of inclusions and holes, and their amplitudes are obtained from the boundary
conditions between different materials (continuity of tractions and displacements). In
the following Section 2.2.1, we describe the method for the general case where circular
inclusions can have different sizes and material properties (holes correspond to zero
shear modulus). Note that our method applies to the deformation of cylindrical holes
and inclusions embedded in thin plates (plane stress) as well as to cylindrical holes
and inclusions embedded in an infinitely thick elastic matrix (plane strain) by appro-
priately setting the values of the Kolosov’s constant. In Section 2.2.2 we compare the
results of our method to the finite element simulations and in Section 2.2.3 they are

compared to experiments.

2.2.1 Method

Let us consider a 2D infinite elastic matrix with the Young’s modulus E; and the
Poisson’s ratio 5. Embedded in the matrix are N circular inclusions with radii R;
centered at positions x; = (z;,y;) with Young’s moduli E; and Poisson’s ratios v,
where ¢ € {1,...,N}. Holes are described with zero Young’s modulus (F; = 0).
External stress, represented with the Airy stress function

1 1
Yot (¢,9) = 5052 + So0a — ooy, (2:25)

induces non-topological monopoles (p), non-topological dipoles (d?), quadrupoles
(Q*, QP), and higher-order multipoles (Q?, QP) at the centers of inclusions, as was

discussed in Section 2.1.6. Thus the Airy stress function outside the " inclusion due
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to the induced multipoles can be expanded as

Xout (Tia (piyaz',out) :A’i,OR? In (%)

)

+ Z R? (E) [Am cos(ny;) + Bin sm(mpi)] (2.26)
n=1 ’

[e'e) ) —n+2
PR () [Cuncosting) + Dipsintug)).
n=2

where the origin of polar coordinates (r; = \/(z — z;)2 + (y — y:)%, @i = arctan|(y —
yi)/(x — x;)]) is at the center x; of the i inclusion and a; oue = {Ai0, 4i1, - .., Bi1,
Bia,...,Ci2,Cis, ..., D9, D;3, ...} is the set of amplitudes of induced multipoles.

The total Airy stress function outside all inclusions can then be written as

tot

Xout (l’, y’aOUt) = Xext (l’, y)
N (2.27)
+ Z Xout (ri(l‘7 y)a 902(1‘7 ?/) |ai,out> )

i=1

where the first term is due to external stress and the summation describes contribu-
tions due to induced multipoles at the centers of inclusions. The set of amplitudes of
induced multipoles for all inclusions is defined as a = {a1,0ut, - » ANout }-

Similarly, we expand the induced Airy stress function inside the i*" inclusion as

2
Xin (7”2‘, %“az‘,in) = G075

e8] i n .
+ Z R? (§> [aim cos(ngs) + by sin(ne;)] (2.28)
n=2 ’

[e's) ) n+2
+ Z R? (%) [Cin cos(n;) + di sin(ne;)],
n=1

where we kept only the terms that generate finite stresses at the center of inclu-
sion and omitted constant and linear terms {1,r;cos y;, ;sinp;} that correspond

to zero stresses. The set of amplitudes of induced multipoles is represented as
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QAjin = {(li,% i3y, bi72, b@g, <3 Ci0,Ci1y e e ,dz‘717 d@g, Ce } The total All"y stress func-

tion inside the " inclusion is thus

tot
X' (2, Yl @) =Xext (@, y)
( ) =x (2.29)

+ Xin (7i(2, ), @i(2, y)|agn)

where the first term is due to external stress and the second term is due to induced
multipoles.

The amplitudes of induced multipoles a; o,y and a;;, are obtained by satisfying
the boundary conditions that tractions and displacements are continuous across the

circumference of each inclusion

otee (ri = Ri, ilaim) = om0 (1i = Ri, @ilaou), (2.30a)
oo (ri = Ris @ilaiin) = ot o (ri = Ris pilaow). (2.30b)
Uiy (i = Ris ilaiin) = ugn - (1 = Riy @il aou), (2.30¢)
ultt (ri = Ry, oilagm) = uoy ,(ri = Ri, il (2.30d)

where stresses and displacements are obtained from the total Airy stress functions

tot

Xm

tot

out (iU, y\aout) outside all

(z,yla;m) inside the ™ inclusion (see Eq. (2.29)) and y
inclusions (see Eq. (2.27)). In the boundary conditions for the i*" inclusion in the

above Eq. (2.30), we can easily take into account contributions due to the induced

ext ext

v s Ogy » and

multipoles a; i, and a; o, in this inclusion and due to external stresses o
oot after rewriting the corresponding Airy stress function ey (,y) in Eq. (2.25) in

polar coordinates centered at the i*" inclusion as

| —

(0 + O'eXt)T-2

XeXt(r’L'7 ()O’L) - yy 7

4

- Z<U§);t — o507 cos(2¢;) (2.31)

—_

1
202?7’22 sin(2¢;).
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Figure 2.4: Illustration of external load (o3}, o5', ogy') and polar coordinates (r;, ¢;)

and (r;, ;) relative to the centers x; of the i inclusion (orange disk) with radius R;
and x; of the j™ inclusion (blue disk) with radius R;, respectively. Here, a;; is the
separation distance between the i and j' inclusion and 6;; is the angle between the
line joining their centers and the z-axis.

Contributions to stresses and displacements in the boundary conditions for
the " inclusion in Eq. (2.30) due to the Airy stress functions Yi, (ri, (pi|ai’m),
Xout (ri, goi\aiyout), and Xext(r:, ;) can be taken into account with the help of
Table 2.2. However, it is not straightforward to consider the contributions due to the
induced multipoles a; o, for other inclusions (j # ), because the corresponding Airy
stress functions Yout (rj, apj|aj,0ut) in Eq. (2.26) are written in the polar coordinates

centered at x;. The polar coordinates (r;,¢;) centered at the j™ inclusion can be

expressed in terms of polar coordinates (r;, ¢;) centered at the i® inclusion as

rj(ri, i) = \/7‘@-2 + aj; — 2riaq; cos(; — i),

A5 — T4 COS(%‘ - 9ij>) 7

©i(ri, ;) = ™+ 0;; — arctan [<

where a;; = /(z; — x;)? + (y; — y;)? is the distance between the centers of the '
and j™ inclusion and 6,;; = arctan|(y; — v;)/(z; — x;)] is the angle between the line

joining the centers of inclusions and the z-axis, as shown in Fig. 2.4.
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The Airy stress function due to the induced multipoles centered at the j' inclusion

can be expanded in Taylor series around the center of the i*" inclusion as [34]

Xout (’I“] (T’M 907,) 2 (rzv Wi |a_] out = Z R2 [COS ngpl)f ( j/a’ij7 0ij|aj,OUt)

+ sin(ne;) fe' (R /aij, 0ij|a; 0ut) ]

Z R]2 7;’L+2 [COS n(pl)gc ( j/aijv 0ij|aj,out)

+ sm(ncpz)g? (Rj/aij, eij‘aj,out) :| )

(2.33)

where we omitted constant and linear terms {1, r; cos ¢;, r; sin ¢; } that correspond to

zero stresses and we introduced functions

Rm
fcn (Rj/aijaeij|aj,out) - Z (CL- [A] mAm( Z]) + BJ mBm(Qw)]
m=0 ij
Rm72
t [C] mCT(0:) +D]m1)m(9”)}) (2.34a)
ij

R?
=y [Cj,mD,T(é’ij) - Dj,mC,T(Hij)D ., (2.34b)

a2 (B Oplaon) = 3 ,; (Cim€i(0) + Dy T2 (035)]. (2.34¢)
m=2 ]
) R'r'n72
g7 (Rj/aij, ijlajon) = > aéfz [Cj,m]-“,T(Qij) - Dj,mS,T(Oij)]. (2.34d)
m=2 4

In the above Eq (234), we set Bj70 = Cj70 = Dj,(] = Cj,l = Dj71 = 0 and
introduced coefficients A (0;5), B (0:5), C*(6i5), D (0:5), E7(65), and F*(6;;) that
are summarized in Table 2.3.
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Table 2.3: Coefficients for the expansion of the Airy stress function
Xout(rj(ri7<pi),goj(ri,@i)|aj7out) in Eqgs. (2.33-2.34).
n>2 AL(6;5) = f% cos(nb;j;) BY(6;;) = 7% sin(nb;;)

n>2m>1| A™(6;;) = (—l)m(m+:_1) cos ((m + n)ﬁw) B (0;5) = (—l)m(m+:_1) sin ((m + ’I’L)Hw)

n>0,m>2 | C0i;) = (—1)™ (""" ?) cos ((m + n)6s;) D (0:5) = (—=1)™ (™) sin ((m + n)0;;)

n>0,m>2 | EM(0i5) = (=)™ (") cos ((m+n)0is) | Fi(0i) = (=1)™ =1 (™R sin ((m 4 n)6i;)

Next, we calculate stresses and displacements at the circumference of the i*" inclu-
sion by using expressions for the Airy stress functions ye. (7, ;) in Eq. (2.31) due to
external stresses, Xin(ri,gpﬂai,m) and Yout (T’z’,%|az‘,out) in Egs. (2.28) and (2.26) due
to induced multipoles for the i*" inclusion, and you (‘rj, p'j\ajﬁom) in Eq. (2.33) due
to the induced multipoles for the 7' inclusion (j # i) . With the help of Table 2.2,
which shows how to convert each term of the Airy stress function to stresses and

displacements, we obtain

tot

1 1
it (i = Ri, ilaiin) = (058 +o5at) + 5 (05s — ogat) cos(2¢;) + o sin(2¢;) + 240

g\ yy g \aa Oyy
_ Z [ n(n —1)(a;n cos(ng;) + by, sin(ng;)) + (n+ 1)(n — 2)(c;n cos(ng;) + di sin(mpi))} ,
(2.35a)

1 1 .
U(t;ﬁ,rr (ri = Ry, pilaout) = i(aiﬁt + Ogif,t) + i(afﬁﬁf eXt) cos(2¢;) + o5 3111(299,;) + Aio

_ Z { n(n +1)(A; n cos(ng;) + B sin(ng;)) + (n+ 2)(n — 1)(Ci,y, cos(ne;) + Diy sin(mpi))}

00 RZR‘!I 2
_ Z Z (n—1) {(os(ny,)f (Rj/aij, 0ij|ajou) + sin(ng;) fI (R;/aij, 0:5]a;, Om)}
j#i n=2 7]
00 RQRH
— Z Z —nrT (n+1)(n-2) [Cos(n@j)gf (Rj/aij, ﬁij\aj,out) + sin(ng; ) g~ (Rj/aij, Hij\aj_yom‘)} ,
j#i n=0 @ij
(2.35b)
1
ointo (ri = Ry, pilaiim) = —5(0’3’5' ot) sin(2e;) + ogr’ cos(2¢;)

+ Z { n(n — 1 aZ nsin(neg;) — b cos(mpi)) +n(n+ 1)(Ci,n sin(ny;) — di n cos(mpi))} ,

(2.35¢)
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1 ex ex X
O'(t)out;:,mp (Ti = Ria @i|aout) = _g(ammt yyt) Sln(2<pl) ! COS(QQOl)

— Z { n(n + 1 A; psin(ng;) — Bin cos(mpi)) +n(n—1) (Ci,n sin(ng;) — D; p cos(mpi))}

00 R2Rn 2 .
+ZZ nil){sul(”@z)f ( ]/a1j701]|aj out) COS(7L99i)fsn(Rj/aijaeij‘aj,out)}
j#£i n=2
Z Z 2Z )[Sin(n%)g? (Rj/aij,b;j|aj our) — cos(ne;)gy (Rj/aijaeiﬂaj,out)}?
j#i n=0 U
(2.35d)
2Mi tot( = R. | . )__1( ext+ ext)(l_ )+1( ext ext) (2 )_|_ ext (2 )+ ( 1)
Ri Ui, \Ti = L, @i Ajin) = 1 (o Ty R 5 Opn g COoS(z2p; sin ©i Ciolk

Z { in €08(ng;) + b sin(ng;)) + (n+ 1 — k;) (cin cos(ng;) + diy, sin(mpz-))} )

n=1

(2.35¢)

2I'L0 1 X X X X X
R, ot (11 = Riy @ilaous) = = (055" + i) (1 — ko) + 5 (053 — oyf) cos(2p:) + 05 sin(20:)—Ai 0

o0

+ Z { i cos(np;) + B; nsin(ng;)) + (n — 1+ ko) (Cjn cos(ng;) + D sin(mpi))}

oo RQR'H -2
_ Z Z rL{cos(rupZ)f ( i/aij, i, Out) + sin(ng; ) [ ( R;/aij, 0ij|ajﬁout)}
j#£i n=2
_ Z Z (n+1—kop) {cos(ngoi)g? (Rj Jaij, Hij|aj70ut) + sin(ny; )gr (Rj/aij, Q,-j|aj70ut)} ,
j#i n=0 ij

(2.35f)

21 1
}'I;Z uin', (ri = Ri, ¢ila i) = —§(a§§t opt) sin(2p;) 4 o4yt cos(2¢;)
2

Z { i sin(ng;) — b, cos(ng;)) + (n + 1+ k) (cin sin(ng;) — diy, cos(mpi))} )

(2.35g)

2 1
2 Ul o (ri = Rispilao) = —5 (053 — o33 sin(2p1) + 0% cos(2¢1)
T

+ Z { insin(ng;) — Bin cos(mpi)) +(n—1-— ko) (Cl-’n sin(ng;) — Din cos(ncp,»))}

o0 RQRn 2
+ Z Z n[sm(mp,)f (R Jaij, 0ila; Ouf) cos(nw;) f (R Jaij, 0ila; (,ut)}
jF#i n=2 U
Z Z fL + 1 + Ho) {Sin(ntpi)g? (Rj/aij, 0” \aj,out) - COS(TLQDi)g? (R] /(Lij7 92-]-|aj70ut)] .
j#£i n=0 ’ij

(2.35h)
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ext O.ext and O.ext

s Oy 2y correspond to

In the above equations, terms with coefficients o
Xext (Ti, i), terms with coefficients a; p, bin, Cin, diyn correspond to xin(7i, ©il@iin),
terms with coefficients A, ,,, B ., Cin, D;p correspond to Xout (7, ¢;|@;m), and terms
with coefficients A;,,, Bjn, Cjn, Dj, correspond to Xout(rj, ©5]@j0ut). We introduced
the shear modulus u; = E;/[2(1 + ;)] and the Kolosov’s constant x; for the ‘!
inclusion, where the value of Kolosov’s constant is x; = (3 — v;)/(1 + v;) for plane
stress and k; = 3 — 4y; for plane strain conditions [1]. Similarly, we define the
shear modulus py = Ep/[2(1 + )] and the Kolosov’s constant kg for the elastic
matrix. The boundary conditions in Eq. (2.30) have to be satisfied at every point
(¢;) on the circumference of the i*" inclusion. Thus the coefficients of the Fourier
modes {1, cos(ny;),sin(ny;)} have to match in the expansions of tractions and
displacements in Eq. (2.35), similar to what was done for the case with the single

inclusion in Section 2.1.6. This enables us to construct a matrix equation for the set

of amplitudes {a; out, @; i} of induced multipoles in the form (see also Fig. 2.5)

trac trac
Meseiis Min% Aout | 0 (2.36)
Mdisp Mdisp . bdisp ’ ’
out,ij in,ij 5in i

where the summation over inclusions j is implied.

The top and bottom rows of the matrix M in the above equation are obtained
from the boundary conditions in Eq. (2.30) for tractions (superscript ‘trac’) and
displacements (superscript ‘disp’), respectively. The left and right columns of the
matrix M describe the effect of the induced multipoles a; ., and a;;,, respectively.
The entries in matrices Mg, and Mir%; for the " inclusion are numbers that depend
on the degrees of induced multipoles. The entries in matrices Mglift%ii and anlsz for
the i*" inclusion depend on the degrees of induced multipoles, the radius of inclusion
R; and the material properties of the inclusion (u;, k;) and elastic matrix (o, o).
Matrices M2¢. - and M®P = encode interactions between the inclusions i and j. The

out,?j out,ij
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Figure 2.5: Structure of the system of Equations (2.36) for the amplitudes a; o, and
a; i, of the induced multipoles for inclusions ¢ € {1,..., N}. The matrix M is divided
into 4N? blocks, where the blocks Mye,; and M correspond to the boundary
conditions for tractions around the circumference of the i*" inclusion in Eq. (2.30a,
2.30b), and the blocks Mﬁifgij and Milsfj’ correspond to the boundary conditions for
displacements around the circumference of the i® inclusion in Eq. (2.30c, 2.30d).
The red boxes mark the blocks with 7 # j that account for the interactions between
different inclusions. The effect of external stresses is contained in vectors b, See

text for detailed description of elements represented in this system of equations.

entries in these matrices depend on the degrees of induced multipoles, the radii R; and
R; of inclusions, the angle 6;;, and the separation distance a;; between the inclusions

(see Fig. 2.4). In addition to that, the entries in matrix M also depend on the

out,?j

material properties of the elastic matrix (o, ko). Note that the other matrices are

. di .. dis .
zero, i.e. M = M7 = 0. The entries in vector b;™" depend on the magnitude

of external stresses (o5, op', og'), the degrees of induced multipoles, the radius of

inclusion R;, and the material properties of the inclusion (y;, x;) and elastic matrix
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(1o, ko). Note that in b?iSp the only nonzero entries are the ones that correspond to
Fourier modes 1, cos(2¢;), and sin(2¢p;).

To numerically solve the system of equations for induced multipoles in
Eq. (2.36) we truncate the multipole expansion at degree ny... For each
inclusion ¢, there are 4m;.x — 1 unknown amplitudes of multipoles a;q.. =
{Aio, Ain,..., A

Bi,la Bi,27 ey Bi,nmaxa Ci,Za C’i,?n s 70 Di,?y Di,37 CII) Di,nmax}

1,Mmax ) %,Mmax ?
and 4nma, — 1 unknown amplitudes of multipoles a;in, = {a@i2, i3, ., Qinyaes bi2,
bizs s Vi Ci05 Cils -+ 5 Cimmmans Qi1 di2y - - ,di,nmx}. Furthermore, we truncate

the Taylor expansion for the Airy stress function yout (rj(ri, ©i), pi(ri, cpi)|aj70ut) in
Eq. (2.33) at the same order ny,.x. By matching the coefficients of the Fourier modes
{1, cosp;, sing;, ... , coS(Nmax®i), SIN(Nmaxy;)} in the expansions for tractions
and displacements in Eq. (2.35) around the circumference of the i'" inclusion, we
in principle get 2(2nmax + 1) equations from tractions and 2(2ny., + 1) equations
from displacements. However, the zero Fourier modes for o,, and u, are equal to
zero. Furthermore, the coefficients of Fourier modes cos ¢; and sing; are identical
for each of the o,,, 0,4, u,, and u, in Eq. (2.35). By removing the equations

that do not provide new information, the dimensions of matrices M, M,

M and MO become (4nmax — 1) X (47max — 1). Thus Eq. (2.36) describes

out,ij in,3j5°
the system of N(8ny.x — 2) equations for the amplitudes of the induced multi-

poles {ajout, 1, - - -, AN outs AN,in}- Lhe solution of this system of equations gives

ext
Tx )

amplitudes of induced multipoles, which are linear functions of applied loads o

O.ext and O.ext

vy 2y - These amplitudes are then used to obtain the Airy stress functions

X (2, ylaim) in Eq. (2.29) inside inclusions and x'% (2, y|aouw) in Eq. (2.27) outside
inclusions, which enables us to calculate stresses and displacements everywhere in
the structure. The accuracy of the obtained results depends on the number n,,,, for

the maximum degree of induced multipoles, where larger n,,., yields more accurate
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results. In the next two Sections, we compare the results of the elastic multipole

method described above with linear finite element simulations and experiments.

2.2.2 Comparison with linear finite element simulations

First, we tested the elastic multipole method for two circular inclusions embedded in
an infinite plate subjected to uniaxial stress (Fig. 2.6) and shear stress (Fig. 2.7). The
two inclusions had identical diameters d and they were centered at (+a/2,0). Three
different values of the separation distance a between the inclusions were considered:
a = 2d, a = 1.4d, and a = 1.1d. The left and right inclusions were chosen to be more
flexible (Ey1/Ey = 0.25) and stiffer (Ey/Ey = 4) than the outer elastic matrix with
the Young’s modulus Ey, respectively. We used plane stress condition with Kolosov’s
constants k; = (3—v;)/(1+1;), where Poisson’s ratios of the left and right inclusions,
and the outer material were 1y = 0.45, v, = 0.15, and vy = 0.3, respectively. The

values of the applied uniaxial stress and shear stress were o'/ E, = —0.25 (Fig. 2.6)

ext

and ogy

/Ey = 0.1 (Fig. 2.7), respectively. Such large values of external loads were
used only to exaggerate deformations. Note that in practical experiments these loads
would cause nonlinear deformation.

In Figs. 2.6 and 2.7 we show contours of deformed inclusions and spatial distri-
butions of stresses for different values of the separation distance a between the inclu-
sions, where the results from elastic multipole method were compared with linear
finite element simulations on a square domain of size 400d x 400d (see Appendix A
for details). When the inclusions are far apart, they interact weakly, as can be seen
from the expansion of stresses and displacements in Eq. (2.35), where the terms
describing interactions between the inclusions ¢ and j contain powers of R;/a;; < 1
and R;/a;; < 1. This is the case for the separation distance a = 2d, where we find that

the contours of deformed inclusions have elliptical shapes (see Figs. 2.6b and 2.7b)

and stresses inside the inclusions are uniform (see Figs. 2.6e,h and 2.7e,h), which is
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Figure 2.6: Deformation of an infinite elastic plate with two circular inclusions under
uniaxial stress 0 and plane stress condition. (a) Schematic image describing the

initial undeformed shape of the structure and applied load o0& = —0.25E,. The
diameters of both inclusions (blue and orange disks) are d and the separation distance
between their centers is a. The Young’s moduli of the left and right inclusions are
Ey/Ey = 0.25 and Ey/Ey = 4, respectively, where Fj is the Young’s modulus of
the outer material. Poisson’s ratios of the left and right inclusions and the outer
material are vy = 0.45, v, = 0.15, and vy = 0.3, respectively. (b-d) Contours of the
deformed inclusions for different values of the separation distance a/d = 2, 1.4, and
1.1. The solid red, yellow and dashed blue lines show the contours obtained with
elastic multipole method for ny,.x = 2, 4, and 8, respectively. Green solid lines show
the contours obtained with linear finite element simulations. (e-j) von Mises stress
(o) distributions obtained with (e-g) elastic multipole method (nm.x = 9) and
(h-j) linear finite element simulations for different separation distances of inclusions
a/d. von Mises stress distributions are normalized with the value of von Mises stress
o&t = 02| due to the applied load. Four marked points A-D were chosen for
the quantitative comparison of stresses and displacements between elastic multipole

method and finite element simulations. See Table 2.4 for details.

multipoles

finite elements

characteristic for isolated inclusions (see Eq. (2.24) and [16]). Furthermore, the von

. o o 5 5 ]
Mises stress distribution (oym = /02, — 0220y, + 02, + 302,) around the more flex
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Figure 2.7: Deformation of an infinite elastic plate with two circular inclusions under
shear stress o5y and plane stress condition. (a) Schematic image describing the initial
undeformed shape of the structure and applied load ag’; = 0.1F,, where Ej is the
Young’s modulus of the outer material. The diameter of both inclusions (blue and
orange disks) is d and the separation distance between their centers is a. Material
properties are the same as in Fig. 2.6. (b-d) Contours of the deformed inclusions for
different values of the separation distance a/d = 2, 1.4, and 1.1. The solid red, yellow
and dashed blue lines show the contours obtained with elastic multipole method for
Nmax = 2, 4, and 8, respectively. Green solid lines show the contours obtained with
finite element simulations. (e-j) von Mises stress (oyy) distributions obtained with
(e-g) elastic multipole method (nmax = 9) and (h-j) linear finite element simulations
for different separation distances of inclusions a/d. von Mises stress distributions are
normalized with the value of von Mises stress 0% = /3 |ogx| due to the applied load.
Four marked points A-D were chosen for the quantitative comparison of stresses and
displacements between elastic multipole method and finite element simulation. See

Table 2.5 for details.

ible left inclusion (see Fig. 2.6¢,h) is similar to that of an isolated hole under uniaxial

stress (see Fig. 1.1c). For the stiffer right inclusion, the locations of the maxima and
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minima in the von Mises stress distribution are reversed (see Fig. 2.6e,h) because the
amplitudes of induced multipoles have the opposite sign (see Eq. (2.23)).

Similar patterns in the von Mises stress distribution are observed when the struc-
ture is under external shear, but they are rotated by 45° (see Fig. 2.7e,h). When inclu-

sions are far apart (a = 2d), the contours of deformed inclusions can be accurately

Table 2.4: Quantitative comparison for the values of von Mises stresses o, and
displacements u at points A-D (defined in Fig. 2.6) obtained with the elastic multi-
pole method (EMP) and finite element method simulations (FEM) for uniaxially
compressed samples with two inclusions of diameter d for different values of their
separation distance a. von Mises stresses o, are normalized with the value of
von Mises stress 0% = |02 due to the applied uniaxial compression. Displace-
ments u are normalized with the characteristic scale of deformation do®}/E,, where
Eqy is the Young’s modulus of the elastic matrix. The relative percent errors

¢ between the two methods are calculated as 100 x (¢BF — oFEM)/oFEM and
100 5 (JuFMP — [uFEM) /|y [FEM,

separation a = 2d
stress o\ /oS disp. |u|/[do%t/ Eo)
EMP FEM € (%) | EMP FEM (%)
A | 1.419 1.416 0.2 |1.442 1442 0.0
B |0.940 0.947 0.7 |0.082 0.081 0.5
C|1.213 1216 0.3 |0.654 0.653 0.1
D [ 0997 0997 0.0 | 1.144 1.144 0.0
separation a = 1.4d
stress o\ /oS disp. |u|/[do%t/ Eo)
EMP FEM € (%) | EMP FEM (%)
A 1424 1419 05 |1.2656 1.264 0.1
B 10940 0959 19 |0.116 0.116 0.7
C|1.08 1.092 08 |0275 0.274 0.3
D [0994 0994 0.0 | 1.250 1.250 0.0
separation a = 1.1d
stress oy /oS disp. |u|/[do%k/ Eo)
EMP FEM € (%) | EMP FEM (%)
A | 1439 1426 0.9 |1.223 1.220 0.3
B | 0.887 0.91 2.7 10127 0.126 1.0
C 10933 0948 1.5 |0.122 0.122 0.3
D [0992 0992 0.0 |1.363 1.363 0.0
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Table 2.5: Quantitative comparison for the values of von Mises stresses o, and
displacements u at points A-D (defined in Fig. 2.7) obtained with the elastic multi-
pole method (EMP) and finite element method simulations (FEM) for sheared
samples with two inclusions of diameter d for different values of their separation
distance a. von Mises stresses o, are normalized with the value of von Mises stress

oSt = =3 |ant| due to the applied shear. Displacements u are normalized with the
characterlstlc scale of deformation dof}/FEy, where Ej is the Young’s modulus of the

elastic matrix. The relative percent errors € between the two methods are calculated
as 100 x (oEMP — gFEM) /gFEM and 100 x (|uPMP — |u|FEM) /|u|FEM,

separation a = 2d
stress oy /oSE |disp. |u|/[doh/ Eo
EMP FEM € (%)|EMP FEM € (%)
A[1.027 1.026 0.1 [1.167 1.166 0.1
B|1.045 1.050 0.5 |0.387 0.387 0.2
C|1.415 1.419 0.2 {0.159 0.159 0.0
D|1.016 1.016 0.0 |4.2354.235 0.0
separation a = 1.4d
stress o /oSt |disp. |u|/[do%E/ Eo)
EMP FEM € (%) EMP FEM ¢ (%)
A[1.051 1.047 0.4 [1.132 1.131 0.1
B|1.065 1.081 1.5 |0.379 0.377 0.5
C|1.469 1.481 0.8 |0.280 0.279 0.2
D|1.016 1.016 0.0 |4.265 4.265 0.0
separation a = 1.1d
stress oy /oSy |disp. |u|/[do%E /) Eo)
EMP FEM € (%) EMP FEM € (%)
A[1.085 1.076 0.9 |1.159 1.156 0.2
B|1.106 1.134 2.5 {0.371 0.368 0.8
C|1.512 1.533 1.4 |0.407 0.405 0.4
D|1.020 1.020 0.0 |4.2754.275 0.0

described already with multipoles up to degree ny., = 2 (see Figs. 2.6b and 2.7b).

t t

This degree of multipoles is sufficient because external stresses 03" and o' couple
only to the Fourier modes 1, cos2¢p;, and sin2p; in the expansion for stresses and
displacements in Eq. (2.35). As the inclusions are moved closer together (a = 1.4d and
a = 1.1d), they interact more strongly. As a consequence, the contours of deformed
inclusions become progressively more non-elliptical and higher order of multipoles

42



uniaxial stress

a=2d a=1.4d a=1.1d
10° 10° 100

107%E 222 1072 - -2 N

1074 Tt 1074 Tl T T T

€error norm

1076

4 Npax 6 8 2 4 Npmax 6 8
100

102
104
1078

amplitudes a; i,

10°

Figure 2.8: Normalized errors and amplitudes of induced multipoles for the structures
with two inclusions with diameters d and the separation distance a under uniaxial
stress 0 (see Fig. 2.6). The normalized errors for displacements €qisp(7max) (blue
lines) and stresses €gress(Mmax) (red lines) are defined in Eq. (2.37). Absolute values
of the amplitudes of induced multipoles {aj out, a2,0ut} fOr Nmax = 9. The amplitudes
are normalized as &, = a, /0%, &, = ¢, /0, A, = A, /0, and C,, = C,,/o®*. The
dark and light blue colored bars correspond to the positive (a,, ¢,, A, C,, > 0) and
negative (ay,, ¢, A,, C, < 0) amplitudes for inclusion 1, respectively. Similarly, the
red and orange colored bars correspond to the positive and negative amplitudes for
inclusion 2, respectively. Note that the amplitudes of multipoles b;, d;, B;, and D;

are zero due to the symmetry of the problem.
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are needed to accurately describe their shapes (see Figs. 2.6¢,d and 2.7¢,d). Further-
more, the stress distribution inside the right inclusion becomes nonuniform (see
Figs. 2.6f,g,i,j and 2.7f,g,i,j). Note that von Mises stress distributions look similar far
from inclusions regardless of the separation distance a (see Figs. 2.6 and 2.7), because
they are dictated by the lowest order induced multipoles, i.e. by non-topological
monopoles (p), non-topological dipoles (d?) and quadrupoles (Q?®, QP).

To determine the proper number for the maximum degree n,,,, of induced multi-
poles we performed a convergence analysis for the spatial distributions of displace-

ments u(™=)(z, 1) and von Mises stresses ai’ﬁ/‘f""x)(x, y). Displacements and von Mises
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Figure 2.9: Normalized errors and amplitudes of induced multipoles for the structures
with two inclusions with diameters d and the separation distance a under shear stress
ag’; (see Fig. 2.7). The normalized errors for displacements €qisp(7max) (blue lines)
and stresses €gpress(Mmax) (red lines) are defined in Eq. (2.37). Absolute values of the

amplitudes of induced multipoles {aj out, @2,0ut} for Nmax = 9. The amplitudes are
normalized as b, = b,/c%" d, = d,/0* B, = B, /o< and D, = D, /o%*'. The

xy Y Yy Ty
dark purple and orange blue colored bars correspond to the positive (by,, d,,, By, Dy, >

0) and negative (b, d,, B, D,, < 0) amplitudes for inclusion 1, respectively. Similarly,
the green and yellow colored bars correspond to the positive and negative amplitudes
for inclusion 2, respectively. Note that the amplitudes of multipoles a;, ¢;, A;, and C;
are zero due to the symmetry of the problem.

stresses were evaluated at [V, = 1001 x 1001 points on a square grid of size 10d x 10d
surrounding the inclusions, i.e. at the points (z;,y;) = (id/100,jd/100), where
i,j € {—500,—499,...,500}. The normalized errors for displacements €gisp(Mmax) and
StTesses €stress(Mmax) Were obtained by calculating the relative changes of the spatial
distributions of displacements and von Mises stresses when the maximum degree 7,

of induced multipoles is increased by one. The normalized errors are given by [129]

u(max+1) i, Ui — u(mmax) i, Ui 2
6disp(nmax) = Z ( ( ]) ( ])) (237a)

i Np(d o/ Eo)? ’
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Figure 2.10: Deformation of an infinite elastic plate with ten circular inclusions
(orange disks) under general external stress. (a) Schematic image describing the initial

undeformed shape of the structure and applied external loads: ¢®'/FE, = —0.25,
oot/ Ey = 0.05, and o5t /Ey = 0.10, where Ej is the Young’s modulus of the outer

material. The plane stress condition was used. The radii and material properties
(Young’s moduli E; and Poisson’s ratios v;) of inclusions are provided in the table
below the schematic image. The radii of inclusions are normalized by the radius of the
largest inclusion. The Young’s moduli are normalized by the Young’s modulus of the
outer material E,. The value of Poisson’s ratio for the outer material was vy = 0.3.
(b) Contours of deformed inclusions. The blue dashed lines show the results obtained
with the elastic multipole method (1, = 6). The green solid lines correspond to
the deformed contours obtained with linear finite element simulations.

2
max 1 max
> (o ) = o™ (@)
6stress(nmax) = N (O.ext)Q
P\¥YvM

1,

(2.37b)

Here, displacements and von Mises stresses are normalized by the characteristic scales
do3i/Ey and 0%}, respectively, where d is the diameter of inclusions, 0%} is the value
of the von Mises stress due to external load, and Fy is the Young’s modulus of the
surrounding elastic matrix. The normalized errors are plotted in Figs. 2.8 and 2.9. As

the maximum degree n,.. of induced multipoles is increased, the normalized errors

for displacements €gisp(Tmax) and Stresses €spress(Mmax) decrease exponentially. Since
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the induced elastic multipoles form the basis for the biharmonic equation, this is akin
to the spectral method, which is exponentially convergent when the functions and the
boundaries are smooth [129]. The normalized errors for displacements are lower than
the errors for stresses (see Figs. 2.8 and 2.9) because stresses are related to spatial
derivatives of displacements. Note that the normalized errors decrease more slowly
when inclusions are brought close together and their interactions become important
(see Figs. 2.8 and 2.9). This is also reflected in the amplitudes aj i, asin, aiout,
and ag oy of the induced multipoles, which decrease exponentially with the degree
of multipoles and they decrease more slowly when inclusions are closer (see Figs. 2.8
and 2.9).

Results from the elastic multipole method were compared with linear finite
element simulations, and very good agreement is achieved already for ny., = 9 even
when inclusions are very close together (a = 1.1d, see Figs. 2.6 and 2.7). To make
the comparison with finite elements more quantitative, we compared the values of
displacements and stresses at 4 different points: A — at the edge of the left inclusion,
B — in between the inclusions, C — at the center of the right inclusion, and D — far
away from both inclusions (see Figs. 2.6 and 2.7). For all 4 points, the error increases
when inclusions are brought closer together (see Tables 2.4 and 2.5). Of the 4
different points, we find that the errors are the largest at point B, which is strongly
influenced by induced multipoles from both inclusions. For the smallest separation
distance a = 1.1d between the inclusions, the errors for the von Mises stress at point
B are 2.7% and 2.5% for the uniaxial and shear loads, respectively. These errors
can be further reduced by increasing the number n,,,, for the maximum degree of
multipoles, e.g. for ny,.x = 14 the errors for von Mises stress at point B are reduced
to 1.2% and 1.1% for the uniaxial and shear loads, respectively.

To demonstrate the full potential of the elastic multipole method, we also consid-

ered the deformation of an infinite plate with N = 10 inclusions of different sizes and
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material properties subjected to general external stress load under plane stress condi-
tion (see Fig. 2.10). The contours of deformed inclusions obtained with finite element
simulations (green solid lines) and elastic multipole method with ny., = 6 (blue
dashed lines) are in very good agreement. Note that the results for the elastic multi-
pole method were obtained by solving the linear system of only N (8ny,.x — 2) = 460
equations for the amplitudes of the induced multipoles described in Eq. (2.36), which
is significantly smaller than the number of degrees of freedom required for finite

element simulations.

2.2.3 Comparison with experiments

Finally, we also tested the elastic multipole method against experiments. Exper-
imental samples were prepared by casting Elite Double 32 (Zhermack) elastomers
with the measured Young’s modulus Ey = 0.97 MPa and assumed Poisson’s ratio
v = 0.49 [28]. Molds were fabricated from 5 mm thick acrylic plates with laser-cut
circular holes, which were then filled with acrylic cylinders in the assembled molds to
create cylindrical holes in the elastomer samples. Approximately 30 min after casting,
the molds were disassembled and the solid samples were placed in a convection oven
at 40 °C for 12 hours for further curing. The cylindrical inclusions made from acrylic
(Young’s modulus £ = 2.9 GPa, Poisson’s ratio v = 0.37 [130]) were inserted into
the holes of the elastomer samples and they were glued by a cyanoacrylate adhesive.

We designed two compressive testing systems (see Fig. 2.11) to compare the
contours of deformed holes and inclusions and strain fields with predictions made
by the elastic multipole method. In Fig. 2.11a, we first present an experimental
system for extracting the contours of deformed holes and inclusions in compressed
experimental samples. The system comprises a custom-made loading mechanism and
a flatbed photo scanner. Displacement loading is applied in 0.5 mm increments via

180° turns of the M10x1 screw (metric thread with 10 mm diameter and 1 mm pitch)
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Figure 2.11: Experimental systems for displacement controlled compressive tests.
(a) A mechanism for compression of rubber samples (green slab) sits on top
of a flatbed photo scanner, which is used to extract the contours of deformed
holes/inclusions. The zoomed-in photo on the left shows a 3D-printed plastic wrench
that was used for the precise control of screw turns. (b) Setup for extracting strain
fields via digital image correlation (DIC). The surface of the sample was painted with
speckle patterns. The sample was then compressed with steel plates of the testing
machine and photos of speckle patterns were used to extract the displacement field
on the front surface of the slab. The zoomed-in photo on the right shows the rubber
sample with one hole and one inclusion (indicated with a red dashed circle) mounted
between two parallel plates of the testing machine.
in the mechanism, which is controlled by a 3D-printed plastic wrench (see the inset
of Fig. 2.11a). The loading mechanism was placed on an Epson V550 photo scanner
to scan the surface of deformed samples and silicone oil was applied between the
sample and the glass surface of the scanner to reduce friction between them. Scanned
images were post-processed with Corel PHOTO-PAINT X8 and the Image Processing
Toolbox in MATLAB 2018b. First, the dust particles and air bubbles trapped in a
thin film of silicone oil were digitally removed from the scanned images. Scanned
grayscale images were then converted to black and white binary images from which
the contours were obtained with MATLAB.

Second, we present a system for capturing the displacement and strain fields in
compressed samples via digital image correlation (DIC) technique (see Fig. 2.11b).

Black and white speckle patterns were spray-painted onto the surface of samples with

slow-drying acrylic paint to prevent the speckle pattern from hardening too quickly,
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Figure 2.12: Uniaxial vertical compression of elastic structures with holes. (a-
¢) Schematic images describing the initial undeformed shapes of structures with two
holes (white disks) in three different configurations (horizontal, vertical and inclined

at 45°) and applied external strain ee’;t —0.05. Deformed contours of holes obtained

with elastic multipole method (1. = 10, blue dashed lines), experiments (red solid
lines), and finite element simulations (solid green lines). In all cases, the size of
samples was 100 mm x 100 mm x 25 mm, the diameters of each hole/inclusion were
d = 8.11 mm, and their separation distances were a = 9.50 mm.
which could lead to delamination under applied compressive loads. Using a Zwick
7050 universal material testing machine, we applied a compressive displacement in
0.2 mm increments, where again a silicone oil was applied between the steel plates
and the elastomer samples to prevent sticking and to reduce friction. A Nikon D5600
photo camera was used at each step to take a snapshot of the compressed sample (see
Fig. 2.11b). These photos were then used to calculate the displacements and strain
fields with Ncorr, an open-source 2D DIC MATLAB based software. [131]

We analyzed uniaxially compressed 100 mm x 100 mm X 25 mm elastomer struc-
tures with three different configurations (horizontal, vertical and inclined at 45° angle)

of two holes with identical diameters d = 8.11 mm and their separation distance

a = 9.50 mm (see Fig. 2.12a-c). Holes were placed near the centers of elastomer
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Figure 2.13: Uniaxial vertical compression of elastic structures with holes and inclu-
sions. (a-c) Schematic images describing the initial undeformed shapes of struc-
tures with one hole (white disks) and one inclusion (orange disks) in three different
configurations (horizontal, vertical and inclined at 45°), and applied external strain
52’; = —0.05. Deformed contours of holes and inclusions obtained with elastic multi-
pole method (nyax = 10, blue dashed lines), experiments (red solid lines), and
finite element simulations (solid green lines). In all cases, the size of samples was
100 mm x 100 mm x 25 mm, the diameters of each hole/inclusion were d = 8.11 mm,
and their separation distances were a = 9.50 mm.

structures to minimize the effects of boundaries. The structures were relatively thick

(25 mm) to prevent the out-of-plane buckling. The contours of deformed holes in

compressed experimental samples under external strain EZ); = —0.05 were compared

with those obtained with elastic multipole method and finite element simulations (see

Fig. 2.13a-c). For the elastic multipole method, we used external stress og' = Epeln'

ext ~ sext
zr Ua:y

(o ~ 0 due to reduced friction) and plane stress condition was assumed since
the experimental samples were free to expand in the out-of-plane direction. Linear
finite element simulations were performed for finite-size (100 mm x 100 mm) 2D struc-
tures with circular holes under plane stress condition. In finite element simulations,

samples were compressed by prescribing a uniform displacement in the y-direction on
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Figure 2.14: Equivalent von Mises strain fields e,y (see Eq. (2.38)) for uniaxially
vertically compressed elastic structures with two holes (white disks) in three different
configurations (horizontal, vertical, inclined at 45°) introduced in Fig. 2.12. Equiv-
alent von Mises strain fields e,y were obtained with (a-c) elastic multipole method
(Mmax = 10), (d-f) finite element simulations, and (g-i) DIC analysis of experiments.
Note that the strain data was corrupted near the edges for some samples due to oil
stains on the speckle patterns near the boundary. For this reason, we omitted the
affected border regions (grey frames) in heat maps (g-i). Four marked points A-D
were chosen for the quantitative comparison of strains e,y;. See Table 2.6 for details.

the upper and lower surfaces, while allowing nodes on these surfaces to move freely
in the z-direction. The midpoint of the bottom edge was constrained to prevent rigid
body translations in the z-direction.

The contours of deformed holes obtained in experiments agree very well with

those obtained with elastic multipole method (ny,.x = 10) and linear finite element
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Figure 2.15: Equivalent von Mises strain fields e,y (see Eq. (2.38)) for uniaxially
vertically compressed elastic structures with one hole (white disks) and one inclusion
(blue disks) in three different configurations (horizontal, vertical, inclined at 45°)
introduced in Fig. 2.13. Equivalent von Mises strain fields e,y were obtained with (a-
c) elastic multipole method (nmax = 10), (d-f) linear finite element simulations, and
(g-1) DIC analysis of experiments. Note that the strain data was corrupted near the
edges for some samples due to oil stains on the speckle patterns near the boundary.
For this reason, we omitted the affected border regions (grey frames) in heat maps
(g-1). Four marked points A-D were chosen for the quantitative comparison of strains
evm. See Table 2.7 for details.

simulations for all three configurations of holes (see Fig. 2.12a-c). We also compared

the equivalent von Mises strain fields defined as ey = oyy/E [1] with

\/ €2 — Eaabyy T oy + 363, + ﬁ(ém + €4y )?
= 2.38
EvM T (2.38)
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Table 2.6: Quantitative comparison for the values of equivalent von Mises strains ey
normalized with the value for the applied external load £%% at points A-D (defined
in Fig. 2.14) in compressed samples with two holes in three different configurations
(horizontal, vertical, inclined) obtained with elastic multipole method (EMP), finite
element method simulations (FEM) and DIC analysis of experiments (EXP). The
relative percent errors between EMP and FEM were calculated as 100 x (S(V]i/IMP) —

(FEM ) Jony (FEM) The relative percent errors between EMP and EXP were calculated

as 100 X (eont (piP) EE%AXP))/ef,%AXP).

horizontal
points| strain e,\/e3s |error of EMP (%)
EMP FEM EXP|FEM EXP

A | 1.17 114 1.17] 2.6 0.2

B 1.07 1.04 1.11] 2.7 3.8

C 1.05 1.03 0.92| 2.5 14.1

D 1.03 1.00 098] 2.8 4.5
vertical

points| strain ey\/e3y |error of EMP (%)
EMP FEM EXP|FEM EXP

A 114 1.12 1.12] 2.0 2.3

B ]0.71 0.69 0.73| 2.0 3.3

C |123 121 1.12| 1.7 10.2

D [1.02 1.00 1.00| 1.6 2.0
inclined

points| strain e,y /€ |error of EMP (%)
EMP FEM EXP|FEM EXP

A 119 1.16 1.18]| 2.6 0.7
B ]0.63 0.61 0.63| 3.9 0.3
C 121 1.18 1.15| 2.7 4.9
D |1.03 1.00 0.99| 2.8 4.2

that were obtained with elastic multipole method (nyax = 10), finite element simu-
lations, and DIC analyses of experiments (see Fig. 2.14). For all three configura-
tions of holes, the strain fields agree very well between the elastic multipole method
(Fig. 2.14a-c) and finite element simulations (Fig. 2.14d-f). The strain fields for
experimental samples are qualitatively similar, but they differ quantitatively near
the holes as can be seen from heat maps in Fig. 2.14g-i. The quantitative compar-
ison of strains at four different points A-D (marked in Fig. 2.14) showed a relative

error of 2-4% between elastic multipole method and finite elements, and a relative
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Table 2.7: Quantitative comparison for the values of equivalent von Mises strains e,y
normalized with the value for the applied external load £%% at points A-D (defined
in Fig. 2.15) in compressed samples with one hole and one inclusion in three different
configurations (horizontal, vertical, inclined) obtained with elastic multipole method
(EMP), finite element method simulations (FEM) and DIC analysis of experiments
(EXP). The relative percent errors between EMP and FEM were calculated as 100 x

(gf/%/[MP (FEM )/e (FEM). The relative percent errors between EMP and EXP were
calculated as 100 X (eonr (EMP) 5(%4XP))/5\(/}13/1XP)'
horizontal

points| strain e,y /€% |error of EMP (%)
EMP FEM EXP|FEM EXP

A 121 1.20 1.23] 0.7 1.1

B [0.70 0.70 0.62| 0.6 11.9

C |114 113 1.09| 0.7 4.0

D |1.01 1.00 0.97| 0.2 3.7
vertical

points| strain e,y /€% |error of EMP (%)
EMP FEM EXP|FEM EXP
1.11 1.07 1.06| 3.9 4.5
1.14 1.14 1.27| 0.5 10.1
0.57 0.56 0.61| 1.4 6.3
1.00 0.99 0.97| 1.0 3.3
inclined
points| strain e,y /€% |error of EMP (%)
EMP FEM EXP|FEM EXP

Saowe

A 10.61 059 0.57| 4.8 7.0
B |1.18 1.15 1.18| 24 0.5
C |1.16 1.15 1.17| 0.7 1.2
D |1.00 0.99 0.96| 0.8 4.0

error of 0-14% between elastic multipole method and experiments (see Table 2.6).
The discrepancy between elastic multipole method and finite element simulations is
attributed to the finite size effects. For elastic multipole method, we assumed an
infinite domain, while finite domains were modeled in finite element simulations to
mimic experiments. Since the domains are relatively small, interactions of induced
elastic multipoles with boundaries become important, which is discussed in detail
in the next chapter 3. The discrepancy between experiments and elastic multipole

method is also attributed to the confounding effects of nonlinear deformation due
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to moderately large compression (5‘;’; = —0.05), 3D deformation due to relatively
thick samples, fabrication imperfections, nonzero friction between the sample and the
mounting grips of the testing machine, the alignment of camera with the sample (2D
DIC system was used), and the errors resulting from the choice of DIC parameters
(see e.g. [132, 133)]).

Experiments were repeated with relatively rigid inclusions (Fi../Ey = 3000),
where the samples described above were reused. Acrylic (PMMA) rods were inserted
into one of the holes and glued with a cyanoacrylate adhesive for each of the samples.
The contours of deformed holes obtained in experiments matched very well with those
obtained with elastic multipole method (1., = 10) and finite element simulations for
all three configurations of holes and inclusions (see Fig. 2.13a-c). A relatively good
agreement was also obtained for strain fields (see Fig. 2.15), where the strains inside
rigid inclusions are very small (black). The quantitative comparison of strains at four
different points A-D (marked in Fig. 2.15) showed a relative error of 0-5% between

elastic multipole method and finite elements, and a relative error of 0-12% between

elastic multipole method and experiments (see Table 2.7).

2.3 Conclusion

In this chapter, we demonstrated how induction and multipole expansion, which
are common concepts in electrostatics, can be effectively used also for analyzing the
linear deformation of infinite 2D elastic structures with circular holes and inclusions
for both plane stress and plane strain conditions. Unlike in electrostatics, there are
two different types of multipoles Q7 and QP in elasticity, which are derived from
topological monopoles s (disclinations) and non-topological monopoles p. This is due

to the biharmonic nature of the Airy stress function. The external load can induce all
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of these multipoles except for the topological defects called disclinations (topological
monopole s) and dislocations (topological dipole d*).

The multipole expansion is a so-called far-field method and is thus extremely effi-
cient when holes and inclusions are far apart. In this case, very accurate results can be
obtained by considering only induced quadrupoles, because the effect of higher-order
multipoles decays more rapidly at large distances. When holes and inclusions are
closer together, their interactions via induced higher-order multipoles become impor-
tant as well. The accuracy of the results increases exponentially with the maximum
degree of elastic multipoles, which is also the case in electrostatics, and this is char-
acteristic for spectral methods [129].

Note that the Stokes flows in 2D can also be described in terms of the bihar-
monic equations of the stream function [134]. Hence, it may seem that the multi-
pole method described above could be adapted for Stokes flows around rigid and
deformable obstacles. However, this is not possible due to the Stokes’ paradox, which
is the phenomenon that there can be no creeping flow of a fluid around a disk in
2D [134].

The elastic multipole method presented here was limited to deformations of infi-
nite structures with holes and inclusions of circular shapes. It can be generalized
to deformations of finite size structures by employing the concept of image charges
from electrostatics, which is discussed in detail in the next chapter 3. This method
can also be adapted to describe deformations of structures with non-circular holes
and inclusions. One still needs to use the boundary conditions that tractions and
displacements are continuous across the boundary of the inclusion [see Eq. (2.30)] to
obtain a set of linear equations for the amplitudes of multipoles. One option is to
expand tractions and displacements in terms of the Fourier modes up to order n.y

both outside and inside inclusions and match their coefficients. An alternative option
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is to satisfy the continuity of tractions and displacements at 2n,,,, different points on

the boundary of each inclusion.

o7



Chapter 3

Method of image charges for
describing deformation of bounded

2D solids with circular inclusions

In the last chapter 2, we presented a method to describe linear deformations of circular
holes and inclusions embedded in an infinite 2D elastic matrix under small external
loads, by systematically expanding induced polarization of each hole/inclusion in
terms of elastic multipoles, which are related to terms in the Michell solution for
biharmonic functions [39]. Here, we generalize this method to describe linear defor-
mation of finite and semi-infinite 2D structures with circular holes and inclusions by
taking into account also the interaction with induced images near boundaries. The
results of this method are compared with linear finite element simulations and exper-
iments. We show that the error decreases exponentially as the maximum degree of

elastic multipoles is increased.
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3.1 Image charges in electrostatics and elasticity

The method of image charges is commonly used in electrostatics to satisfy various
boundary conditions [121]. Similarly, image charges can be introduced in 2D elasticity
to satisfy boundary conditions. Below we first discuss image charges in electrostatics
for charges near a straight conductive edge and then demonstrate how image charges
can be constructed in elasticity for charges near a straight traction-free edge. In
Sections 3.2.3 and 3.2.4 we also show how to construct image charges near a straight
rigid edge (Sec. 3.2.3) and near a curved edge (Sec. 3.2.4) with three different types
of boundary conditions.

Let us consider a 2D semi-infinite dielectric medium with permittivity e, filling
half-space y < y, and with a monopole with charge ¢ at position xg = (zo,0) =
(xo,yp — h), which is at the distance h from an infinite perfectly conducting straight
edge at y = 1, as shown in Fig. 3.1a. The electric potential U(x) for this case
can be found by solving the governing equation AU = —éé(x — Xg) subject to
the boundary condition imposed by the conducting edge, i.e. E.(z,y,) = 0, where

the electric field E(x) = (E,(x), E,(x)) is related to the electric potential U(x) as

(a) electrostatics (b) elasticity

Figure 3.1: Image charges in electrostatics and elasticity. (a) A point electric charge ¢
(green) near an infinite conducting plate (dashed blue line) induces an opposite image
charge Z(q) = —q (red) to satisfy the boundary condition that the electric field lines
(black lines) are orthogonal to the conductive plate. (b) A point disclination with
charge s (green) embedded in a semi-infinite elastic material near a traction-free edge
(dashed blue line) induces an image charge Z(s) (red) to satisfy boundary conditions
at the traction-free edge (0, = 0y, = 0). Heat maps show the resultant stress fields
oyy and 0gy.
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E = —VU. [121] The solution for the governing equation in an infinite 2D dielectric

q
2T€e

medium is Uy, (x — X¢|q) = —5% In |x — xg|, but the corresponding electric field does
not satisfy boundary conditions at the conducting edge. The boundary conditions
can be satisfied by placing an image monopole charge —g on the opposite side of

the conducting edge at position x§ = (3, y5) = (zo,y» + h) (see Fig. 3.1a) with the

q
2Tee

corresponding electric potential Z[U,,(x —Xo|q)] = +5- In |x —x}|. The total electric

potential is thus U (x) = U, (x — xo0|q) + Z[Un(X — %0|q)] = —5% In|x — xo| +

2Té€e

q
2T€e

field E°* = —V U™ satisfies the boundary condition at the conducting edge (see

In|x — xj|. [121] It is straightforward to check that the corresponding electric

Fig. 3.1a). Note that the image of the image charge is the original charge itself, i.e.
TT[Un (x — %ola)]] = U (x — %oq). [121]

Let us consider a related problem in 2D elasticity for a semi-infinite elastic medium
with the Young’s modulus F filling half-space y < 1, with a topological monopole
(disclination) with charge s at position xg = (z¢,%0) = (xo,y» — h), which is at
the distance h from the traction-free edge (t; = 0) at y = y, (see Fig. 3.1b). Note
that tractions t; are defined as the force per unit length on the boundary, which are
related to the stress tensor o;; as t; = 0;;n;, where n; is the unit normal vector to the
boundary. The Airy stress function x(x) for this case can be found by solving the
governing equation AAy = Esd(x — xg) subject to the boundary condition imposed
by the traction-free edge, i.e. oy (z,y) = oyy(x,yp) = 0, where stress fields o;;(x)
92x 52

9°x — Px _
o520 Oy = o and o,y =

are related to the Airy stress function y(x) as 0., =
_ 9%
oxdy

The solution for the governing equation in an infinite 2D elastic medium
is x5, (x — xo[s) = £2|x — xo|*(In|x — xo| — 1/2), [122, 125] but the corresponding
stress fields do not satisfy boundary conditions at the traction-free edge. Inspired by
electrostatics we try placing an image disclination with charge —s on the opposite side
of the traction-free edge at position xi = (2§, y5) = (2o, yp + ). The trial Airy stress

function is thus x™(x) = x5,(x — Xos) + x5, (x — x§| —5) = Z2|x —x0[*(In [x — x| —
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1/2) — £5x — x3|*(In |x — x| — 1/2). This trial Airy stress function x'(x) satisfies
one of the boundary conditions, o,; (v,,) = 0, at the traction-free edge, but the
other boundary condition is violated because o} (2, ) = %{Eé(”"x—omzfm # 0. Thus
in elasticity additional image multipoles have to be included to satisfy both boundary
conditions. This difference between electrostatics and elasticity stems from the fact
that the electric potential U(x) is a harmonic function [121], while the Airy stress
function x(x) is a biharmonic function [1]. The additional image multipoles can be
found by calculating the Airy stress function y*(x) that corresponds to distributed
tractions f.(z) = —ob, (z,4) = % and f,(z) = —oy,(z, ) = 0 along the
edge (x,y,). This can be done with the help of the solution of the Boussinesq problem
in 2D, where the response to a concentrated force F = (1,0) in the z-direction at
point (2’,y,) on the edge is described with the Airy stress function ypg(x|2’,y,) =
—(1/m)(y — yp) arctan|[(y — yp)/(x — 2’)], where x = (x,y). [135] The Airy stress
function of the additional elastic image multipoles can then be obtained as x*(x) =
[ da fo(a!) xp(x|2, yp) = —(Esh/2m)(y — y; + h) In|x — x§|. Thus the Airy stress
functions x%,(x —xg|s) for the monopole disclination and for its image Z|[x?, (x —xo|s)]

can be expressed as

E
o, (x — xq[s) :+8—8T2(lnr— 1/2), (3.1a)
T
E's
Zlx;,(x — xgls)] = —=—7r" (lnr — 1/2)
8w (3.1b)
Esh Esh?

— —7r'sinp*Inr* — Inr*,
27

™

where we introduced polar coordinates (r, p) and (r*, ¢*) centered at the disclination

(r = /(x —20)2+ (y — v0)?, » = arctan[(y — yo)/(z — x0)]) and the position of its

image (r* = /(z — x§)? + (y — y3)2, ¢* = arctan|(y — y3)/(x — x3)]), respectively. It
is straightforward to check that the stress fields resulting from the Airy stress function

X' = X2, +Z[x3,] satisfy the boundary conditions along the edge (see Fig. 3.1b). Just
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like in electrostatics, the image of the image disclination is the original disclination
itself, i.e. Z[Z[x5,(x — xo[s)]] = x5, (x — Xqls).

The Airy stress function for the disclination x;, can be used to systematically
construct the Airy stress functions for all other elastic multipoles, as discussed in
detail in the previous chapter 2. Here, we repeat this procedure to construct the
images for all other elastic multipoles. First, we show how to construct an image for
a topological dipole (dislocation), which is formed at xg = (x0, y0) = (%o, yp—h), when
two opposite disclinations with charges +s are located at x3 = xg £ a(cos#,sin6),
where the angle 6 describes the orientation of dislocation. Thus the Airy stress
functions x5(x — x¢) for the dislocation and Z[x3(x — X¢)] for its image at position

*

x5 = (25, y8) = (zo, yp + h) can be expressed as [?, 136]

Xa(x = Xo[sa,0) = x5, (x — x4 [s) + x5, (x — x| = 9),
a E
X5(x — xq|sa, 6) 0, %rlnrcos(gp —0), (3.2a)
7r

Txa(x = xolsa, 0)] = T]x;, (x — x4 [s)]

+ I (x — x| = 9)],

a E
Zx5(x — xo|sa, 0)] 0, —1—%7"* Inr* cos(p* — 0)
T

Esah
_'_

sin(2¢* + 6)

+ Esah sin 0 (ln rt— %)

s
N Esah? cos(p* + 0)

T r*

, (3.2b)

where we again used polar coordinates (r, ) centered at the dislocation and (r*, ¢*)
centered at its image.

The Airy stress functions for a quadrupole and higher-order multipoles and their
images can be constructed similarly. The multipole Q; of order n is constructed by

placing n positive and n negative disclinations symmetrically around xo = (g, yo) =
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(o, y» — h), such that disclinations of charges s; = s(—1)* are placed at positions
x; = Xo + a(cos( + im/n),sin(f + iw/n)), where i € {0,1,...,2n — 1} and the
angle 6 describes the orientation of elastic multipole. The Airy stress functions for
such multipoles x% and their images Z[x:] at positions x5 = (x5, v5) = (zo, s + h)

are expressed in polar coordinates as

2n—1
X5 (x = Xl 50", 0) = Y x5, (x = xi]s.),
i=0
a0, Esa™  cos (n(e —0))
4(n — 1) rn—2 ’

(3.3a)

X5 (x — xg|sa”, 0)

2n—1

Z[x;,(x — xo|sa™, 0)] = Z Il (x = xilsi)],

s " a0 FEsa™ cos (ne* + nb
Tl x — malsa, 0)] <= + o o2 (e )
Esa™  ncos ((n—2)p* + nb)
An—Dr pen=2
Esa™hsin ((n+ 1)¢* + nb)
27 prn=t
Esa™h (2n—1)sin ((n — 1)¢* + nb)
C2n—Dr prn=l
Esa™h? cos (ng* + nb)
* T "

. (3.3b)

In 2D elasticity, there is another type of monopole besides disclinations. This is a
non-topological monopole with charge p that describes local contraction of material
at point xo = (2o, %0) = (zo,y» — h) and the corresponding Airy stress function x?,
can be obtained as the solution of equation AAY?, = EpAgd(x — xg), where Ay
corresponds to the Laplace operator with respect to xo. [125, 49] The Airy stress
functions x?, for this non-topological monopole and Z[x? ] for its image at position

*

x4 = (x5, y5) = (zo,ys + h) can thus be obtained from the Airy stress function x?, for
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disclination as

X (X = Xo|p) = Aox;, (X — Xo[p),
Ep (
A7

b (x — xo|p) = + 1+2lInr), (3.4a)

Zlxn(x = xo[p)] = AoZ[x7, (x = xo[p)];
Ep

LD (x = xolp)] =+ [1 = 2In 7™ — 2 cos(2¢7)]
Eph sin ¢*
4 Dphsing' (3.4b)
™ r

The Airy stress functions for a dipole, a quadrupole, and higher-order multipoles
that arise from non-topological monopoles p and their images can be constructed
similarly as for higher-order multipoles arising from disclinations. The multi-
pole QP of order n is constructed by placing n positive and n negative non-
topological monopoles symmetrically around xg = (x9,y) = (xo,y» — h), such
that non-topological monopoles of charges p; = p(—1)" are placed at positions
x; = Xo+a(cos(@+im/n),sin(6+im/n)), where i € {0,1,...,2n—1} and the angle
6 describes the orientation of multipole. Airy stress functions x? for such multipoles
and Z[x?] for their images at positions x§ = (x§, y5) = (2o, y» + h) are expressed in

polar coordinates as

2n—1

Xo(x = xolpa”™, 0) = Y xh(x — xqlpy),
=0

a0, Epa" cos (n(p —10))
T rr

Xb(x — xo|pa”, 6) , (3.5a)

2n—1

Zxn(x — xqlpa™, 0)] = Z Zxp, (x = xi[pi)],

I (x — xolpa®, 6)] <=5

Epa™ (n+1)cos (ng* +0)

_|— *7
T r
Epa™ ncos ((n+ 2)p* + nb)
m r"
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Epah 2nsin ((n+ 1)¢* + nb)
+ *n+1 :
T r

(3.5D)

Note that the elastic multipoles described above are related to the terms in the
Michell solution [39] for the biharmonic equation, which is discussed in detail in
the previous chapter 2. The operator Z for constructing the Airy stress functions of

images can be written in a compact form as was previously shown by Adeerogba [137]

Ixo(, 2y — y)
0y (3.6)

I xo(z,y)] == xo(z, 2u6 — y) +2(y — vs)
- (y - yb>2AX0(xv 2y — y)

Note that the above operator works for all elastic multipoles except for the disclination
(topological monopole), for which it produces additional uniform stress that has to be
subtracted. Adeerogba derived this expression for eigenstresses in the elastic matrix,

which correspond to all non-topological multipoles.

3.2 Elastic multipole method with image charges

Using the concept of image charges described in Section 3.1 and procedures that
were presented in the previous chapter 2, we describe a method for calculating the
linear deformation of circular inclusions and holes embedded either in a semi-infinite
(y < yp) elastic matrix, in an infinite elastic strip (y, < y < y»), or in an elastic disk
with radius R. External load induces elastic multipoles at the centers of inclusions and
holes, which further induce image multipoles in order to satisfy boundary condition
at the edges. The amplitudes of induced multipoles are obtained from boundary
conditions (continuity of tractions and displacements) between different materials in

the elastic matrix.
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In the following subsections, we describe the method for the general case where
circular inclusions can have different sizes and material properties (holes correspond to
zero shear modulus). Note that our method applies to the deformation of cylindrical
holes and inclusions embedded in a thin plate (plane stress) as well as of cylindrical
inclusions and holes embedded in an infinitely thick elastic matrix (plane strain)
by appropriately setting the values of Kolosov’s constants [1]. In Section 3.2.1, we
describe the method for a semi-infinite elastic matrix (y < y,) subject to uniform
tractions along the boundary. In Section 3.2.2, we adapt this method for the case of
an infinite elastic strip (y, < y < vp) subject to uniform tractions along the boundary.
In Section 3.2.3, we use our method to describe the deformation of a semi-infinite
elastic matrix (y < ¥,) subject to displacement control boundary conditions. Finally,
in Section 3.2.4, we describe the deformation of a circular disk subject to either
hydrostatic stress, no-slip (displacement control), and slip boundary conditions. In
all of these sections, we compare the results of our method with linear finite element

simulations and experiments.

3.2.1 Inclusions in a semi-infinite elastic matrix with uniform

tractions along the outer boundary of the elastic matrix
Method

Let us consider a 2D semi-infinite elastic matrix with the Young’s modulus E, and

ext O.ext

Poisson’s ratio vy filling the half-space y < y, subject to external stresses (o', vy

ooxt). Embedded in the elastic matrix are N circular inclusions with radii R; centered
at positions x; = (x;,v;) = (z;, y» — h;) with Young’s moduli E; and Poisson’s ratios
v;, where i € {1,..., N} and h; is the distance from the center of the i*® inclusion
to the traction controlled edge at y = y; (see Fig. 3.2). Holes are described with the

zero Young’s modulus (E; = 0).
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Figure 3.2: Illustration of external loading (o5, opy', o) for the semi-infinite struc-
ture (y < y,) with circular inclusions (colored disks) Wlth uniform tractions along the
edge (dashed blue line). Images of inclusions are represented with dashed circles. The
schematic describes polar coordinates (7, ¢;) and (r;, ;) relative to the centers x; of
the i inclusion with radius R; and x; of the 5™ inclusion with radius R;, respectively.
Similarly, we define polar coordinates (17, ;) and (77, ¢}) relatlve to the centers x}

of the image of the 7" inclusion and x; of the image of the gt 1nclu51on respectively.
Here, a;; (aj;) is the separation dlstance between the centers of the i inclusion and
the j* inclusion (the image of the j* inclusion) and 6;; (65;) is the angle between the
line joining their centers and the z-axis.

External stress, represented with the Airy stress function

1 X 1 X X
Xest (2,y) = 505y + 5o5w” — 0wy, (3.7)
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induces non-topological monopoles, non-topological dipoles, quadrupoles and higher-
order multipoles at the centers of inclusions, while topological defects (disclination,
dislocation) cannot be induced, as was discussed in the previous chapter 2. Thus
the Airy stress function xgut (ri, ¢i]ai70ut) outside the " inclusion due to the induced
multipoles can be expanded as

Xout (Ti, <Pz‘|ai,out) ZAi,oRiQ In (%)

(2

o0 rz —MNn .
+ Z R? (E) [A; cos(ng;) + B;y sin(ng;)] (3.8)
n=1

00 o\ —nt2
+ Z R? (%) [Cin cos(ne;) + D sin(ne;)],
n=2 v

where the origin of polar coordinates (r; = \/(z — x;)2 + (y — y:)%, @i = arctan|[(y —
vi)/(x — z;)]) is at the center x; = (z;,4) = (@i, 4 — h;) of the i inclu-
sion with radius R; and the set of amplitudes of induced multipoles is a;ou =
{Aio0,Aix,...,Bi1,Bia,...,Ci2,Cis,...,Di9,D;3, ... }. The induced elastic multi-
poles at the center of the i*" inclusion then further induce image multipoles at

position x} = (xf,y;) = (z;,y» + hi) to satisfy boundary conditions at the edge

(oyy(@,9) = ogt, ouy(w,45) = o5). The Airy stress functions of image multipoles

due to the i*" inclusion can be expanded as

I[Xout (Tia Pi |a7;7011t)] :XZut (T;(, ()O;k |azout)7

*

r
o il ) =t () + Big

()

*

(3.9)

+ Z R? (%) [A;"n cos(ny;) + By, sin(ngpf)]
n=1

i

*

oo —n+2
PR (R ) [Cncostd) + D sintn)]
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where the origin of polar coordinates (1} = \/(z — x})2 + (y — y})2, ¢} = arctan[(y —
y!)/(z — x)]) is at the center x} of the image of the i*" inclusion. Note that in
the above expansion in Eq. (3.9) we included the term proportional to B¢}, which
is absent in the expansion for the Airy stress function yut (ri, g0i|ai,out) of the "
inclusion in Eq. (3.8). This term is not allowed for inclusions located inside the
elastic matrix because the Airy stress function Xout (ri, gpi|ai7out) must be continuous
as the angle ¢; spans the range of values from 0 to 27. On the other hand, the
images of inclusions are located outside the elastic matrix (see Fig. 3.2) and thus
the angle ¢} cannot attain values in the whole range from 0 to 2. The amplitudes
al o = 1470, Al B, Biy, -, iy, Cfs,y o Dy, Di5, .. } of image multipoles

are related to the amplitudes a; oy of induced multipoles for the " inclusion as

(

—Aio, n =20,

—(n —+ 1)141,” — (TL + Z)Ci,n—i-Z

Ain = —2(n — 1)%32'771—1 (3.10a)
’ n>1

—2(2n+ 1) D; 44
h2
\ +4(n — 1)R_ZZQC’7”’

0, n =20,

+2B;1 +3D; 3

n =1,
+28 A0 — 65-C; 5,
—2(n - 1)%"41',77,71
’ n>2,

—2(2n 4+ 1) Cinga

—4(n-1)ED;,,

R
Ri
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;

+Oi,2 — Ai,o, n =2,

—|—2(n - 2)%Di,n—1>

—<TL — ]-)Dz,n — (TL — 2)Bi,n—2

D}, = n>2, (3.10d)
+2(TL — 2)%01771,1,

i

where we used results for the image multipoles derived in Section 3.1. The total Airy

stress function outside all inclusions can then be written as

tot

Xout (:C7 y‘aout) = Xext (.CI?, y)
N

3 N (90, 311
+ ZI [XOut (Ti(‘r’ y)7 Soi(x’ y)|ai’OUt)] ’

=1

where the first term is due to external stress and the two summations describe
contributions due to induced multipoles at the centers of inclusions and due to their
images. The set of amplitudes of induced multipoles for all inclusions is defined as
Aoyt = {al,outa e >aN,out}-

Similarly, we expand the induced Airy stress function inside the i*® inclusion as [49]

Xin (7% %"ai,in) ZCi,OTz‘Z
+ Z; R? (%) [ain cos(ne;) + by sin(ng;)] (3.12)

00 S\ nt2
+ Z R? (%) [cin cOs(np;) + di y sin(ne;)],
n=1 v
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where we kept only terms that generate finite stresses at the center of inclusion
and we omitted constant and linear terms {1,7; cos ;, r;sin¢;} that correspond to
zero stresses. The set of amplitudes of induced multipoles is represented as a;;, =
{aiz,ai3,...,bi2,bi3,...,Ci0,Ciny...,di1,dia,...}. The total Airy stress function

inside the " inclusion is thus

tot
Xin (%, Y|2iin) =Xext(T,Y)
( ) (3.13)

+ Xin (13(2, ), 0i (2, y)|@iim),

where the first term is due to external stress and the second term is due to induced
multipoles.

The amplitudes of induced multipoles a; o+ and a;;, are obtained by satisfying
boundary conditions that tractions and displacements are continuous across the

circumference of each inclusion [49]

ot (ri = Ry, pilagm) = 0ot | (ri = Ri, ¢ilaow), (3.14a)
et (ri = Riypilaiim) = oo o (ri = Ri, @ilaou), (3.14b)
uet (r; = Ry, pilaim) = w1 = Ry, ilaou), (3.14c)
ult (ri = Ri, pilaim) = ulh (i = Ry, ¢ilacu), (3.14d)

where stresses and displacements are obtained from the total Airy stress functions

tot

Xio%(z, y|ajm) inside the i™ inclusion (see Eq. (3.13)) and y

tot

out (33 ) y\aout) outside all

inclusions (see Eq. (3.11)). In the boundary conditions for the i*" inclusion in the

above Eq. (3.14), we can easily take into account contributions due to the induced

ext ext

or s Ogy > and

multipoles a; i, and a; o, in this inclusion and due to external stresses o

oot after rewriting the corresponding Airy stress function e (z,y) in Eq. (3.7) in
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Table 3.1: Stresses 0;; and displacements u; corresponding to different terms for the
Airy stress function y in the Michell solution [1]. The value of Kolosov’s constant for
plane stress is k = (3 —v)/(1 + v) and for plane strain is kK = 3 — 4v. Here, p is the

shear modu

lus and v is the Poisson’s ratio.

(o)

r™*+2 sin(ny)

—(n+1)(n — 2)r"™ sin(ne)

—n(n + 1)r™ cos(np)

(n 4+ 1)(n + 2)r™ sin(ny)

,’,n+1 (

(k +n+ 1) sin(ney)
(k—n—1) sm(ng@

(k +n+1)cos(np)
(k+n—1) cos(ngp

x orr ore -
72 2 0 2 ("i - 1)
Inr r2 0 -r2 ( 01>

P2 cos(ng) | —(n+1)(n— 2)r" cos(ng) | n(n+ Drtsin(ng) | (n+ 1)(n+ 2" cos(ng) | (‘“ R C°S(”“”))

)

r~" 2 cos(np) | —(n + 2)(n — 1)r~" cos(np)| —n(n — 1)r~"sin(np) |(n —1)(n —2)r~" cos(np)|r—"+! ( (5 — 1+ 1) sin(n) )
r~"2sin(ng) | —(n +2)(n — 1)r~"sin(np) | n(n— Dr~"cos(ng) |(n—1)(n —2)r " sin(ng) | r~"*+! (((/@ __‘—Z; i)) :;r;((ZZ)>
"™ cos(nep) —n(n — 1)r"~2 cos(nyp) n(n — 1)r" 2 sin(ny) n(n — 1)r" 2 cos(nyp) rn—l (:Znsfsz(::';))
7™ sin(nep) —n(n — 1)r" "2 sin(nyp) —n(n — 1)r" 2 cos(nyp) n(n — 1)r" 2 sin(ny) rn-l ( Zigj{:ﬁ%)
r~ " cos(ngp) —n(n+1)r~""2cos(ng) |—n(n+ 1)r~""Zsin(ng)| n(n+ 1)r~""2cos(nyp) r—1 (ZZ?;((Z('O)))
r~ " sin(nep) —n(n+1)r " 2Zsin(ny) | n(n+ 1)r—""2cos(ny) | n(n+ 1)r~""2sin(nyp) pn—l ( nnS:;g(n;))
polar coordinates centered at the i** inclusion as
( ) )_1( ext_|_ ext) 2
Xext\Ti, Pi) = 4 Oza Uyy T3
1
(05— ot cos(26) (3.15)

ext, .2

1
—o ot sin(2¢;).

2:cyz

This can be done with the help of Table 3.1, which shows the values of stresses

and displacements corresponding to each term in the Michell solution [1].

In

order to calculate the contributions from induced multipoles in other inclusions as

well as all the contributions from image multipoles from the ‘"

and other inclu-

sions, we need to expand expressions for the Airy stress functions yous (rj, goj|ajvout)

and Z[Xout (rj, g0j|aj,out)] around the center x; of the i inclusion. Polar coordinates

(r;,¢;) centered at the ;™
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r;, ;) centered at the ¢ inclusion as
(ri, i)

ri(ri, i) = \/7“12 + af; — 2riag; cos(p; — 0y5),

Qijj — T COS(% - 9ij)>

)

‘Pj(rm Soi) =m+ Qij — arctan [(

where a;; = \/(z; — z;)% + (y; — y;)? is the distance between the centers of the ™
and j* inclusions and 6;; = arctan|(y; — y;)/(z; — x;)] is the angle between the line
joining the centers of inclusions and the x-axis, as shown in Fig. 3.2. Similarly, polar
coordinates (r;-‘, <p;‘) centered at the image of the ;'™ inclusion can be expressed in

terms of polar coordinates (r;, ;) centered at the i*® inclusion as

* o * 2 * *
i (1, i) = \/TZZ + a5;® — 2r;af; cos(p; — 05),
(3.17)

risin(g; — 92})
a;

o (ri, ;) = ™+ 0, — arctan - ,
! ! ( i T cos(p; — eij))

where a;j; = \/ (z; — x7)% + (y; — y})? is the distance between the centers of the "
inclusion and the image of the j™ inclusion and 6;; = arctan[(y; —y;)/(x} — ;)] is the
angle between the line joining these centers and the z-axis as shown in Fig. 3.2. The

Airy stress functions Yout (7"]-, ¢j\aj70ut) and Z[Xout (rj, ©; ]ajput)] due to induced multi-
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poles centered at the j*™ inclusion and due to their image multipoles, respectively,

can be expanded in Taylor series around the center of the i*" inclusion as [34, 49]

Xout (7"] (Tza 901) Py (7”1, Wi ‘a] out Z R2 Z |:COS n@l)f ( j/aij7 eij‘aj,out)

+ sin(ng;) f7(R;/aij, b;; |aj,out)}

Z R]2 Zn+2 [COS n%)gc( R;/aij, 9ij|aj,out)

+ sin(nep;) gy (Rj/aij7 0;; |aj,0ut)] 5
(3.18a)

I[Xout(rg(ru%) ©0;(ri, ¢i)|a;, Out Z [cos ngpl)fn( j/aw z]’a]out)
+ sin(nep;) fi ( ]/GW z]|a]out)i|
n+2

32 R ot (3, 5l

+sin(ng0i)gs( ]/aw Z]| jout)]
(3.18b)

where we omitted constant and linear terms {1, r; cos ¢;, r; sin ¢; } that correspond to

zero stresses and we introduced functions

J2 Ry fagg, Oglaj0u) = ) (a—fn [Aj,mAnm(ez‘j) + BjmBy (%’)]
At (3.19a)
+ ey |ConCil (03) + D mmezg)})
ij
fI(Rj/aij, Oijlagon) = > ( [ B (6:) — Bj,mA;”(Gij)]
m=0
- (3.19b)
+ 7Jn |:CJ mDm(ew) Dj,mCZ"(é’u)])
ij



Table 3.2: Coefficients for the expansion of the Airy stress functions

Xout grj (Tia (pz)a Spj (Tia (pi)laj,out) and I [Xout (Tj (ria 901)7 90]' (ria Soi)‘aj,out)} in EqS (318'
3.19).

n>2 A%(Gij) = f% cos(nb;;) B?L(Gij) = 7% sin(nb;;)

n>2m>1 | A7(0;) = (—1)™ (""" cos ((m + n)0i;) B (0:5) = (=)™ ("™ sin (m 4 n)0i5)

n>0,m>2 | Co0i;) = (—1)™ (™" ?) cos ((m + n)bs;) DI (0:5) = (1) (™ 2) sin ((m + n)0;;)

n>0,m>2 | Er(0i5) = ()™ (") cos ((m+n)6is) | Fi(0i) = (=1)™ =1 (™) sin ((m 4 n)6i;)

o0 Rm_2

g7 (Rj/aij, Olaon) = > 2 [Cj,mgﬁ1 (0i3) + DjmFy" (Qij)]7 (3.19¢)
m=2 4
[e'e) Rm—Z

g7 (Rj/aij, 0:51a0m) = Y —2 [Cj,m]'—? (0i5) — Djm&E" (%)]- (3.19d)

J

Q

8

m=2

In the above Eq. (3.19), we set Cjo = D,o = Cj1 = D;; = 0 and introduced coeffi-
cients A7 (0;5), B (0:;), C'(0i5), D (655), Er(6:5), and F"'(6;;) that are summarized
in Table 3.2.

Next, we calculate stresses and displacements at the circumference of the i*" inclu-
sion by using expressions for the Airy stress functions ye.(7:, ;) in Eq. (3.15) due
to external stresses, Yin (ri, gpi]a@in) and Yout (7‘,», g0i|a,»70ut) in Egs. (3.12) and Eq. (3.8)
due to induced multipoles for the i*" inclusion, You; (7‘.7-, ©; |a',-fout) in Eq. (3.18a) due to
induced multipoles for the ™ inclusion (j # @), and Z[xou (17, ©j|a;0ut )] in Eq. (3.18b)
due to image multipoles for the j*® inclusion (j = 1,...,N). With the help of
Table 3.1, which shows how to convert each term of the Airy stress function to stresses

and displacements, we obtain

tot

1 1 .
oietr(Ti = Ri, @ilagin) = (05 +o5s') + 5 (05x — opa') cos(2¢;) + o sin(2¢;) + 2¢0

g \“zw Yy o\ zT yy
_ Z [ n(n — 1 aZ n cos(ng;) + bip sin(ng@i)) +(n+1)(n—-2) (ci,n cos(ny;) + din sin(mpi))] ,
(3.20a)

1 1
o — (0 + 00 4+ ~ (0 — 09Y) cos(2¢;) + o sin(2¢;) + Aso

tot _ . X _
out,rr (7"1' - RZ? <)01|a011t) - 2 Yy g \Tzx yy Ty

_ Z [ n(n + 1 Ajncos(ng;) + Bin sin(mpi)) +(n+2)(n—-1) (Cl-yn cos(ny;) + Dj p sin(mpi))}

n=1
00 RQRn 2
22—

Jj#£i n=2

(n—1) {(()s(n\p Vf ( /i, bisla;, (,m) + sm(n\,,,)f"( 4,~/a,,4j,9,;j\a.j_0m)}

75



-3 Z n+2 (n+1)(n—-2) [COS(TL%)QTJ (Rj/aij, Oijlajont) +sin(ng)gy (R;/aiz, 0 Iaj,out)}

j#i n=0 ZJ
N oo RZRTL 2
722 ni 1)|:COS(TLQ01) (R /azg’ lj|a] out) +SlIl(’l7,<pl)fn(R /azgv 'L]‘aj out):|
j=1n=2 ZJ
N oo RQRH . .
Z *7,.1_2 Tl+ 1)(7’L—2)|:CO§(T)§01)QC (R /au’ aj,out) +Sln(n<pi)gb ( ]/aLJ7 LJ|a_] 0ut):|7
j=1n=0 %j
(3.20b)
1 ex’ ex ex
Uitrcl),trga (Ti = Ri? 901'|ai7in) = _i(ammt yyt) Sln(2<pl) ! COS(2901)
+ Z { n(n — 1)(a;n sin(ng;) — b;, cos(ng;)) +n(n + 1) (cinsin(ng;) — din cos(mpi))],
(3.20c)
1
Ug?ﬁ,w (7”i = Ry, 80i|aout) = *5(02? z}{,t) sin(2¢;) + 2)156 cos(2¢;)
_ Z { n(n +1)(A; n sin(ng;) — Bj, cos(ng;)) 4+ n(n — 1)(C;  sin(ng;) — D; cos(mpi))}
00 RQRn 2
+ Z Z (n—1) [sin(ngo,;)ff (Rj/aij, 0ijlajou) — cos(ng;) f (R;/aij, 0i5]ay, Out)}
j#i n=2
+1) {sin(ng)i)g? (Rj/aij,0ij|aj.0u) — cos(nwi)gs (R;/aij, 0i; |aj-,0ut)}
7751 n=0 ’J
N o R2Rn 2
+ZZ an n_ 1)[5111(”997) ( J/az]7 zy|a] out) COS(”%) ( J/amv L]‘aj out)]
j=1n=2 ”
N oo n
+ Z Z *n+2 ) [Sm(n%)gc ( J/a1]7 1]|a7 out) COS(TMPZ gs ( 7/0’17’ ij |a_] out):|
=1 n—
(3.20d)
2//4 utot (7" R |a ) _ 71(0_ext +O,ext)(1 o H') 4 l(o_ext eXt)COS(Q ) ext s1n(2 )—|—C ( 1)
Ri in,r \'s — 4l ©s i,in) — 4 T gy 0 2 T yy Pi Pi 1,0
_ Z [ a; n cos(ng;) + b n sm(ngai)) (n+1-—k;) (cim cos(ny;) +d; sin(ncpi))] ,
(3.20e)
2p0 wtot (,,,‘ - R .|a ) _ _l(aext +0_ext)(1 ok )+ l(o_ext _ Uext) COS(2 ) +o ext 1n<2 ) A
Ri out,r\'v — 4l PilQout) = g\ m yy 0 g \Twz yy Pi S Pi i,0

+ Z { i €08(np;) + Bj nsin(ng;)) + (n — 1+ ko) (Cy n cos(ng;) + Di sin(mpi))]

o) RQRW -2
_ZZ |:COS(TLth)f ( j/alj 91]|aj out) +Sln(ng‘oz)fsn(Rj/aija0ij|aj,out)}

j#i n=2

— Z Z n+2 (n+1— ko) {COS(TL%)QC (R;j/aij, b35]aj,0ut) + sin(ng;)gs (R, /ai;, eij\ajput)}

j#i n=0 Z]
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N oo 2 pn—2
RiR;
722 Cb*n TL|:COS(TL</D )f ( ]/au |aj out) +SIII(TL(,07) ( ]/alj? Lj|aj out):|
j=1n=2 [
> & RQR" n . n
B Z Z *r1+2 TI + 1- ’{0) {C()S(mpy;)gc (Rj/ai; |aj out) + Sln(n@i)gs (Rj/(li] ‘aj out):|
j=1 n:O
(3.20f)
2:“’1 o 1 ex ex oo
R; ufn,tgp (Ti = Riv (pi|ai7in) = 75(0—333} yyt) 5111(2907) Iyt COS(2</9 )

+ Z [ ;i Sin(ne;) — bin cos(ngoi)) +(n+1+ /{i)(ci,n sin(ng;) — din cos(ncpl-))} ,

(3.20g)

2/J,0 1 X X X
R uﬁ,?fw( i = Ri,<,0i|aout) = —§(U;; Uzyt) sin(2¢p;) + ot cos(2cpz)
1

+ Z { i sin(ng;) — Bjn cos(ng;)) + (n — 1 — ko) (Cy . sin(neg;) — Dy p, cos(mpi))}

[e'e] Ran 2
+Z Z [sm(n\pz)f ( 7/“277917‘37 out) — cos(ng;) fs' ( i/ aij, Bijlay, Out)}
j#£i n=2
+y Z mz (n+ 1+ ko) {Siﬂ(n%)gi" (Rj/aij,0i5|a5,0ut) — cos(nei)gl (R, /aij, eilj‘aj,out):|
j#i n=0 'l]
N oo RQRH -2
+ Z Z (]*n n |: Sln(n<pl) (R /a’zy? 17 ‘aj out) COS(n(fQi)fsn (Rj/aij |aJ out)}
j=1n=2 ij
N oo 2 n
+y Z (0 + 1+ so) [ sin(nipi) g2 (R /al, 055185 oue) — cos(nipi)g? (R /aly, 0510 o) |

j=1 n:O

(3.20h)

Colors in the above equations correspond to the Airy stress functions yex (7, ¢;),
Xin (75, @il8iin), Xout (s @ilaiout)s Xout (75 @jla50u ), and T [xou (1), ©5]aj0u)]- We
introduced the shear modulus p; = E;/[2(1 + v;)] and the Kolosov’s constant x; for
the i*" inclusion, where the value of Kolosov’s constant is x; = (3 — ;) /(1 + 1) for
plane stress and k; = 3 — 4y; for plane strain conditions [1]. Similarly, we define
the shear modulus o = Ey/[2(1 + )] and the Kolosov’s constant rq for the elastic
matrix.

The boundary conditions in Eq. (3.14) have to be satisfied at every point (¢;)

on the circumference of the " inclusion. Thus the coefficients of Fourier modes
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Figure 3.3: Structure of the system of Egs. (3.21) for the amplitudes of induced
multipoles a; out, a;in for inclusions i € {1,..., N}. The matrix M is divided into
4N? blocks, where blocks M and MU, + Miuae correspond to the boundary
conditions for tractions around the circumference of the ™™ inclusion in Eq. (3.14a,
3.14b), and blocks M?DISZ and Mjfgjij + MZS?Z correspond to the boundary conditions
for displacements around the circumference of the i inclusion in Eq. (3.14c, 3.14d).
The red boxes mark blocks with ¢ # j that account for the interactions between
different inclusions. The effect of external stresses is contained in vectors b{™”. See

text for the detailed description of elements represented in this system of equations.

{1, cos(ny;), sin(ny;)} have to match in the expansions of tractions and displacements
in Eq. (3.20). This enables us to construct a matrix equation for the set of induced

multipoles {a; out, @i} in the form (see also Fig. 3.3)

trac *trac trac
Mout,ij + Mout,ij? Min,ij Aj out 0
= , (3.21)
disp *disp disp disp
Mout,z’j + Mout,z’ja Min,ij Ajin b;

where the summation over inclusions j is implied. The top and bottom rows of matrix

M in the above equation are obtained from the boundary conditions in Eq. (3.14) for
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tractions (superscript ‘trac’) and displacements (superscript ‘disp’), respectively. The
left and right columns of matrix M describe the effect of induced multipoles a; ot
and a;i,, respectively. Matrices M; describe interactions between the i inclusion
and the image of the j*® inclusion; these are new compared to the previous chapter 2.
Note that each inclusion interacts with its image as well as with images of other

inclusions. The entries in matrices Mac. MZTac and M for the ' inclusion are

numbers that depend on the degrees of induced multipoles. The entries in matrices

MR NP and MESP for the it inclusion depend on the degrees of induced multi-

out,u’ out,ie’ in,2t

poles, the radius of inclusion R; and the material properties of the inclusion (u;, ;)

and elastic matrix (uo, ko). Additionally, the entries in matrices M and Mz(uiffz

also depend on the distance h; from the center of the i*" inclusion to the boundary.

Matrices M, and Mg encode the interactions between inclusions i and j. The

entries in these matrices depend on the degrees of induced multipoles, the radii R;

and R; of inclusions, the angle 6;;, and the separation distance a;; between inclu-

disp
out,ij

sions (see Fig. 3.2). In addition to that, the entries in matrix M also depend

on the material properties of the elastic matrix (s, 5o). Matrices Mj¢: and Mfﬁffj

describe the interaction between the i'" inclusion and the image of the j* inclusion.
These matrices depend on the degrees of image multipoles, the radii R; and R; of

inclusions, the distance h; from the center of the j™ inclusion to the boundary, the

angle 6;;, and the separation distance a;; between the i'" inclusion and the image of

the 5™ inclusion (see Fig. 3.2). Matrices M*¥P. additionally depend on the material

out,ij

properties of the elastic matrix (pg, ko). Note that the other matrices are zero, i.e.
M = Miisf; — 0. The entries in vector b$*® depend on the magnitude of external

ext o=t o) the degrees of induced multipoles, the radius of inclusion

stresses (o s T

R;, and the material properties of the inclusion (u;, k;) and elastic matrix (po, ko)-
Note that in b?iSp the only nonzero entries are the ones that correspond to Fourier

modes 1, cos(2y;), and sin(2¢;).
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To numerically solve the system of equations for induced multipoles in Eq. (3.21)

we truncate the multipole expansion at degree n.. For each inclusion ¢, there are

Anpax — 1 unknown amplitudes of multipoles a; ou = {Ai0, Ai1, - - -y Ainpass Bit, B,
Cey Bi,nmax’ Oi’Q, 01,37 ey Ci,nmax, DLQ, Di,g, ey Di,nmax} and 4nmax — 1 unknown
amplitudes of multipoles a;;, = {ai2, @3, .-y Ginpaes bi2, 0izs ooy Dinpaes Cios

Cily -y Cimmaes i1, dig, ..., d }. Furthermore, we truncate the series for the

Airy stress function of image multipoles Z [Xout (m, g0i|ai70ut)] in Eq. (3.9) as well as
the Taylor expansions for the Airy stress functions yout (Tj(n-, i), i (T4, i) |aj,out) and
z [Xout (rj (ri, i), @i (s, gpi)|aj70ut)} in Eq. (3.18) at the same order n,,c. By matching
the coefficients of Fourier modes {1, cos ¢;, sin ¢, . . ., cOS(Nmax i), Sin(Nmax;) } in the
expansions for tractions and displacements in Eq. (3.20) around the circumference
of the i*® inclusion, we in principle get 2(2nmax + 1) equations from tractions and
2(2nmax + 1) equations from displacements. However, the zero Fourier modes for o,
and u, are equal to zero. Furthermore, the coefficients of Fourier modes cos ¢; and
sin ¢; are identical for each of the o,,, 0,,, u,, and u, in Eq. (3.20). By removing
the equations, which do not provide any new information, the dimensions of matrices
Miae, . Mtee Mire MOSP. My, and My, become (47max — 1) X (4nmax — 1).
Thus Eq. (3.21) describes the system of N(8ny.x — 2) equations for the amplitudes

of induced multipoles {aj out; @1, - - - @Nouts n,int- The solution of this system of

equations gives amplitudes of induced multipoles, which are linear functions of applied

ext ext

Py These amplitudes are then used to obtain the Airy stress

and ot

loads o e o -

tot

functions ;o

(z,y|a;m) in Eq. (3.13) inside inclusions and % (2, y|aoy ) in Eq. (3.11)
outside all inclusions, which enables us to calculate stresses and displacements every-
where in the structure. The accuracy of obtained results depends on the number 7,
for the maximum degree of induced multipoles, where larger number n,,,, yields more

accurate results. In the next sections, we compare results obtained with the method

described above with linear finite element simulations and experiments.
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Comparison with linear finite element simulations and experiments

First, we tested the elastic multipole method for one circular hole of radius R

ext

Xt (see

embedded in a semi-infinite plate (y < 0) subjected to uniaxial stress o
Fig. 3.4). This way we investigated how a single hole interacts with its image
near a traction-free edge (o5 (7,0) = o5x'(x,0) = 0). Three different values of the
separation distance h between the center of the hole and the traction-free edge were
considered: h = 4R, h = 2R, and h = 1.25R. The value of applied uniaxial stress was
ot = —0.11Ey, where Fj is the Young’s modulus of the elastic matrix, and we used
the plane stress condition with the value of Kolosov’s constant rg = (3 — 1) /(1 + 1)
and the Poisson’s ratio vy = 0.3. Such large values of external loads were used only
to exaggerate deformations. Note that in practical experiments these loads would
cause nonlinear deformation.

In Fig. 3.4 we show the contours of deformed holes and the amplitudes of induced
multipoles a,, for different values of the separation distance h between the center of
the hole and the traction-free edge, where we set ny.x = 10. Note that the amplitudes
a;, = 0 because the Young’s modulus is zero for the hole. Results from the elastic
multipole method are compared with linear finite element simulations on a rectangular
domain of size 800R x 400R (see Appendix B.1 for details). When the hole is far
from the traction-free edge (h > R) it interacts very weakly with its image, which
can be seen from the expansion of stresses and displacements in Eq. (3.20), where
terms describing interactions between the i*! inclusions and its image contain powers
of R;/a}; < 1, where af; = 2h. This is the case for the separation distance h = 4R,
where we find that the contour of the hole has elliptical shape (see Fig. 3.4b), which is
characteristic for deformed holes embedded in an infinite elastic matrix [16, 49]. When
the hole is moved closer to the traction-free edge (h = 2R, h = 1.25R) it interacts
more strongly with its image. As a consequence, the contour of the deformed hole

becomes progressively more non-elliptical, approaching a teardrop shape, and the
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Figure 3.4: Uniaxial deformation of a semi-infinite elastic plate with a hole near
a traction free edge. (a) Schematic image describing the initial undeformed shape
of the structure and the direction of applied load 0 = —0.11E,, where Ej is the
Young’s modulus of the elastic matrix, it’s Poisson’s ratio is 1y = 0.3, and plane stress
condition was used. The radius of the circular hole is R, which is at the distance h from
the traction-free edge. (b)-(d) Contours of deformed holes and deformed boundaries
for h/R = 4, 2 and 1.25. Dashed blue lines show the contours obtained with elastic
multipole method for n,,,, = 10 and green solid lines show the contours obtained from
finite element simulations. As a reference, we include red solid lines that correspond

to shapes of holes that are far away from edges (h/R — 00).

traction-free edge bulges out near the hole (see Fig. 3.4c,d). This is also reflected
in the amplitudes a,,; of induced multipoles. They decrease exponentially with the
degree of multipoles and decrease more slowly when the hole is closer to the traction-
free edge (Fig. 3.5a-c).

To determine the proper number for the maximum degree np., of induced

multipoles, we performed a convergence analysis for the spatial distributions

Chme)

of displacements u(™=)(x y) and von Mises stress o x,y), where oy =

2
Tx

at N, discrete points (z;,y;) = (iR/50,jR/50), where i € {—500,—499,...,500}

(07 — OuaOyy + agy + 30321)1/ 2. Displacements and von Mises stresses were evaluated

and j € {—1000,—999,...,0} and grid points that lie inside the hole were excluded.
The normalized errors for displacements €gisp(Mmax) and Stresses €stress(Mmax) were

obtained by calculating the relative changes of spatial distributions of displacements
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Figure 3.5: Amplitudes of the multipoles and normalized errors for the deformation of
the structure with one hole near a traction free edge considered in Fig. 3.4. (a-c) Abso-
lute values of the amplitudes of induced multipoles a,,; at the center of the hole for
Nmax = 10. Amplitudes are normalized, such that A, = A, Jooxt B, = B, Joex

T ? Tx ?

C, = Cy/o2 D, = D,/o*. The dark and light blue colored bars correspond
to the positive (A4,, By, Cy, D, > 0) and negative (A, B,,C,, D,, < 0) amplitudes,
respectively. Note that the amplitudes Bs,, = Dy, = Aomir = Conyr = 0 due
to the symmetry of the problem. (d-f) The normalized errors for displacements
€disp(Mmax) (blue dashed lines) and stresses €stress(Mmax) (green solid lines) obtained
from Eq. (3.22). The left column corresponds to results for h/R = 4, the middle

column to h/R = 2 and the right column to h/R = 1.25.

and von Mises stresses when the maximum degree np., of induced multipoles is

increased by one. The normalized errors are given by [129]

(ummastD) (a7, ) — ) (7, 7))
is max) = s .22
cinlron) = || 32 N (d o/ Eo)? (3:22)
Nmax—+1 Nmax 2
(U\(/M * )(LUZ, y]) - U\(rM )(xh y]))
estress(nmax) = ; Np(Us)ﬁ)Q (3.22b)

Here, displacements and von Mises stresses are normalized by the characteristic scales
do®Xt/ Eo and 0%}, respectively, where d = 2R is the diameter of the hole, 6%} = |0
is the value of von Mises stress due to applied load, and Ej is the Young’s modulus of

surrounding elastic matrix. The normalized errors are plotted in Fig. 3.5d-f. As the

maximum degree n., of induced multipoles is increased, the normalized errors for
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displacements €qisp(Mmax) and stresses €syress(Mmax) decrease exponentially, because the
induced elastic multipoles form the basis for the biharmonic equation. This is akin to
the spectral method, which is exponentially convergent when the functions and the
shapes of boundaries are smooth [129]. Note that the normalized errors decrease more
slowly when the hole is moved closer to the traction-free edge and the interaction of
hole with its image becomes important (see Fig. 3.5d-f), which is reflected in larger
magnitudes of amplitudes of higher-order multipoles (Fig. 3.5a-c).

Additionally, we compared the results of the elastic multipole method with exper-
iments (see Appendix B.2 for details). The size of the elastomer sample in the exper-
iment was 100 mm x 100 mm x 25 mm with the hole of diameter 2R = 8.11 mm,
and the distance between the center of the hole and the traction-free edge was
h = 6.25 mm (see Fig. 3.6a). The contour of the deformed hole in the compressed
experimental sample under external strain €55 = —0.05 (05" =~ 0 due to applied sili-
cone oil to reduce friction) was compared with those obtained with elastic multipole
method and linear finite element simulation (see Fig. 3.6b). For the elastic multipole
method, we used external stress 02’; = Eggz’; and plane stress condition was assumed
since the experimental sample was free to expand in the out-of-plane direction. Linear
finite element simulation was performed for a 100 mm x 100 mm 2D structure with
a circular hole located at the center under plane stress condition. In finite element
simulation, the sample was compressed by imposing a uniform displacement in the -
direction on the left and right edges, while allowing the nodes on these edges to move
freely in the y-direction. The midpoints of the left and right edge were constrained
to prevent rigid body translations in the y-direction.

The contour of the deformed hole obtained with the experiment matched very

well to those obtained with elastic multipole method (ny., = 10) and finite element

simulations (see Fig. 3.6b). We also compared the equivalent von Mises strain field
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Figure 3.6: Uniaxial horizontal compression of an elastic structure with a hole near
a traction-free edge. (a) Schematic image describing the initial undeformed shape of
the structure and applied strain €' = —0.05. The size of the experimental sample
was 100 mm x 100 mm x 25 mm with the hole of diameter 2R = 8.11 mm, and the
distance between the center of the hole and the traction-free edge was h = 6.25 mm.
The Young’s modulus of the elastic matrix was Fy = 0.97 MPa and the Poisson’s
ratio was 1y = 0.49. For linear finite element simulations, we used a 2D struc-
ture of size 100 mm x 100 mm under plane stress condition. The elastic multiple
method describes the deformation of a semi-infinite 2D elastic matrix, where we used
the load o' = e*'E,; and plane stress condition. (b) Contours of deformed holes
and traction-free edges obtained with elastic multipole method (dashed blue lines,
Nmax = 10), experiments (solid red lines) and finite element simulations (solid green
lines). (c-e) Equivalent von Mises strain fields e,y were obtained with (c) elastic
multipole method (nmax = 10), (d) finite element simulations, and (e) DIC (digital
image correlation) analysis of experiments. Strain fields were normalized with the
value of the equivalent von Mises strain ) = || imposed by the applied load.
Note that the strain data was corrupted near the edges for this experimental sample
due to oil stains on the speckle patterns near the boundary. For this reason, we
omitted the affected border regions (grey) in the heat map (e). Four marked points
A-D were chosen for the quantitative comparison of strains e;\;. See Table 3.3 for

details.

defined as e\ = oyn/E [1] with

\/ €20 — Eaabyy + Egy + 365, + Tz (€an + €4y)?

1+v
85
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that were obtained with elastic multipole method (nm.x = 10), finite element simula-
tions and digital image correlation (DIC) analysis of experiment (see Appendix B.2).
Strain fields show characteristic features of the induced quadrupoles (see Fig. 3.6c-¢),
because they have the largest amplitude and because the effect of higher-order multi-
poles decays faster away from holes and images. The effect of higher-order multipoles
is most pronounced in the region between the hole and the traction-free edge, where
contributions from both the hole and from its image are important. The strain fields
agree very well between the elastic multipole method (Fig. 3.6¢) and linear finite
element simulations (Fig. 3.6d). The strain fields for experimental samples are quali-
tatively similar, but they deviate quantitatively near the hole, as can be seen from the
heat map in Fig. 3.6e. The quantitative comparison of strains at four different points
A-D (marked in Fig. 3.6) showed a relative error of 1-4% between elastic multipole
method and finite elements, and a relative error of 1-10% between elastic multipole
method and experiments (see Table 3.3). The discrepancy between elastic multipole
method and finite element simulations is attributed to the finite size effects. For the
elastic multipole method, we assumed a semi-infinite domain, while finite domains
were modeled in finite element simulations to mimic experiments. The discrepancy
between experiments and elastic multipole method is attributed to the confounding
effects of nonlinear deformation due to moderately large compression (%' = —0.05),
3D deformation due to relatively thick samples, fabrication imperfections, nonzero
friction between the sample and the mounting grips of the testing machine, the align-
ment of camera with the sample (2D DIC system was used), and the errors resulting

from the choice of DIC parameters (see e.g. [132, 133]).
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Table 3.3: Quantitative comparison for the values of equivalent von Mises strains e,y
normalized with the value for the applied external load £%f = || at points A-D
(defined in Fig. 3.6) in compressed samples with one hole near a traction-free edge
obtained with elastic multipole method (EMP), finite element simulations (FEM) and

DIC analysis of experiments (EXP). The relative percent errors between the EMP

and FEM were calculated as 100 x (55,%/IMP) - 6%?1\/[)) /sii;[EM). The relative percent
errors between the EMP and EXP were calculated as 100 x (') — sgdxp)) / Egﬁxp).
: strain ey /ey error of EMP (%)
points
EMP FEM DIC | FEM DIC
A 115390 1.4868 1.3998 | 3.5 9.9
B 0.5782 0.5586 0.5506 | 3.5 5.0
C 1.1760 1.1406 1.1586 | 3.1 1.5
D 0.9932 0.9836 0.9792 | 1.0 1.4

3.2.2 Inclusions in an infinite elastic strip with prescribed

tractions along the outer boundary of the strip

In this section, we consider the deformation of an infinite elastic strip (y, < y <
yp) with embedded circular holes and inclusions by prescribing uniform tractions
along the outer boundary of an elastic strip. The deformation of the elastic matrix
again induces elastic multipoles at the center of holes and inclusions. However, in
this case, the induced multipoles generate an infinite number of image multipoles,
similar to an infinite number of images for charges between parallel conductive plates
in electrostatics [121]. The effect of all images can be captured with the integrals
introduced by Howland [138], who considered deformation of an infinite elastic strip
in response to a localized force. Here, however, we take a different approach, because
we would like to explicitly show the contribution of each image.

To demonstrate how to enumerate all images let us first consider an elastic multi-
pole with the Airy stress function x, that is at position xg = (xg, y9) between the two
traction-free edges a and b at y = y, and y = ¥, (see Fig. 3.7). To satisfy the boundary
conditions at the edge a, we first place an image multipole Z%xo] = Z%!'[xo] at posi-

tion x;"" = (25", yo®") = (w0, 2¥a — yo) as discussed in Section 3.2.1. This first image
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Figure 3.7: Images of an elastic multipole with the Airy stress function x( at position
Xo between the two parallel traction-free edges at y = y, and y = y;,. See text for the
detailed description.

ensures that the boundary conditions at the edge a are satisfied, but the boundary
conditions at the edge b are still violated. To correct this, we need to place two more
images with the Airy stress functions Z%[xo] = Z%'[xo] and Z°[Z%[xo]] = Z%*[x0| at
positions x;" = (22", i) = (20, 2yp—1y0) and x? = (7%, yi?) = (20, 2y —vi™"),
respectively. These two additional images ensure that the boundary conditions at the
edge b are satisfied, but now the boundary conditions at the edge a are violated. Thus
we need to add two more images with the Airy stress functions Z2[Z°[xo]] = Z%?|xo]
and Z[Z°[Z%[xo]]] = Z%%[xo] at positions x;*° = (z5*% 45"%) = (0,20 — yi")
and x5 = (25%%, yo®®) = (0, 2ya — yi"%), respectively. These two additional images
ensure that the boundary conditions at the edge a are satisfied, but now the boundary
conditions at the edge b are violated. Thus, we need to keep adding more and more
images, which are getting further and further away from the edges of the strip (see
Fig. 3.7). The infinite set of images can be constructed recursively with the Airy
stress functions Z@**1[yo] = Z[Z%*[xo]] and Z"**1[xo] = Z°[Z%*[x0]] that are at posi-
tions x5! = (o yR ) = (w0, 290 — yi*) and X = (g k) =
(0, 20 — yi®"), respectively. The initial conditions for the recursive relations are
T%%xo] = T"°[x0] = xo and x;*° = x"° = (20,40). Below we show how to use

this approach to analyze the deformation of elastic strips with circular inclusions and

holes.
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Consider a 2D infinite elastic strip with the Young’s modulus Ej and the Poisson’s

ext

oxt with traction-

ratio 1 filling the space y, < y < y, subject to external stress o
free edges a and b, where the boundary conditions are o,y = 0,y = 0 at y = y,
and y = y,. Embedded in the elastic matrix are /N circular inclusions with radii R;

centered at positions x; = (z;,y;) with Young’s moduli E; and Poisson’s ratios v,

where i € {1,..., N}. Holes are described with the zero Young’s modulus (E; = 0).

ext
xx )

The external load o' represented with the Airy stress function yexi(z,y) =

o®ty? /2 induces elastic multipoles at the centers of inclusions and holes. The
Airy stress function yout (ri,gpi|al~7out) outside the i*" inclusion due to the induced
multipoles can be expanded as shown in Eq. (3.8), where the origin of polar coordi-
nates (r;, ;) is at the center x; of it" inclusion and the set of induced multipoles is
& out = {Aio, Ains.. ., Bi1, Bia,...,Ci2,Cis,...,Di2,D;3,...}. The induced multi-
poles a; o, at the center of the ith inclusion then further induce an infinite set of image

multipoles at positions x/*" and x/**, where k € {1,2,...}, to satisfy the boundary

conditions at the traction-free edges a and b. The positions of these image multipoles

: k1 k1 sakt1 bk

can be generated recursively as x;*"*' = (27" Y = (1,29, — ") and
b k41 b1 | xb+1 Ky . o 0 b0

xR = (P o = () 2y — y7 ") with the initial conditions x;*” = x"” =

x; = (2;,9;). The Airy stress functions Z%*[xou] and Z%*[xou] of image multipoles

for the i*" inclusion can be expanded as

Ia,k [Xout (Th Pi |ai,0ut)] :X;k)ut (r;ka,k7 ¢:a7k a;%;i) y (324&)
Ib,k [Xout (Ti7 Pi |ai7out)] :XZut (r:b7k, w:b,k|a:’lg§t) 5 (3241:))

where the function xj, is defined in Eq. (3.9), the origins of polar coordinates

ko xak bk xbk k bk : :
(7" i) and (r;7%, ;") are at x;“" and x; ", respectively, and the sets of ampli-

. . xa,k *a,k *a,k *a,k *a,k *a,k *a,k

tudes of image multipoles are a; oy = {A;¢", A1, -, Big", By s, Ciy, O,
xa,k xa,k xbk *b,k xb,k *b,k *b,k *b,k *b,k

o DT DT ...} and a; oue = {Ai,o , Ai,l s ey Bighy Biyt, o C’i’2 , 02-73 ,
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. ng’k, ng’k, ... }. The amplitudes of image multipoles a’®* and a>* are related

7,0U 7,0U

to the amplitudes a; ou of induced multipoles at the center of the i™ inclusion and

they can be generated recursively. The initial conditions for recursive relations are

aZ‘é’L?t = a;?‘fgﬁt = & out, and the amplitudes of image multipoles a;.*fgft“ and a:l;f:r L are
related to the amplitudes of image multipoles a;‘f;’ft and a;ift as
(
_A:%k, n = O,
~(n+ DAL — (n+ 20,
*a,k+1
Ay = —2(n — 1)&?”“32‘%51 (3.25a)
7 n>1,
~2(2n + 1)a"" D3,
| DM
.
07 n = 0,
+2B5" 4+ 3D;5" + 20, AT
7 n=1,
otk
i Y2
*a,k+1
Bin™ = 4+ DB + (n+ 2D, (3.25b)
—2(n — D" A7,
’ n> 2,
“a(on 4 DaRC,
~A(n = 1)} D,
\
(
+C35" = Al n=2,
*a,k+1
Col =+ =Dt + (- 247, (3.25¢)
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The total Airy stress function outside all inclusions can then be written as

tot

Xeot (2, ylaout) =Xext (7, )
N

+ Z Xout (ri (3:7 y): Pi (xa y) ’a’i,out)

i=1

+ Z Z I(Lk [XOUt (Ti (I, y)? Pi (J?, y) |ai,0ut)]

1=1 k=1

(3.26)

N oo
+ Z Z +Ib’k [Xout (Ti(x7 y)7 QOZ('I’ y) |ai,out)} ’

1=1 k=1

where the first term is due to external stress, the first summation describes contribu-
tions due to induced multipoles at the centers of inclusions and the last two summa-
tions describe contributions due to images of induced multipoles. The set of ampli-
tudes of induced multipoles for all inclusions is defined as aow = {aiout, - - -, AN out -

We also expand the induced Airy stress function y;, (ri,gpi]aivin) inside the 7"
inclusion, as shown in Eq. (3.12), where the set of amplitudes of induced multipoles

is aj;m = {@i2,ai3,...,0i2,bi3,...,¢i0,Ci1,...,di1,dia,...}. We again define the

tot
in

total Airy stress function y (x, y|az~7in) inside the i*" inclusion, which also includes
the effect of the external load (Xext) as shown in Eq. (3.13). The rest of the steps are
the same as the ones described in Section 3.2.1. The amplitudes of induced multipoles
a; out and a; j, are obtained by satisfying the boundary conditions that tractions and
displacements are continuous across the circumference of each inclusion in Eq. (3.14),
which can be converted to the matrix equation similar to that in Eq. (3.21). To
numerically solve the matrix equation we truncate the degrees of multipoles at 7.
as discussed in Section 3.2.1. Furthermore, we truncate the summation for the number
of images at kmax in Eq. (3.26).

The elastic multipole method described above was compared with linear finite
element simulations and experiments. Three different configurations of elastic strips

with length L = 100 mm and thickness 25 mm were considered: w = 12.75 mm wide
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strips with one hole, w = 19.97 mm wide strips with two holes placed orthogonal to the
long axis of the strip and w = 20.72 mm wide strips with two holes at 45° angle relative
to the long axis of the strip (see Fig. 3.8). The diameter of all holes was d = 8.00 mm.
Experiments were carried out using displacement controlled compressive and tensile
loading (strain £), where both ends of the strip were glued to aluminum plates,
while the outer edges of the strip were free to move (see Appendix B.2). For the
elastic multipole method, we set the external load to ogy' = Eoely, ot = g’ =0
and assumed plane stress condition. For 2D linear finite element simulations we used
plane stress condition with the same external loads as for elastic multipole method
(see Appendix B.1). Note that the elastic multipole method considers infinitely long
strips (L — o0), while the length L is finite in experiments and simulations. In experi-
ments and simulations, we observed a slight bending of strips under both compression
and tension because holes were placed asymmetrically. However, this bending is not
captured by the elastic multipole method. Bending could in principle be captured by
adding additional terms to the Airy stress functions, such as y* and zy? [1], which
were omitted in our expansion for the induced multipoles. Note that the coefficients
of these additional terms cannot be obtained from the continuity of tractions and
displacements across the circumference of inclusions in Eq. (3.14), but additional
equations would be needed, such as the boundary conditions at the two ends of the
strip. This is beyond the scope of this chapter and hence we expect to observe some
errors for the elastic multipole method due to the neglected bending.

In Fig. 3.8, we show contours of deformed holes obtained with elastic multipole
method (nmax = 10, knax = 6), linear finite elements, and experiments. The results
for all 3 different approaches agree very well in the vicinity of holes where the effect
of bending is small. In Fig. 3.8a, we observe more pronounced deformations of the

hole and the outer edges of the strip in the regions where they approach each other

due to the strong interaction between the hole and its images. This is similar to the
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Figure 3.8: Deformation of elastic strips with holes and inclusions. (a-c) Schematic
images describing the initial undeformed shapes of structures with holes and the
direction of applied strain 2. The Young’s modulus of the elastic matrix is Ey =
0.97 MPa and Poisson’s ratio is vy = 0.49. Holes are represented with white circles. (a-
c) For each structure, we show contours of deformed holes, inclusions and traction-free
edges under tensile (left) and compressive (right) loads. Note that contours are only
shown in the vicinity of deformed holes and inclusions and they do not span the whole
length of samples. Dashed blue lines show the contours obtained with elastic multipole
method for ny,.« = 10 and k.. = 6. Red and green solid lines show the contours
obtained with experiments and linear finite element simulations, respectively. For all
samples the length was L = 100 mm and the thickness was 25 mm. The diameters
of all inclusions and holes were d = 8.00 mm. Other geometrical properties were:
(a) h = 7.06 mm, w = 12.75 mm, (b) A = 5.67 mm, a = 9.49 mm, w = 20.72 mm,
and (c¢) h = 7.56 mm, @ = 9.57 mm, w = 19.97 mm. Tensile and compressive loads
were: (a) €2 = 4+0.027 and &' = —0.033, (b) e = 40.027 and £=F = —0.029,
(c) e=t = +O 020 and €= = —0.030.

deformation of the hole near the single traction-free edge in Figs. 3.4 and 3.6, but
here such deformation is observed on both sides (Fig. 3.8a). Note that deformations
are more pronounced near the left edge because the hole is closer to the left edge
and thus the interactions between the hole and its images become more dominant.

In Figs. 3.8b-c, we observe interactions between holes as well as interactions between

holes and their images, which is reflected in more pronounced deformations in the
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Figure 3.9: Deformation of elastic strips with holes and inclusions. (a-c) Schematic
images describing the initial undeformed shapes of structures with holes and the
direction of applied strain €. The Young’s modulus of the elastic matrix is Ey =
0.97 MPa and Poisson’s ratio is vy = 0.49. Holes are represented with white circles
and inclusions with orange circles (Fi,. = 2.9 GPa, vy = 0.37). (a-c) For each
structure, we show contours of deformed holes, inclusions and traction-free edges
under tensile (left) and compressive (right) loads. Note that contours are only shown
in the vicinity of deformed holes and inclusions and they do not span the whole length
of samples. Dashed blue lines show the contours obtained with elastic multipole
method for ny.. = 10 and k. = 6. Red and green solid lines show the contours
obtained with experiments and linear finite element simulations, respectively. For all
samples the length was L = 100 mm and the thickness was 25 mm. The diameters
of all inclusions and holes were d = 8.00 mm. Other geometrical properties were:
(a) h = 7.06 mm, w = 12.75 mm, (b) A = 5.67 mm, a = 9.49 mm, w = 20.72 mm,
and (¢) h = 7.56 mm, a = 9.57 mm, w = 19.97 mm. Tensile and compressive loads
were: (a) €2 = 4+0.250 and &' = —0.250, (b) €' = 40.034 and £2' = —0.033,
(c) et — 40.038 and g™t = —0.033.

regions, where holes are close to each other, and in the regions, where holes are close
to the outer edges of the strip.

In Fig. 3.9 we repeated the analysis, where for each sample one of the holes was
filled with a PMMA rod that was glued to the elastic matrix with a cyanoacrylate
adhesive. Compared to the base elastic matrix with Young’s modulus Ey = 0.97 MPa,
the PMMA inclusion is very rigid (Ei,. = 2.9 GPa). This is reflected in the contours

of deformed samples, where inclusions remain circular, while holes and traction-free
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Figure 3.10: Equivalent von Mises strain fields £,y were obtained with elastic multi-
pole method (nyax = 10, kpax = 6) and linear finite element simulations. The values
of the strain fields e, were normalized with the value of the equivalent von Mises

strain e = [e2Y] due to the external load. The geometrical properties and the

magnitudes of applied loads for the samples in (a-f) were the same as in Figs. 3.8
and 3.9. For each of the samples in (a-f), four marked points A-D were chosen for
the quantitative comparison of strains e,\. See Table 3.4 for details.

edges are deformed (see Fig. 3.9a-c). We observe interactions between holes and
inclusions as well as interactions between them and their images, which is reflected
in more pronounced deformations in the regions, where holes are close to inclusions,
and in the regions, where holes and inclusions are close to the outer edges of the strip.
Note that for a narrow elastic strip with a single inclusion (see Fig. 3.9a) we had to
apply a very large compressive/tensile strain of e = +25% to observe a notable

deformation of the outer edges of the strip in the vicinity of inclusion. At such large

compressive/tensile loads there was a failure of the glue between the PMMA rod
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Table 3.4: Quantitative comparison for the values of equivalent von Mises strains e,y
normalized with the value for the applied external load £%f = || at points A-D
for 6 different samples defined in Fig. 3.10 obtained with elastic multipole method
(EMP) and finite element simulations (FEM). The relative percent errors between

the EMP and FEM were calculated as € = 100 x |5(EMP —€ FEM)|/ FEM).

sample (a) sample (b) sample (c)
points strain eyn /€3 strain ey /eXh strain ey /ey
EMP FEM %) | EMP FEM (%) | EMP FEM (%)
A 0.439 0454 3.3 | 0.875 0.883 0.9 |0.675 0.692 24
B 5.740 6.077 5.5 | 0331 0.330 0.2 | 1.301 1.245 4.5
C 3.783 3.746 1.0 | 4.561 4.562 0.0 | 3.311 3.203 34
D 0971 0984 1.3 | 5.760 5.803 0.7 | 4.188 4.308 2.8
sample (d) sample (e) sample (f)
points strain ey /exh strain ey /eX) strain ey /ey
EMP FEM %) | EMP FEM %) | EMP FEM (%)
A 1.168 1.154 1.2 | 1.002 0.952 5.3 | 1.045 1.005 4.0
B 0.643 0.612 5.0 | 0.231 0.223 3.6 | 1.190 1.135 4.9
C 0.273 0.283 3.6 | 3.443 3497 1.5 | 0496 0.524 5.3
D 1.014 1.004 0.9 | 1.955 2.020 3.2 | 2.166 2.141 1.2

and the elastic matrix as well as between the elastic matrix and the outer aluminum
plates at the two ends of the strip. Thus we were not able to perform experiments in
this case. Note that the strip edges near the rigid inclusion (Fig. 3.9a) bulge in the
opposite direction than the strip edges near holes (e.g. Fig. 3.8a), which is related to
the opposite sign of amplitudes of induced quadrupoles as discussed in the previous
chapter 2.

Furthermore, in Fig. 3.10 we compared the equivalent von Mises strain obtained
with elastic multipole method and linear finite element simulations for all 6 samples
described above (see Figs. 3.8 and. 3.9). The strain fields obtained with the two
methods agree very well. Note that we were unable to obtain strain fields in experi-
ments because of the delamination of the spray-painted speckle pattern near the edges
of the strip, which is required for DIC analysis. We observe large strain concentrations
in regions where holes are close to the traction-free edges, inclusions and other holes.

In contrast, we observe reduced strains in regions where inclusions are close to free
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Figure 3.11: The normalized errors for (a) displacements €gisp(Tmax, Fmax) and
(b) stresses €ggress(Mmax; kmax) as defined in Eq. (3.27) for the deformation of an elastic
strip with a single hole (see Fig. 3.8a).

edges. The quantitative comparison of strains at four different point A-D (marked
in Fig. 3.10) showed a relative error of 0-6% (see Table 3.4). The relative error was
the largest in the regions that were affected by the bending of strips in finite element

simulations, which was neglected in the elastic multipole method.

Finally, we also comment on the convergence analysis for spatial distributions of
displacements u("maxFmax) (1 /) and von Mises stresses ogﬁ/‘f’a"’k"“""‘)(a:, y) as a function
of the numbers n,, for the maximum degree of induced multipoles and k., for the
maximum number of images. Displacements and von Mises stresses were evaluated
at N, discrete points (x;,vy;) = (¢R/50, jw/200), where i € {—250,—249,...,250}
and j € {—100,—99,...,100} and grid points that lie inside holes and inclusions
were excluded. Here, R is the radius of holes and w is the width of the strip. The
normalized errors for displacements €gisp(Mmax; Fmax) and stresses €gtress(Mmax, Kmax)
were obtained by calculating the relative changes of spatial distributions of displace-
ments and von Mises stresses when the maximum degree n,., of induced multipoles

and the maximum number k., of images are both increased by one. The normalized

errors are given by [129]

Edisp(nmauo kmax) =

(nmax+17kmax+1) . L) — (nmafomax) . . 2
\J Z (u (‘T’Luy]) u (‘rl7y])) (327&)

i Np(doii/ Eo)? ’
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€stress (nmaxa kmax) =

max+17km'x 1 m. Xakm‘x 2
ol =D (25, y5) — o lpmaxbme )(ﬂfivyj))

( vM
Z Np(o.ext)2 : (327b)

i vM

Here, displacements and von Mises stresses are normalized with the characteristic

ext
xx

scales do%Xi/Ey and 0%, respectively, where d is the diameter of holes, 0%} = |o

is the value of von Mises stress due to external load, and Fj is the Young’s modulus
of the surrounding elastic matrix. The normalized errors are plotted in Fig. 3.11
for the elastic strip with one hole (see Fig. 3.8a). As the maximum degree 7.y
of induced multipoles and the maximum number k... of images are increased, the
normalized errors for displacements €gisp(Mmax, Kmax) and Stresses €siress(Mmaxs Kmax)
decrease exponentially. As discussed in Section 3.2.1 and in Ref. [49] a higher number
Nmax 18 Needed when either holes and inclusions are close to each other or when holes
and inclusions are close to the boundary. For sufficiently large npy.y, the errors are
quite low already for k. = 1 (see Fig. 3.11), because the most dominant interactions
occur with the nearest image. The errors can then be further reduced by increasing

the number of images k..

3.2.3 Inclusions in a semi-infinite elastic matrix with prescribed
displacements along the outer boundary of the elastic

matrix

In this section, we consider the deformation of a semi-infinite elastic matrix (y < ys)
with embedded circular holes and inclusions by prescribing uniform displacements
along the outer boundary of the elastic matrix. We follow the same procedure as
described in Section 3.2.1 for prescribed uniform tractions along the outer boundary
of the elastic matrix. Deformation of the elastic matrix induces elastic multipoles at

the centers of holes and inclusions, which further induce image multipoles in order
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to satisfy boundary conditions at the outer edge. The first step is thus to find the
appropriate Airy stress functions for image multipoles. As described in Section 3.1,
it is sufficient to find the Airy stress function for the image of disclination, which can
then be used to derive expressions for the Airy stress functions that correspond to
images for all other elastic multipoles.

Thus we first consider a semi-infinite elastic medium with Young’s modulus £y and
Poisson’s ratio v filling half-space y < vy, with a disclination with charge s at position
xo = (20, Y0) = (zo,yp» — h), which is at the distance h from the fixed edge at y = yj.
The Airy stress function y(x) for this case can be found by solving the equation
AAx = Eysé(x — xo) with the boundary conditions w,(z,y) = u,(x,y) = 0. This
boundary condition can be achieved by bonding the elastic matrix to an infinitely
rigid material (£ — 00) on the half-plane (y > y;) at y = 3. Such a problem was
previously considered by Adeerogba in Ref. [137], who demonstrated that for the
eigenstresses in the elastic matrix described with the Airy stress function xo(z,y),
boundary conditions at the fixed edge can be satisfied with the addition of the image

Airy stress function

Zxo(z,y)] = < (— —fﬂzo> /dy/dyAXo , 2y, — y)

1 B 9
+ —xXo(z,2yp — y) — —(y gy 20 (.2 — ) (3.28)
Ko ) 3y

1
+ K—O(y — u)*Axo(, 2yp — y),

where the value of Kolosov’s constant kg is (3 — 14)/(1 + o) for plane stress and

3 — 4uy for plane strain condition [1]. The above operator in Eq. (3.28) works for

all elastic multipoles except for the disclination (topological monopole), for which it

produces additional uniform stress that has to be subtracted. For the disclination
E‘gs

with charge s at position xo with the Airy stress function x,,(x — xg|s) = Z2*|x —

xo[?(In |x — xo| — 1/2), we obtain the Airy stress function for its image at position
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x4 = (25, Y5) = (To, Yo + h) as

8 542 2
E;OI[Xm(X —Xo|s)] =r*Inr* + G+ /;0 ki RO)T’*2
—9— kg — TH2 + KD
( Ko Ko + RO) 7,*2 COS(2Q0*)
16
1 — 2
. ( RO) 7’*2 Inr* COS(QQD*) (329)

2

1 — 2
%r*%p* sin(2¢™)

+ 4hr* Inr* sin o* + 4h* Inr*,

where (17 = \/(z — x5)2 + (y — y5)?, p; = arctan[(y — yg)/(x — x})]) are polar coordi-
nates centered at the image of the disclination. Note that the terms 7% Inr* cos(2¢*)
and 72" sin(2¢p*) are absent in the Michell solution for the biharmonic equation [39)],
but their difference r*2 cos(2p*) Inr* — r*2* sin(2*) is harmonic and thus satisfies
the biharmonic equation. The images for all other multipoles can be obtained by
using the operator in Eq. (3.28) or by taking appropriate derivatives of the Airy
stress function for the image of disclination as demonstrated in Section 3.1.

Now, let us consider a 2D semi-infinite elastic matrix with the Young’s modulus
Ey and the Poisson’s ratio 1 filling the half-space y < y;, subjected to external strain
(53, egxt). Embedded in the elastic matrix are N circular inclusions with radii R;
centered at positions x; = (x;,y;) = (24, yp»—h;) with Young’s moduli F; and Poisson’s
ratios v;, where i € {1,..., N} and h; is the distance between the center of the i‘!

inclusion and the displacement-controlled edge at y = y,. Holes are described with

the zero Young’s modulus (F; = 0).

ext ext

The external strain (¢, ') can be described with the equivalent external

zz ) Cyy
ext __ Ey ext ext ext __ Ey ext ext
stresses ooy = -2) [Em, +1/05yy], Tyy = W) [eyy + l/osm] for plane stress
e : ext __ Eo o ext ext ext _
condition and with stresses 037 = G-tz [(1— 1)est + vedt], ot =

B
(14r0)(

T [(1— 1)est + 1et] for plane strain condition. External load repre-

1 __ext,, 2 1 _ext

sented with the Airy stress function xex(z,y) = 505 y° + 505,

S0 z? then induces
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elastic multipoles at the centers of inclusions and holes. The Airy stress function
Xout (ri,goi\ai,out) outside the ™ inclusion due to the induced multipoles can be
expanded as shown in Eq. (3.8), where the origin of polar coordinates (r;, ;)
is at the center x; of the " inclusion and the set of amplitudes of induced
multipoles is a; ouy = {Ai0, Ai1,---, Bi1, Big,...,Ci2,Cis,...,D;2,D;3,...}. The
induced elastic multipoles at the center of the *" inclusion then further induce
image multipoles at position x} = (zf,y;) = (x;,y + h;) to satisfy boundary
conditions at the edge (u,(z,y) = wegy, uy(z,4) = wegy). The Airy stress
function 7 [Xout (Ti,goi|ai70ut)] of image multipoles due to the i*" inclusion can be
expanded as shown in Eq. (3.9), where the set of amplitudes of image multipoles
is aj . = {Afg, Af 1 B, Biyy oo, Gl Cfs, oo, Diy, D5, ...} The amplitudes
aj,,, of image multipoles can be obtained with the help of the image operator in

Eq. (3.28) and they are related to the amplitudes of induced multipoles a; o for the

i inclusion as

e

+%Ai,0 + <—%O + /430) Oig, n =0,
+%Ai,n + (% - fio) Cint2
Ain = fAVhp, (3.30a)
' n>1,
2(2n+1

) hi
+ EDi,n—i-l

Ko

4(n—1) h?
. Ko RZ2 CZ,’IL?
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(

+%Di,n + (n,;OQ) Bipn—2

D}, = n > 2. (3.30d)
2(n—2) h;

— = B Cin-1,

tot
out

The total Airy stress function y (l’, y|a0ut) outside all inclusions is then the sum of
contributions due to external load, Yex(,y), due to induced multipoles at the center
of the i*" inclusion, Yous (ri, goi|ai70ut), and due to their images, Z [Xout (7"2-, gpi]a¢70ut)],
as shown in Eq. (3.11). We also expand the induced Airy stress function inside the
ith inclusion Yin (ri, <pi|ai,in), as shown in Eq. (3.12), and define the total Airy stress
function yi°t (ri,¢i|ai,in) inside the *" inclusion, which also includes the effect of
external load, Xext(,y) as shown in Eq. (3.13). The rest of the steps are the same as

those described in Section 3.2.1. The amplitudes of induced multipoles a; o, and a; i,

are obtained by satisfying the boundary conditions that tractions and displacements
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Figure 3.12: Deformation of a circular hole near a straight rigid edge under external
strain. (a) Schematic image describing the initial undeformed shape of the structure
and the direction of applied strain e = —0.15 (5 = 0). The Poisson’s ratio
for the elastic matrix was 1y = 0.30. (b d) Contours of deformed holes for R/h =
0.25, 0.5, and 0.7, where R is the hole radius and h is the distance between the
center of the hole and the rigid edge. Dashed blue lines show the contours obtained
with elastic multipole method for n., = 10. Green solid lines show the contours
obtained with linear finite element simulations. As a reference, we include black
solid lines that correspond to the undeformed configurations of holes at their original
positions. (e-f) Equivalent von Mises strain fields e,y for the case with R/h = 0.7 were
obtained with (e) elastic multipole method (nmax = 10) and (f) linear finite element
simulations. Strain fields were normalized with the value of the equivalent von Mises
strain ej = [e5y'| imposed by external loads. Four marked points A-D were chosen
for the quantitative comparison of strains e,y. See Table 3.5 for details. (g) The
normalized errors for displacements €gisp(max) (blue lines) and stresses €stress(Tmax)
(green lines) are defined in Eq. (3.22).

are continuous across the circumference of each inclusion in Eq. (3.14), which can be
converted to the matrix equation similar to that in Eq. (3.21).
The elastic multipole method described above was tested for one circular hole

of radius R embedded in a semi-infinite plate (y < 0) subjected to uniaxial strain
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= —0.15 under plane stress condition (see Fig. 3.12a). Three different values
of the separation distance h between the center of the hole and the rigid edge were
considered: h = 4R, h = 2R, and h = R/0.7. In Fig. 3.12b-d, we show the contours
of deformed holes for different values of the separation distance h of the hole from
the rigid edge, where we set ny.x = 10. When the hole is far away from the edge
(h = 4R) its deformed shape is elliptical because the interaction of hole with its image
is very weak (see Fig. 3.12b). However, when the hole is moved closer to the rigid
edge (h = 2R, h = R/0.7), its deformed shape deviates from the ellipse, because
the hole interacts more strongly with its image (see Fig. 3.12¢,d). In particular, for
h = R/0.7, the portion of the contour of the deformed hole facing the rigid edge
overlaps with that of the undeformed hole, whereas the portion of the circumference
of the deformed hole facing away from the rigid edge is still elliptical. This occurs
because displacements near the rigid edge are very small.

The normalized errors obtained from the convergence analysis for displacements
€disp(Mmax) ANd SETesses €stress(Mmax) are evaluated according to Eq. (3.22) and they are
plotted in Fig. 3.12g. As the maximum degree n,, of induced multipoles is increased,
the normalized errors decrease exponentially and they decrease more slowly when the
hole is brought close to the rigid edge and their interaction with its image becomes
important (see Fig. 3.12d).

Results from the elastic multipole method are compared with linear finite element
simulations on a rectangular domain of size 800R x 400R with prescribed displace-
ments along the boundary (see Appendix B.1 for details). The contours of deformed
holes in simulations matched very well with those obtained with the elastic multipole
method with 1., = 10 (Fig. 3.12b-d). We also compared the equivalent von Mises
strain fields ey (see Eq. (3.23)) obtained with elastic multipole method (Fig. 3.12¢)
and linear finite elements (Fig. 3.12f). The agreement between the two strain fields

is very good and the quantitative comparison of strains at four different points A-
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Table 3.5: Quantitative comparison for the values of equivalent von Mises strains ey
normalized with the value for the applied external load e3}; = |5'| at points A-D
(defined in Fig. 3.12) in compressed samples with one hole near a rigid edge obtained

with elastic multipole method (EMP) and finite element simulations (FEM). The

relative percent errors between EMP and FEM were calculated as 100 x (6€%AMP) —
(FEM)\ ,_(FEM)
&M )/gvM :

: strain ey /e%h

t
POIS NP FEM (%)

A 0.22208 0.22232 0.11

B 1.48299 1.48307 0.02

C 0.55360 0.55369 0.01

D 1.01509 1.01508 0.00

D (marked in Fig. 3.12¢,f) showed a relative error of only ~ 0.1% (see Table 3.5),
which is much smaller than errors for the example with one hole near the traction-free
edge in Section 3.2.1. This is because the sample of size ~ 25R x 25R was used for
linear finite element simulations to match the size of the experimental sample for the
traction-free edge case, but here we used a much larger sample of size 800R x 400R,
which better approximates semi-infinite elastic matrix that is analyzed with the elastic
multipole method. Moreover, the hole was further away from the rigid edge than for
the traction-free case in Section 3.2.1, which results in lower amplitudes of induced
higher-order multipoles.

Note that we tried to perform experiments for this case as well by gluing the edge
to aluminum plates. Upon compression of the sample, we observed a pronounced out-
of-plane deformation in the vicinity of the hole, which is not captured by the elastic
multipole method and by 2D linear finite element simulations. Hence, we skipped the

comparison with experiments in this case.

3.2.4 Inclusions in deformed elastic disks

In this section we consider the deformation of an elastic disk with embedded circular

holes and inclusions by prescribing three different types of boundary conditions at
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(a) electrostatics (b) elasticity
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Figure 3.13: Image charges in electrostatics and elasticity for circular geometry. (a) A
point electric charge ¢ (green) at distance ¢ from the center of a circular conductive
shell with radius R (dashed blue line) induces an opposite image charge Z(q) = —q
(red) at the inverse point at distance ¢* = R?/{ to satisfy the boundary condition
that the electric field lines (black lines) are orthogonal to the conductive shell. (b) A
disclination with charge s (green) embedded in an elastic disk near a traction-free
edge induces an image charge Z(s) (red) at the inverse point to satisfy the boundary
conditions at the edge, where tractions must vanish (o,, = 0,, = 0).

the outer edge of the disk: hydrostatic stress (o, # 0, 0., = 0), no-slip condition
(ur # 0, u, = 0), and slip condition (u, # 0, o,, = 0). Physically, the hydrostatic
boundary condition corresponds to the uniform pressure applied on the boundary.
The no-slip boundary condition corresponds to prescribing a uniform radial displace-
ment without any slipping in the tangential direction, i.e. tangential displacements
are zero. Finally, the slip boundary condition corresponds to the uniform radial
displacement with slipping in the tangential direction, i.e. the boundary tangential
force is zero. As described in previous sections, the deformation of the elastic matrix
induces elastic multipoles at the centers of holes and inclusions, which further induce
image multipoles to satisfy boundary conditions at the outer edge of the disk.
Image charges in circular geometries have been considered in electrostatics, where
it is known that a charge ¢ inside a conductive circular shell of radius R induces an
image charge —¢ at the inverse point (see Fig. 3.13a) [121, 48], where the charge and
the image charge are located along the same radial line and their distances to the

center of the conductive circular shell are ¢ and ¢* = R?//, respectively. Similarly, a
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disclination with charge s embedded inside an elastic disk induces image disclination
at the inverse point to satisfy boundary conditions at the edge of the elastic disk (see
Fig. 3.13b). Using the method described below, we can show that for a disclination
with the Airy stress function x,,(ro, ¢ols) = Z2r3(Inrg — 1/2) embedded inside an
elastic disk with Young’s modulus Ey and traction-free boundary (o,, = o,, = 0),
the induced image charge is described with the Airy stress function Z[x,,(ro, ©ol$)] =
Los [ p2(Inry — 1/2) — 2(0* = O)ryInr cos(® — 0) — (€ — €)*Inry — (1 — (2/R? +
2In(¢/R))ry?/2]. Here, the origins of polar coordinates (r, ), (o, o), and (1§, ¢})
are at the center of the elastic disk, at the position of disclination (r = ¢, ¢ = 6), and
at the position of its image (r = £*, p = ), respectively. The expressions for the Airy
stress functions for images of all other multipoles can then be obtained similarly as
discussed in Section 3.1 or by using the compact expression for the image operator Z
that was derived by Ogbonna in Ref. [139]. While compact analytical expressions for
the images of disclination are possible to obtain for traction-free and no-slip boundary
conditions, this is not possible for the slip boundary condition. Below we describe
how images multipoles can be systematically obtained for all boundary conditions by
following the standard procedure from electrostatics [48].

Now, let us consider a 2D elastic disk of radius R with the Young’s modulus
FEy and the Poisson’s ratio v9. Embedded in the disk are N circular inclusions of
radii R; with Young’s moduli E;, Poisson’s ratios v;, where i € {1,...,N}. They
are centered at positions x; = (r = {;,o = 0;), where {; is the distance from the

center of the ™" inclusion to the center of the disk. Holes are described with the zero

Young’s modulus (E; = 0). As discussed above, we consider three different loading

ext

conditions: hydrostatic stress (o,,.(r = R,p) = o5,

orp(r = R,p) = 0), no-slip
condition (u,(r = R, p) = uZ™*, u,(r = R, p) = 0), and slip condition (u,(r = R, ¢) =
ext

u, o.,(r = R,p) = 0). In the absence of inclusions, all 3 loading conditions are

equivalent, i.e., they produce identical isotropic deformation (displacements, stresses)
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of disk described with the Airy stress function yext(r, ) = %Jﬁftrz, where the radial
displacement uS** at the edge of the disk is related to the radial stress o' as u™* =

(ko — 1)0®* R/ (4uo). Here po = Fo/[2(1 + 14)] is the shear modulus and the value of
Kolosov’s constant kg for plane stress is kg = (3 — 1) /(1 + 1) and for plane strain is
ko = 3 — 4vy.

External stress induces elastic multipoles at the centers of inclusions. Thus the

Airy stress function outside the i*" inclusion due to the induced multipoles can be

expanded as

(2

Xout (Tia (pilai,out) :AAi,O-Ri2 In <%>
+ ; RZ-2 (%) [Am cos(ny;) + Bin sin(ngpi)] (3.31)

00 S\ N2
+ Z R? (%) [Cin cos(ne;) + D sin(ne;)],
n=2 v

where the origin of polar coordinates (7;, ;) is at the center x; of the i*" inclu-
sion with radius R; and the set of amplitudes of induced multipoles is a;ou =
{Aio,Air,. .., Bi1,Bia,...,Ci2,Cis,...,D;2,D;3,...}. To satisfy boundary condi-
tions at the outer edge of disk these multipoles further induce image multipoles
T [Xout (ri, gpi|ai,out)}. Since the boundary conditions have to be satisfied at the outer
edge of the elastic disk, it is more convenient to expand all Airy stress functions with
respect to the polar coordinates (7, ) centered at the origin of the disk. Polar coor-
dinates (74, ;) centered at the i*" inclusion can be expressed in terms of polar coor-
dinates centered at the disk as r;(r, @) = (r? + (2 — 2r/; cos(p — 9,-))1/2 and @;(r, p) =
T + 0; — arctan [(rsin(p — 6;)) /(¢ — rcos(¢ — 6;))]. Since we are interested in the
region where r — R we expand the Airy stress functions yout (ri(r, ©), pi(r, g0)|al-’out)

in terms of powers of ¢;/r <1 as

Xout (Ti (T’, @)7 Pi (Ta 90) |ai,011t) =Xout (T7 (plagl,out) ) (332>
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.
You (1i(7, 9, @i(r, 9) s our) =A% R In (E)

+ Z R? (}%) [A;-i’n cos(nyp) + an sin(ngp)]
n=1 v

00 —n—+2
r .
+ Z R? (E) [an cos(ny) + Dgn sin(ny)],
n=2

Where the amphtUdeS a?’out - {AZ[)’ A,‘il, e 7B’Ld71’ BZQ’ ey 032, 033, ey D;i727 CZS, e }
relative to the center of disk are related to the amplitudes a; o, relative to the center

of the " inclusion as

Ai,07 n= O’
" n—1 El nem .
A + mZ:l (m B 1> (Rz) [Ai,m cos ((n — m)@i) — By sin ((n — m)@l)}
| _|_nz:1 n—1\ (6 e [—C- cos ((n —m)6;) + D; m sin ((n—m)@-)} n=1,
P m— 9 Ri i,m % i,m )
_ % El) Ai,O cos(n@i),
(3.33a)
n n—1 67, n—m )
+ mzzjl (m B 1) (Rz) [Ai,m sin ((n — m)@i) + B m cos ((n — m)@l)}
n+1 n—m
B, = + nmly (4 +2[—C» sin ((n —m)6;) — D; cos((n—m)ﬁ')} n=>1,
,n £ m—2 Rz 1,m 2 1,m 3
1/ n
- RZ> A; o sin(nb;),
(3.33b)
cd = { 2_32 (;;_Z) (éi) [C’Lm cos ((n —m)6;) — D; m sin ((n — m)@i)], n>2,
(3.33¢)
n n—9 el n—m .
D;, = {mzzz <m _ 2) <Rz> [Ciym sin ((n — m)@l) + D, cos ((n — m)@i)], n>2.
(3.33d)

Image multipoles Z[Xout (ri(r, ©), i(r, g0)|az~70ut)] for the 7" inclusion are at positions

x; = (r = ;,p = 0;), where £ = R?/{; > R. Thus their Airy stress function is
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expanded in terms of powers r/¢; as

Z[Xout (Ti (7“, 90)7 902 (Ta 90) |ai70ut)] Xln (T‘ 90|az out)

ZXout (1i(1, ), @i(r, ©)|as.0ut )] =¢; 07‘2 + Z R? ( ) a*d cos(ny) + bffé sin(ne)]

EUIﬁ

n+2
-
+ R — c*d cos(ng;) + d:? sin(n
S (5) lteostng) + i sniog)]
(3.34)
where the amplitudes of image multipoles relative to the disk center are aj%, =
{a;d,ad, ... 059,074, ..., ¢, ¢, ..., dig,di%, ...} and factors of £ /R; are absorbed

*d
7,0ut

*d

in the amplitudes a? i,out

The amplitudes of image multipoles a’¢ , are related to

the amplitudes of induced multipoles a such that the boundary conditions for

zout?
tractions and displacements at the edge of the disk are satisfied. To evaluate tractions
and displacements at the edge we define the total Airy stress function outside all

inclusions as

N
tot

Xout(rﬂp‘aout) Xext(’ 9/ +ZXout Tl( 80) @z(r (P)lazout)

=1

+ ) T [Xou (ri(r, @), @i(r, 0)|@i.0u) |
=1
ZN
Xf)?ltt( T ¢|aout) =Xext (T, ) + Z Ri2

+ZZRQ

=1 n=1




where we set a;% = b4

= C’dl = D = 0. With the help of Table 3.1, we then

evaluate tractions and displacements as

out
Otot rr(r -

out

Otot TP (7" -

%uout (7‘ —

R tot,r

%out(

R utot,ap r=

9 90|aout

9 (p|aout

R7 (P|aout)

N
ext

-2
v |4t ( ) T2
N oo —n—2 -n
R R
+ZZ[ (n+1)A¢, (Rz) —(n—l)(n+2)0gn(&)
i=1 n=1
n—2 n
—n(n —1)a}9 (]i) 7(n+1)(n72)c;‘i (ﬁ)

l—n(n +1)BY, ( ul ) o — (n—1)(n+2)D¢, ( R_)_n

cos(ny)

+
e
NE

i=1n=1 RZ RZ
R n—2 R n
“n(n — 1)be (&> —(n+ 1)(n - 2)d (R) sin(ng),
(3.35a)
N oo —n—2 —n
R R
d d
+;; l—n n+1)A7, (R,) —n(n—1)C7, (Rl)
R n—2 R n
+n(n —1)a;s, <Rz> +n(n+1)c? (Rz> sin(nyp)
N oo R —n—2 R -n
+> ) |n(n+1)BY, <R> +n(n—1)D¢, (R)
i=1n=1 i g
R n—2 R n
—n(n — 1)b;‘ffl (R) —n(n+ )d;“,{L <R,> cos(nyp),
(3.35b)
N —2
2 . R xc
:% (uS" + ug cos @ + uy sinp) + ; —Af, (Rz> + (Ko — 1)%31
N oo —n—2 —n
R R
+Y 0> |nAf, <R> + (ko +n —1)CZ, <R>
i=1n=1 i :
n—2 R n
—naj?, <R,> + (ko —n —1)c¢ <R,> cos(ny)
N oo —n—2 —-n
R R
—nbrd [ = o + (kg —n — 1)d}¢ LA sin(nep)
RI 1, RL
(3.35¢)
2
—?0 (—ug sin ¢ + u, cos @)
N oo —n—2 —n
R R
d d
+ ;; nAj, <Rz> — (ko —n+1)Cf, <R2>
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R n—2 , R n
+naj <R> + (ko +n+1)c;? (R) sin(nep)

R —n—2 R -n
—nan (Rz) + (’%0 —n—+ I)Dzn (Rz>

i=1 n=1
—nbd ki ”’72—(%: +n+1)d z ” cos(nyp)
in R; 0 ’ i,n R; ¥)
(3.35d)
where terms containing o' and u®™* correspond to Xext(r, ), terms containing

>§<d b>g<d C*d d%d

,mo Cim? Cind in

Al Bd (O Dgn correspond to Yout (Ti, V5 |ai7out), and terms containing a

correspond to Z [Xout (ri, gpi\ai,out)}. We also included displacements u, and u, due
to a rigid body translation and introduced the shear modulus p; = E;/[2(1 + v;)]
and the Kolosov’s constant x; for the i'" inclusion, where the value of Kolosov’s
constants is k; = (3 — v;)/(1 + ;) for plane stress and k; = 3 — 4y; for plane strain
conditions [1]. Similarly, we define the shear modulus py = Ey/[2(1 + )] and the
Kolosov’s constant kg for the elastic matrix of the disk.

For the hydrostatic stress boundary condition, we require that of% (r =

tot,rr

R, plagy) = 0= in Eq. (3.35a) and that o0 (r = R, ¢lag) = 0 in Eq. (3.35b).

rr tot,rp

From this system of equations we obtain

N\ 2n N 2n—2
afffb = {—(n +1) (};) Agn -n (%) Ci‘fn, n> 2, (3.36a)
N\ 2n N\ 2n—2
by = {—(n +1) (};) B, —n (%) Di, n>2, (3.36b)
N\ 2
fl <]%z> A’(L'i,O’ n = 0’
=4 IS , (3.36¢)
(B) A een () et nzn
N\ 2n+2 N 2n
did = {n (%) B, +(n—1) <Z’> D¢, n>L (3.36d)

(r = R,plaoy) = u™* in

out
tot,r

Eq. (3.35¢) and that u{% (r = R, plag) = 0 in Eq. (3.35d). From this system of

tot,p

For the no-slip boundary condition, we require that w
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equations we obtain

©,m

prd — ) " L n>2, (3.37b)

in

C:,('rll = < 1 n (Ri)2n+2 Ad (337C)

g — ] " , n>1, (3.37d)

2 R, (R,
Uy = —— (—) Afl,l, (3.37e)

2 R, (R’
U, =y —— (—) B, (3.37f)

ext

For the slip boundary conditions, we require that ufy,.(r = R,plas) = uf™ in

Eq. (3.35¢) and that o2% (r = R, p|as:) = 0 in Eq. (3.35b). From this system of

tot,re

equations we obtain

(o) (Ry)2" pd
s J ol A , n>2, (3.3%a)

2Nk R;\2"=2 ~q
(no(n—l)?l—n—l—l) (E) C

(n+1)(ro—1) (Ri )2” B

(kro(n—1)+n+1) \'R

bye = ’ : n>2, (3.38b)
2nk R;\2n—2
+(no(n—1)3-n+1) (f)
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N\ 2 —
oA () n=0,

gl =< e ()22 g (3.38¢)
(ko(n—1)4+n+1) \ R i,n n>1

(n—1)(1—ro) (Ri\?" ~d
+(/~zo(n—1)+n3-1) (f) Ci,n

2n R;\2nt+2 4
d?i _ (ko(n—1)+n+1) (R) , , n>1
7 (n—1)(1—ko) Ri\2" d
+m (ﬁ) Dy,

2

(3.384)

N
R, (R; d
Uy = 2(1 - /{0)% (E) Al (3.38¢)

N 2
R, (R
uy =Y (1= ko) (E) BY,. (3.38f)

i=1 2410

*d

Above we showed how the amplitudes for image multipoles a;¢, relative to the

d

¢ out> Which can

center of the disk are related to the amplitudes of induced multipoles a
be further expressed in terms of the amplitudes of induced multipoles a; o, relative to
the center of the i*" inclusion by using Eq. (3.33). In principle we could also expand the
Airy stress function for the image multipoles Z [Xout (ri, v |ai7out)] = Xout (rf, ©oF |a;‘70ut)

in terms of polar coordinates (77, ¢?) relative to the center x} of the image of the i‘!

inclusion as shown in Eq. (3.9) and we could also relate the amplitudes ajﬁ‘éut to the

*
7,0ut”

amplitudes a However, we omit this step, because we never actually need to
evaluate the Airy stress functions Z [Xout (rj, goj|aj70ut)] with respect to x;, but we
need to expand them around the center x; of the i*" inclusion to evaluate boundary

conditions at the edge of that inclusion as was discussed in details in Section 3.2.1.
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The resulting expression is

z [Xout (rj (ria 902)’ 2 (ria Qpi)|aj,0ut)} = Xin (Ti7 S0i|a;ffout)a

*7 2

T [Xout(rj(ria@i)a@j(ria¢i)|aj,0ut)] = CoTy

=\ L 3.39
+ Z R? (E) a3, cos(ng;) + b7 sin(ng;)] (339)
n=2

o0 n+2
T i *T
+ Z R’ (E) [, cos(ng;) + d sin(ng;)] |
n=1

where the amplitudes aj’

,ou

. of image multipoles relative to the center x; = (r = {;, p =

*d

0;) of fifth i'" inclusion are related to the amplitudes a’?, relative to the center of

disk as

R (m) <é_)m_n [zt cos ((n — m)6,) — by, sin ((n —m)6,)|

" mi; 1 (mZ 1) (é—) o (e cos ((n—m)6,) — dif, sin ((n —m)e;) .
(3400
b =+ mfj (M) (5) " [ostosin (=10 + 0 cos (0 = o)
£ (")) Tt o)+ s (0 )]
(3.400)
=3 () () eon a0 s (0= )]
(3.400)
=3 (00 () im0 = o) + o (= )
(3.400)

The rest of the steps are the same as in Section 3.2.1. We expand the induced

Airy stress function inside " inclusion Xin(n,gpﬁa@m) as shown in Eq. (3.12),
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where the set of amplitudes of induced multipoles is represented as a;j, =
{CLZ‘,27 i3, ... ,b@g, b@g, <3 Ci0,Ci1y - e 7di,17 d1;72, Ce } We again define the total Alry

stress function y!°*

m

(:1:, y|aiyin) inside the i*" inclusion, which also includes the effect of
the external load (Xext) as shown in Eq. (3.13). The amplitudes of induced multipoles
a; out and a; ;, are obtained by satisfying the boundary conditions that tractions and
displacements are continuous across the circumference of each inclusion in Eq. (3.14),
which can be converted to a matrix equation similar to that in Eq. (3.21). The
only difference in this procedure is that we use the above Eq. (3.39) instead of
Eq. (3.18b) when expanding the Airy stress functions Z [Xout (rj,goj|aj7out)} for the
image multipoles around the center x; of the i*" inclusion. To solve the matrix
equation numerically, we truncate the degrees of multipoles at n,., as discussed in
Section 3.2.1.

The elastic multipole method described above was tested for a compressed elastic
disk of diameter D with a single circular hole with diameter d = 0.20D for all
3 different boundary conditions discussed above under plane stress condition (see
Fig. 3.14). The distance between the center of the hole and the edge of disk was
h =0.14D. In Fig. 3.14b-d, we show contours of deformed holes and disk boundaries
for (b) hydrostatic stress, (c¢) no-slip, and (d) slip boundary conditions obtained with
the elastic multipole method (nmyax = 10), which match very well with the contours
obtained with linear finite element simulations (see Appendix B.1 for details). For
easier comparison between different boundary conditions, we chose the value of the

hydrostatic stress o = 8pous™* /[D(ko—1)] such that the pristine elastic disk without

Tr

ext

ext as was used for the no-slip

holes would have the same displacement of the edge u
and slip boundary conditions, where py = Eo/[2(1 + 1p)] is the shear modulus and
ko = (3 —1p)/(1 + 1vp) is the Kolosov’s constant for plane stress condition. For the

hydrostatic stress boundary condition in Fig. 3.14b, we observe a pronounced defor-

mation in the region where the hole is close to the outer edge of the disk, which is
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Figure 3.14: Deformation of a circular hole near the edge of a deformed elastic disk.
(a) Schematic image describing the initial undeformed shape of the structure and
the direction of applied deformation. The Poisson’s ratio for the elastic matrix was
vg = 0.49 and the Young’s modulus was Ej,. Hole is represented with the white
circle. Geometrical parameters are d/D = 0.20 and h/D = 0.14. (b-d) Contours
of deformed holes and disk boundaries for (b) hydrostatic stress (&' = —0.098Ey,

rr

o = 0), (c) noslip (ug® = —0.025D, uZ* = 0), and (d) slip (ug** = —0.025D,
afzt = 0) boundary condltions. For all 3 cases, plane stress Condltion was used

with the Kolosov’s constant ko = (3 — 19)/(1 + 1). Dashed blue lines show the
contours obtained with elastic multipole method for n,,,, = 10. Green solid lines show
the contours obtained from linear finite element simulations. (e-g) Absolute values
of the amplitudes of induced multipoles a,,; at the center of hole obtained with
10 for (e) hydrostatic stress, (f) no-slip, and (g) slip boundary conditions.
A, = A,/o3, B, = B,/ot, C

o For the no-slip and slip boundary condltlons we use the
relation O'eXt = 8uous*/[D (ko — 1)], where pg = Eo/[2(1 + 14)] is the shear modulus
of elastic material. The dark and light blue colored bars correspond to the positive
(A, Bp,Cy, D, > 0) and negative (A,, B,,C,, D, < 0) amplitudes, respectively.
Note that the amplitudes Bs,, = Doy, = Aopmi1 = Coyr = 0 due to the symmetry of
the problem. (h-j) The normalized errors for displacements €qisp(7max) (blue dashed
lines) and stresses €gpress(Mmax) (green solid lines) obtained from Eq. (3.41) for the

(h) hydrostatic stress, (i) no-slip, and (j) slip boundary conditions.

Nmax =
The amplitudes are normalized, such that A,
C /O.ext — Dn/o.ext.

n
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similar to the case of one hole near the traction-free edge in Fig. 3.4. For the no-
slip boundary condition in Fig. 3.14c we observe that the hole remains circular in the
region where the hole is close to the outer edge of the disk, which is similar to the case
for one hole near the straight rigid edge in Fig. 3.12. For the slip boundary condition
in Fig. 3.14d we observe that the deformation of the hole is more pronounced in the
region where the hole is close to the outer edge of the disk, but this deformation is
not as striking as for the hydrostatic stress boundary condition in Fig. 3.14b.

These observations are also reflected in the amplitudes ag,; of induced multipoles
at the center of the hole (Fig. 3.14e-g). For the hydrostatic stress boundary condi-
tion, which results in the most pronounced deformation of the hole, the amplitudes of
induced multipoles decrease very slowly with the degree of multipoles (see Fig. 3.14e).
In contrast, the no-slip boundary condition results in the least pronounced deforma-
tion of the hole and the amplitudes of induced multipoles decrease much more rapidly
with the degree of multipoles (see Fig. 3.14f). The results for the slip boundary condi-

tion are somewhere in between (see Fig. 3.14g).

The convergence analysis for the spatial distributions of displacements u(™m=x)(r, ©)
and von Mises stress ogi/‘f‘""‘)(r, ) in the elastic multipole method was used to asses
how many multipoles are needed. Displacements and von Mises stresses were eval-
uated at N, discrete points (r;,¢;) = (iR/500,275/500), where i € {1,2,...,500}
and 7 € {0,1,...,499} and grid points that lie inside the hole were excluded. The
normalized errors for displacements €gisp(Mmax) and stresses €gtress(Mmax) Were obtained
by calculating the relative changes of spatial distributions of displacements and von

Mises stresses when the maximum degree n,., of induced multipoles is increased by

one. The normalized errors are given by [129]

(u(nnlax+1) (7"“ gpj) — u(nmax)(ria QDJ))Q
€disp\"'max ) = ex ’ Sl
p(Nmax) J ZZJ: N, (d 0%t/ Eo)? ( )
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max 1 max
(U\(,K/[ * )(rlvgpj) _U\(/’;/[ )(r’u(p]))
€stress (nmax) = E N, (o.ext )2
rP\¥*vM

i3

(3.41b)

Here, displacements and von Mises stresses are normalized with the characteristic
scales do%X/Ey and 0<%}, respectively, where d = 2R is the diameter of the hole, 0%}
is the value of von Mises stress due to external load, and Fj is the Young’s modulus
of surrounding elastic matrix. The normalized errors for displacements €gisp(7max)
and stresses €ggress(Mmax) for all 3 boundary conditions are shown in Fig. 3.14h-j. The
normalized errors decrease exponentially with the maximum degree of multipoles
Nmax, Which mimics the exponential decay of amplitude of induced multipoles in
Fig. 3.14e-g. The normalized errors for the hydrostatic stress boundary condition
were the largest (Fig. 3.14h), which is reflecting the observation that the amplitudes
of multipoles decrease very slowly with the degree of multipoles (see Fig. 3.14e).
In contrast, the normalized errors for the no-slip boundary condition reduced very
quickly with the maximum degree of multipoles 1y, (see Fig. 3.141), which is again
mimicking the distribution of amplitudes of induced multipoles (see Fig. 3.14f). The
results for the slip boundary condition are somewhere in between (see Fig. 3.14j).
The elastic multipole method was also tested against experiments. We developed
a simple experimental system for radial compressive loading of elastic disks with
holes. The elastic disks were placed in rigid rings with smaller diameters made from
polyethylene plastic (see Fig. 3.15). Elastic discs with diameter D = 100 mm and
thickness 25 mm were pushed sequentially through the rigid rings of decreasing diam-
eters ranging from 99 mm to 94 mm in steps of 1 mm (see Fig. 3.15a,c). Silicone oil
was applied to reduce friction between the rubber sample and the walls of rigid rings.
This experimental setup is thus approximating the slip boundary condition discussed
above. The contours of deformed holes were then obtained by scanning the surface

of compressed samples (see Fig. 3.15b).
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Figure 3.15: Experimental system for the compressive testing of disk samples. (a) A
rubber disk sample with diameter 100 mm was placed in progressively smaller rigid
rings made from polyethylene plastic. The inner diameters of rigid rings gradually
decreased from 99 to 94 mm in steps of 1 mm. (b) A compressed rubber sample
inside a rigid ring with diameter D; was placed on a flatbed photo scanner, which
was used to extract the contours of deformed holes. (c¢) A schematic of a rubber
sample pushed from a larger ring with diameter D, into a smaller ring with diameter
Dy < D,. Silicone oil was applied to reduce friction between the rubber sample and
the walls of the polyethylene ring.

In Fig. 3.16 we show initial and deformed configurations of disks with 4 different
arrangements of holes. In experiments, disks were pushed through all 6 rigid rings.
For each ring, the surface of disks was scanned and the contours of deformed holes
were extracted with the Image Processing Toolbox in MATLAB 2018b. At higher
compression, we observed a noticeable out-of-plane deformation in the vicinity of
holes, which is not captured with the elastic multipole method. Therefore we used
only those experimental results, where the out-of-plane deformation was minimal.
The deformed contours of holes obtained with experiments were compared to the
contours obtained with the elastic multiple method (n,.x = 10) and linear finite
element simulations for the slip boundary condition and under plane stress condi-
tion. An excellent match was observed between the contours obtained with different
methods (second row in Fig. 3.16). As in previous examples, we observed more
pronounced deformations of holes in the regions where holes were close to each other

and where holes were close to the edge of the disk. We have also compared the equiv-

alent von Mises strain fields e,y (see Eq. (3.23)) obtained with the elastic multipole
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Figure 3.16: Deformation of elastic disks with holes. (a-d) Schematic images
describing the initial undeformed shapes of structures with holes and the direction of
applied deformation u®* for the slip boundary condition. Holes are represented with
white circles. For all elastic disks, the diameter was D = 100 mm and the thickness
was 25 mm. They were made of rubber with the Young’s modulus Fy = 0.97 MPa and
Poisson’s ratio is 1y = 0.49. For each structure we show the contours of deformed holes
and disk boundaries and we report the value of applied compression uc**. Plane stress
condition was used for all cases with the Kolosov’s constant ko = (3 — v9)/(1 + vp).
Dashed blue lines show the contours obtained with elastic multipole method for
Nmax = 10. Red and green solid lines show the contours obtained with experiments
and linear finite element simulations, respectively. The diameters of holes in (a-c)
were d = 20.0 mm. In (a-c) the distance h from the centers of holes to the edge of the
elastic disk were (a) h = 14.00 mm, (b) A = 13.95 mm, and (c) h = 14.00 mm. In (b-c)
the separation distance a between holes was (b) a = 23.07 mm and (c) @ = 23.10 mm.
In panel (d) the diameters of holes were d; = dy = 20.0 mm and d3 = 8.0 mm and they
were centered at (z1,y;) = (—10.64 mm, 6.11 mm), (z9,y2) = (12.76 mm, 5.17 mm)
and (r3,y3) = (—0.11 mm, —5.97 mm).

method (first row in Fig. 3.17) and finite elements (second row in Fig. 3.17). Note
that we were unable to obtain strain fields in experiments because the DIC analysis
requires rather small compression increments to reliably track the movement of the
speckle pattern, while in our experiments, the compression of samples was obtained
in moderately large discrete steps (see Fig. 3.15). In strain fields, we observe strain
concentration in regions where holes are close to each other and in regions where

holes are close to the disk boundary, which is similar to the observations for holes

near traction-free edges in Sections 3.2.1 and 3.2.2. The agreement between the strain

122



—
[
~

( (d)

multipoles

finite elements

c)

A

C

A

C
oM T
ext30 20 1.0 0

Figure 3.17: Equivalent von Mises strain fields for the deformation of elastic disks
with holes in Fig. 3.16 (see Fig. 3.16 for the details of their geometry and applied
deformation). (a-d) For each of the 4 structures in Fig. 3.16, we show equivalent von
Mises strain fields e,y obtained with elastic multipole method (n,,x = 10) and finite
element simulations. Strain fields were normalized with the value of the equivalent
von Mises strain %5 = 4u®™*/[D(1 4+ vp) (ko — 1)] imposed by external loads. Four
marked points A-D were chosen for the quantitative comparison of strains e,,;. See
Table 3.6 for details.

fields obtained with two different methods is very good and the quantitative compar-
ison of strains at four different points A-D (marked in Fig. 3.17) showed a relative
error of ~ 1% (see Table 3.6). Note that the relative errors were so small because we
used exactly the same geometry of elastic disks for both finite elements and elastic

multipole method.

3.3 Conclusion

In this chapter, we demonstrated how image charges and induction, which are common
concepts in electrostatics, can be effectively used also for the analysis of linear defor-
mation of bounded 2D elastic structures with circular holes and inclusions for both
plane stress and plane strain conditions. The multipole expansion of induced fields
described in this work is a so-called far-field method and hence it is extremely efficient

when holes and inclusions are far apart from each other and when they are far from
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Table 3.6: Quantitative comparison for the values of equivalent von Mises strains e,y
normalized with the value for the applied external load €%} = 4|u®*|/[D(1 + v) (ko —
1)] at points A-D for 4 different disk samples with holes defined in Fig. 3.17 obtained
with the elastic multipole method (EMP) and linear finite element simulations (FEM).
The relative percent errors between EMP and FEM were calculated as e = 100 x

|€‘(I}1::4/[MP FEM)| /el (FEM)
sample (a) sample (b)
points strain ey /€% strain ey /€Sx)
EMP FEM (%) | EMP FEM (%)
A 2.5205 2.5396 0.75 | 0.8505 0.8475 0.36
B 1.5034 1.4946 0.59 | 2.3422 2.3406 0.07
C 17716 1.7723  0.04 | 2.8214 2.8076 0.49
D |0.8077 0.8075 0.03 | 0.6439 0.6441 0.03
sample (c) sample (d)
points strain eyn/€xh strain ey /€Sx)
EMP FEM %) | EMP FEM (%)
A 2.2558 22703 0.64 | 1.3196 1.3227 0.23
B 0.9111 0.9047 0.71 | 2.3110 2.2805 1.34
C 3.3440 3.3368 0.19 | 0.7336 0.7248 1.21
D ]0.6586 0.6584 0.03 | 0.7592 0.7593 0.01

the boundaries. In this case, very accurate results can be obtained by considering
only induced quadrupoles, since the effect of higher-order multipoles decays more
rapidly at large distances. When holes and inclusions are closer to each other or
when they are closer to the boundaries, their interactions with each other via induced
higher-order multipoles and their interactions with induced images become important
as well. The accuracy of the results increases exponentially with the maximum degree
of elastic multipoles, which is also the case in electrostatics, and this is characteristic
for spectral methods [129]. The results of the elastic multipole method matched very

well with both linear finite element simulations and experiments.

124



Chapter 4

Symmetry based classification of
phonon bands in periodic elastic

media

The aim of this chapter is to give a tutorial of the group theoretic description of how
symmetries affect degeneracies. This theory has been used extensively in electronic
and photonic systems [67, 68, 140, 69, 70]. Moreover, the group theoretic method
presented in this article is applicable to systems in general dimensions. However,
we restrict our examples to two dimensional (2D) systems for simplicity. In case
of 2D systems, the in-plane longitudinal and shear waves decouple from antiplane
shear waves since the antiplane shear wave is odd under reflection about the plane of
propagation whereas the in-plane modes are even [141]. Additionally, even though the
theory is equally applicable to in-plane waves, we restrict ourselves to antiplane waves
because of two reasons. First, the displacement field in the latter case can be treated
as a scalar field whereas the displacement field for in-plane waves is a vector field.

Second, in the in-plane wave case, the longitudinal and shear waves (they are always
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coupled due to scattering from boundaries between different materials) together give

rise to twice as many bands as the antiplane shear waves.

4.1 Antiplane shear wave

Antiplane shear is a type of deformation of an effectively 2D elastic system spanning
a region in  — y plane, where the in-plane displacements u, = u, = 0, and only the
out-of-plane displacement u, is nonzero [1] in such a way that it is only a function
of in-plane coordinates (x,y,t) and independent of z. For such a deformation, the
system clearly needs to be homogeneous in the z direction. For small deformation
(which we assume throughout the article), these restrictions on displacements mean
that the diagonal elements of the strain tensor as the in-plane shear strain are zero:
€xe = Eyy = €22 = €4y = 0. The only nonzero elements of the strain tensors are
€32 = €z = Oy, /2 and €,, = €, = Oyu, /2 [1]. Assuming linear isotropic constitutive

relation between stress (o;;) and strain (g;;) tensor everywhere,

Tij = NeppOijT2UEj = Opp = Oyy = Oy = Opy = 0, 04 = 02 = 0 U, 0yy = 04y = OYU,
(4.1)

where summation is implied over repeated indices in the first equation. Above, A

and p are the Lamé coefficients, p is called the shear modulus. Then, the linear

momentum equations become [1]
0,04 = pOiu; = O, (udyu,) + 0, (udyu,) = pdiu, = V - uNu, = pdiu, (4.2)

where p is the density of the material and V = %0, + y0, is the in-plane gradient
operator. Note that the material properties A, i and p can vary in-plane but cannot
vary in the out-of-plane direction as mentioned above i.e., they are functions of in-

plane coordinates (z,y). Let us denote V - uV = H , we will call this operator
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Hamiltonian. In the following, we analyze the properties of the master equation
Hu, = pdtu.. (4.3)

Assuming that the material properties p and p are independent of time, Eq. 4.3 is
linear and time invariant. Since the eigenfunctions of a linear time invariant system

—twt

are of the form e~** we plug the ansatz u,(z,y,t) = @, (x,y)e " in Eq. 4.3 to obtain

Hi, =V uVil, = —pwis,. (4.4)

The above equation is a generalized eigenvalue equation with eigenvalue w?. Let 1y =
Yo(,y) be an eigenfunction with eigenvalue wy, i.e. Hiyy = —pw2tyy. Multiplying the

complex conjugate 1§ on both sides and integrating over the whole space, we get

[y 5w =~ [ drdyuiov,

= — /dxdy 1|V|* + Boundary terms = —w? / dzdy p|io|? (4.5)

o [ dady p|Vip|?

=0 = ,
O [dady plio|?

where from first to second line we performed integration by parts on the left hand
side, and from second line to third line we ignored the boundary terms which is zero
if either we employ periodic boundary condition in our system or the field dies out
far away near the boundary. Let us define the inner product of any two functions
¢(z,y) and ¢(z,y) as (¢|¢)) = [dxdyp¢*i for later purposes. Note that the right
hand side in the third line is positive as long as density p and shear modulus p are
positive. This implies that the frequency wy is real. The purpose of this article is to
give a detailed account of what can be said about the eigenvalues and eigenfunctions
of Eq. 4.4 just from the symmetries (translations, rotations, glides and time reversal)

of the system.
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Before concluding this section, it is interesting to note the similarities between
antiplane shear wave in a 2D elastic medium and electromagnetic wave in a 2D
dielectric medium. The Maxwell equations [121] for electric (E) and magnetic fields

(H) in a dielectric medium with no source charge or current are

V-H=0,V xE = —;0,H,
(4.6)

V- (eE) =0,V x H = eey0,E,

where 19, €9 and € are vacuum permeability, vacuum permittivity and dielectric
constant respectively. Note that the fields E and H are 3D vectors but they are
only functions of in-plane coordinates (x,y) and time t. As a consequence, the oper-

ator V can be chosen to be the in-plane 2D gradient operator. Since, the equations

are linear time invariant, we can plug in the ansatz E(z,y,t) = E(z,y)e ™! and
H(z,y,t) = H(z,y)e ™" to get
V-H=0,V x E = iwyH,
(4.7)

V- (E) =0,V x H = —iweeE.

Interestingly, in 2D the electric field and magnetic fields decouple two different modes,
transverse electric (TE) and transverse magnetic (TM) field modes [58]. In the case
of TE mode, the only nonzero fields are (E,, E,, H,), whereas for TM mode, the
nonzero components are (H,, H,, E,). The reason for this separation of modes is the
same to the reason behind separation of in-plane elastic waves and antiplane shear

wave in 2D elastic media, and will be discussed later in Section 4.2. Then, after a
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Table 4.1: Comparison between TE wave and antiplane shear wave when density p is
constant

TE mode antiplane shear
out-of-plane field magnetic field H, displacement 1,
- 1 5 =1 o
field derivatives electric field L?y - wee ax[:[z stress Ufz %Maﬂfz
E, =+-"—0,H, Oyz = U0y U,
wWeeq
heterogeneous parameter % I
governing equation V-1iVH, = —“CJ—QQHZ V- uNVi, = —pw?i,
Q
. N A" = Y atV = al?
interface conditions nx BEO —nx B n.50 —p.52
little algebra the Eqs. 4.7 reduce to
1 _ 2 1 _ 2 Ex = ﬁa ﬁ[z,
TE: V x -V x Ho = — H.2 = V--VH. = -~ H., o
€ ch € g . ; .
Ey - —EamHZ
(4.8)
~ w? - ~ w? - [:—rac = _w;l‘mayEza
TM: VXV X E.z=—eb.z= V- -VE, = ——¢l_,
¢ ¢ N , .
’ ° Hy = 50, .

From the forms of the equations above, it can be seen that the antiplane shear wave
behaves like TE (TM) mode when density p (shear modulus ) is constant throughout
the system. A thorough comparison between antiplane shear, TE and TM waves are

given in Tables 4.1 and 4.2.

Table 4.2: Comparison between TM wave and antiplane shear wave when shear
modulus p is constant

TM mode antiplane shear

out-of-plane field electric field F, displacement .
I i 5= 1L i
field derivatives magnetic field ]?y - +°JH0 &CEJZ stress Uivz %Maﬂfz
H,=—-—"0,F, Oyz = 50y U,

wito
heterogeneous parameter € P
governing equation V-VE, = —“C’—QQEEZ V- uVi, = —pw?i,
Q
. . EY = EY i = @
interface conditions 0 x HY — n x @ n-60 —pn.502
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In the next section, we describe how the spatial symmetries of the system can affect

the eigenvalues w and the eigenfunctions u,(x,y) of the eigenproblem in Eq. 4.4.

4.2 Space group representations and symmetry
protected degeneracies in band structures

A rotation, reflection or translation is a symmetry of a system, if after the trans-
formation the system is identical to the system we started with. In other words, if,
for example, for a system with a certain rotational symmetry there is an eigenfunc-
tion 1y of Eq. 4.4 with eigenvalue wy, the rotated version 1, of that eigenfunction
is also an eigenfunction of Eq. 4.4 with the same eigenvalue. Now, if 1y and 1), are
linearly independent functions, i.e. if one is not just a complex constant times the
other, then we have a degeneracy at frequency wy. A systematic way of finding these
symmetry protected degeneracies and classifying the eigenfunctions in terms their
characters under symmetry operations is through group theory and group represen-

tations [68, 67, 69].

4.2.1 Group

A group is a set G with a binary operation, called product, such that (i) product
of any two elements A, B € G their product AB is also in G, (ii) the product is
associative, i.e., for any three elements A, B,C € G, A(BC) = (AB)C, (iii) there
exists a unique identity £ € G such that for any element A € G, AF = FA = A,
(iv) for any element A € G, there exists a unique element A~' € E, called the
inverse of A, such that AA™! = A7'A = E. A point group is a group of symmetry
operations that act on Euclidean space keeping a point (let us call that point O) in

the n dimensional Fuclidean space fixed and preserving all angles and distances. We
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give a detailed account of the relevant definitions corresponding to groups and point

groups in appendices C.1 and C.1.1. Here we describe space groups directly.

Space group

A discrete translational symmetry can be created in n dimensional Euclidean space by
choosing n linearly independent vectors t; with ¢ = 1,2,...n and making properties
of the material periodic with periodicity [t;| in direction n;, where n; = t;/|t;|. The
set of points obtained by putting a mathematical point at each position vector t =
Z?:l n;t; where n; goes over all integers is called a Bravais lattice. Here, t are
called lattice vectors and t; are called fundamental lattice vectors. Some examples
of Bravais lattices are shown in Fig. 4.1(a) and (b). The set of translations t form
an Abelian group 7" when the product is taken as the vector sum. Note that the
sets T; = {n;t;|n; € Z} form Abelian subgroups of T. In n = 2 dimensions, T
can be written as outer direct product of T} and Ty; T'= T} ® T, (this is required to
find representations of 2D discrete translation group). The Bravais lattice is invariant
under these discrete translations. Therefore the symmetry group of the Bravais lattice
consists of the translation operations t. Moreover, depending on the relative of lengths
of the fundamental lattice vectors and the angle between them, the Bravais lattices
can be invariant under certain point group symmetries. In the example of Fig. 4.1(c),
the lattice has the symmetry of the point group Cj, or 6mm shown in Fig. C.1.
Depending on the point group symmetries, 2 dimensional Bravais lattices can be
classified into 4 different families: monoclinic (point group Cy), orthorhombic (point
group Cs,)(Fig. 4.1(a) and (b)), square (point group Cy,) (Fig. 4.1(d)) and hexagonal
(point group Cj,)(Fig. 4.1(c)). Two different types of Bravais lattices can have the
symmetry of point group Cy,: (i) if the fundamental lattice vectors are of same
length (|t1| = |t2|) but they are not orthogonal (t; - to # 0); this is called a rhombic

Bravais lattice (Fig. 4.1(b)) (ii) if the fundamental lattice vectors are not of same
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Figure 4.1: Different Bravais lattices (a-d) and examples of structures with different
space group symmetries (e-1). (a), (b), (¢) and (d) are rectangular, rhombic, hexagonal
and square Bravais lattices, respectively, with blue dots showing the lattice points.
The structures in (e), (f), (g), (h), (i), (j), (k) and (1) have pm, em, p2mm, c2mm,
p3ml, p3lm, pdmm and pdgm, respectively. In all panels the different unit cells are
shown with regions outlined by solid green lines, whereas the fundamental lattice
vectors are shown with red arrows. In (a-d), the unit cells that have only one lattice
point and have them at their center are called Wigner-Seitz cell. The other unit cells
which still have only one lattice point inside them are primitive unit cells. However,
the unit cell on the bottom right corner in (b) has two lattice points and thus not
primitive. In (e-1) the blue solid lines show the mirrors and blue dashed line is a
glide plane. In (e) and (g), the mirrors are normal to fundamental lattice vectors,
whereas in (f) and (h) they are not normal to fundamental lattice vectors (at the top
left corner in each panel). However a choice of bigger unit cells in (f) and (h) (shown
in bottom right corner in each panel) and hence larger lattice vectors can make the
mirrors normal to lattice vectors. In (i) the mirror is perpendicular to a fundamental
lattice vector, whereas in (j) it is not.

length (|t1| # |t2]) but they are orthogonal (t; - to = 0) (Fig. 4.1(a)); this is called a
rectangular Bravais lattice. Therefore, there are five different Bravais lattice systems

in 2D in total. Discrete translational symmetry breaks the n dimensional Euclidean
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space into small repeating cells called unit cell. A primitive unit cell is a unit cell
which has only one lattice point in it. Different types of unit cells are shown in
Fig. 4.1(a-d).

Once we fill up the one unit cell of a Bravais lattice with elastic material and
repeat that in the directions of fundamental lattice vectors, we get a phononic crystal.
The set of all symmetries of a crystal form a group called space group. One type of
symmetry of a crystal is a combination of a point group operation (rotation, inversion,
reflection etc.) R followed by a lattice translation t. If all the symmetries of a crystal
are of this form, the space group of the crystal is called symmorphic. Clearly, in this
case the symmetry group can be written as a semi-direct product of the translation
group and the point group (it is easy to see that the translation group is a normal
subgroup of the space group in this case). Since there are 10 crystallographic point
groups in 2D dimensions, if we take semi-direct product of these with a translation
group whose corresponding Bravais lattice is compatible with the point group, we
get 10 different types of symmorphic space groups. However, a little thought leads
to the following observations: (i) for a given hexagonal Bravais lattice there are two
ways to insert the point group Cj, into it; in one case the normal to the mirror plane
is parallel to a fundamental lattice vector (Fig. 4.1(i)), whereas in the other case
the normal is at angle 7/6 with a fundamental lattice vector (Fig. 4.1(j)). (ii) the
insertion of Cy, and Cy, in a rectangular (or hexagonal) Bravais lattice (Fig. 4.1(e)
and (g)) and a rhombic Bravais lattice (Fig. 4.1(f) and (h)) are different. In the first
case, the normal of the mirror is parallel to one of the fundamental lattice vectors
(Fig. 4.1(e) and (g), top left corner), in the second case it is not (Fig. 4.1(f) and (h)).
(Note that in the case of Fig. 4.1(f) and (h), with the choice of the nonprimitive unit
cell shown in Fig. 4.1(f) and(h) (bottom right corner), the normal of the mirror can
be made parallel to a lattice vector; however, in that case, there will be a new kind of

symmetry of the system which is a reflection followed by a translation equal to half
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a fundamental lattice vector; this is discussed in the next paragraph.) In each of (i)
and (ii), the multiplication tables change depending on direction of the normal to the
mirror plane. Therefore, they lead to different space groups in each of (i) and (ii).
Considering all this, there are 13 symmorphic space groups in 2 dimensions.

Since a symmorphic space group is a semi-direct product of the translation group
and a point group, the point group operations and the translation operations are
separable. However, there is another kind of symmetry that occurs, where the system
remains invariant under a mirror reflection followed by a translation v (not a lattice
vector). This translation v is often (not always) parallel to the plane of the mirror.
Clearly, two successive application of this operation is equivalent to just a translation
which has to be a (Bravais) lattice translation for this operation to be symmetry.
Therefore the part of v which is parallel to mirror plane has to be half a lattice
vector. This symmetry is called a glide symmetry. An example of this is shown in
Fig. 4.1(1). Allowing this symmetry to be in a space group, it is possible to have 4 more
space groups in 2 dimensions which can not be written as a semi-direct product of a
translation group and a point group. These space groups are called nonsymmorphic
space groups. (Note that there is a similar symmetry with a 27 /n rotation followed by
a translation that can occur in 3 dimensions. This symmetry is called screw rotation.
However, we will not discuss that in this text since it does not occur in 2 dimensions. )
Therefore, in total there are 17 different space groups in 2 dimensions (one proof of
this fact that there are only 17 space groups in 2 dimensions is using the fact that for
a 2 dimensional periodic system, the Euler characteristic is 0, see [142]).

There are several different notations for space groups in literature. Here we are
going to use the international notation. It starts with the letters p or ¢, which
indicates if the unit cell of the Bravais lattice is primitive or centered (the rhombic
Bravais lattice is also called centered rectangular because if we choose the nonprimitive

unit cell shown in the bottom right corner of Fig. 4.1(b), (g) and (h), the unit cell
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has a lattice point at its center). After that letter comes an integer showing the
maximum order of rotational symmetry (1, 2, 3, 4 or 6). The next symbol indicates
if there is a mirror (or a glide in the case of nonsymmorphic sapce group) plane
perpendicular to one of the fundamental lattice translation vectors (called the “main”
axis). If there is such a mirror (glide), the symbol is m (g), otherwise it is 1. The
last symbol (again m, g or 1) shows if there is mirror or glide or none parallel or
tilted to the “main” axis. The names of the space groups corresponding to the
crystals in Figs. 4.1(e), (f), (g), (h), (i), (j), (k) and (1) are therefore pm, cm, p2mm,
c2mm, p3ml, p3lm, pdmm and pdgm respectively. As should be clear from the
above discussion, the elements of the space groups are combinations of point group
operations and translations. The standard notation for these elements is called the
Seitz notation written as {R|v}. It means a rotation R followed by a translation v
(v can be lattice translation or not). The rule for multiplication of two operators
{Ry|vi} and {Ra|va} is {Ri|vi}{Ra|va} = {R1R2|vi + Riva}. The identity element
is denoted by {FE|0}. The inverse of an operator {R|v} is {R™!| — R™!'v}. In this
notation the glide plane shown in Fig. 4.1(1) can be written as {m|ty/2} if call the
mirror operation about the dashed line m. However, we can also write it down in terms
of a parallel mirror plane passing through the center of the unit cell m, followed by a
different translation: {m.|t;/2+ t2/2}. Although the first notation is more intuitive,
the second notation is better for mathematical calculations. We will stick the second
kind, i.e., we will choose the center of an unit cell to be our origin and write down any
rotation (or reflection) about another point in terms of rotation (or reflection) about
the origin and compensate for the difference in the translation that follows (and drop
the subscript ¢ here onward).

Clearly, the translation group 7T is a normal subgroup of space group G. Therefore,
the coset decomposition of G with respect to T can be written as G = {R;|v1}T +

{Ro|vo}T + -+ {Rn|vi}T (see appendix C.1 for definition of normal subgroup and
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coset decomposition). In this decomposition we can choose {R;|v1} = {E|0}. The
quotient group G/T is isomorphic to a point group F which contains the rotation
and mirror parts of the coset representatives F' = { Ry, Ra, ..., Ry} (see appendix C.1
for definition of quotient group). This group F is called the isogonal point group of
space group G. It is easy to see that if all coset representatives { R;|v;} of T in G can

be chosen such that v; = 0, then the space group is symmorphic.

4.2.2 Representations of discrete translation group and space
groups

Here we define representations, characters, reducible and irreducible representations,
and give detailed accounts of how to obtain representations of the discrete translation
group and space groups. The other important definitions, theorems and results can
be found in appendix C.2.

Let there be a finite dimensional vector space V' over the complex field. The set of
all nonsingular linear operators on V' forms a group called general linear group GL(V).
A representation of a group G is a homomorphism p from a group to the group of
nonsingular linear operators GL(V') on a finite dimensional vector space V. Since p
is homomorphism, for any two elements A, B € G, p(A)p(B) = p(AB) meaning that
for any vector v € V., p(A)(p(B)v) = p(AB)v. Moreover, p(E)v = v where E is the
identity element of G, and p(A)~'v = p(A~')v for any A € G and v € V. Now, let
a basis of the d dimensional vector space V' be Vi, = {vy,va,...,v4}. Then, for any
element A € G, since p(A)v,; € V, it can be written as a linear combination of all the

vectors in the basis

p(A)vi = v;Lp(A)ji, (4.9)

where I',(A);; is the coefficient of v; and obviously depends on the group element

A. Note that sum over repeated index j is implied. We say that the square matrix
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I',(A) of dimension d x d is the matrix representing A in the basis V;. Since for
any A € G, T,(A) = T,(AF) = T,(A)T,(F), T',(E) = 1 the identity matrix of
dimensionality d. Moreover, 1 = T',(E) = T,(AA™!) = T',(A)T,(A™!) implies that
[,(A™") = T,(A)"". It is not hard to realize that the set of all distinct matrices
I',(G) form a group A. Moreover, the mapping I') : G — A is a homomorphism.
The character of a matrix group A is a function y : A — C, such that for any
element R € A, x(R) = tr(R), where tr(R) is the trace of the matrix R. If there
is a subspace U of the vector space V' such that for a representation p of a group G
and any vector u € U, p(A)u € U for all A € G, U is called an invariant subspace of
V under representation p of group G. In this case, the representation p is said to be
reducible. If there are no invariant proper subspace of V' under representation p of G,
p is called irreducible representation of G. In this case the dimension of the vector

space V is called the dimension of the representation p.

Representations of discrete translation group

Here, we describe the representations of the discrete translation group. We start
with 1 dimensional discrete translation group 7; with the generator of the group
being fundamental lattice translation vector t; of length [t;| = a;. For convenience,
we work with periodic boundary condition such that {E|t;} = {E|Nt,} = {F|0}.
Note that this assumption makes the group of finite order. Since this group is Abelian,
each element of the group is in one conjugacy class by itself. Therefore, there are
N7 number of classes. Hence, there are N; number of irreps of the group which
are all 1 dimensional (this comes from Schur’s lemma described in Section C.2).
Moreover, if the basis function for the mth irrep is fu, p({E|t1})fmn < frn =
p({Et1}) fm = cmfm. This implies p({E[t:1}™) frr = ept fin = p({E|0}) fr = fn OF
cNt = 1. Therefore, the representative matrices for each irrep are just Nlth root of

1. This result along with the orthogonality relations of the characters means that
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the only possible character table is 4.3. Hence, the character of {E|nit;} in the m%h

irrep is exp|— 27]rvm1n | = exp[— 2”m1n1a1] The irreps are denoted by the number

Table 4.3: Character table of 1 dimensional discrete translation group

[E0}  {Elt.} (ERt} ...  {BIMi— 1t
X0 +1 +1 +1 +1
xi | Al exp[—i3t] exp[—igr2] ... exp[—igr (N —1)]
xi | Al exp[—iyt] expl~i .. exp[—i (N1 —1)]
Xno1 | +1 0 expl— %] exp|— %2} ... exp|— %(M —1)]
my =0,1,...,N; — 1 or equivalently can be characterized by k = 0, 2 Nia QW](V]YZ:D

We have seen before that 2 dimensional discrete translation group 7' can be
obtained by taking outer direct product of two 1 dimensional discrete translation
group Ty = {{E|0}, {E[t1}, ... . {E[(NM—1)t1}} and Ty = {{E|0}, { E[ta}, ..., {E|(Na—
Dto}}; T = Ty ® To. The character table of T5 is similar to character table of 77,
only difference is that we have to replace Ny with N,. From the discussion on outer
direct product groups, we know that the number of conjugacy classes of T is N1 Ns,
hence the number of irreps is also NiN;. We can construct the irreps of T from
the irreps of T} and T5 using the following intuitive theorem on representations of
outer direct product groups (see [67] for a proof of the theorem). If T'%;(A) and
I.(B) are the representative matrices of elements A € H and B € K of it and
5 irreps of dimensions dy and dx respectively, then the representative matrices
of elements AB = C' € G = H ® K of irrep 15 of group G can be constructed
as [2(C) = T (A) ® I (B) where ® between the matrices denotes Kronecker
product of the matrices. This irrep ij of G is of dimension dydg. The characters
of these irreps are xZ%(C) = x%(A)x%(B). Therefore, the character of an element

{E|nit, +nots} in the mymt? (that is Kronecker product of mt! irrep of Ty and mth

irrep of 1) irrep of T is given by the phase exp[—i (?\7[”211 (niar) + 3\,’22 (ngas))] where

= |t1] and ay = |ts| and m; = 0,1,...,N; — 1 and my = 0,1,..., Ny — 1. These
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irreps of T" are also 1 dimensional. A more compact way of writing this phase factor

is: exp[—i(FF2 (naar) + %ZZ; (n2a2))] = eXP[_i(%Kl + %Kﬁ - (n1ty + naty)] where
the vectors K; and Ky are called fundamental reciprocal lattice vectors and defined
as K; - t; = 2m0;;. The fundamental reciprocal vectors can be evaluated easily as
K; =27m(ta x 2)/(2- (t1 X t3)) and Ko = 27(2 X t1)/(Z - (t; X t2)), where the vectors
t; and t, are chosen to be in x — y plane, and z is the direction perpendicular to
x — y plane in 3 dimensions. The two vectors K; and K, define a 2 dimensional
space called reciprocal space or momentum space or simply k-space. The vectors
in this space are called crystal momenta and are of the form k = %Kl + ”]\}—jKQ,
and the irreps of T can be labelled by these momenta k. From the form of these
vectors, it seems that the reciprocal space is discrete; however sending N; and Ny we
can make it continuous. Also, note that the characters do not change if we replace
m; with m; + N;. Therefore, we can let m; and my to take any integer value as
long as we remember m; = m; + ¢;N; for any integer ¢;. In terms of the crystal
momenta, this identification is k = k + ¢; Ky + ¢oK5 where ¢, ¢y € 7Z. This defines
a region in the reciprocal space called Brillouin zone, any momentum k outside of
which can be brought inside the region using the identification k = k + ¢; Ky + o Ko.
Examples of Brillouin zone corresponding to square and hexagonal Bravais lattices
are shown in Figs. 4.2(a) and 4.3(c). Let a basis function of the irrep labelled by k be

tx(r). Then under the action of the translation {E|nit; + naots}, the basis function

ik~(n1t1+n2t2),&k(r)

transforms into p({ F|nity + nate} )k (r) = tk(r —nity — note) = e~
where the last equality comes from the representation (or character because the
irrep is 1 dimensional). If we write iy in the convenient i (r) = d(r)e™™, the
equation in the previous sentence becomes ﬁk(r — ity — thz)eik'(r*mtl*"?t?) =
ek (mtitnata) g (p)e’®T implying that (v — nit; — naty) = dy(r). Therefore, the

basis function of the irrep labelled by crystal momentum k of the discrete translation
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group is of the form 4y (r)e’™ where 4 (r) is a periodic function with periodicity t;

and ty. The functions of this form are called Bloch functions.

What is a symmetry group and how do its representations affect the degen-

eracies of the eigenvalues of a Hamiltonian?

Before we discuss the consequence of the discrete translational symmetry on the eigen-
functions of Eq. 4.4, we have to discuss the mathematical definition of a symmetry
properly. Let us rewrite Eq. 4.4 as following: %[:I @, = Hi, = —w?l,, where we
defined the modified Hamiltonian H = %f[ . Let there be an arbitrary function
¢ (r). Further, let there be a group G such that under the action of the group
elements A € G the function transforms as ¢'(r) = p(A)Y(r) = ¥(A~'r) where
A is representation of group element A in the some chosen basis in 2 dimensional
Euclidean plane. Then the function H4)(r) transforms to p(A)H)(r) under the action
of element A € G. We can rewrite the this transformed function in the following way:
p(A)Hi(r) = p(A)Hp(A)"'p(A))(r). Therefore, we say that the modified Hamil-
tonian H transforms to H' = p(A)Hp(A)~! under the action of A. The group G
is called the symmetry group of the Hamiltonian (or the system) if for all A € G,
p(A)Hp(A)~" = H, or in other words if the Hamiltonian is invariant under the action
of the group elements. Another way of writing this is p(A)H = Hp(A) = [p(A), H] =
0 where [,] is the commutator. Now, let there be an eigenfunction i, (r) of H with
eigenvalue w?; Hii, = —w?i,. Let G be the symmetry group of H. Then, for any
Ae G, Hp(A)i, = p(A)Hi, = p(A)(—w?i,) = —w?p(A)i, meaning that p(A)a. is
also an eigenfunction of H with the same eigenvalue. Now, we can construct the set
V.2 of all degenerate eigenfunctions of H with some eigenvalue w?. Note that V2 is
a vector space because if there are two eigenfunctions with same eigenvalue w?, then
any linear combination of those two eigenfunction is also an eigenfunction with the

same eigenvalue. The dimension of this vector space is equal to the degeneracy of the
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2. Tt is clear from the argument above that V. is invariant under the

eigenvalue w
action of the group GG. Therefore, we can form a representation of G on this vector
space V 2. This representation is either irreducible or can be reduced to irreducible
components meaning that a basis of V2 can be chosen such that the basis vectors can
be written as ug), where 1Y) is the i*I' basis vector of irrep a of group G. From this
discussion, it should be clear that the eigenfunctions and eigenvalues of the Hamil-
tonian can be labelled by the irreps of the group G. And as a consequence, if an
eigenvalue w? is labelled by irrep label «, it should be (at least) d,-fold degenerate,
where d,, is the dimension of the irrep « of group G. One important point to note
here is that if the vector space V. is reducible, the eigenvalue w? has multiple irrep
labels corresponding to the irreps in the reduction. This is generally as rare as having
a equal eigenvalues of an arbitrary matrix [143]. Normally one eigenvalue corresponds

to one irrep of the symmetry group G. When more than one irrep occur at the same

eigenvalue, it is called accidental degeneracy.

Bloch’s theorem

With the knowledge of the last two sub-sections, it is immediate that if the Hamilto-
nian H is invariant under the discrete translation group, the eigenfunctions of H are
also the basis functions of the irreps of the discrete translation group 7. However, we
already know that the basis function of any irrep of the group 7' is a Bloch functions.
This implies the statement of Bloch’s theorem: the eigenfunctions of the Hamiltonian
H with discrete translation symmetry are Bloch functions i.e., of the form i (r)e™™
where Uy (r) is periodic function: uk(r + t1) = uk(r) = uk(r + t2). Moreover, the

eigenvalues can also be labelled with k: wZ. The plot of eigenfrequencies wy as a

function of k is called band structure.
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Space group representations

Having discussed the consequence of the discrete translation symmetry, now we are
at a position to add other symmetries to obtain space group representations. We
have already discussed that the Bloch functions @y (r) = iy (r)e’™ T, with periodic
tx(r), form the basis of the translation group 7. Let G be a space group with
T being its translation normal subgroup. Now, the action of general space group
element {R|v} € G on the Bloch functions gives {R|v}iuy(r) = 4 (R (r — v)) =
,&k(R—1<r_V))€ik~R*1(r—v) — ,&k(R—l(I._V))ei(R*Tk}(r—v) — ﬁk(R—l(r_V))ei(Rk)'(r—v)
where in the third equality we used R™' = R” since R is a orthogonal matrix. Let
us define dgy(r—v) = U (R (r —v)) = {R|v}ix(r). Now, operating with a lattice
translation on this function urk(r—v), we get { E|t}ugk(r—v) = {E|t }{R|v}uk(r) =
{R|v}ix(r—t) = ix (RN (r—t—v)) = (R (r—v)—R7't) = ax (R (r—v)—t/) =
i (R7(r — v)) = dgrk(r — v) since t' = R71t is clearly a lattice translation and
Uy is invariant (periodic) under lattice translation. Therefore, {E|t}{ R|v}ix(r) =
iR Y r—v—t)) = i (RN — v —t))eXRTv1t) — o (r — v)elRR@—v—t)
e BR)t g (r — v) el B =) — o—iRK)t L RIy1g, (r). This implies that {R|v } iy (r) is
a Bloch function at Rk.

Now, let p be an irrep of G with invariant vector space V' of dimension d. Since all
the irreps of the translation subgroup 7" are 1 dimensional with wave vector labels k,
we can choose the basis vectors of V' as Bloch functions 1y, (r) where i = 1,2,...,d.
To see why more than one k vector arise in an irrep of G, let us start with one
Bloch function iy, (r) € V. Recall that G can be written as coset decomposition G' =
{Ry|vi}T+...{Rp|vp}T. Under a application of any of these { R;|v;}, { R;|v; } i, (r)
becomes a Bloch function with wave vector label R;k;. Therefore, R;k; is one of
the wave vectors in {ky, ks, ..., kg}. This way as we go over all the elements of the
quotient group G /T, the wave vector k; transforms under corresponding elements of

the isogonal point group F, and we get the whole vector space V' (if we were to get
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a subset of V, then V' would be reducible). Note that not all of these wave vectors
k; have to be different. The reason is that a wave vector k is only distinguishable up
to a reciprocal lattice vector, that is R;k = k if R;k = k + 1K + oKy where K
and K are the fundamental reciprocal lattice vectors. The set of distinct (that is not
equivalent) wave vectors k in the set {kj, ko,...,ky} is called the star of irrep p or
equivalently of any wave vector in {ki, Ks,...,ks}. The elements R; of the isogonal
group F' which transform a wave vector k into an equivalent wave vector R;k = k
form a subgroup of F' called the little co-group G* of k. Examples of stars and little
co-groups of different wave vectors of some space groups are shown in Figs. 4.2 and 4.3.

Since G¥ is a subgroup F, |G¥| is a divisor of |F|. Now, let there be two distinct
wave vectors k; and ky with some fixed element R € F' such that ky, = Rk;. Then
for every element S; € G¥! (meaning S1k; = ki), RS1R 'k, = ky or RS;R™! € Gk,
This implies that RG¥' R~ C G*2. But, for every element S, € G¥2, R"1S,Rk; = k;
implying R~'G¥2R C G* or G¥2 ¢ RG¥*R~!. This means that G¥? = RGX1 R,
or in other words the little co-groups of two different wave vectors in the star of an
irrep p of the space group G are conjugate of each other and have same number of
elements. From this it is easy to see then that the number of elements h = |F| in
F is just the number of elements b = |G¥| in the little co-group G* of a wave vector
k in the star of irrep p times the number of distinct wave vectors ¢ in the star of p.
Moreover, the isogonal group F' can be coset decomposed in the following manner
F = RiG* + R,G¥+ - + Rqék with R,k = k,. With this definition of the star
of each wave vector k in the Brillouin zone, we can choose a region in the Brillouin
zone such that only one wave vector from the star of each irrep p is in that region.
This region in the Brillouin zone is called the representation domain or irreducible
Brillouin zone in the Physics community. The irreducible Brillouin zone for some
the space groups are shown in Figs. 4.2 and 4.3. Now, for the wave vector k, let

the little co-group be G¥ with elements {S;, Ss, ..., Sy} where b = |G¥X|. Then, if we
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Figure 4.2: Figure showing unit cells and Brillouin zones for square (a) Bravais lattice
(left) and star and little co-groups of different points in Brillouin zone for p4mm (b)
space group. Note that pdmm space group can only be realized from square Bravais
lattice. In (a), t; and to are fundamental lattice vectors, K; and Ks are fundamental
reciprocal lattice vectors. The different high symmetry points I', X and M, and high
symmetry lines A, ¥ and Z are shown in (a). The regions shaded in green in (a)
are the irreducible Brillouin zone corresponding to pdmm. In (b), these points (blue
solid arrows), points in their stars (blue dashed arrows), and their equivalent points
(red dashed arrows) are shown. For convenience, we also show the mirrors with dark
grey lines.

look at the coset decomposition G = {Ry|v1}T + {Ra|va}T + - - - + {Rp|vp}T and
pick only the cosets for which the rotation (or mirror) parts are Si,Ss,...,S, and
form the set theoretical sum of those, we get a subgroup of the space group G. This
subgroup GX = {S)|w}T + {So|wo}T + - - + {Sy|wy} T is called the little group of
wave vector k. Moreover, just like the isogonal group F' can be coset decomposed in
terms of the little co-group GX, the space group G can be coset decomposed in terms
of the little group: G = {Ry|v1}G* + {Ra|va}GX + - - - + {R,|v,}G¥, where ¢ is the
number of wave vectors in the star of k. Furthermore, since the little co-group G*«
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Figure 4.3: Figure showing unit cells and Brillouin zones for hexagonal (a) Bravais
lattice (left) and star and little co-groups of different points in Brillouin zone for p3m1
(b) space group. Note that p3m1 space group can only be realized from hexagonal
Bravais lattice. In (a), t; and ts are fundamental lattice vectors, K; and K, are
fundamental reciprocal lattice vectors. The different high symmetry points I', K and
M, and high symmetry lines A, ¥ and Z are shown in (a). The regions shaded
in green in (a) are the irreducible Brillouin zone corresponding to p3ml. In (b),
these points (blue solid arrows), points in their stars (blue dashed arrows), and their
equivalent points (red dashed arrows) are shown. For convenience, we also show the
mirrors with dark grey lines.

of wave vector k, = R,k (o = 1,...,¢) is conjugate of G¥ (G** = R,GXR_'), it is
easy to see that the little group of wave vector k, is G¥* = { R, |vo }G*{R,|va} L.
Now, let there be a wave vector k with b elements in G¥ = {S1, Ss,..., S}, and ¢
elements in the star: k; = Rik, ks = Rok, ... .k, = Rk (with R, = E). Moreover,
let there be a Bloch function wy(r) at wave vector k. Acting on this Bloch functions,
the only elements of G that can generate another Bloch function at k are the elements
of the little group G¥. The elements of G* = {S|w }T + {Sa|wo} T+ - - - + {Sp|w } T
are of the of the form {S;|w;}{E|t} = {S;|w; + S;t} = {E|t'}{S;|w;} where t and
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t' = S;t are lattice translations. Since {E|t'}{S;|lw;} and {S;|w;} generate same
function up to a over all phase factor when acting on (r), the maximum number of
linearly independent functions that can be generated from @y (r) acting the elements
of G¥ on it is the maximum number of of linearly independent functions that can
be obtained from {5 |w; }(r), {Sz|wa itk (r), . .., {Sp|Ws}ik(r). Let this number be
t and the independent functions are iy 1(r), Uk 2(r),. .., Uks(r). Then these ¢ func-
tions form the basis of a representation of little group GX. Let this representation
be irreducible (if not then we can choose a subset of these basis functions to get an
irrep). Since G = {Ry|vi }GX+{Ra|va}GX+- - +{R,|v,}G* (with { R|v:} = {E|0}),
{Ri| Vit 1(r), {Ri|Vi}ux 2(x), . . ., {Ri|vi}x(r) are linearly independent Bloch func-
tions at k; = Rk. Together, the collection of the functions {R;|v;}ux; where
1 =1,....,q and j = 1,...,t forms the basis of an irreducible representation of
the space group GG with dimension tg. This means that to find the representations
of the space group GG, we will choose k vectors from the irreducible Brillouin zone
and find the irreps p* of the little group G¥ and then acting on the basis functions
of p* with the coset representatives of G¥ in G, we can get the basis functions of the
irreps of G. The power of this result becomes clear once we realize that the basis
functions of the little group G* are Bloch functions at wave vector k meaning that
the representation matrices for the lattice translations {E|t} are just exp(—ik - t)1
meaning that the only nontrivial representation matrices that we have deal with are
those corresponding to {S;|w;} where i = 1,...,b. In the following we describe how
to get the irreps of the little groups.

Let p* be an irrep of the little group G¥ at wave vector k with basis functions
U1 (r), Uk 2(r), ..., Uk(r). Let us call the vector space spanned by these basis
functions V). As before, we keep the coset decomposition G* = {Si|wi}T +
{So|Wo}T + -+ + {Sy|wp}T. Also, let the the representation matrices of irrep p¥ be

denoted as Tk({R|v}) for {R|v} € G*. Since the basis functions are Bloch functions
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we require that Tk({E[t}) = exp(—ik - t). Moreover, since p* : G* — GL(V))
is a homomorphism, Tk({Si|w;}{S;|lw;}) = Tk({Silw:})T5({S;lw;}) where
{Silw;} and {S;|lw;} are any two coset representatives of T in GX. However,
{SilwiH{Sjlw;} = {S:Sj|lwi + Siw;} = {E[t;; H{Sk|wi} where Sy = 5;S;, {Sk[wi}
is a coset representative of T in G¥ with rotation (or mirror) part being Sy and
ti; = w;+S;w; —wy. Note that t;; has to be a lattice translation, t;; € T". This means
that T({Silwi}{S;lw;}) = Ty({EltiHSklwi}) = TE{Elt; T ({Slwi}) =
exp(—ik - tij)I‘lp‘({Sk|wk}) again using the homomorphism property of p¥. Therefore,
CE({Silwi )T ({S;|w;}) = exp(—ik-t;;)Tk({Sk|wi}). Now, if we define a new matrix
Dx({Silwi}) = exp(ik - w;)T5({S;|w;}), the equation Tk({S;|w,;})TK({S;|w;}) =
exp(—ik - t;;)TK({Sk|wi}) becomes exp(—ik - (w; +w;)) DK ({S;|w;}) DK ({S;|w;}) =
exp(—ik - (t; + wi))DE({Selwi}) or DE({Silwi})D5({Sjlw;}) = exp(—ik -
(Siw; — w;)) DX({Sk|wi}) = exp(—i(S; 'k — k) - w;) DX({Sk|wx}). However, since
{Silw;} € G¥, Sk =k or S; 'k = k + g; where g; = ¢;K; + ;K is some reciprocal
lattice vector. Therefore, DX({S;|w;})DK({S;|w;}) = exp(—ig; - w;) DX ({Sk|w}).
The reason we go from I‘lp‘ to D},f matrices becomes clear from the following
observation. Let {S|w;} and {S|wy} be two elements of the coset {S|w}T
of G¥. Then, we know that wo — w; = t is a lattice translation. Then,
DX ({S|w2}) = exp(ik - wo)TE({S|wz}) = exp(ik - wo)Tx({S|wy + t}) = exp(ik -
W) TE({EI6}{Slwi}) = explik - w) TS EIDTS({S]w1}) = exp(ik - wa) exp(—ik-
t) exp(—ik - w1 ) DX({S|w}) = D5({S|w1}). Therefore, the matrices D are same
for all elements of a coset. Therefore, we can think of Dif as matrix valued function
on the quotient group G¥/T = G¥, where = symbol was used to show that the
groups are isomorphic. Therefore, D;‘ is a function on G¥ satisfying the condition
DX(S;)DX(S;) = exp(—ig; - w;)DX(Sy) where S;S; = Si. Now, D¥ is a homomor-
phism if (i) all w; are 0 or lattice translations t, (ii) g; = S; 'k —k = 0 that is k is a

interior point of the irreducible Brillouin zone. Therefore, in these two cases, the D};
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matrices are representation matrices of the little co-group G¥. Therefore, in these
two cases, we need to find the irreps of GX, and that will immediately give the irreps
of G* since TX({S;i|w;}) = exp(—ik - w;) DX({Si|w}).

When the factor exp(—ig; - w;) # 1 that is when the space group is nonsym-
morphic and wave vector k is at the edge of the Brillouin zone, finding the irreps
1"1; is a bit more complicated. In this case, we need to introduce the concept
of projective representations. A nonsingular matrix function A on a group H is
called projective representation of H if A(H;)A(H;) = p(H;, H;))A(H;H;) for all
H;, H; € H where u(H;, H;) is a scalar function satisfying p(H;, H;Hy)pu(H;, Hy) =
w(H;, Hj)p(H;H;, H;). The function p is called the factor system of the projec-
tive representation A. In our problem pu(S;,S;) = exp(—ig; - w;) with properties
w(E,S;) = u(S;, E) = n(E,E) =1 as well as pu(S; ', ;) = exp(—i(S;k — k) - w;) =
exp(—i(S7k—k)-w;) = exp(—i(k—S;K)-(S} ' w,)) = exp(—i(S; ' k—K)-(~S; 'w;)) =
w(S;, Sy ). For 2 dimensional nonsymmorphic space groups, w; is half a lattice
translation since it is the translation part of a glide symmetry. In 3 dimensional space
groups, w; can be 1/n of a lattice translation corresponding to a 27 /n screw rotation
where n = 2,3,4, or 6. Therefore, since for any reciprocal lattice vector g and any
lattice translation vector t, g -t = 2mm where m € Z, the factor u(S;, S;) can always
be written as u(S;, S;) = exp(—ig; - w;) = exp(2mia(S;, Sj)/n) where n = 2,3,4, or 6
and a(S;, S;) € Z with the constraint 0 < a(S;, S;) < n—1. Moreover, for our problem
a(S;, S;) satisfies the following the properties: a(S;, E) = a(E,S;) = a(E,E) = 0
and a(S;,S;Y) = a(S; 1, S;). To get the projective representation of G, let
us define another group G¥ with number of elements |G¥| = n|GX| = nb such
that the elements of this new group are of the form (S;,a) where S; € G¥ and
o € Z,. Note that Z, is the cyclic group consisting of elements 0,1,...,n — 1
with group product being just the addition modulo n. Moreover, we define the

product for |GX| as (S;,a)(S;,8) = (SiSj,a + B+ a(S;,S;)). Clearly the identity
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element of G¥ is (E,0). The inverse of an element (S;, a) is (S; ', —a — a(S;, S; 1)).
Also, (E,a)(S;,5) = (Si,a+ B) = (S;,8)(E,a). Since (E,«) commutes with
all elements of G¥, for any irrep p. of GX, T, ((F,«a)) is a scalar multiply of the
identity matrix due to Schur’s lemma discussed previously. Suppose there exists
an irrep p¥ of G¥ such that Tk ((E,«a)) = exp(2mia/n)l. Then, Ik ((S;, o)) =
Tk ((S;,0)(E,a)) = Tk ((S;,0)Tk ((E,a)) = Tk ((S;,0)) exp(2mia/n). If we now
write T ((S;,0)) = DX(S;), then we have DX(S;) DX (S;) = Tk ((S;,0))Tk ((S;,0)) =
I ((5:,0)(8;,0)) = Ty ((SiS;,a(Si,55))) = Ty ((5:5;,0)T5 (E,a(Si, S;) =
DX(5;S;) exp(2mia(S;, S;)) = exp(—ig; - w;)DX(S;S;). This is exactly what we
wanted. In summary, to get the projective representations Dlp‘ of the little co-group
G¥ at wave vector k at the edge of the Brillouin zone of a nonsymmorphic space
group G, we have to construct the group G¥ and look for its representations I‘llf*
which satisfy condition that T's ((E,®)) = exp(2mic/n)1.

Once we get the irreps p* of the little group G¥ at wave vector k following
the procedure outlined above, we can find the representations of the space group
G in the following way. As before, the coset decomposition of the little group
is GX = {S)|w}T + {So|wo}T + -+ + {Sy|wp}T, and the basis functions of ¢-
dimensional irrep p¥ are iy (r), U a(r), . .., Uk (r). We write the coset decompo-
sition G = {E|0}GX + {Ra|va}GX + - - - + {R,|v,}G¥. As noted earlier, any element
of the coset can be a representative of the coset, but here we fix the coset repre-
sentatives to be {E|0}, {Ra|va}, ..., {Ry|v,}, and index these with greek letters as
{Ra|Va} with a = 1,...,¢. The readers can convince themselves that any element
g of the space group G can be uniquely written as ¢ = {Rq|Va}{Sn|vn} where
{R.|va} € {{E|0}, {Ra|va}, ..., {Ry|v,}} and {S,|v,} € G¥. We define ig i :(r) =
{Ra|Va}tux(r) which are the basis functions at wave vector R,k in the star of k.
Then, the set of functions {ugr, k;(r)} forms the basis of the representation of space

group G induced from p*. We denote this induced representation as p* t G, and
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the representation matrices IT'(e1c)(g) of (p* T G) can be obtained from the repre-
sentation matrices I‘lp‘ of p* as follows. Writing any ¢ € G in the unique form

g = {Ra|Va}{Sn|V,} as mentioned above, we get

(0" 1 G)(9) s s (v) = g{ RV i s(x)
= {Ralva - {Sulva H{ Ro|vs }inei(r)
= { By [V H S| Vin Vi (r)
= { By v+ it 5 (0) TS ({Som v}
= i, (0TS ({ S [Vin } )
= D16 (948,50 = Ty({SmlVin})jidy.98) = Ty ({By]v} ' 9{Rs|vs})ji05.08);

(4.10)

where in the third equality we used that fact that g{ Rg|vs} = {Ra|Va H{Sn|Va H{Rs|Vs}
is an element of G and can be uniquely written as {R,|v,}{Su |V}, where {R,|v,}
is one of the fixed coset representatives mentioned above and {S,,|v,,} € G¥. In
the last line we introduced a the kronecker delta function 4, g which is 1 when
g{Rs|vs} € {R,|v,}G* and 0 otherwise. The notation I'(ktg)(9)s,i is understood
in the following way. The basis functions are arranged in a row vector in the same
order as we order the coset representatives: {dy1(r), ..., Uks(r), Ur,k1(r), ...,
URyk,t(T), - - -, URyk,1(T), - .., UR,kt(r)}. Then the rows and columns of representation
matrices I'( x4 (g) can be broken into blocks corresponding to the wave vectors R k
in the star of k. If there are nonzero elements in the block v of I'( ki) (g), the

group element g maps the basis functions at Rgk to the basis functions at Z,k. With

this understanding, we can also get the expression for the characters x (k) of the
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induced representation p* 1+ G in terms of the characters Xk of the irrep p* of Gk:

q t
X (pk1G) (9) = Z Z F(kaG) (g)aa,u

a=1 i=1

q t
= Z Z F;({Rawa}_lg{Ra|Va}>ii5a,(ga)
a=1 i=1 (4.11)

q
=3 e ({Ralva} " g{ RalVa} )b g
a=1

= Z ! ka({Ra|Va}7lg{Ra|Va})

where the sum in the last equality is constrained to those « for which little group
G¥o = {Ry|va}G¥{R4|va} ! of wave vector k, = R,k contains g.

Before going to the examples in the next subsection let us summarize the procedure
of finding characters of finite dimensional representations of space groups, or more
precisely, characters of irreducible representations of little group G¥ at wave-vector
k in the Brillouin zone of corresponding to some space group G. The steps are given

below:

e Find the isogonal group F' of space group G consisting of the mirror and rotation

parts of the quotient group G /T where T translation subgroup of G.

e Iind the elements R € F such that Rk = k. The set of these elements form

little co-group GX.

e If the group is symmorphic or if the point k not at the edge of the Brillouin
zone, find the irreducible representation matrices D¥ corresponding to little co-
group GX. Then irreducible representation matrices I'* corresponding to little

group G¥ are T¥({R|v}) = exp(—ik - v)D¥(R).
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e If the group is nonsymmorphic and the wave vector k is at the edge of Bril-
louin zone, instead of finding representations of G¥, we have to find projective

representations.

Symmetry protected degeneracy in frequency bands of elastic structures

In the following you will give examples of representations of different 2 dimensional
space groups. We will start with a elastic system corresponding to the maximally
symmetric space group p4dmm with square Bravais lattice. We will plot the eigenvalues
w of the Eq. 4.4 as function of wave vector k, i.e. the band structure, along high
symmetry lines in the Brillouin zone. We will find degeneracies in the band structures
at some wave vectors k corresponding to 2 dimensional irreps of the little group of
k. Then, we will change the elastic structure perturbatively to get a structure with
a lower space group symmetry. We will find that some of the symmetry protected
degeneracies will be lifted for these elastic structures with lower symmetry. Note
that band structures and eigenfunctions shown here are obtained using finite element

simulations.

pdmm: The unit cell, band structure and some of the eigenfunctions of the elastic
structure is shown in Fig. 4.4(a). The elliptic inclusions all have major axis 0.3a
and minor axis 0.15a where a is the length of the sides of the unit cell. Any
element of the group pdmm can be written as an element of the point group Cjy,
followed by a lattice translation with two fundamental lattice translations t; and
to being of same length but in the mutually perpendicular directions. The elements
{E,Cy,C3,C%,0,,0,, 04,04} of the point group Cy, can be understood in the following
way. C} is the rotation about the center of the cell by an angle 7/2 in the anticlock-
wise direction. Then, C? and C? are then rotations around the point by angles 7 and
37/2. The two vertical mirrors o, and o/, are the mirrors with normals along t; and
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Figure 4.4: Anti-plane shear wave band structures and eigenfunctions of elastic
systems pdmm (a) and p2mm (b). The unit cells are shown inset with the band
structures. The elastic matrix with shear modulus py and densitypg is shown in dark
grey and the elliptic inclusions with shear modulus p; and densityp; are shown in light
grey, where ; /o = 1/10 and p;/py = 1/2. The sizes of the inclusions are given in
the text. See Fig. 4.2(a) for the specifics of the points in the horizontal axes of band
structures. The eigenfrequency w was normalized by 2mcq/a where ¢g = \/ 1o/ po is
the speed of shear wave inside the elastic matrix and a is length of the sides of the
unit cells. A few eigenfunctions ﬁl(:) fork =T, X,Z and M are plotted over four adja-

cent unit cells below each band structures, where 7 in al(j) denotes the band number
counted from the lowest band at that point k. At the top right of each eigenfunction
the little group irrep it belongs to is written.

to respectively. The two diagonal mirrors o4 and o, are the ones with normals along
t; —ty and t; +t,, respectively. To make the notations for the mirrors clearer, we will
denote a mirror as o,,, if its normal is along mt; + nt, direction from here onward.

In this notation, o, = 019, o’

! =00, 0q = 011 and 0, = o11. The isogonal group of

pdmm is just F' = C}y,. The Brillouin zone and some spacial points in the Brillouin
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zone are shown in Fig. 4.2(a). In the following we will treat some of the points in the

Brillouin zone in detail.

I': Clearly, the point I' with wave vector k = 0 is invariant under the appli-
cation of any element of F' = Cj,. Therefore, the little co-group of point I' is
G" = Oy, and the little group is G*' = {E|0}T + {C4]0}T + {C?|0}T + {C3|0}T +
{010|0}T + {001|0}T + {011|0}T + {011|0}T where T = {mt; + nto|m,n € Z}.
Then, using the recipe explained above, we can first find the irreps D' of G = Cy,
(since p4mm is symmorphic). Once we find that, the irreps of little group G are
T ({R|t}) = exp(—i0 - t)DY(R) = D'(R). Now, the matrices I'T({R|t}) = D'(R)
may vary depending on the choice of the basis functions, but the characters (trace)

are independent of this choice. Moreover, the character table of GT = C,, is easily

available [68]. We reproduce the character table for completeness in Table 4.4. From

Table 4.4: Character table of CYy,

{E} {C.,Ci} {Co} {ow.00} {ow,0u}
A [ +1 11 11 1 11
Ay | +1 +1 +1 —1 —1
By | +1 —1 +1 +1 —1
By | +1 —1 +1 —1 +1
E | 42 0 -2 0 0

this character table of the little co-group G, the characters of the matrices I'" of the
little group GT can be easily obtained (since TV ({R|t}) = D'(R)), which we show

in Table 4.5. Note that this table does not contain the composite elements (combi-

Table 4.5: Characters of irrep matrices I'" of little group G' of pdmm

{E]mt: +nta}}  {{C4]0},{CF[0}} {{CF]0}} {{010|0},{00:]0}} {{011|0},{01:]0}}
T, +1 +1 +1 +1 +1
Iy +1 +1 +1 ~1 ~1
Iy +1 ~1 +1 +1 ~1
T4 +1 -1 +1 -1 +1
s +2 0 -2 0 0

nation of point group operation and translation) of G*'. However, matrices of those
154



composite operations can be obtained multiplying matrices of point group operations
and translation operations due to homomorphism. More importantly, since irrep I'; is
2 dimensional (this clear from the fact that the trace of the irrep matrix of the identity
element {F|0} is 2), there can be degeneracies at the I point in the band structure.
Consider the eigenfunctions Q(FZ) and ﬂ(F?’) in Fig. 4.4(a). Under lattice translations,

the remain invariant. Under 7 rotation about the center of the unit cell, they become

—111(3) and —&%3). Under 7/2 rotation, though, 11%2) and 1]1&3) transform to —ﬂf’) and

&(FQ), respectively. Under mirror o, ﬁ(FZ) and ”EL(Fg) transform to 2 and —&(Fg), respec-

r
- - ~(2) ~(3) _ 72 ~(3) :

tively. Under mirror g1, @’ and 4 transform to —a” and 4", respectively. Under

(2)

mirror o7, ’&I? and ﬂ(F3) transform to &(F:)’) and ﬁ(FQ), respectively. Lastly, under mirror

011, ﬂ(rz) and &(F?’) transform to —ﬂ(r3) and ﬁ(FQ), respectively. Therefore, ﬂg) and ﬂg’)
form a representation of G with matrices:
r L0 r
" ({Elmty +nta}) = IV ({C4l0}) = :
01 -1 0
r 3 0 -1 T 2 o
I ({C7]0}) = I ({C1|0}) = ,
1 0 0 -1
(4.12)
- 1 0 r -1 0
I ({010/0}) = I ({on|0}) = ;
0 -1 0 1
r 01 r
I ({011]0}) = , " ({ou1]0}) =
10 -1 0

The traces of these matrices reveal that this corresponds to irrep I's, which is 2

dimensional. That is why we see that ﬁ(FQ) and ﬂ(Fg) have the same eigenfrequency

(Fig. 4.4)(a).
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M: Since any element of Cy, brings the wave vector k = (K; + K3)/2, where
K; and K, are the fundamental reciprocal lattice vectors, to an equivalent wave
vector, the little co-group of the M point is also GM = C4,. The M point is a
vertex of Brillouin zone. However, since p4mm is a symmorphic group, the matrices
DM are irrep matrices (as opposed to projective representation matrices) of little
co-group GM. However, unlike for I' point, for M point the relation between irrep
matrices I'M of the little group G and irrep matrices DM of the little co-group
GM is TM({R|t}) = exp(—i(Ki/2 + K3/2) - t) DM(R) = exp(—im(m + n))DM(R),
where t = mt; + nty. Using the character table of Cy,, the characters of the irrep
matrices of little group G™ can be easily evaluated and given in Table 4.6. Again,

Table 4.6: Characters of irrep matrices I'™ of little group GM of pdmm
{Emt1 +ntz}}  {{Ca[0},{CF[0}} {{C7[0}} {{010]0},{001[0}} {{011[0}, {01:[0}}
+1 +1

M, exp(—im(m +n)) +1 +1

My | exp(—im(m +n)) +1 +1 -1 -1
M3 exp(—im(m +n)) -1 +1 +1 -1
My exp(—im(m +n)) -1 +1 -1 +1
Ms | 2exp(—im(m + n)) 0 -2 0 0

there is one 2 dimensional irrep: Mjs. Consider the eigenfunctions af} and &531) as

shown in Fig. 4.4(a). Eigenfunctions af} and @\ transform to —af;) and —115\3),

respectively, under each of the translations t; and to, but to '&S\? and ﬂg\?, respectively,

under translation t; 4+ to. Moreover, it can be easily verified by inspection that the
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representation matrices of the point group operations in the basis af} and a(f} are:

0 1 0 —1
Y ({Cul0}) = Y ({Cilo}) = T ({Cilo}) =

-1 0 1 0 0 -1
01 0 -1
I ({010]0}) = DY ({001/0}) = :
1 0 -1 0
-1 0
Y ({011]0}) = ,TY({o11]0}) =
0 1 0 -1
(4.13)

From all this, clearly, 1255’[) and ﬂgél) form the basis of irrep M;, and unsurprisingly
the eigenfrequencies for these two eigenfunctions are same giving rise to symmetry

protected degeneracy.

X: The point X or wave vector k = K;/2 (where K; is the fundamental recip-
rocal lattice vector in the horizontal direction) remain invariant under elements Cs,
001 and transform to an equivalent point under oy9. Therefore, the little co-group
of point X is GX = Cy,. The X point is at the edge of Brillouin zone. The char-

acter table of irreps of GX = (), is given in Table 4.7. Then, using the relation

Table 4.7: Character table of (Y,
{E} {Co} {ow} {om}

Ap | +1 +1 +1 +1

Ay | +1 +1 -1 —1
By | +1 —1 +1 -1
By | +1 -1 -1 +1

T*({R[t}) = exp(—i(K;/2) - t)DX(R) = exp(—imm)D*(R), where t = mt; + nt,
between irrep matrices I'* of little group GX and irrep matrices D¥ of little co-group
G, the characters of irrep matrices I'* can be obtained and given in Table 4.8. Note

that there are no multidimensional irrep. Therefore, there is no symmetry protected
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Table 4.8: Characters of irrep matrices I'* of little group GX of pdmm and p2mm

{E[mt, +nta}; {{C5[0}) {{010/0}} {{001[0}}
X exp(—imm) +1 +1 +1
Xo exp(—imm) +1 -1 -1
X3 exp(—imm) -1 +1 —1
X4 exp(—imm) —1 —1 +1

degeneracies at the X point. Consider the eigenfunctions a&?’, ﬂgﬁ)

in Fig. 4.4(a). The eigenfunction &g?) transform to —ag?, —&g?) and agﬁ) under Cy,

010 and o¢; respectively. Therefore, aﬁ? is the basis of 1 dimensional irrep X,. The

eigenfunction aﬁ?) transform to ﬂg?), ﬂg?) and ﬂg?) under Cs, 019 and og; respectively.

Therefore, ﬂg?) is the basis of 1 dimensional irrep X;. The eigenfunction ﬂg?) trans-

form to —ﬂg?), ﬂg?) and —ﬂg?) under Cy, 019 and oy respectively. Therefore, ﬂg?) is

)

(5
and ug( shown

the basis of 1 dimensional irrep X3.

Z: The wave vectors K;/2 + uKy with 0 < u < 1/2 are denoted as Z, and
remain invariant only under the application the identity E and o9 (010 brings the
Z to an equivalent wave vector) among all the elements of Cy,. Therefore, for these
wave vectors, the little co-group is G? = {E, 0} = Ci,. The points Z are at
the edge of the Brillouin zone, however, since pdmm is a symmorphic group, the
irreps of little group GZ can be obtained from the irreps of little co-group G?. The

character table of (1, is given Table 4.9. The characters of The relation between irrep

Table 4.9: Character table of (',
{£} {0}
A | +1 +1
Ay | +1 -1

matrices I'Z of the little group GZ and irrep matrices D? of the little co-group G?
is TZ({R|t}) = exp(—i(K;/2 + uKj) - t)D?(R) = exp(—im(m + 2un))DZ?(R), where
t = mt; + nty. Using this, we can find the characters of matrices I'?, and they are

given in Table 4.10. There is no multidimensional irrep of G?, and therefore there
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can be no symmetry protected degeneracies. Let us consider the eigenfunctions ﬂ(ZB)

Table 4.10: Characters of irrep matrices I'? of little group G? of pdmm
{{Emt, + nto}}  {{o10/0}}
Zy | exp(—im(m + 2un)) +1
Zs | exp(—im(m + 2un)) -1

and fL(Z4) shown in Fig. 4.4(a) (we chose u = 1/4). Under mirror oy, ﬁ(;’) and ﬂ(z4)

(23) and —ilgl), respectively. Therefore, ﬂ(Z?’) and a(;) form the basis of

transform to «
Z1 and Zs, respectively.
A more instructive way of thinking about the irrep label of the 3'* and 4™ bands

at wave vectors Z comes from the observation that the little co-group C}, of the Z

points is subgroup of the little co-group Cs, at point X and little co-group Cy, at

point M. Let the irrep E of Cy, restricted to subgroup Ci, breaks into E%* o

1v

a1 AS™ @ ag AS™. Then using the formula a, = |C_11v| > geCns (Xaclv(g))*xg“” (g9), we

find EC

L = AIC“ e AQC“. Therefore, Ms|,z = Z1 @ Zy. Let the irrep Ay of Cy,

= 0, AY"™ @ ay AS™. Then using the

restricted to subgroup C, breaks into Alc2“ o

formula a, = \C’%ﬁZgECM (x§r (g))*xgi” (9), we find AS> = AS" . Therefore,
X1|Gx = Zy. Similarly, if the irrep By of (5, restricted to subgroup C}, breaks into

021)
B2

C = a1 AS™ @ ay AT using the formula a, = ﬁ > secn, (xGre (g))* X%Z” (9),

we find BS?

o = AQC“’. Therefore, X4|,z = Z,. Therefore, 3 goes from X, irrep
at point X to Z, at points Z, whereas 4™ goes from X irrep at point X to Z; at
points Z. However, a closer look at the band structure in Fig. 4.4(a) shows that the
3" and 4™ bands cross near between X and M near point X. then, to the right of
the crossing the 3" band has irrep label Z; and the 4** band has irrep label Z5. This
is exactly what we found in the last paragraph. This means that just by knowing
the irrep labels at the high symmetry points X and M, the irrep label on the line

connecting them is completely determined. Moreover, the band crossing near point
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X is accidental, not symmetry protected because there is no multidimensional irrep

of the little group GZ.

p2mm: As shown in Fig. 4.4(b), by changing the major axes of the top and bottom
ellipses to 0.37a, we obtain an elastic structure with p2mm space group symmetry.
In changing the sizes of the top and bottom ellipses, we broke Cy, C3, 017 and oy
point group symmetries. Therefore, any element of group p2mm can be written as
an element of the point group Cy, = {E, Cy, 019, 001 } about the center of the unit cell
followed by a lattice translation. Note that since we did not change the size of the
unit cell, the fundamental lattice translations t; and t, and fundamental reciprocal
lattice vectors K; and K, remain the same as in the p4mm case in our example. As

a result, the Brillouin zone remain the same as in p4mm.

I': The point I' with wave vector k = 0 is invariant under the application of
any element of Cy,. The characters of the irreps DU of little co-group G = Cy,
are given in Table 4.7. Then, using the relation I'T(R|t) = exp(—i0 - t)D"(R) =
D!(R) between irrep matrices I'" of the little group G' and irrep matrices D' of
the little co-group GT, the characters of irrep matrices I''(R[t) can be obtained and

are given in Table 4.11. Now, it is worth noting that there is no multidimensional

Table 4.11: Characters of irrep matrices I'" of little group G of p2mm

{{E]mt, +nto}} {{C5[0}} {{010[0}} {{ow[0}}
T +1 +1 +1 +1
Iy +1 +1 -1 -1
I +1 -1 +1 -1
I, +1 —1 ~1 +1

irrep at the I' point for p2mm. This means that coming from pdmm to p2mm by
perturbatively changing the sizes of two of the ellipses in the unit cell, we lift the

degeneracies at the I' point. Now, our goal is to learn which irrep of little group
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GY the 2 dimensional irrep 2™ of the little group G breaks into. Let

p2mm pdmm

pdmm o p2mm p2mm p2mm p2mm P . cis
Iy |p2mm =77 B alTT asl'sTT @aylT . This is equivalent to writing

ECw Cas = a1 AY? @ ay AS? @ a3 BY @ ayBS?. We have to determine the coefficients

ai, as,az and ay. To do this we use the formula a, = |C—12U‘ > geCn, (x$2(9))" x5 (g)
derived earlier. Then a; = (1 x2+1x(=2))/4=0,a, = (1 x2+1x (-2))/4 =0,

a3 = (1x 2+ (—1) x (=2))/4 = 1 and ay = (1 x 2+ (—1) x (~2))/4 = 1. This

@ ITP*™™  Consider the eigenfunctions 11%2) and 11%3)

in Fig. 4.4(b). Eigenfunction a(ﬁ) transforms to —fL(FQ), &(FQ) and —&%2) under Cy, o1

and op; about the center of the unit cell. Eigenfunction ﬂ(r?’) transforms to —a(ﬁ),

—ﬂ(Fg) and ﬁ(rs) under (5, 019 and o0p; about the center of the unit cell. Therefore,

ﬂ(r2) and ﬂ(r?’) correspond to irreps

. . pdmm _ Tp2mm
implies that I'; |p2mm =1I%5

2™ and TP*™ respectively. This confirms that
the 2-fold degeneracy between 2™ and 3* band at I' point of pdmm corresponding
to irrep T2 (Fig. 4.4(a)) breaks into non-degenerate eigenfrequencies at I' point of

p2mm corresponding to irrep T5™™ and Y™™ (Fig. 4.4(b)).

M: Since any element of Cy, bring the wave vector k = (K; + Ky)/2, where K,
and K, are the fundamental reciprocal lattice vectors, to an equivalent wave vector,
the little co-group of the M point is also GM = (C4,. The characters of the irreps D'
of little co-group G = Oy, are given in Table 4.7. Then, using the relation I'"(R|t) =
exp(—i(K;/2 + K3 /2) - t)DY(R) = exp(—in(m + n))D"(R) (where t = mt; + nts)
between irrep matrices I'' of the little group G' and irrep matrices DU of the little
co-group GT, the characters of irrep matrices I'"(R|t) can be obtained and are given

in Table 4.12. Again, there is no multidimensional irrep at the M point for p2mm.

Table 4.12: Characters of irrep matrices I'M of little group G of p2mm

{{E[mt, +nto}; {{C50}} {{010/0}} {{ow|0}}
M, | exp(—im(m +n)) +1 +1 +1
M, | exp(—im(m +n)) +1 —1 —1
Ms; | exp(—im(m +n)) —1 +1 —1
My | exp(—im(m +n)) -1 -1 +1
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Since, ECw

4 2 2
= B{* @ B§* as we saw before, MZ'""™"| = M e My

Consider the eigenfunctions &g\?}) and &g\? in Fig. 4.4(b). Eigenfunction ﬂg\?}) transforms

to —ﬂg\?, —11(3) and a(f} under Cs, 019 and og; about the center of the unit cell.

~(4)

Cay

p2mm

e (4)
, ugw) and uM under Cs, 019 and oy about

the center of the unit cell. Therefore, ugw) and o M) correspond to irreps Mmem and

Eigenfunction ugw) transforms to —u,,

MZEP*™™ respectively. This confirms that the 2-fold degeneracy between 3™ and 4
band at M point of pdmm corresponding to irrep MP*™™ (Fig. 4.4(a)) breaks into
non-degenerate eigenfrequencies at M point of p2mm corresponding to irrep MY 2mim

and MP*™™ (Fig. 4.4(b)).

X: The wave vector k = K; /2 corresponding to point X remains invariant under
001, whereas transforms to an equivalent point under o9 and Cs. Therefore, the little
co-group GX = Cy,. Since the little co-group of point X for p2mm and pdmm are
same and both space groups are symmorphic, the characters of the irrep matrices

FX

somm Of p2mm equal those of p4mm and given in Table 4.8. Again there are no

multidimensional irrep. Therefore, there is no symmetry protected degeneracies at

the X point. Consider the eigenfunctions aﬁ?, aﬁ? and aﬁ? shown in Fig. 4.4(b).

The eigenfunction aﬁ? transform to ug?), ug?) and — (3)

respectively. Therefore, ﬂg’) is the basis of 1 dimensional irrep X3. The eigenfunction

a® i @@ and q

under Cy, o019 and o

transform to « under Cs, 019 and og; respectively. Therefore,

ug?) is the basis of 1 dimensional irrep X;. The eigenfunction ug() transform to —&g?),

—ﬂg?) and ﬂX under Cy, 019 and o0¢; respectively. Therefore, ﬂg?) is the basis of 1
dimensional irrep X4. Note that the eigenvectors at the X point of p2mm and pdmm
looked very similar. Moreover, the irrep labels at the X point of band 3, 4 and 5
for pdmm were exactly the same as those for p2mm albeit in a different order. This

is because we perturbed the elastic structure with pdmm to get to p2mm, and as a

result band inversions happened between the three bands.
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Z: The Z points of p2mm have the same little co-group as in pdmm and all
irreps are 1 dimensional; hence do not permit symmetry protected degeneracy. The

degeneracies that we see between 3' and 4™ band in Fig. 4.4(b) are accidental.

(a) 1.0 (b) 1.0

058 . 0-8*‘2\
0.6 0.6
s| S s| S
3|5 3|8
0.4 0.4
0.2 ] 0.2 ]
0.0 0.0 | | , | |
M r r X z M r Y r

@3 L _
iy (Ms, My) max(ii) a’ T

~F X

@l (Ms, My)

Figure 4.5: Anti-plane shear wave band structures and eigenfunctions of elastic
systems p4 (a) and pdgm (b). The unit cells are shown inset with the band structures.
The elastic matrix with shear modulus po and densitypg is shown in dark grey and the
elliptic inclusions with shear modulus p; and densityp; are shown in light grey, where
Wi/ 1o = 1/10 and p;/po = 1/2. The sizes of the inclusions are given in the text. See
Fig. 4.2(a) for the specifics of the points in the horizontal axes of band structures.
The eigenfrequency w was normalized by 2mco/a where cg = \/0/po is the speed
of shear wave inside the elastic matrix and a is length of the sides of the unit cells.
A few eigenfunctions 111(:) for k =1, X, 7 and M are plotted over four adjacent unit

cells below each band structures, where ¢ in &f:) denotes the band number counted
from the lowest band at that point k. At the top right of each eigenfunction the
little group irrep it belongs to is written. In some cases two irreps are written with
a parenthesis as for ﬂ(r2)- This means those two irreps together form an irreducible
co-representation due to time reversal symmetry, see Sec. 4.3.

p4: As shown in Fig 4.5(a), starting from the elastic structure corresponding to

pdmm, if we rotate all the ellipse counter clockwise by an angle 0 < 6 < 7/4, we
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break the mirror symmetries while keeping Cy rotation symmetry about the center.
This means that for 0 < 6 < /4, the elastic structure has p4 space group symmetry.

The space group p4 is symmorphic. In the specific angle used in Fig 4.5(a) is § = = /12.

I':  Clearly, the point I with wave vector k = 0 is invariant under the application
of any element of F = C,. Therefore, the little co-group of point I' is G = C}, and
the little group is G' = {E|0}T + {C4|0}T + {C2|0}T + {C3|0}T + {019|0}T where
T = {mt; + nty|m,n € Z}. We can first find the irreps D! of G' = Cy (since p4
is symmorphic). Once we get that, the irreps of little group G' are IV ({R|t}) =
exp(—i0 - t)D'(R) = D'(R). The character table of point group Cj is given in
Table 4.13. From this character table of the little co-group G, the characters of the

Table 4.13: Character table of C4

{E} {C {G} {Ci}
AT 1 1 1 11

B | +1 -1 +1 -1
E | +1 +1 -1 —1
Ey, | +1 —1 -1 +1i

matrices I'' of the little group G' can be easily obtained (since I'" ({R|t}) = D'(R)),

which we show in Table 4.14. Note that there is no multidimensional irrep. However,

Table 4.14: Characters of irrep matrices I'" of little group G* of p4

{{Elmt +nto}} {{C4]0}} {{Co[0}} {{C%|0}}
T, +1 +1 +1 +1
Ty +1 -1 +1 1
Ty +1 +i —1 —
T, +1 —i ~1 +i

the characters corresponding to irreps I's and I'y are complex. Since we obtained
the elastic structure with p4 symmetry by perturbatively rotating the ellipses from
a structure with pdmm symmetry, we should be able to tell which irrep of pdmm
at I converts to which irrep of p4 at I'. Our goal is to learn which irrep of little

group G}, the 2 dimensional irrep Y™ of the little group Ggmm breaks into. Let
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F§4mm|p4 = . T @ aoIY @ asI' @ a I8, This is equivalent to writing EC

Cy

a1 A%t @ ay, B @ a3Elc4 D a4EQC4. We have to determine the coefficients aq, as, as
and ay. To do this we use the formula a, = \0_14| Y geCs (x5(9))" x5 (g) derived
earlier. Then a3 = (1 x 24+ 1x(=2))/4 =0, a2 = (1 x2+4+1x(=2))/4 = 0,
az = (1x2+(—-1)x(=2))/4=1and ags = (1 x 2+ (—1) x (—=2))/4 = 1. This implies
that F§4mm‘p L= 7' @ T, Consider the eigenfunctions @\ and @ in Fig. 4.5(a).

Eigenfunction 1]1(3) transforms to —12%2) under Cy about the center of the unit cell.

Eigenfunction &(Fg) transforms to —ﬁ%g) under C5 about the center of the unit cell.

Therefore, ﬂ(r2) and ﬂ(r?’) correspond to irreps I'3* and T%* in no particular order. This
confirms that the 2-fold degeneracy between 2*¢ and 3! band at ' point of pdmm
corresponding to irrep F€4mm (Fig. 4.4(a)) breaks into eigenfrequencies at I" point of
p4 corresponding to irrep I'%* and T%* (Fig. 4.5(a)). From our discussion until now,

(FQ) and ﬁ(F?’) correspond to different irreps, they should not

since the eigenfunctions @
be degenerate. But from the band structure in Fig. 4.5(a), we see that the bands
2 and 3 have the frequency at point I'. This is not an accidental degeneracy; it is

rooted in the fact that the characters of I'3 and I'y are complex, and the Hamiltonian

is time reversal symmetric. We will discuss this in the nex section (Sec 4.3).

M: Clearly, the point M with wave vector k = (K; + Ks)/2 transforms to an
equivalent point under the application of any element in the isogonal group F' = Cj.
Therefore, the little co-group of point M is GM = Cy. We can first find the irreps DM
of GM = (C, (since p4 is symmorphic). Once we get that, the irreps of little group
GM are TM({R|t}) = exp(—i(K/2 + K5/2) - t)DM(R) = exp(—in(m + n))DM(R).
The character table of point group Cj is given in Table 4.13. From this character
table of the little co-group GM, the characters of the matrices I'M of the little group
GM can be easily obtained, which we show in Table 4.15. Note that, again, there

is no multidimensional irrep; but, the characters corresponding to irreps M3 and My
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Table 4.15: Characters of irrep matrices I'M of little group GM of p4

{{E]mts +nto}} {{Cul0}} {{Csl0}} {{Cfl0}}
M | exp(—im(m +n)) +1 +1 +1
M | exp(—im(m +n)) -1 +1 -1
Ms | exp(—im(m + n)) +i -1 —1
M, | exp(—im(m + n)) —1 -1 +i

are complex. Since E%w o = ES @ ES, ]\4§))47m"|p4 = MP @ MP. Consider the

eigenfunctions @5\3} and 1]5\3) in Fig. 4.5(a). Eigenfunction 1’25\?}) transforms to —ﬁg\?})

under Cy about the center of the unit cell. Eigenfunction 715\44) transforms to —&531)

®3)
M

under Cy about the center of the unit cell. Therefore, u;, and a(ﬂ‘j) correspond to irreps
MP* and M?* in no particular order. This confirms that the 2-fold degeneracy between
3" and 4'* band at M point of pdmm corresponding to irrep MP*™™ (Fig. 4.4(a))
breaks into eigenfrequencies at M point of p4 corresponding to irrep M¥* and MP*
(Fig. 4.5(a)). From our discussion until now, since the eigenfunctions af}) and &g\?
correspond to different irreps, they should not be degenerate. But from the band
structure in Fig. 4.5(a), we see that the bands 3 and 4 have the frequency at point
M. This is not an accidental degeneracy; it is rooted in the fact that the characters

of M3 and M, are complex, and the Hamiltonian is time reversal symmetric. We will

discuss this in the nex section (Sec 4.3).

X: The point X with wave vector k = K;/2 transform into an equivalent point
under Cy rotation. The little co-group is GX = Cy = {E,Cy}. The characters of

irrep matrices DX of point group C, are given in Table 4.16. Then, using the relation

Table 4.16: Character table of Cy
{£} {Cs}
Al +1 +1
B +1 -1

TX({R[t}) = exp(—i(K;/2) - t)DX(R) = exp(—imm)D¥*(R), where t = mt; + nt,
between irrep matrices I'* of little group GX and irrep matrices DX of little co-group
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G, the characters of irrep matrices I'Y can be obtained and given in Table 4.17. Note

Table 4.17: Characters of irrep matrices I'Y of little group G of p4

{{E]mt, +nta}} {{C5[0}}
X1 exp(—imm) +1
X5 exp(—imm) -1

that there is no multidimensional irreps and all characters are real. Therefore, there

should not be any degeneracies. Consider the eigenfunctions ﬂg) and ﬂg?) shown in

Fig. 4.5(a). The eigenfunction aﬁ?’ transform to —ﬂg) under C rotation. Therefore,

&g? is the basis of 1 dimensional irrep X5. The eigenfunction ﬂg?) transform to &g?)

under Cy rotation. Therefore, ﬂg?) is the basis of 1 dimensional irrep Xj;.
Z: The little co-group Z points of p4 is trivial G = {E} because no element of
the isogonal group F' = (4 brings the wave vector to an equivalent point. Therefore,

the irrep is trivial and 1 dimensional.

Table 4.18: Characters of irrep matrices I'? of little group G? of p4
Zy | exp(—i(m + 2un)7)

pdgm: Starting from the pdmm unit cell shown in Fig. 4.4(a) a counter clockwise
rotation of all the ellipses, as we also did to break the mirrors and obtain p4 structure,
by angle § = /4 creates glide planes perpendicular to the fundamental lattice trans-
lations but shifted by a quarter of a unit cell from the center of a unit cell as well as
mirror planes at angle 7/4 with the fundamental lattice translations (see Fig. 4.1(1)).
These are exactly the symmetry elements of space group pdgm. As was discussed
before, this is a nonsymmorphic space group. However, the isogonal group of pdgm

is same as that of p4mm: F = Cy,. As such, finding the irreps of the little groups of
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wave vectors at the edge of the Brillouin zone will be more involved as we will discuss

below.

I': Since the wave vector k = 0 remains invariant under every element of the
isogonal group F = C\,, the little co-group of the I' point is G' = Cy,. Even
though p4gm is a nonsymmorphic group, since the point I' is inside the Brillouin zone,
according to our recipe, we can build the irrep matrices DU of the little co-group G
and then use the relation TV ({R[t}) = exp(—i0-t)D"(R) = D' (R) between the irrep
matrices TV ({ R|t}) of little group GT and the irrep matrices D' (R). To that end, the
character table of G* = Cy, is given in Table 4.4 and the characters of irrep matrices

I are given in Table 4.19. Consider the eigenfunctions &?3) and &%4) in Fig. 4.5(b).

Table 4.19: Characters of irrep matrices I'l' of little group G* of pdgm. The Seitz
notation {R|1/2,1/2} is the shorthand for {R|t;/2 + t2/2}

{{E|mt1 + nta}}  {{Cal0},{C3[0}} {{C3[0}} {{o10l1/2,1/2},{001l1/2,1/2}} {{o711/2,1/2},{o11[1/2,1/2}}
1 F1 +1 +1 +1

Ty +1 +1 +1 -1 -1
T's +1 -1 +1 +1 -1
Ty +1 -1 +1 -1 +1
T's +2 0 —2 0 0

Under lattice translations, they remain invariant. Under 7 rotation about the center

of the unit cell, they become —ﬂ(r3) and —1]%4). Under 7/2 rotation, though, ﬁ(rg) and

ﬂ(r4) transform to —ﬂ(r4) and ﬂ(rg), respectively. Under mirror {oyo[t;/2+t2/2}, &(F?’) and

ﬂ(r4) transform to —ﬁ(r3) and a(;", respectively. Under mirror {og [t1/2+t2/2}, ﬂ(r?’) and

ﬁ(r4) transform to &(Fg) and —ﬂ(F4), respectively. Under mirror {o7|t1/2+t2/2}, '&(FB) and

ﬂ?) transform to —ﬂ(r4) and —@(F?’), respectively. Lastly, under mirror {oy1|t1/2+t5/2},

11%3) and 1’21&4) transform to —11%4) and ﬂ%g), respectively. Therefore, 11%3) and 1’11&4) form
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a representation of G with matrices:

10 0 1 ‘ 0
L' ({Emt; + nta}) = TH({Cul0}) = Tr({Cilo}) = :

0 1 -1 0 1 0
-1 0 -1 0
r'({Cilo}) = T ({oolte/2 + t2/2}) = ,
0 -1 0 1
1 0 0 -1
I ({oo1]t1/2 + t2/2}) = TN ({0t /2 +t9/2)) = ,
0 —1 -1 0
0 1
FF({O'11|t1/2 +t2/2}) =
-1 0
(4.14)

The traces of these matrices reveal that this corresponds to irrep I's, which is 2
dimensional. That is why we see that ﬁ(rg) and ﬂ(F4) have the same eigenfrequency

(Fig. 4.5)(b).

M: Since any element of Cy, brings the wave vector k = (K; + K3)/2, where
K; and K, are the fundamental reciprocal lattice vectors, to an equivalent wave
vector, the little co-group of the M point is also GM = Cy,. The M point is a
vertex of Brillouin zone. Since p4gm is a nonsymmorphic group, the matrices D
form projective representations of the little co-group Cy,. To this end we first build
the little group GM = {E|0}T + {C4]|0}T + {C|0}T + {C|0}T + {o10[t1/2 +
to/2}T + {oo|t1/2 + t2/2}T + {o1i[t1/2 + t2/2}T + {o11[t1/2 + t2/2}T fixing
the coset representative as those shown. The factor group GM/T is GM/T =
{{E]0}, {C4]0}, {C5]0}, {CF[0}, {on0[t1/2 + t2/2}, {001 [t1/2 + t2/2}, {11 [t1/2 +
to/2}, {o11|t1/2 + t2/2}} = C4. According to recipe laid out earlier, we find

the factor system p = exp(—ig; - w;) first. Clearly, u(E,S) = pu(S,E) = 1 for
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any S € GM. Also, for any element of the form {S;|0} € GM/T, u(S,Sy) = 1
for any element S € GM. This means u(Cy,Cy) = u(Cy,Cy) = u(C3,Cy) =
(010, Ca) = ploor, Ca) = plo11,Ca) = plon,Cs) = p(Cy, Ca) = p(Cs,Cs) =
w(C3,Co) = w(o10,Ca) = ploor,Co) = p(o11,Ca) = plon,Cy) = u(Cy, CF) =
1(Cs, C3) = u(CF,CF) = (010, CF) = oo, CF) = p(o11,CF) = plon, Cf) = L.
Moreover, since the point M remains under mirror o7, the wave vector g, = 0
for o17. As a consequence, p(oy7,S) = 1 for any S € GM. Furthermore, since
the wave vector (K; 4+ Ks)/2 corresponding to point M goes to —(K; + Kj)/2
under Cy and oy;, the wave vector g; corresponding to these two elements is
g, = K; + K,. However, since the translation part of any element in GM /T with
nontrivial translation is w; = (t; + t2)/2, g; - w; = 27(1/2 + 1/2) = 2x. This
implies that for any Sy € {01;,Cs} and any S € GM, u(Sp,S) = 1. The only
nontrivial values of the factor system are u(Cy,019) = p(Cy,001) = pu(Cy,011) =
(Cioon) = expliK, - (b1 + t)/2) = explin) = —1, u(Ch o) = p(CFom) =
1(C3,011) = w(CF,01) = exp(iKs - (61 + t2)/2) = exp(—im) = —1, p(010,010) =
( ) = o, 011) = plor,o11) = exp(iKi - (61 + t2)/2) = exp(im) =

(oo1, 010) = p(oor,001) = p(oo1,011) = pl(oor,on) = exp(iKs - (b1 + £2)/2) =
exp(ir) = —1. Therefore, for any S;,S; € GM, the factor system can be
written as p(S;,S;) = exp(2mia(S;, S;)/n) with n = 2 and a(S;,5;) = 0 when
wu(Si,S;) = 1 and a(S;,S;) = 1 when pu(S;,S;) = —1. Now we can form the
group GM with elements (S;,a) with S; € GM and a € Z, with multiplication
rule (S;,a)(S;,8) = (S;,5;,(a + B + a(S;,S;)) mod 2). For completeness, we
give the multiplication table of the group GM is given in Table 4.29. From the
table it is clear that (C4,0)* = (Cy, 1)* = (C3,0)* = (C3,1)* = (019,0)* =
(010,1)* = (001,0)" = (001, 1) = (E,1)* = (C3,0)* = (Co,1)* = (011,0)* =
(011,1)? = (011,0)* = (011,1)? = (E£,0). Denoting (C4,0) = P, (Cy,1) = Q and
(017,0) = R, we see that P* = Q* = R? = (E,0), the identity element. All the
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other elements of GM can be generated from these three elements. Moreover, these
three elements satisfy the following identities: PQ = (Cy4,0)(Cy, 1) = (C2,1) =
(C2, 1)(C4,0) = QP, QR = (Cz,1)(011,0) = (o11,1) = (011,0)(Cy, 1) = RQ,
PQR = (C4,0)(Cy,1)(017,0) = (C3,1)(011,0) = (001,0) = (017,0)(Cy,0) = RP.
This is the abstract group G6!° and its character table is given in Table 4.30 (see [68],
page 234). Among these irreps only the ones with irrep matrices I‘%((E, 1) =-1
will be accepted. This means only Rs5, Rg, R7, Rg and Ry correspond to the projective
representations of GM. Hence, the character table of the projective reps of GM is given

in Table 4.20. Now, using the relation TM ({ R|v}) = exp(—i(K;/2+K5/2)-v)DM(R),

Table 4.20: Character table of projective reps of GM of pdgm.

{E} {02} {oni} {on} {Cip {CP} {on} {ow}
Rs | +1 +1 -1 +1 —1 +1 —1
R | +1 —1 ¥ -1 =i i —i
R; | +1 —1 —1 +1 —1 +1 +1 —1
Rs | +1 —1 —1 +1 +1 —1 —1 +1
Ry | +2 +2 0 0 0 0 0 0

we can find the characters of the irrep matrices I'™ of little group G*; they are given

in Table 4.21.

Table 4.21: Character table of irreps of GM of pdgm. The Seitz notation {R[1/2,1/2}
is the shorthand for {R|t;/2 + to/2}

{E[mt: +nto}  {C20} {o11[1/2,1/2} {oni[1/2,1/2} {Cual0} {CF[0} {o0i[1/2,1/2} {o10[1/2,1/2}
My exp(—im(m +n)) -1 -1 +1 +1 —1i —1 +i
My | exp(— zﬂ'(m +n)) -1 -1 +1 —1 +i +i —1
Ms | exp(—in(m +mn)) -1 +1 -1 —i +i —i +i
My exp(—im(m +n)) -1 +1 -1 +i —1i +i —1
Ms | 2exp(—im(m +n)) +2 0 0 0 0 0 0
Consider the eigenfunction ﬂg\? shown in Fig. 4.5(b). It transforms to u(rg), —ﬂg’)

and 111(:?’) under {C5]0}, {o17|(t1 + t2)/2} and {o71|(t; + t2)/2} respectively. On the
other hand, the eigenfunction a(fj, shown in Fig. 4.5(b), transforms to —ﬂ(r4), —1](;1)
and u ) under {C5|0}, {o1|(t1+t2)/2} and {o11](b1 +t2)/2} respectively. Then, u(3)
and ﬂM can correspond to irrep M; or M,. From Table 4.15, we see that M; and M,

are 1 dimensional. However, the band 3 and 4 are degenerate at point M. In fact, all
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bands in the band structure of Fig. 4.5(b) are doubly degenerate at M. This is due

to time reversal symmetry which we will discuss in the next section.

X: Since any element of Cy, = E, Cy, 019,001 brings the wave vector k = K; /2
to an equivalent wave vector, the little co-group of the X point is also G* = C,,. The
X point is at the edge of Brillouin zone. Since pdgm is a nonsymmorphic group, the
matrices DX form projective representations of the little co-group Cs,. To this end we
first build the little group GX = {E|0}T +{Co|0}T +{o10|t1/2+t2/2}T + {001 |t1/2+
t2/2}T fixing the coset representative as those shown. The factor group G* /T is
G¥/T = {{E|0},{C5|0}, {o10]t1/2 + t2/2}, {o01[t1/2 + t2/2} = Cy,. According to
recipe laid out earlier, we find the factor system p = exp(—ig; - w;) first. Clearly,
w(E,S) = u(S,E) =1 for any S € GX. Also, for any element of the form {Sy|0} €
GX /T, u(S,Sy) = 1 for any element S € GX. This means 1(Cy, Cy) = u(01g, Cs) =
w(oo1,Cy) = 1. Moreover, since the point X remains under mirror oy, the wave
vector g; = 0 for og;. As a consequence, (o1, S) = 1 for any S € GM. The
only nontrivial values of the factor system are u(Csy,019) = p(Cq,001) = exp(iKj -
(t1 + t2)/2) = exp(im) = —1, u(o10,010) = p(o10,001) = exp(iKy - (t1 + t2)/2) =
exp(im) = —1. Therefore, for any S;,S; € G, the factor system can be written as
w1(S;, S;) = exp(2mia(S;, Sj)/n) with n = 2 and a(S;,S;) = 0 when pu(5;,S;) =1
and a(S;,S;) = 1 when u(S;,S;) = —1. Now we can form the group G with
elements (S;, ) with S; € G¥ and a € Z, with multiplication rule (S;, a)(S;,3) =
(Si,Sj, (a+B+a(S;,S;)) mod 2). For completeness, we give the multiplication table
of the group G is given in Table 4.22. We see that (c19,0)* = (019, 1)* = (0¢1,0)? =
(001,1)? = (C,0)? = (Cy,1)? = (E,1)? = (E,0), the identity element. Denoting
(010,0) = P and (Cy,1) = @, we find the following identity: QP = (Cy,1)(010,0) =
(001,0) = (010,1)(Cy, 1) = (010,0)3(Cy, 1) = P3Q. This is the abstract group G§
(isomorphic to Cy, if we identify Cy = (019,0) and 019 = (Cs, 1)), and the character
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Table 4.22: Multiplication table of GX of group pdgm

(£,0)  (£,1)  (C2,0) (C2,1) (010,0) (010,1) (001,0) (001,1)
(Evo) (E,O) (Evl) (0270) (0271) (Jloao) ( 010, ) (0—01’0) (00171)
(E71) (Evl) (E 0) (0271) (0270) (0'10’1) ( 0105 ) (00171) (00170)
(C2,0) | (C2,0) (C2,1)  (£,0) (B, 1)  (001,1) (001,0) (010,1) (010,0)
(C2,1) | (C2,1)  (Co,0)  (E,1)  (E,0)  (001,0) (001,1) (010,0) (010,1)
(010,0) | (010,0) (010,1) (001,0) (o01,1) (E,1)  (E£,0) (C2,1) (Cs,0)
(010,1) | (010,1) (010,0) (o01,1) (001,0) (£,0) (E,1) (C2,0) (Cq,1)
(001,0) | (001,0) (001,1) (010,0) (010,1) (C2,0) (Co,1) (E,0) (E,1)
(001,1) | (001,1)  (001,0) (010,1) (010,0) (C2,1) (C2,0) (£,1)  (E,0)

table for this group is given in Table 4.23. We only consider the irrep of G¥ that

Table 4.23: Character table of G

{<E70)} {(E71)} {(01070)7(01071)} {(027())7(0271)} {00170)7(00171)}
R | +1 +1 +1 +1 +1
Ry +1 +1 +1 -1 -1
Ry| +1 +1 ] +1 1
Ry +1 +1 -1 -1 +1
Rs +2 -2 0 0 0

has the property I‘f)fk((E, 1)) = —1. That is only satisfied by Rs. Therefore, the

characters of the only projective irrep of G¥ are given in Table 4.24. Now, using the

Table 4.24: Character table of projective reps of GX of pdgm

{E} {ow} {Co} {om}
Rs | +2 0 0 0

relation TX({R|v}) = exp(—i(K;/2) - v)DX(R), we can find the characters of the

irrep matrices I'* of little group G*X; they are given in Table 4.25.

Table 4.25: Character table of irreps of G* of pdgm
{E|mt1 +nt2} {0'10|(t1 —|—t2>/2} {Cg|0} {0'01‘(131 +t2)/2}
Xi | +2exp(—imm) 0 0 0

Consider the eigenfunctions ﬂ(r?’) and ﬂ(F4) in Fig. 4.5(b). Under lattice translations

in the vertical direction, they remain invariant. Under fundamental lattice transla-

(4)

i?) and —uy.’ respectively. Under 7

tion in the horizontal direction, they become —u.
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rotation about the center of the unit cell, they become —&%3) and ﬂ(F4). Under oper-

ation {o0|t1/2 + to/2}, ﬁ(rg) and ﬂ(F4) transform to ﬁ(F4) and ﬁ(rg), respectively. Under

operation {og|t1/2 + t5/2}, 111(3’) and &%4) transform to ﬂffl) and —ﬂ{}), respectively.

Therefore, 11%3) and 11%4) form a representation of G with matrices:

. exp(—imm) 0 . -1 0
0 exp(—imm) 0 1
01 —1
T ({ow0fti/2 +t2/2}) = T ({onlti/2+t2/2}) =
10 1 0

(4.15)

The traces of these matrices reveal that this corresponds to irrep X;, which is 2

dimensional. That is why we see that ﬂ(r3) and ﬂ(FA‘) have the same eigenfrequency

(Fig. 4.5)(b).

Z: Since any element of C'y, = E, 01 brings the wave vector k = K; /2+uK, (0 <
u < 1/2) to an equivalent wave vector, the little co-group of the Z point is GZ = C,,.
The Z point is at the edge of Brillouin zone. Since p4gm is a nonsymmorphic group,
the matrices D? form projective representations of the little co-group Ci,. To this
end we first build the little group G* = {E|0}T + {0o1o|t1/2+ to/2}T fixing the coset
representative as those shown. The factor group GZ/T is GZ /T = {{E|0}, {o10]t1/2+
ty/2} = C,. According to recipe laid out earlier, we find the factor system pu =
exp(—ig; - w;) first. Clearly, u(E,S) = u(S,E) = 1 for any S € GZ. The only
nontrivial values of the factor system are u(oig,010) = exp(iKy - (t; + t2)/2) =
exp(im) = —1. Therefore, for any S;, S; € G, the factor system can be written as
w1(S;, S;) = exp(2mia(S;, S;)/n) with n = 2 and a(S;, S;) = 0 when p(5;,S;) =1 and
a(S;, S;) = 1 when pu(S;,S;) = —1. Now we can form the group GZ with elements
(S, ) with S; € GZ and « € Zy with multiplication rule (S;, a)(S;, 8) = (S;, S, (a+
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B+a(S;,S;)) mod 2). For completeness, we give the multiplication table of the group
G?Z is given in Table 4.26. We see that (719,0)* = (010, 1)* = (E,1)? = (E,0), the

Table 4.26: Multiplication table of GZ of group p4gm
(£,0) (£,1)  (010,0) (010,1)
) (Ev O) (Ea 1) (0103 O) (0107 1)

) (E7 1) (E70) (010, 1) (01070)
(O‘lo,O) (0‘10,0) (O‘lo,l) (E,l) (E,O)
(010,1) | (010,1) (010,0) (£,0) (E,1)

identity element. Denoting (019,0) = P, (E,1) = P? and (049, 1) = P? meaning this
group is isomorphic to Cy if we identify (019,0) = Cy, (E,1) = Cs, (019,1) = C3, and
the character table for this group is given in Table 4.13. We only consider the irrep
of GZ that has the property I‘pZ*((E, 1)) = —1. That is only satisfied by E; and Fj.
Therefore, the characters of the only projective irrep of G4 are given in Table 4.27.

Now, using the relation T'?({R|v}) = exp(—i(K;/2+uKj)-v)D?(R), we can find the

Table 4.27: Character table of projective reps of G of pdgm
{£} {0}
E | +1 +1
Ey | +1 —1i

characters of the irrep matrices I'? of little group G#; they are given in Table 4.28.

Table 4.28: Character table of irreps of G of pdgm
{E\mtl +nt2} {010|(t1 +t2)/2}
Zy | exp(—im(m + 2un)) exp(—ium)

Zy | exp(—im(m + 2un)) — exp(—ium)

Again, the irreps of the little group G# are 1 dimensional, whereas all bands in
the band structure shown in Fig. 4.5(b) are doubly degenerate at points Z. This is

again due to time reversal symmetry and will be explained in the next section.
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4.3 Time reversal symmetry, co-representations
and associated degeneracies

There is another symmetry of Eq. 4.4 that we have not discussed yet. Let us define the
complex conjugation operation ©. When it acts on a complex number or a complex
function, it gives the complex conjugate of them. Applying this operator on both sides
of Bq. 4.4, we get OHu, = OV - uVi, = V- uVi: = V - uVOi, = —Opwi, =
—pw?it = —pw?Oi,, where we assumed the fact that material properties u, p are
real and positive (which also implies w? > 0 as shown in Eq. 4.5). This means that
the modified Hamiltonian H = %I—:T commutes with operator ©: [H,0] = 0. From
the discussion on the definition of a symmetry in Section 4.2.2, we know then that ©
is a symmetry of the Hamiltonian. This symmetry is called time reversal symmetry
due to mainly quantum mechanical reasons [144]. Time reversal operator is clearly
an antilinear operator because ©(c; f1(X) + caf2(x)) = ;O f1(x) + 50 fo(x). It is also
an antiunitary operator: ((©f1)[(©/2)) = [dxdy p(©f1)*(0f2) = [dxdyp(fi)* f5 =
[dzdyp fifs = (filf2)* = (f2]f1). Note that ©* = 1 and it is a local operator; it
commutes any spatial operator.

In the following we discuss how addition of this symmetry to the space group
symmetries affect the representations of the group elements and thus the degeneracies

in the frequency bands (for a thorough discussion, see [145, 68, 146]).

4.3.1 Magnetic groups and co-representations

The addition of operator © to the spatial symmetry group G enlarges the symmetry
group of the Hamiltonian. This enlarged group is called magnetic group M. There are
three kinds of magnetic groups. The magnetic groups of first kind (M) are the ones
which do not have any antiunitary symmetry O, that is M; = G. The magnetic groups

of second kind M can be defined by the theoretical sum M;; = G+ ©OG. This means
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that the spatial symmetry group ¢ is an invariant subgroup of M;; with index 2. The
magnetic group of third kind does not contain the complex conjugation operation ©
as a separate element, but contains composite elements: M;; = N+©(G\ N) where
N is normal subgroup of G with index 2: G = N + o’N with ¢’ € (G\ N). Then
My can be written as M = N + (©a’)N. Note that both M;; and M can be
written as My/rir = G +1G where G = G and r = © for magnetic groups of second
kind, G = N and r = ©d’ for magnetic groups of third kind. Note that since product
of two antiunitary operators is unitary, the product of any two elements in rG is an
element of G. In the following we denote the elements of G as a, b, c, ..., whereas the
elements of rG as r,s,t,.... Now, let p be an d dimensional irrep of G with basis
functions f = {fi, fo,..., fa}. Let the representation matrices in this basis be I',(a)
for a € G; p(a)f; = f;T'p(a);;. This can be written in a more compact form as follows:
p(a)f =fT,(a). To extend this to the whole magnetic group M, we denote the action
of the group elements on the functions as p,; with its restriction to G being irrep p.
Note that the action py; of any element in G needs to be antilinear and antiunitary.
Let the action of element r € G (r can be any element in G, however once we choose
it, we keep it fixed) on the basis functions f; of p be py(r)fi = g; or pu(r)f = g.
Now, action of an element a € G on g gives pyr(a)g = pu(ar)f = py(rr—tar)f =
pr(r)pa (r—ar)f = py(r)ET,(r~ar) = gTi(r~'ar) where we used that fact that

r~lar € G and the action of r is antilinear. Therefore,

I')(a) 0
pu(a){f g} = {f, g} = {f, g}FPIV[(a) fora € G. (4.16)
0  Ti(rtar)
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The matrix I'y,, (a) is block diagonal. On the other hand, an element s € rG, which

can be written as s = rb with b € G, acts in the following way:

pu(s){E, 8} = {pm(s)f, pn(s)g} = {pm (rb)f, par(rd)g}

= {pm(r)pa(@)f, par(ra) par (r)E} = {par (1) Ty (0), pas (ror) £}

= {pu(r)ET,(b), £ T, (rbr)} = {gT;(b), £ T, (rbr)} (4.17)
0 L, (sr)
={f, g} =TI,,(s) for s e rG.
i(r~'s) 0

Clearly, the vector space spanned by the basis {f, g} is invariant under the action py,
of the elements of M. Furthermore, the matrix corresponding to the product of two

elements a,b € G can be written as

I, (ab) = T,(ab) 0 LY 0 r,(b) 0
™ 0  Ii(rtabr) 0  Ti(rar) 0  Ty(r'or)
= FP]\/I (a)FP]M (b>

(4.18)

where we used the facts that ab € G and p is representation and consequently it is
a homomorphism: T',(ab) = T',(a)T',(b). Similarly, the matrix corresponding to the
product of a € G and s € r§G is given by T',,,(as) = T',,,(a)T,,,(s). However, the
matrix corresponding to the product sa € rG is

0 L' (sar) 0 L (sr)| |Th(a) 0

I‘PM(SG): el 1 = el 1 1
I (r~'sa) 0 I (r1s) 0 0 T,(rtar)

p

(4.19)
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where we again use the homomorphism of p. It is also easy to see that for s,t € rG,
Lpy(st) =Ty, (S)F:M (t). Notice that 'y, (sa) = Ty, (S)F;M (a) # Tpy (s)Tp,, (a).
Therefore, the action p,; is not a representation. However, if we choose the basis func-
tions f orthogonal and equinorm, and as a consequence the representation matrices

I', of p unitary, then the matrices I',,, of pyps are also unitary. pas is called co-

Py
representation of M = G + rG derived from representation p of G.

Since the matrices corresponding to the elements of rG are off diagonal, it would
seem that the addition of the antiunitary operator in the symmetry group doubles
the dimension of the vector space invariant under the space group. However, for that
to be true, some matrices have to be non-block-diagonal in any basis. To check if all
the matrices diagonalizable to the same block-diagonal form, we first show how the

matrices I, transform under unitary transformation of the basis {f, g} — {f’,g'} =

PM

{f,g}S. Then, the co-representation matrices I'), ~in this basis are

pM<a>{f/7 gl} = pM<a){fa g}S = {fv g}FP]VI (a)s = {flv g/}silrpM (CL)S

=TI’ (a)=S"'T,,(a)S for a € G,

PM

pu(s){f, &'} = pur(s){f, g}S = {f,g}T,,,(s)S* = {f,g'}S7'T" (s5)S

=T/ (s)=S"'T* (s)S* forserg,

M PM

(4.20)

where in the second line we used the fact that s € rG is antilinear. With these trans-
formation rules for the co-representation matrices, we can think about reducibility of
co-representations, i.e., if it is possible to decompose the space spanned by basis {f, g}
into subspaces which will remain invariant under the action of the elements of M. It
turns out that the reducibility of the co-representation p,; depends on the equivalence
of the irrep p(a) with matrices T'y(a) and irrep p(a) with matrices I's(r~'ar) of group
G ( given irrep p of G with matrices I',(a) for a € G, it can be easily checked that p

with matrices I'}(r~'ar) is an irrep). There are two cases in this regard:
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1. p and p are equivalent, i.e., there exists a matrix S such that I',(a) =

ST (r~'ar)S™" for all a € G. Then, since r* € G, T,(r%) = ST%(r~'r*r)S~!
or Ty(r?) = SI(r?)S7!. Also, I'j(a) = S*T,(r'ar)S*" for all a € G,
and if we replace a with r~'ar, we get Ii(r~lar) = S*T,(r2ar?)S* ™' =
S*T,(r~3)T,(a)T,(r*)S*~" using the homomorphism of p. Now, we can
replace this expression for FZ(rflar) in the first equation of equivalence to get
Ly(a) = SS'T,(r )L, (a)T,(12)S" 'S 1 = (SS'T, ()T, (a)(SS'T, (12))
where we used the fact that T',(r~?) = T *(r?). This implies that the
commutator [T'y(a), SS*T,*(r?)] = 0 for all @ € G. Then, sing Schur’s first
lemma tells us that SS*F;l(TQ) = A1 for some complex number A. Rewriting
this as T,(r?) = 1£SS* and recalling that T',(r*) = SI[%(r?)S™!, we get
%SS* = /\%SS*SS_l, or A = \* or A is real. Now, since I',(r?) and S are both
unitary (which can always true for orthogonal equinorm basis), |A| = 1. This
implies that A = +1 or SS* = £T',(r?). We are met with two choices again.
To see how the two choices are different, we first do a unitary transformation

of the matrices I',.. for convenience:

PM

) . 1 0f [Ty(a) 0 1 0
r (CL) =U FPA{(CL>U:

PM

0 S 0 I tar)| |0 S7!

I')(a 0 I'(a 0
_ | Fola) _ | Fola) for a € .
0  STy(r—'ar)s™! 0 T,a)
(4.21)
, | |t ool fo T,y |1 o
r, (r)=U0"T,(@r)U" =
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Note that since all elements s € rG are of the form s = ra, they can be
written as s = ra = (rar~Y)r = ar where a = (rar™') € G. Hence, if we
can simultaneously diagonalize I, (a) for all a € G and I', (r) to the same
block diagonal form, we diagonalize I', (s) for all s € rG because I', (s) =

I (ar)=T" (a)I (r). Now, IV (a)is already block diagonal for all a € G.

PM PM PM PM

(r), we try a unitary matrix V-1 = . However,
v 6
under this transformation I', (a) need to remain block diagonal for all a € G:

/
PM

To diagonalize I’

/ — —1 /
FpM(a)V L=V (a)

PM

a)x a (84 a a 4.22
_ |P@a T@s| _ el pr@| oo 42

L (a)y T,(a)d ~L,(a) 6T ,(a)

Then, again using Schur’s first lemma we know that o = ¢, 1, 8 = cgl, v = ¢4 1

and 6 = cs1 where c,,cp,cy,c; are complex numbers. Now, applying this

/
PM

unitary transformation of I (r) we get,

- o el cgl| [0 T,(r3)S 7 eal e
r (r)=VT, (r)V*=

eyl cs1| |S 0 cgl ¢l
(4.23)

| cacsS+ cacsT,(r)S* ™1 c,c5S + cocsT,(r?)S !

Y

caCsS + ¢,csT,(r))S* 1 ¢ c5S + cyesT,(r?)S*

where we used that fact that V is unitary, hence V* = (V)T = (V-1HT. To

make '/ (r) diagonal we need to choose c,, ¢, ¢, ¢s such that the off-diagonal
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blocks are zero:

1
01058 + catsT,(17)S™ ™ = 0 = ;51 + cac(sSJXSS*S*‘l -0

= ()‘C’YCB + CaC(g)ﬂ =0
(4.24)

1
CaCsS + ¢yesT,(r*)S™ ™ = 0 = cocsll + cnyJS_IXSS*S**1 =0

= (Acacs + cyc3)1 = 0.

Now remembering A = %1, to satisfy these equation we need (cocs + cyc5) =0
when A = 1, and (c,cs —c¢yc5) = 0 when A = —1. However, since V! is unitary,
the determinant of it is det(V ™) = ¢,c5 — ¢,¢5 # 0. This means that there are

two cases:

(i) A = 1: we can diagonalize I, (a) and T, (r) to the same block

diagonal form. The co-representation pj; reduces to two irreducible

co-representations of dimension d.

(ii) A = —1: we cannot diagonalize I}, (a) and I', (r) to the same block

diagonal form. We have irreducible co-representation of dimension 2d.

2. p and p are inequivalent. In this case, since the off-diagonal blocks of T',,, (s)
for s € rG are inequivalent, it is not possible to diagonalize both T',,, (a) for
a€GandT,, (s) for s € rG to have the same block diagonal form. Therefore,

in this case, we have irreducible co-representation of dimension 2d.

From the above discussion, we see that in the cases 1.(ii) and 2., the dimension of
irreducible co-representation p,, is twice that of the irreducible representation p from
which pj; is derived. However, we still need to find an easy way to detect which case
py falls under once we are given p and r. It turns out that there is an indicator,

which is easy to compute for finite magnetic groups, that can differentiate between
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the three cases. We first give the expression of the indicator and then prove it.

+, L)
|g|zg’(” =<1, 1.(i) (4.25)
sEr
0, 2

where y,(s?) is the character of the matrices T',(s?) (recall that if s € rG, s* € G).

When p and p are equivalent (case 1):

Z XP(SQ) = Z Xp(rara) = Z Xp(r(r™ Yar)a Z Tr(T (r~tar)a))

serg a€eg a€eg a€g
—ZTr o(r~tar)T ZI‘ o(rtar) ik T p(a) ki
acg acg
- Fp(rz)ijer(r_lar)jkrp(a)ki = Fp(r )ij ZS* IF*( JimS Lo (@) i
acg a€g
*— * *— * g
=T,(r")S" ;'S Y Th(a) T y(a)s = T,(1%);S7; 1Smk|d’5m15kl
acg
4 e qeo1 _ 9] g
= 2 T,(r%)i5S58 = — ()8 S
4 - 4 g 4 o=
= T, (7)i(S '81);i = = T(r)i5(S ST = — T, (%) (887);)
G| _
= )\Frp(rz)ijrpl(rz)ﬂ = A|G],

(4.26)

where we used the relation between I',(r?) and S, the orthogonality theorem of repre-
sentation matrices, and the facts that p is homomorphism and S is unitary. This

proves the first two cases of Eq. 4.25 When p and p are inequivalent, we follow the

same steps to get:

Z Xp(s%) = T, (r?);; Z L, (r~ar)uLy(a)e = Tp(r?); Z(FZ(T_laT))§krp(a)ki =0,

serg a€g acg

(4.27)
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where once again we used the orthogonality theorem which says the sum of over
all elements of G should be zero because T',(a) and T'5(r~'ar) are representations

matrices of inequivalent irreps. This proves third condition of Eq. 4.25.

Corepresentations of magnetic space groups

As we discussed above in detail, a space magnetic space group can be written as
M = G + rG. There are four kind of magnetic space groups. The first kind is where
there is no antiunitary symmetry meaning that M = G where G is the space group.
The second kind is where r = © and G = G, that is M = G + ©G. The third kind is
where G is a normal subgroup of G i.e., the coset decomposition of G is G = N + alN
with a € G but a ¢ N, and M = N + ©aN = N + rN where r = ©a. The fourth
kind of magnetic space group is where G = G but r = O{FE|to} where {E|ty} is a
translation which is not in G: {E|to} ¢ G. In simple elasticity problems, the third
and fourth kind of magnetic space groups do not arise. Therefore, we will mainly
stick to magnetic space groups of the second kind in our discussion. Now, Let us
assume that we have found an irrep of space group G. By that we mean that for some
wave vector k in the irreducible Brillouin zone, we got the projected representation of
the little co-group G, from that we obtained the irrep p¥ of the little group G¥, from
which we got the induced representation (p* 1 G) of G (these steps were outlined in
Section 4.2). Now, we can use the expression of the character of (p* 1 G) as given in
Eq. 4.11 to investigate which of the cases in Eq. 4.25 the representation (p* 1 G) falls
under. If it falls under either 1.(ii) or 2., the co-representation derived from (p* 1 G)

will have twice the dimension as the dimension of (p* 1 G). Therefore, we need to
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evaluate the following:

1 1
@ Z X(kag)<S2) = @ Z X(petg)(rara)

serg a€eG

- é Z Z/ka({Ra|va}—1rara{Ra|va}) (using Eq. 4.11)

ac§ «

= 57 0 D N {Ralva)trara{ R v

a a€eg

(4.28)

where « goes over the wave vectors in the star of k, and the second sum in
the second equality is constrained to those «a for which the little co-group
Gk = {Ru|va}G*{Ra|va}~! of wave vector k, = R,k contains rara, and the
second sum in the last equality is constrained to those a which rara € G¥«. Defining
rb = {Ru|Va} 'ra{Ry|va} with b € G, we have rbrb = {R,|vy} ‘rara{R.|v.} € G*.
However for every a € G such that rara € G&=, there is ' = r ' {R,|vg}{Ra|Va} 'ra
{Ra|Va}{Ra|vs}™ € G such that ra’'ra’ € G*¢, and x x({Ra|va} 'rara{Rs|va}) =
X« ({Rs|va}~'ra'ra'{Ra|vs}) = xx(rbrb). Therefore we can evaluate . ;'
Xk ({RalVa} 'rara{Ry|vae}) for one o and multiply the number ¢ of wave
vectors in the star of k to get 37, 37 cg" X ({RalVa}~'rara{Ralva}).  Without
loss of generality, we can choose @ = 1 with {R;|vi} = {FE|0}. Therefore,
Yo 2oacg Xox({Ralva} trara{Ralva}) = ¢ ucq’ Xpx(rbrb) where the sum is

restricted to those b € G such that rbrb € GX. Hence, we have the following:

1 , 1 ’
@ZWW@ZéZMMWﬂﬁZmMW~ (4.29)

serg beg beg

Now, recall that the space group G can be written in the form of coset decomposition
G = {R1|v1}T +{Ra|vo}T + - -+ + {Rp|vn}T with T being the translation subgroup,
and theoretical sum of those cosets for which the rotation part Si, Ss,..., S, satisfies

S;k = k forms the little group G¥. Recall that we can choose any element of a coset
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to represent the coset. Let us assume that we have chosen one representative from
each coset in the two coset decompositions above, and fixed them. Since, b € G,
b = {R;|vi}{E|t}, where {R;|v;} is one of the coset representatives chosen for the
decomposition of G and {E|t} € T. With definition r{R;|v;} = ©{R}|v.}, we have

rorb = (RIVHEIRHRIM Bl = (RIVPURIVIHE RV
= {RIVIP{ERtH{E]t},

since © commutes with spatial symmetry elements and ©2 = 1. Clearly, { F|R'"'t} =
{RiIvi} HEIHRIVG = (r{Rilvi}) {E[t}(r{Ri|vi}) € G, and hence {E|R'"'t} €
T. Moreover, since rbrb € G¥, {R}|vi}? € G¥ and R? € G¥. Also, with the definition
r{R;|vi} = O{R;|vi}, rG = O{R||V{}T + O{R,|vy}T + - - - + O{ R}, |v},,}T. Defining
the set F' = {R, R}, ..., R}, }, we can break the sum over b in Eq. 4.29 into a sum
over the elements R’ of set F’ such that R? € G¥ and another sum over the elements

of the translation subgroup 7" as follows

1 11—
@ZX(kag)( |gk|z Xk (rbrb) gk‘ Z ZXP {RIVII{EIR ™t +t})

serg beg R'eF’ teT
R2egk
1
|gk| DD e {RIVP X ({ER ™t + t})
ézl;ee];; teT
1 -
_ gk Z Xp {R/’V Zefzk(R Li+t)
| |R’6E’ teT
R/2€gk
1 g
= G 2 (R Y e,
| |R’€F’ teT
R2egk

(4.31)

Now, Yo e "B HIt 5 nonzero only when (R’k + k) is a reciprocal lattice vector

K or R’k = —k. Moreover, when R’k = —k, Y, e Bkt = 5 1 = |T|.
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Therefore,

6 o) = g S RN = g 3 (RN (12)

6/€F1 }?/GF/
R'k=-k R'k=-k
R/2 Egk R/2€gk

Hence, the criterion Eq. 4.25 for the co-representation of M derived from (p* 1 G)

can be simplified to

+1, 1.(3)
1
1Gv] > e (RIVY) = -1, 1.(0) - (4.33)
Rk
R egr 0, 2

This criterion called Herring criterion.

Time reversal symmetry protected degeneracy in frequency bands of

elastic structures

In the previous section we saw that in the case of p4 space group, we could not explain
the degeneracies at points I' and M, whereas in case of pdgm space group, we could
not explain the degeneracies at points M and Z just by using spatial symmetries.
Note that in our elasticity problems the antiunitary operator simply is 7 = © and the

group G is just the space group.

p4: The isogonal group is F = {E,Cy,Cy,C3}. The elements of this set are the
only point group symmetry elements. Since r = @, F' = {E,Cy, Cy, C3}. The coset
decomposition of the space group G = G = {E|0}T +{C4|0}T +{C|0}T +{C3|0}T.

We fix this coset representatives and will not change in the discussion below.

I':  We have seen in Table 4.14 that there are 4 irreps. Moreover, the number of

elements in the little co-group G = Cy is 4. Using Eq. 4.33, we will see if any of the
188



irreps gives multidimensional co-representations.

% > xRV = i (xr, ({E10}?) + xr, ({C4]0}?) + xr, ({C2]0}?) + xr, ({CF0}?))

R'eF’

i
= 1 2, ({E10)) + 2xr,({o]0}) = 1
(4.34a)
DY RIVAY) = ¢ (i (B10Y) + xe,(1Ca101) + xr, (C10)%) + xr, ((CH0})
R'eF’
p=oy

= 1 2, ({E10)) + 2xr,({Co]0})) = 1

(4.34b)

DO (B = (s (LE101) + xe,(1310)) + xe ({3100 + xry ({C10))
Rk
R2egk
= 1 @xr, ((EI0}) + 2x1, ({C5[0}) = 0
(4.34¢)
% > xn({Riviy) = i (xr, ({E10}?) + xr,({C4]0}?) + xr, ({C2]0}?) + xr, ({CF0}?))

= 1 2xr, ((EIO}) + 2x1, ({C5[0}) = 0

(4.34d)

Therefore, the co-representations induced from I'; or I'y of p4 belong to case 1.(i) and
the dimension of the co-representations obtained from these two irreps is 1. However,
the co-representations induced from I'3 or I'y of p4 belong to case 2. This means that

irreps I's # 'y and 'y # I'y. However, since I'; and [y are also irreps of little group
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G, it must be that 'y = I’y and Iy = I's. Therefore, I's and TI'y of little group G
of space group p4 together make a 2 dimensional co-representation. We saw in our
discussion about the eigenfunctions ﬂ(FQ) and zl(rg) in Fig. 4.5(a) in the previous section
that they belong to I's or I'y, but could not explain the degeneracy between band 2
and 3. Since the irreps I's and I'y together make the 2-dimensional co-representation

of the magnetic group, we see degeneracy between bands 2 and 3 at the I' point in

the band structure of Fig. 4.5(a).

M: We have seen in Table 4.15 that there are 4 irreps. Moreover, the number
of elements in the little co-group GM = Cj is 4. Using Eq. 4.33, we will see if any
of the irreps gives multidimensional co-representations. Noting that (K; + Kj)/2 =

—(K; + K3)/2, we find

% > xan({RifviY?) = % (xar, ({E10}2) + xar, ({C4]0}?) + xar, ({C210}?) + xar, ({CF]03))
R K
R2egk
= 1 @x ((BI0}) + 21, ({C2]0})) = 1
(4.35a)
% > xan({RiviY) = % (xa ({E10}?) + X2, ({C4]0}?) + X, ({C210}%) + xa, ({CF]0}))
Rﬁ%k
R/2€ k

= 1 @ ({E10}) + 20, (Co]0}) = 1

(4.35b)
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DY an (BN = § (on(EI0)) + xan (C10)%) + xar ({C210) + xar, ((CH0))
Bk
R2eGk
= 1 @ ({E0}) + 2, ({2]0})) = 0
(4.35¢)
% > xRV = % (s ({E10}2) + xar, ({C4]0}?) + xar, ({C210}?) + xr, ({CF]0}))
Rk
R?eGk
= 1 @0 (B0} + 201, ({C2]0}) =0

(4.35d)

Therefore, the co-representations induced from M; or M, of p4 belong to case 1.(i) and
the dimension of the co-representations obtained from these two irreps is 1. However,
the co-representations induced from Mjs or M, of p4 belong to case 2. This means
that irreps My # Mz and M, # M,. However, since My and M, are also irreps of
little group G™, it must be that Ms; = M, and M, = M;. Therefore, My and M, of
little group GM of space group p4 together make a 2 dimensional co-representation.
We saw in our discussion about the eigenfunctions af} and ﬁg\? in Fig. 4.5(a) in the
previous section that they belong to M3 or My, but could not explain the degeneracy
between band 3 and 4. Since the irreps M3 and M, together make the 2-dimensional
co-representation of the magnetic group, we see degeneracy between bands 3 and 4

at the M point in the band structure of Fig. 4.5(a).

padgm: The isogonal group is F = {F C4 Cy, C3 010,001,011,011}.  The
elements of this set are the only point group symmetry elements. Since r = O,
F' = {E,C,,Cy,C3,010,001,011,011 ). The coset decomposition of the space group

G =G ={E|0}T+{C4|0}T +{Co|0}T +{C3|0}T +{c10[t1/2+ t2/2} T+ {o01|t1/2+
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to/2}T + {o11|t1/2 + to/2}T + {o11]t1/2 + t2/2}T. We fix this coset representatives

and will not change in the discussion below.

M: We have seen in Table 4.21 that there are 5 irreps. Moreover, the number
of elements in the little co-group GM = Cy, is 8. Using Eq. 4.33, we will see if any of
the irreps gives multidimensional co-representations.

é > xan ({RiViY?) = é(XMl {EI0}?) + xar, ({C4]0}?) + xar, ({C210}?) + xar, {CF10} + xar, ({o10]1/2 + £2/2}7)

+ xa; ({o01[t1/2 4 t2/23°) + xar, {o17161/2 + 82/2}%) + xar, ({011 [61/2 + t2/2}7))
= é(2XM1 ({E10}) + 2x a1, ({C2]0}) + xar, {Elt2}) + xar, {Elt1})

+ xa, {Elt1 + t2}) + xar, {E]0}))
:é(2><1+2>< (1) + (~1) 4 (-1 +1+1)=0

(4.36a)

é S xm(RiViYH) = é(XMz({E‘O}Q) + x5, ({C4]0}?) + X a1, ({C210}2) + xas, {CE10}? + xas, ({o10[t1/2 + t2/2}2)
R'cF’
e
+ X, ({o01[t1/2 4 t2/23°) + xar, ({017161/2 + £2/2}%) + xar, ({011 [61/2 + t2/2}7))
= é(QXMz ({£10}) + 2xa1, ({C2|0}) + xar, ({Elt2}) + xas, {Elt1})

+ x a1, ({Elt1 + t2}) + xas, ({E]0}))
:é(2><1+2>< (D) + (1) + (=) +141) =0

(4.36b)

% > xms({RiViY?) = é(XMg({E‘O}Q) + x5 ({C110}%) + xar; ({C2]03%) + xu; ({C210}? + xary ({o10[81/2 + £2/2}7)
Rk
R2egk
+ x5 ({001 t1/2 4+ t2/232) + Xz ({011 [t1/2 + t2/2}2) + xar, ({01161 /2 + t2/2}2))

(2x21; ({E10}) + 2x 01, ({C210}) + X0z {Elt2}) 4+ X1, {Elt1})

| =

+ x5 ({E[t1 + t2}) + x5 ({E]0}))
:é(2><1+2>< (cD 4+ (D 4+ (- +141)=0

(4.36¢)
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2 2 (RIVD) = £ (s (EI0) + xar ({C3101) + xar, (C2101) + xars (CF10) + xary (oot 2+ 2/2%)

+ xar, ({o01[t1/2 + t2/2}%) + xar, ({011 181/2 + 2/23%) + xar, ({011 [61/2 + £2/2}7))
= £ (200, ({BI0) + 21, ({C210}) + xary (1Blt2)) + xoy (Bl )

+xny ({E[t1 + ta}) + xar, {E]0}))
:é(2><1+2>< (1) 4 (D) 4+ (-1)+14+1) =0

(4.36d)

% > xms ({RiViY?) = é(XME)({E‘O}Q) + X015 ({Ca]0}?) + xaz5 ({C2]0}%) + xar; ({CF10} + xas; ({01081 /2 + t2/2}7)
R}}kezlik
R'2egGk
+ x5 ({o01[t1/2 + t2/23) + xars ({017161/2 + £2/2}%) + xar5 ({011 [61/2 + t2/2}2))

(2xa5 {E10}) + 2xa15 ({C210}) + xars { Blta}) + xars {Elt1})

| =

+xa1s ({Bl61 + t2}) + xa15 ({E[0}))
1
:§(2><2+2><2+2><(—1)+2><(—1)+2><1+2><1):1

(4.36¢)

Therefore, the co-representation induced from Ms of pdgm belongs to case 1.(i) and
the dimension of the co-representations obtained from this irrep is 2. However, the
co-representations induced from M;, My, M3 and M, of p4 belong to case 2. This
means that irreps M # My, My # My, My # My and M, # M,. However, M, Mo,
M; and My are also irreps of little group G™. Now, it requires a little more work
to find which of My, M, M; and M, is equivalent to which of My, My, Ms and M,.
This we do in the next paragraph.

Since (i) Ouk(x) = O(Ux(x)e™* ™) = a5 (x)e”* > (ii) 4} (x)e ™ > is a Bloch
function with wave vector —k, (iii) for k = (K; + K3)/2, k = —k, the operator
© transforms one Bloch function at point M to another Bloch function at the
same point. Moreover, [H,0] = 0, the Hamiltonian restricted to eigenfunctions

at wave vector k = (K; 4+ K3)/2 (we will be denoting that as H|y) has © as
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one of its symmetries. More succinctly, [H|y, ©] = 0. Clearly, the space group
symmetry of this Hamiltonian H |ar is the little group GM of the total Hamiltonian
H. The magnetic group associated with H|y is M = GM + ©GM. Recall that
the matrices I'; corresponding to irrep p are related to the matrices I', corre-
sponding to irrep p by the relation T';(a) = T'5(r~'ar) and 7 = ©. This means
that Ty, ({C4]0}) = T3, (©071{C4|0}0) = I}, ({C4|0}) = (+i)* = —i, where we
used that fact that the element © commutes with any spatial symmetry element.
Similarly, Ty, ({C310}) = T, ({C310}) = (=i)" = +i, Dy, (oo (b1 + t2)/2}) =
Ly, ({oo| (b1 + 62)/2}) = (=9)" = +i, Ty, ({on0l(t1 + t2)/2}) = T3y, ({o0](1 +
t2)/2}) = (+0)" = —i, Ty, ({ou1] (b1 +t2) /2}) = T, ({ou1](b1+82)/2}) = (=1)" = -1,
T, ({0l (6142)/2}) = T ({001 (6146:)/2) = (+1)* = +1, T, ({Elmty +nta}) —
[y, ({E|mty + nty}) = (exp(—in(m + n)))* = exp(in(m + n)) = exp(—in(m + n)).
Therefore, My = M. Also, Ty, ({C4]0}) = T3,({C40}) = (—i)* = +i,
Ty, ({C310}) = T3, ({C310}) = (+0)" = i, Ty, ({oor] (b1 +£2)/2}) = Ty, ({oon] (b1 +
t2)/2}) = (=i)" = +i, Dy, ({o10] (61 +t2) /2}) = Ty, ({o10] (81 +62) /2}) = (+1)" = —4,
T (o6 + £2)/2)) = Ty ({oail(bs + £2)/2)) = (+1)* = +1, Tap, ({on| (b1 +
t2)/2}) = Tip({oul(ts + t2)/2}) = (=1)* = -1, Ty, ({Elmt, + nta}) =
[y, ({Elmty + nte}) = (exp(—in(m +n)))* = exp(im(m + n)) = exp(—im(m + n)).
Therefore, M; = M,. Hence, My = M,. Therefore, M; and M, of little group
GM of space group pdgm together make a 2 dimensional co-representation. We
saw in our discussion about the eigenfunctions &5\? and ﬂg\? in Fig. 4.5(b) in the
previous section that they belong to M; or Ms, but could not explain the degeneracy
between band 3 and 4. Since the irreps M; and M, together make the 2-dimensional
co-representation of the magnetic group, we see degeneracy between bands 3 and 4

at the M point in the band structure of Fig. 4.5(b).
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Z: We have seen in Table 4.28 that there are 2 irreps. Moreover, the number of
elements in the little co-group G = Cy, = {F, 010} is 2. Using Eq. 4.33, we will see

if any of the irreps gives multidimensional co-representations.

Y ARV = £ (A (G104 v ({oml (b +t2)/2)%)
= 2 (0a ((EI0}) + x4 ({EI0})) = 5(1+ exp(—im)) = 0
3 2 xRV = 5 (n(CIOF) + i oot + :)/21)
R2eg 1

= 2 (a({EIO}) + x,({Elt}) = 5(1 + exp(—im) = 0.

(4.37)

This means 7, # 7, and Zy # Z,. Since, Z; and Z, are also irreps of little group GZ,
it must be that Z; = Z, and Z, = Z;. To see this concretely, we note that the oper-
ator © transforms a Bloch function at wave vector k to a Bloch function at —k (as we
saw in the discussion on the M in the previous subparagraph). However, the spatial
operator {C|0} € G = pdgm also transforms a Bloch function at wave vector k to a
Bloch function —k. Therefore, the composite operator ©{C5|0} transforms a Bloch
function at wave vector k to a Bloch function at wave vector k. Since both © and
{C,]0} are symmetries of the hamiltonian H, the composite operator ©{C5|0} is also a
symmetry of H. Then, the Hamiltonian restricted to eigenfunctions at point Z (H|y)
has the antiunitary operator ©{C5|0} as its symmetry. The space group symmetry of
H|y is clearly the little group GZ = {E|0}T + {o10|(t1 + t2)/2}T of the total Hamil-
tonian H. The magnetic space group associated with H|, is M = GZ + ©{C,|0}G?.
Recall that the matrices I'; corresponding to irrep p are related to the matrices
T, corresponding to irrep p by the relation I';(a) = Tj(r~'ar) and » = ©. This
means that I'z ({o10](t1 + t2)/2}) = Ty ({C2|0} 1O H{oio|(t1 + t2)/2}0{C5|0}) =
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I ({C2]0H{o10](61 + t2)/2}{C2[0}) = Ty ({o01| — (b1 +t2)/2H{C2|0}) = T} ({010 —
(t1+1t2)/2}) = T'%, ({o0] (61 +t2)/2})T%, ({ £] — (b1 +t2) }) = exp(+ium) exp(—im(1+
2u)) = —exp(—ium), where we used that fact that the element © commutes with
any spatial symmetry element and the fact the irrep matrices I'z, satisty homomor-
phism. Similarly, Tz, ({E|mt; +nty}) = Ty ({Co|0} 'O {Elmt, +nty}0{C5|0}) =
'y, ({Co|0H{ E|mty + nto}{C|0}) = 'y ({E| — mty — nta}) = exp(—im(m + 2un)).
These imply that Z; = Z,. Since there are only two irreps of G? and together they
form a 2 dimensional co-representation, all bands at points Z are doubly degenerate

as can be seen in the band structure in Fig. 4.5(b).

4.4 Conclusion

This chapter is a tutorial for the group theoretic characterization of symmetry
protected degeneracies in the band structures of elastic systems. In particular, it
explains how to obtain the irreducible representations of the symmetry groups at
different points of the Brillouin zones corresponding to different space groups. If there
exists a multidimensional irrep at a wave vector, there will be symmetry protected
degeneracies at that point in the Brillouin zone. When some of the symmetries
are broken due to structural alterations, and if the new symmetry group does not
have a multidimensional irrep at the point in Brillouin zone under consideration, the
degeneracy will be lifted creating a band gap at that point. To help the reader get
familiar with the theory, we give examples of different space groups showing how
going from higher to lower symmetry group may create band gaps.

In addition to being important for designing tunable band gap elastic metamate-
rials, symmetry characterization of frequency bands in elastic systems is also impor-
tant for designing topological metamaterials [147, 148, 149, 150, 151, 152, 153, 154,

155, 156, 157], which, being able to transport at their boundary wave without scat-
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tering from defects, are important for waveguides [158], acoustic antenna [159], delay
lines [160], etc. It has been shown that if a set of bands of a periodic system with
certain space group symmetry have certain irrep labels at the high symmetry points
in the Brillouin zone, those bands are topological [161, 162, 163]. This article will help
researchers interested in this field get acquainted with the concepts of representation

theory which may help them designing topological mechanical systems.
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Chapter 5

Statistical mechanics of nanotubes

Here we investigate the statistical mechanics of thin single-walled nanotubes at low
temperatures within shallow shell approximation [164, 165, 166]. Due to the presence
of the curvature in nanotubes, the radial fluctuations along the axial direction costs
both bending and stretching energy, whereas the radial fluctuations along the circum-
ferential direction only costs bending energy. This competition between stretching and
bending costs associated with height fluctuations introduces a characteristic elastic
length scale (£ ~ v/Rt) [107, 167], which is proportional to the geometric mean of the
radius and effective thickness. In typical carbon naotubes, this length is £ < 3nm.
We show that below this length, the bending rigidity and in-plane stiffness constants
scales the same way as for flat membranes mentioned above. As will be discussed in
detail in this article, beyond the elastic length scale, the in-plane elastic constants
stop renormalizing in the axial direction, while they continue to renormalize in the
circumferential direction beyond the elastic length scale albeit with different universal
exponents. The bending rigidity, however, stops renormalizing in the circumferential

direction at the elastic length scale. We verify our theoretical findings with molecular

dynamics simulations.
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5.1 Elastic energy of deformation

The elastic energy of a deformed cylindrical shell can be estimated with shallow shell
theory. To this end, let us consider a cylindrical shell with radius R and length L in its
undeformed configuration. ! Then, any point on the undeformed shell can be written
as X = (Rcos g, Rsin ¢, z) in cartesian coordinates where the axis of the cylinder is
in the z direction. Since the radius R is a constant, the shell can be parametrized
by (R, z) coordinates. The tangent vectors at any point on the shell can be written
as t, = 9,X = (—sing,cosp,0) and t, = 9.X = (0,0,1), whereas the normal is
N = (cos ¢, sin ¢, 0). Note that here we used short-hands 9, = %% and 0, = %. The
reference metric is g;; = t; - t; = §;; and curvature tensor is b;; = N - 9;t; = _%5@5@0
where i € {¢,z}. Then, in the deformed configuration, the displacement of each
point can be decomposed into tangential components u;(Rep, z) (where i € {p,2})
and radial component h(Rep,z) (see Fig. 5.1(a)) such that the coordinates of the
points in deformed configuration are given by X = X + u,t, + u,t, + hN. The
tangent vectors in the deformed configuration are t, = 9,X = t,+t,0,u, — %uwN +
t.0,u. + NO,h + £ht, and t, = 0.X = t, + t,0.u, + t.0.u. + NO,h. Then, the
metric and the curvature tensors in the deformed configuration are:

2
—hd;jdip,

Gij = 52‘3‘ + @‘Uj + Ojui + ((‘Zh) (@h) +
R (5.1)

1
bij ~ —E(Sij(sw + @-@h,

where we only kept only the relevant terms (in the sense of Wilsonian renormal-
ization [168]) in displacements and their derivatives. This is the Donnell-Mushtari-
Vlasov approximation [165, 164, 166]. The in-plane strain and bending strain tensors

are defined as u;; = (gi; — §i;)/2 and K;; = (b;; — b;;), respectively [164]. Then, from

'In principle, a cylindrical shell should have different inner and outer radii since it can have finite
thickness, for atomatically thin nanotubes thickness is not defined. However, as we will see later, an
effective thickness can be defined in terms of its bending rigidity and in-plane stiffness constants.

199



Figure 5.1: (a) A snaphot of a thermally fluctuating cylindrical shell. The length L,
diameter 2R, thickness ¢, in-plane displacements u,, and u., radial displacement h are
shown. A small segment (shown in red box) on the shell is zoomed in to show that in
simulations, the shell is modeled with triangular lattice of point masses connected by
harmonic springs (green lines). At bottom right corner, the angle 6,5 between two
adjacent triangles of the triangular lattice is shown. (b) A deformed cylindrical shell
with only nonzero l}(qw # 0,9, = 0) and l~z(q<p = 0,¢, = 0) does not cost stretching
energy if the change in the length of circumference due to ﬁ(qw # 0,q, = 0) is
compensated by ﬁ(qw = 0,¢. = 0). (c) A deformed cylindrical shell with nonzero
iL(% = 0,¢, # 0) and }Nz(q¢ = 0,q, = 0) costs stretching energy different positions
along the axis of the cylindrical shell have different circumference length.

Eq. 5.1, we find

R (5.2)
K = 0;0;h,

where 7,5 € {p, z}. Notice that first term inside the parenthesis in the expression of
in-plane strain u;; is the same as in flat sheets. However, the second term is new, and
it shows the coupling between in-plane strains and radial undulation field h due to

curvature 1/R. The free energy cost of the shell deformation is given by:

F = /AdA% [ko(Kii)? + Ao(ui)® + 2p0(uig)?] (5.3)
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where the first term accounts for the bending energy and the last two terms are the
in-plane stretching energy. Note that we did not consider the term consisting of the
Gaussian curvature because we are interested in periodic boundary condition, where
the integral of the Gaussian curvature is zero due Gauss-Bonnet theorem. Here, kg
is the microscopic (bare) bending rigidity of the material and has the dimension of
energy, whereas Ay and p are the microscopic (bare) Lamé coefficients and has the
dimension of energy per area, dA = dpdzR is infinitesimal area element, A = 27 RL,
ds is the infinitesimal line element at the boundary, 0A is the boundary of the cylinder,
T is the traction force at the boundary. The components of the traction force can
be written as T; = njo;; where o;; is the homogeneous stress tensor and n; is the
in-plane normal to at the boundary. Replacing this expression of the traction force

T; and using Stokes’ theorem we get:

/ dSEUZ:/ dsnjaijui:/dA(‘?j(Jijui):/dAaij@jui
0A 0A A A
1
A

1
F = / dA 5 [/ﬁ?()(v?h)2 + )\o(ul’l’)2 + 2u0(uij)2 — 045 ((%uz + Quj)] s
A

where we used the facts that o;; = 0 and K;; = V2h. Also, we assume that the
microscopic material is isotropic which is reasonable for carbon nanotubes. However,
inspection of the last term in the expression of w;; in Eq. 5.2 shows that it is
anisotropic. This means that as we integrate small wavelength degrees of freedom to
investigate long wavelength behavior, the stiffness constants may become anisotropic.

Keeping this in mind, we write the more general form of the free energy is given below:

1
F = / dA 5 [B?]kl(azajh) (akalh) + C’?jkluijukl - aij(ajui + azu])} R (55)
A

where B?jkl and C’Z-Ojkl are the most general bare bending rigidity and in-plane elastic

tensors, respectively. However, because of the mirror planes x — y and r — z, the
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anisotropy can be at most orthorhombic, meaning that B, .. = By... = Cyppp. =
Cysz: = 0. This along with the major and minor symmetries of Bjji; and Cjjx

tensors mean that the only independent constants are Bo,ue, Bopzz, Bazzzy Coppps

Copzzy Cpzpe and C..... For isotropic bare rigidities, B, = odi;0r and CPy =

)\Odijékl + Mo(aik(sjl + 5zl5]k)

5.2 Thermal fluctuations

The effect of thermal fluctuations can be seen in the correlation functions obtained

from the functional integrals:

(h) = (h(x)) = % / Dlus, hh(x)e=F/hsT, (5.6a)

G (%2 — 1) = (5h(x2)0h(x1)) = % / Dlus, hl5h(x2)5h(x1)e=F/5T (5.6b)
Gy (X2 = x1) = (ui(x2)u;(x1)) = %/D[Uz‘a hjui(x2)uy(xy)e /T, (5.6¢)

7 = / Dlu;, h]e F/*sT, (5.6d)

where T' is the temperature, kg is the Boltzmann’s constant, Z is the partition func-
tion, dh(x) = h(x) — (h), x = (Ry, 2z), and in Egs. 5.6a, 5.6b and 5.6¢ , we used the
fact the system is translationally invariant.

In the following, we decompose the radial displacement field as h(x) = hg + h(x),
where hyg = (1/A) [ dAh(x) is the homogeneous part of the undulation field, and
(1/A) [dAR(x) = 0. Then, (ho) = (1/A) [dA(h(x)) = (h). With this knowledge

then, 0h(x) = h(x)-+ho— (ho). Similarly, the in-plane strain fields can be decomposed
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0

o0 and the zero mode of

into u;;(x) = ug; +1;;(x). However, the homogeneous strain u
the radial fluctuation hy are related by ugw = ho/R because increasing the length in
azimuthal direction effectively increases the radius. Integrating out the homogeneous

fields hy and u%, we obtain the following effective free energy:

Fef-f,1 = —kgTIn (/'D[U?Dz, ho, ugz]eF/kBT)

1 - - o L
_ / 44 5 [B1(0:0,) Ouh) + Cyiising + 015(OR) (057)|
A

:FO+FI7
FojA= [ dAl (B0 (9.0.7) 00k C&‘Wif dh)(0;h
0/A = 445 ijkl(ij)<kl>+? + 0:j(0;h)(9;h) (5.7)
I 5 o . h
+ AdA§ C’ijkl(&-uj)(@kul)—i—C’ijW(&uj)}—% ,

FyJA = / il
A 2

ik

C2.10:11; (Oph) (B + C° E(akﬁ)(alk)]
+ [aagenuomon i an,

where Fj and Fj are the harmonic and anharmonic parts of the effective free energy

Fegq. A similar functional integral shows that the average radial and axial extensions

are:
(h) (ho) Opp Vg@Uzz 1 712
- = = - — 5((0ph)), (5.8a)
R™ R Yy, YL 2
(AL) _ 0y _ Oz ngawv 1 712
where Y2, = Cyppp — C2,../Coee and Y., = C.... — C2,../Cppp, are the

2-dimensional Young’s moduli in azimuthal and axial directions respectively,
and vy, = Cipss/Chre and v, = Cppse/Couyp, are the Poisson’s ratios in
azimuthal and axial directions respectively. For isotropic microscopic proper-

ties, Y, = Y = 4puo(Xo+po)/ (Mo +2u0) = Yo, and v, = v, = Xo/ (Ao +2p0) = 1.

z
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The last terms in Egs. 5.8a and 5.8b are negative meaning that in absence of any
normal stress (o,, = 0., = 0), the radius and the length of the cylindrical shell
shrink under thermal fluctuations. This is because nonuniform radial fluctuations
ﬁ(x) at fixed radius would increase the integrated area, with a large stretching energy
cost. The system prefers to wrinkle and shrink its radius to gain entropy while
keeping the integrated area of the convoluted shell approximately constant.

For renormalization group calculations, it is sometimes helpful to integrate out
the in-plane phonons completely and write an effective free energy as a functional of

radial undulations:

Feg = —kpTIn (/D[u«pyuz}e_Feff’l/kBT) = Fag + Flg,

1 N(Ciyp)a: < 5
F/A=> = |BYutitana + ogmas—— + 0ijaiq; | h(@)h(—q),
fF (;) 2 Jkl J R2D(C?jkl’ q) ’ /
: N(Ch)d" - - 7
Fly/A= L 101 PE (@3] 5y A h(@)h(an ()
) ql+q2z—:q;£0 2¢? Y RD(Cjpi q)
N(C’%kl)q4 .

+ ) é[unZ(q)qzj][qsiﬂ?f-(q)qz;j}

d1+92=q#0
q3+qs=—q#0

N(Cijri) = det(Cijri) /4 = CppppCiprpzClrzzz — C?oapzzcsﬁz@z’

mh(%)ﬁ(%)ﬁ(%)ﬁ(%), (5.9)

1
D(Ciju; q) = det(Critjarar) = 5(€iria€ha Crintjy Chaialao Ghn Qb U1 d12)
= wasosocwwzqé + (CoppppCizzz = 2Cp02:Cozpz — CZLpzz)q?pqi
+ szzzcgozgozqga
where P (q) = (05 — ¢iq;/4°), €i; is the permutation symbol, and we took Fourier
transform of the radial undulation field i (q) = [ A(dA/A)iL(X)e_iq'x. Note that in the
isotropic case, Nq4/D(C?jkl; q) = Y. Note that F% and FX; are the harmonic and

anharmonic part of the effective free energy F,g. Then, within harmonic approxima-

tion one can read off the Fourier transform G},(q) = [,(dA/A)G},(x)e™" 4> of the
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correlation function GY, (x) (the superscript “0” is for harmonic approximation):

G () = () - SR
BY @4 anq + WM + 04495 (5.10)
isotropic k’B T/A '
Yoqd

Koq* + gt 0ij4ig;

where ()¢ is the harmonic average. The effect of the anharmonic terms is to replace

the bare parameters By, Ciy; and 045 with scale dependent renormalized parameters

ngl(q>7 C'};kz(Q) and o/t

) g

kpT/A

Cgkl (Q))qg

~ :
Bz‘?kl(Q)QinQle + TED(CEy(@a) + Ug%%‘

Grn(a) = (Ih(@)]*) = (5.11)

Before going into the details of renormalization, it is useful to gain some insights from

the Green’s function in Eq. 5.10. In the limit R — oo, it gives back the Green’s func-

kpT/A

. . . S,O o
tion for isotropic sheets Gy (q) = /" — o

. Because of the presence of anisotropic
curvature in the cylindrical shell, we have, in the denominator, an extra direction
dependent term (Yyq?!)/(R%*q*) which suppresses the amplitude of the radial fluctu-
ations in the axial direction. This because the Fourier modes of radial fluctuations
which are in axial direction necessarily cost stretching energy along with bending
energy, whereas the Fourier modes of radial fluctuations which are in azimuthal direc-
tion only cost bending energy (see Fig. 5.1(b) and (c)) [167]. Furthermore, setting

external stresses to zero o;; = 0 and equating the two remaining terms in the denom-

inator of Eq. 5.10, we obtain a characteristic wave vector:

1 1
o_ T Yo 4 . v4
Qelzg_()l_ <I€0R2) TR (5-12)

where v = YyR? /K is the Foppl-von Karman number. In the theory of shallow shells,

bending rigidity ko ~ Et? and Yy ~ Et, where E is 3-dimensional Young’s modulus
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of the material and ¢ is the thickness of shell. In atomically thin systems thickness is
not well defined; however, we can define an effective thickness as ¢t ~ \/m Then,
the Foppl-von Karman number v ~ R?/t? meaning that the larger v is, the larger the
radius R is with respect to the thickness t. The length scale ¢% obtained from this
is what we will call the “elastic length scale.” The superscript “0” is for harmonic
approximation; we will see later that when we take renormalization of the parameters
due to the anharmonic terms into account, the expression of £, changes slightly. As
we will see in the next section, the effect of the curvature on the renormalization
of the material parameters is negligible for scales smaller the elastic length scale /4
and will be important at scales larger than this. Another important length scale

that is important for both isotropic sheets and cylindrical shells comes from the form

kT

of the Green’s function: G?¢, ~ .
hh Akoq

when o;; = 0 and ¢ > ¢¥. Therefore, the
largest amplitude of the radial (height in case of sheets) fluctuations occur when
q ~ 1/L and A ~ L? (where is the system size) giving largest amplitude of the
radial fluctuation as hy, ~ L\/kgT/ko = LTY/? (1 = kgT /Ko is the nondimensional
temperature). Anharmonic terms become important when this amplitude is of the
order of the thickness hy, ~ t ~ \/W- This gives us a length £y, ~ \/k2/(kgTY))
called thermal length scale [169] (we will get a better estimate of £y, later in Eq. 5.20).
The effect of the anharmonic terms are only important when the system size is larger
than the thermal length scale £;;,. These two length scales ¢, and /. divides the scales
dependence of the material parameters into three regimes. We will be interested in
the limit where ¢4, < £ because as we discussed above below ¢, the anharmonic
terms are not important the theory is trivial. Therefore, keeping this length smaller
than other important length scales enables us to see all possible nontrivial scalings
due to the anharmonic terms. We will comment on the other limit later. Also, we

will be interested in zero external stress limit o;; = 0.
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5.3 Renormalization group and scaling analysis

The effect of the anharmonic terms in Eq. 5.7 at a given scale ¢* = 7/¢* can be
obtained by systematically integrating out all degrees of freedom on smaller scales
(i.e., larger wave vectors). This can be done by splitting the displacement fields into
pieces: g<(r) = 3 4 <p- €4 9(a) and g=(r) = D04 s, €9 g(a), Where g € {1, h}

and a = 7/A is a microscopic cutoff, and integrating out g~ as

Feff,l(g*> = —kgT'In (/1)[1]7;7>7 ﬁ>]eFeﬂ,1/kBT) :

Feg((*) = —kpTIn (/DVB]G_ Cﬁ,l/kBT) ' (5.13)

5.3.1 Scaling analysis for * < /g

o [* < Uy, < 0 we have C’g(ﬂ'm|f~z(q)|2/R2 < ko(q*)*|h(q)]?, meaning that we

can ignore the term C’gwwfﬂ /R? from Eq. 5.7, and similarly we can ignore

the term N(C%)q4/(R2D(C%: a)h(@)h(—a) ~ Yogl/(R2q*)h(a)h(—q) from
Eq. 5.9. Since ¢* < /y,, the anharmonic terms are not important as was

discussed in the last section. Therefore, the effective harmonic free energy is

) A A o
Fu(t) =) 3 [ B uaigiaen + oiaigs] = 3 [rog" + 0i5q:9;] M(@)h(—q).
q#0 q#0
9<q” 9<q”

(5.14)
This Free energy is isotropic and the material parameters remain the same as
their bare values. The naive (Gaussian or harmonic) dimensions of the quanti-
ties h(q) and oy; requiring that [Fug] = 0 and [r] = 0 and expressing dimen-

sionality in wave-vector units [170]:

Q)] = =1 =(D—=4)/2= —G,loy] =2, (5.15)
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where D = 2 is the dimension of the system. The meaning of these dimensions is
that under scale transformation q — q' = bq or x — x’ = b~ !x, if we transform
h(q) — 1'(d) = bPDh(bq) = b~'h(bq) and oy — of; = b7l = B0y, the
harmonic theory remain invariant. With these dimensions we go back to Fig
in Eq. 5.7 and find the nave dimensions of the following quantities:

(€2 =2=4-D,[i]=-1=D—-3=1-2(,[1/Rl=1=D/2. (5.16)

1,

This means that under scale transformation q — q' = bq, CJ5,;, = b*"PCYy,
meaning as we zoom out of the system C72; grows for dimensions D < 4. Since
Oy, are the coefficients of the anharmonic terms in Eq. 5.7, the anharmonic
terms are important for dimensions D < 4. This implies that the upper critical
dimension of the theory in Eq. 5.7 is D, = 4 and the anharmonic terms are
relevant in the physical dimension D = 2. This means that the anharmonic

terms will renormalize the parameters By, and Cp,, at least in the regime

Uy < 0% < 09 which we discuss next.

by, < 0% < £2: In this regime, the anharmonic renomrmalize the parameters
By, and CPy; to parameters BJT, (q*) and Cl,(q*) at scale ¢*. However, for
0 2 ly, when the parameters are only mildly renormalized, the anisotropic
term N%(q)q!/(R?*D*¥(q)) in the denominator Green’s function in Eq. 5.11
is still small w.r.t. the first term and the Green’s function is still approx-
imately isotropic (we will show the consistency of this once we obtain the
renormalization group flow equations). Therefore, we can implement isotropic
(circular) momentum-shell renormalization group scheme. We first integrate out

all Fourier modes in a thin momentum shell A/b/ < ¢ < A and b = (*/a = ¢,
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with s < 1. Next we rescale lengths and fields:

r = br', h(r) = b h(r'), 4(r) = b L, (r) (5.17)

where (j, is the field-rescaling exponent. We find it convenient to work directly
with a D =2-dimensional cylindrical shell embedded in d =3 space, rather
than introducing an expansion in € = 4 — D [94, 92]. In principle, this is
dangerous and can give wrong results because if we work in D = 2, ¢ = 4 —
2 = 2 is large and there is no small parameter perturbative renormalization.
However, later we show using the molecular dynamics simulations that the
results obtained by directly working in D = 2 matches with simulations. Finally,

/

we define new elastic constants Bj;,;, Ci;;, and a new external pressure oj;,

i
such that the free-energy functional in Eqgs. 5.7 and 5.9 retain the same form
after the renormalization group steps. We then write the ordinary differential
equations for the parameters w.r.t. s, called 8 functions [170, 171]. To obtain
the contribution to the renormalization of B;;y from the anharmonic terms,
we find it easier to work with the effective free energy F.gz where the in-plane
phonon are completely integrated out (see Fig. 5.2). However, for Cjjy, it is

much simpler to use the free energy Fep; (see Fig. 5.3). To one-loop order we

get:

dB,,
BB = —25 = 2(¢, — 1) Bl

ds
A d / ) N(Cij)
+ = d°P EimEjnEkrEttPmPnPrPt 72— Gnn(P)
471'2 dS A/b<\p\<A J D(Cl{jkl;p)

2A2 d N2(C£jkl)
Am2R2k5T ds Dz(c{jkl;p)

(5.18a)

/ d*P €imE jnEkrEtPmPnPrDiDs Gin(p),
A/b<|p|<A

dcy;
—2 =2(20 ~ )Ciu
A? , , d

— =—57—CijmnCr */ d*P PinpnprpiGip(P),
87T2]€BT Lm tkldS A/b<|p|<A hh

ﬂcz‘jkl =
(5.18b)
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q1 q2 q1
(c) p+a/2 (d) p+q/2 (e) pP+a/2
( \ q /\ a q /\ q
q -p+aq/2 q \»/ \»/

-p+4q/2 -p+4q/2

Figure 5.2: Feynman diagrams relevant to the renormalization of bending rigidity.
(a) Four-point and (b) three-point vertices describe the quartic and cubic terms in
the effective free energy of Eq. 5.9, respectively. the straight legs represent radial
displacement fields h(q). The red part of the three-point vertex in (b) connects to
the field h(q) corresponding to wave vector which is in the argument of PL. (ce) One-
loop diagrams that contribute to the renormalization flows of the bending rigidities
Bl The momentum p in (c), (d), (e) is the loop momentum which is integrated
over a shell A/b < p < A and whole Fourier space in momentum-shell renormalization
and self consistent calculation respectively.

@ o, O o ©
q—q p+a/2
q cocoo]mecoo oc.&oQ’\ﬂw
q q q
a -pP+4q/2
q1 q1 q2

Figure 5.3: Feynman diagrams relevant to the renormalization of in-plane moduli.
(a) Three-point (b) four-point vertices describe the cubic @hh and quartic hhhh terms
in the free energy of Eq. 5.7, respectively. The wiggly line in (a) is the leg correspoding
to in-plane displacement field 4;(q). (c¢) One-loop diagram that contributes to the
renormalization flows of the in-plane stiffnesses C’f}kl associated with the three-point
vertex in (a). The connected legs in these diagrams represent the propagators Gp(q).
The momentum p in (c¢) is the loop momentum which is integrated over a shell
A/b < p < A and whole Fourier space in momentum-shell renormalization and self
consistent calculation respectively.
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do’!

By = d;J = 20, (5.18¢)
/
Br = i —-R, (5.18d)
ds
where ¢;; is the permutation symbol (17 = €2 = 0 and €12 = —e91 = 1).

/

The scale-dependent parameters Bj;,, Ciyyy, and oy,

)

obtained by integrating
the differential equations in Eqs. 5.18 up to a scale s = In(¢*/a) with initial
conditions B;]kl(()) = lio(sijékl, kal(O) = )\0(51']'5]{[ -+ ﬂo(&ik(sj'l + 5il§jk> and
0ij(0) = 0, are related to the scale-dependent renormalized parameters as

Bf}m(S) = Bz{jkl(s)e(z_%h)s = Bz{jkzl(s)v C‘?kl(S) = C{jk1(5)6(2_4Ch)S = z(jkl(5>€_2s

and o/i(s) = o};(s)e”?*, since ¢, = 1.

With the initial conditions just mentioned, the only term that can make
the RG flow anisotropic is the last term in Eq. 5.18a. In the limit
by, < €* < 02, the second and third terms in Eq. 5.18a are ~ kgTY"/(k'A?)

and ~ kpTY"/(k? R?A®) respectively. Third term is of the order of the second

terms when:

ksTY'/(K'A?) < kpTY"? /(K> R?A°)
= kpTYr(s)e*a?/kr(s) < kpTYph(s)e*a’/ (k5% (s)R%e™ %)
(5.19)
= 1 < Yr(s)(¢/a)'a"/(rr(s)R?)

= (2 (ra(s)R?/Yr(s))"!
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Comparing the right hand side of the last line of Eq. 5.19 with Eq. 5.12, we

define a new elastic length scale as

la=—=n (%) , (5.20)

where k() and Yg(ell,) are themselves dependent on the elastic length scale.
We will give a better estimate of elastic length later. From, Eq. 5.19, we see that
the third term in Eq. 5.18a, which makes anisotropic contribution, is negligible
compared to the isotropic second term in the regime ¢, < ¢* < /., and can
be ignored. Therefore, in this region the material parameters remain isotropic.
In this limit, the beta-functions are exactly the same as those for a thermally
fluctuating isotropic sheet [169]. Hence, in this regime, the scale dependence of

the isotropic material parameters is the same as in case of isotropic sheets:

14
RO (0t b < €< L,
Ae(l) () Ya(t) (5:21)
}/0 ) }/0 ) }/0 c(£/£th> 7£th < 14 < gel;

where the prefactor ¢ is —0.36, 0.72 and 1.0 for Ag, pg and Yg respectively [169],
n ~ 0.8 — 0.85 [169, 96, 98], and the exponents n and 7, satisfy the identity
2n+mn, = 2, which is a result of infinitesimal rotational symmetry of the system
about in-plane axes [92]. Replacing These expressions of kz(¢) and Yx(¢) in

Eq. 5.20 we get the following estimate of elastic length:

R2 nN+Nu 4*771*77u
ly = T (M) ) (5.22)
Yo

A better estimate of the thermal length scale can also be obtained from
Eq. 5.18a. The scale ¢ = ae® at which the second term is comparable to the

first (Gaussian) term of Eq. 5.18a is the system size where the anharmonicity of
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the free energy becomes important, and the length is called the thermal length
scale. Then, by simplifying the second term in Eq. 5.18a using the fact that the
material parameters are isotropic and using the expressions «/(s) = kr(s) ~ Ko
(the last equality is due to the fact that the parameters only starts to renor-
malize at the thermal length scale), Y'(s) = Yg(s)e*® ~ Ype* =~ ko(s),
s =1In(lyn/a), A = 7/a, we get [169]:

m 1673 K2

by = — = .
"7 3kpTY,

(5.23)

5.3.2 Scaling analysis for * > /(

From the discussion until now, we have seen that up to elastic length scale the
parameters remain isotropic and ngl(qd) ~ KRr(qe1)0ii0k = 0ij0kiko(ge/qm) " and
Cli(ga) = Ar(ga)0ij0r + pr(ge)(0ikdj + 0udje) = Yo(—0.360;0, + 0.72(ddj +
0i10;1))(ge1/qen)™ . Therefore, integrating out the degree of freedom on scales smaller

than /g, the free energy takes the form:

4 R
q; N(Cz kl(Qel)) ~ ~
#(gel) /A = 1 (ge) g e + J W(Q)h(~q)
’ (%é:o ( ]kl ‘ ’ RQD(CZ]kl(qel)7 q)
q<dgel
! i Vala)\ ;o (5.242)
~ Z 5 FGR(qel)q + qul h(q)h(-q)’
Zao
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R 4
Fha/A= Y L Pl @) ot @ )

5.2
ditar——q0 24 RD(C}(qe); a)
q1,92,9<qel
1 N(CE (@)~ -~
2 glaPi @]l Pl (@] D(Cé—(e)_) h(ai)h(az)h(az)h(as),
q1+92=q7#0 ijki\del); d
q3+qa=—q#0

91,42,93,94,9<el

= Y @] S g a)i(a)

d1+q2=—q#0
q1,92,9<gel

+ D YR;qel) 9155 (@)ga;1g3: P (@) gajlh(an) h(az) h(as)h(as).
q1+q2=q7#0

q3+q4=—q7#0
41,92,93,94,9<del

(5.24b)

Starting from this course-grained free energy, the harmonic approximation to the

Green'’s function is:

kT /A
(Qel)q + YR(qel)QZ

Gon(@q < qa) = (5.25)

which is aniostropic for ¢ < ¢o. Now, following the argument of [172] (section V),
the regime of wavevectors that dominates the h-fluctuations is ¢ ~ (qaq.)? ie.,

q. = qi /qa1. Therefore, for small ¢ < o1, ¢, ~ qg, < q,. This leads to a simplification

of the expression of D(Cjju;q) keeping only the lowest order terms in g,:

N(Oljkl(qel)) ~ Cﬁp(p(p(Qel>0<§z<pz(qel)0zﬂ;zz(qel) - Cﬁpzz(Qel)2C§z@z(Qel) q_;l

D(Cgkl(qel)a q) C§¢¢¢(Qel)q§wz(%l) Qé (5 26)
A )
q-
=Y (qa) =
a
In this regime, if we count the dimension of wave vector component g, as [g,] = 1,

we have to count the dimension of ¢, as [¢.] = 2 since ¢, ~ qi. This happens in

strongly anisotropic systems, see for example [173]. Then, the dimension of area A
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is [A] = —1 — 2 = —3. With these, and requiring that Gaussian part of the effective

free energy

A 0YE(ga)\ 7 5
Fe(ga) ~ Z 5 (ngl(Qel)QinQkQZ + R2q(4 ) h(q)h(—q) (5.27)
q70 ®
q<4el

dimensionless, we get the following nave dimensions:

[B(q)] - _1/27 [Bfw@@(qa)] - 07 [Bﬁpzz(qel)] = _27 [szzz(qa)] - _47 [}QE(Qel)/RZ] =0
(5.28)
Therefore, the terms B (qel)qiqfﬁ(q)ﬁ(—q), BE _ (qa)q*h(q)h(—q) are irrelevant.

ppzz

Keeping only the relevant terms then the harmonic part of the free energy is:

A quzlj(%l) T 7
Py = 3 5 (Btanit+ S5 ) h@i-a, (29)
Zaa ’

and the harmonic Green’s function can be approximated as:

kT A

R 4 4 YE(ge)gd "
sosososo<qe1)qw Zj%?qg -

G ¢ < qa) = (5.30)

To get the naive dimensions of other constants, first go back to the form of the in-
plane strain tensor and require that all the terms in the same component of strain

have the same dimension. This way we get:

gy + [0,0,] = [h/R] = [(9,h)°] = 1 = [a,] = 0,[1/R] = 3/2,
Q.. o [0.0.) = [(0.0)] = 3 = [4.] = 1, (5.31)

Uy [Opt:] = [0:1,] = [(@Zﬁ)(({?@ﬁ)] =2,

where we used @, and 1., get the dimensions of @, @, and 1/R, and checked their

consistency with ... With these dimensions, we use the free energy in Eq. 5.7 to
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find the dimensions of G/, (ga):

(C oo (@e)] = 1, [C . (a0)] = [CFLp.(qa)] = —1,[CLL.(qa)] = 3. (5.32)

This means that only terms with Csfww(qel) as coefficient are relevant. Keeping

only terms with coefficients C’f@@@(qel) in Eq. 5.7, if we integrate out the in-plane

displacements, the interacting part Fl(qe) of effective free energy is Fl(qq) = 0.

Therefore, the effective free energy:

F ~ FO NE:é BR 4 wﬁ h(— 5.33
eﬁ(Qel) ~ eff(qel) ~ 2 cpcpcpcp(qel)%p + R2q4 (q) ( q) ( . )
q7#0 ®
q<gel

R

describes a free field theory and B,

(qa) and Y (qq) do not renormalize any further

as we integrate out Fourier modes beyond ¢ < gq:

chpcp<p<q> ~ Bf(p(p(p(QGl) = KR(Qel) ~ HO(Qel/ch>_n, (534&)

YE(@) = YE(ga) = Ye(ga) = Yo(ga/qm)™ (5.34D)

Hence, the Green’s function Gpi(q;q < qa) = G%,(q;¢ < ga). However, the free

energy in Eq. 5.7 is not a free field theory because C#

2 oo(Ger) is relevant. Then we

can use the Feynman diagram in Fig. 5.3(c) to write a self consistent perturbative
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equation (see a similar analysis in [172]):

Cﬁow (q) = Cfsow (ge1)

AZ
- o q2/ dpdpzpzp —q e p)Gun(p — q
87T2/€BT( sww< )) pl<an © gp( 0 tp) hh( ) hh( )
R kBT R 2 2 2
= Copnelta) — 812 (Copep(a)) ol dp,dp: P, (Py — 4p)” X
PI<gel
1
YR < é Yzlz € z— Yz 4 ’
<B§¢¢¢(Qel)pi ZZR§+pgp) (ngogoga(qel)Q?CP - Q(p)4 + %)

(5.35)

One can extract how the integral scales with ¢, or ¢. by non dimensionalizing p,, and
p. with either g, and qfo or qi/ * and q. respectively. By doing this one can find that

—-1/2
z

the integral scales as ¢, L'~ ¢. /7. This observation tells us that the self consistent

equation can be solved by the ansatz:

Cﬁow(q) = QZ“”QWW(%/(%MZ)Z)- (5.36)

Using simple power counting, we find that
ne=1,2=1/2. (5.37)

From the form of the integral in Eq. 5.35, it is easy to see that the function (,,.,
is independent of ¢, when ¢, — 0, as well as independent of ¢, when ¢, — 0. This

means the following:

consant, T — 00

Qpppp (1) - (5.38)

x7 e, x—0
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This implies the following:

Qoy ¢ <qa < qm and g, > (qaq.)"?
CE (@) xcd 7 . (5.39)

PPpp
VT, 4 < ga < gm and g, < (gags)"?

Although the other moduli are irrelevant, we can repeat this same analysis to obtain
how they scale. We can check how these moduli scale in our simulations and therefore
better verify our theory and provide an understanding of the mechanical properties

of nanotubes. We can check for example how the shear modulus should scale:

k
CLp@) = Ol ) = 25 (@) [ (e = ) : — )
1
(BR (q 1)]? zz(Qel)pz) (BR (q )(p —q ) + YE(ge1) (Pz—g2)* )
pppp\del/ Py R2pk pppp\del )\ @ R2(pp—qp)”

(5.40)

By non dimensionalizing p, and p, with either g, and qi respectively, we find the

integral scales as g, ~ ¢»/> — 0 as ¢ — 0. This implies that CE,.(q) = CE . (qa):

Ccfzapz( ) ~ ngz(%l)> q < el < Gth- (541)

Similarly, for Cf__(q), we have the following self-consistent equation:

kT
CE ) = CFcl) = 2y (@) [ (. — 0.
1
R 4 R —o )4\
(B, poae)pt + 50820 ) (B, (qa) (py — g,)* + L5t

(5.42)
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By non dimensionalizing p, and p, with either g, and qfa respectively, we find the

3/2

integral scales as ¢3 ~ ¢;'~ — 0 as ¢ — 0. This implies that C%*__(q) = CL__(ga):

CE..(@) ~ CL,(q), ¢ < qa < gun- (5.43)

Lastly, for C

1t _.(d), we have the following self-consistent equation:

kgT
ngpzz( ) Cfgozz(qel) 8 2 /‘dpwdpz
(Copee(DPo = 0)° + Cpona(Q) (P — 4:)l[C ez (@5, + Ol (@]
(B0, 0+ ) (BE, )0 — 000"+ et

(5.44)

The integral multiplied to CE _ (q )CR (q) scales as g ! the integral multiplied to

pppp ppzz
CR ( )OR

B oo 1t .(q) scales as q,, the integral multiplied to C% _ (q)CE  (q) scales as

ppzz ppzz

¢, and the integral multiplied to C,__(q)CE__(q) scales as ¢. The only term among

ppzz 2222

: R R
these that does not vanish as g, — 0 is the term whose coefficient is C,,,(q)C,..(q).

However, as we have seen before, CF,_ (q) ~ g,. This means that self consistent

equation gives the following:

Cﬁpzz( ) ~ ngpzz(qel) + const. X Cﬁpzz(q>7 q < qel < Gth- (545)

This equation is not sufficient to find the scaling of C' SDzz(q). However, by solving

the differential equations in Eq. 5.18 numerically, we find the following scaling of

CR ()

ppzz

Gos G <qa < qmnand q, > (quq.)"?
CF_(q)x{ ’ . (5.46)

pp2z
VT 1< ga < gu and g, < (gagz)"/?
Earlier, we found that Y(q) stops renormalizing in the regime ¢ < ¢u < G-

But we know that Y., = C.... — WZZ/CWW Since CI

asx— 0 constant
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and ( WZZ)/ g ™ qi/% = q, — 0 as g, — 0, and therefore CI!

zzzz

(CF..)?/CLk,,, ~ constant which matches with our result for Y¥. Similarly,

Yoo = Coppp — Céwz /C.zz2 ~ q,. We summarize these scalings in Table 5.1.

Table 5.1: Scaling functions for fi, < o = G > qal

Scale | ¢ > gin > qal | Gin > ¢ > G Gth > Gel > ¢
Thu Um
ww/yb 1ju§ (ﬁ) (%) (Z:) Qoppp (q¢/(q61%) /2 )
N Nu
@@Zz/YO 123 (ﬁ) (%) (%) Qppze (qw/(Qequ) /2 )
T u
1 q de
wwz/YO 2(1+wo) (ﬁ) i
Yy, 1 g \™ ga \ ™
zzzz/ 0 1—1/3 Qt_h . . E
A% |1 ()" | ()" () 2 (0o 0a)™)
Yzfj/Yb 1 <qtih>nu <%>nu
AEENNE (5
QDQOQOSO qth dth

In the beginning of this section, we assumed /(. > {,. However, even if {y, > (.,
all the analysis starting from the naive dimensions in Eqgs. 5.28 and 5.31 would remain
the same in the regime ¢ > {;, > /. except the fact that we would our starting course-
grained free energy would be Fog(qq) instead of Fug(ge) in Eq. 5.24 and the material
parameters in the course-grained free energy Fog(qy) would be ngl(qth) R B?jkl =
k00ij0k and Clyy(gm) = Ciy = XodijOr + po(dikdji + 0qdse) instead of Bly(qa) and
Cgkl(qel) in Fug(qe) since the elastic moduli do not renormalize in the regime ¢ > ¢y.
We summarize these scalings in Table 5.2.

Note that the scaling exponents in the regime ¢ < min{gu, ga} hold to all orders
of perturbation theory. This is because of the following reason. Since the parame-
ters in the radial correlation function remain constant due to the irrelevance of all
anharmonic terms in the effective free enegy F.g, the scaling exponents of the in-plane

moduli are obtained using simple power counting from self-consistent equations like

Egs. 5.35 and 5.42. This remains the same to all orders in perturbation [172].
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Table 5.2: Scaling Exponents for /o < i, = o > Gin

Scale | ¢ > qol > Gin | et > ¢ > i el > Gth > ¢
1 1
<P<P<P<P/Y0 112 -2 ~ (ZZ) Qoppp (qcp/(QeIQz) /2 )
swzz/YO ﬁ?g 12_._;3 ~ (Z:) Qppze (qw/(QeIQZ) /2 )
1 1
wchz/ Yo 2(14v0) J{VO) 20 J{VO) constant
zzzz/Yb 1_,/8 1_'/8 constant
aptp/% 1 1 ~ <Z:> QYADLP (q@/(qelqz) & )
YE/Y, 1 1 constant
g@g@g@gp/’%o 1 1 constant

5.4 Comparison with molecular dynamics simula-
tions

To test our results tabulated in Tables 5.1 and 5.2, we compared with molecular
dynamics (MD) simulations. Instead of using a fully atomistic model to simulate a
nanotube, we used a convenient coarse-grained discrete model made of a triangular
lattice of point masses with nearest neighbors are connected by harmonic springs (see
Fig. 5.1(a)). Then the stretching part in the free energy in Eq. 5.3 can be modeled

by assigning the equilibrium length of the springs to be ay and a spring constant Kj:

stretch _Kb Z |Xz X]| - aO) ) (547)

where x; is the position of i** mass and the sum is over nearest neighbor point masses

i and j. The energy cost of bending in Eq. 5.3 can be modeled as [174, 103]:

Fbending = Ky Z (1 - COS(QO{B - 025))7 (548>
(a,8)

where 6,5 is the angle between two adjacent triangles o and 5 as shown in Fig. 5.1(a)
and 6° o 18 the value of this angle at minimum bending energy configuration. Note

that 67 depends on the curvature of the nanotube and fineness of the discretization.

221



The parameters K, and K, are related to the continuum material parameters as

follows [174]:
K. (5.49)

The simulations were done with LAMMPS package [175, 176]. As will be discussed
later, the simulations were done in isobaric-isothermal (NPT) or canonical (NVT)
ensemble. Temperature and pressure were controlled using Nosé-Hoover type ther-
mostat and barostat [177]. The parameters Ky, K3, T, the aspect ration L/(27R)
and number point masses were varied to probe different scaling regimes. The time

steps were chosen to be one tenth of the smallest of the characteristic time scales of

[ m [m [ m
_ =, =7, = — 5.50
T =a k’BT’Tb Kb,Td Qo K, ( )

where m is the mass of each point mass, and 7 is characteristic time a point mass

the system:

takes to cover one atomic length at thermal velocity, 7, is characteristic time of the
spring-mass system, 7, is characteristic time of the dihedral bond-mass system. A
simulation generally ran for approximately 1.6x10% — 10° time steps. For each simula-
tion, the equilibration was checked using autocorrelation time of different parameters
such as radial fluctuations, length of the shell, etc.

First, simulations were done with periodic boundary condition along the axial
direction and the simulation box was allowed to change its size in the axial direc-
tion maintaining zero pressure condition so that the cylindrical shell could fluctuate
freely. From these simulations, the radial displacements were calculated. The Fourier
transform of the correlation function (|h(q,,q. = 0)|?) and (|h(q, = 0,¢.)|?) of radial
displacement are plotted in Fig. 5.4. Fig. 5.4(a) shows the collapse around gg,. The
dotted lines for (|A(qy,q. = 0)[?) and (|h(q, = 0,¢.)|?) coincide with each other in

the region ¢ > g for each parameter set. This is because in this regime the effect of
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anisotropic curvature is negligible in this regime. Furthermore, in this regime, we see
that the correlation function goes as ~ ¢~* when ¢ > ¢, and ~ ¢732 when ¢ < g.
This is because in the former case the effect of the anharmonic terms are not important
and the system is in the harmonic regime, whereas in the latter case the anharmonic
terms are important and since ¢ > ¢, we see the exponent —4 +n = —3.2. However,
in the regime g < ¢, they diverge from each other. To understand this regime better,
scaling collapse around ¢, is done in Fig. 5.4(b) keeping go < gy for all simulations.
Again, for ¢ > qa, (|h(qp,q. = 0)]?) and (|h(q, = 0,¢.)|?) coincide with each other
and scale as ~ ¢~3? because here gq < q < qu. However, for ¢ < qo < g, We see
new scaling laws. In the ¢ direction the correlation function scales as ~ g, 4 whereas

/

. o . . —1/2 .
in the z direction the correlation function scales as ~ ¢, /°. These observations can

be justified using the Green’s function in Eq. 5.11 and Table 5.1 in the following way:

_ kgT/A  kgT/A N kT /A
Bﬁw(q)qé HR(CI)Qé Ho(%l/%)‘"@é

(17 (gp, q- = 0 for ¢, < a1 < Gin,

(5.51a)
~ k’BT/A kBT/A
<‘h(q¢ =0, qz)‘2> = YR ~
n oy Y@ YE(q) R
PL. (o)t +T/*”§2 w(a)/ (5.51)
B

~ fO P < A < .
Y()(Qel/%h)”“(qz/qel)l/Q/R2 rq el < Gth

In total, both panels of Fig. 5.4 can be understood using the following equations:

(
kpT/A
B{;, Gl < Gth < Gy

Kogs

- kpT/A
(P a: = 0)*) = g~ Q —LELA g <qm  (5:52)

" BE__(q)gh ) Rolae/am) et

kpT/A
[ r0(ge1/qen) a3’

qp < Gel < Gth
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Figure 5.4: Scaling collapse for radial displacement correlation function (|h(q)|?) for
molecular dynamics simulations with zero pressure condition in the axial direction.
(a) Correlation function (|h(g,,q. = 0)[?) and (|h(g, = 0,¢.)|?) collapsed around
¢ plotted in dots. For a single parameter set, the same color was used to plot
the correlation function in both ¢ and z direction. The dotted lines of different
colors correspond to different parameter sets. The vertical dashed lines of different
colors show ¢e /g corresponding to the dotted curves of same color. The red and
green slanted dashed lines are (q,/qm)>? and (g,/qmn) ~* respectively. (b) Correlation
functions (|2 (qy,,q. = 0)?) and (|h(g, = 0,¢.)|?) collapsed around g plotted in dots.
For a single parameter set, the same color was used to plot the correlation function
in both ¢ and z direction. The vertical dashed lines of different colors show ¢ /e
corresponding to the dotted curves of same color. The red, blue and green slanted
dashed lines are (¢./qm) "%, (¢,/qm) "% and (¢/qu)~>? respectively. In both panels,
the curling up of the tails of the simulation curves corresponds to wave vectors close
to the edge of the first Brillouin zone.

kpT/A
]{JBT/A N mf(ngg’ el < Gz

.
BR_(q)g! + 22l

(1hge = 0,¢:)]%) =

kpT/A
Y (q)/R2’ 4z < gel

;

kgT/A
sT/A Gel < Qtn < Q2

Kogd

(5.52b)

kpT/A
ko(qz/qe1) ~Mq3?

Q

el < Gz < Gth -

kpT/A
( Yo(e1/aen) ™ (qz/ge1) /2 /R?? Gz < el < Gth
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This confirms the nontrivial scaling of Y., in the regime ¢ < go < g as we predicted
in Section 5.3.2.

To probe the Young’s modulus Y, in the axial direction, we performed simulations
changing the length of the box in steps and at each step letting the shell equilibrate
under thermal fluctuation. This ensemble is canonical (NVT) since we fixed the
volume of the system at each step. Then, at each value of box length we recorded
the pressure on the box in the axial direction. From that, we extracted the normal
stress in the axial direction o,. (to get the stress from the pressure, we multiply
the pressure with the area of the wall and divide by the perimeter of the nanotube)
and plotted the average value of that as function of strain (defined as the relative
change of length from the size of the box at the minimum energy configuration) for
different values of temperature 7" in Fig. 5.5(a). Note that in the figure, the strain
at which the average stress is zero is different for different temperatures. This is
because under thermal fluctuation, the shell shrinks (see Eq. 5.8b) in equilibrium (at
zero external stress condition on the average). More importantly, we notice that the
slope of the stress vs. strain curves change with temperature. The slope of the stress
vs. strain curve at zero stress is defined as the Young’s modulus Y., in the axial
direction. We plotted the normalized Young’s modulus Y., /Yy, extracted this way, as
function of (¢ /¢y, in Fig. 5.5(b) for two different parameter sets. The Young’s moduli
for these two parameter sets decrease with increasing system size meaning that they
renormalize with increasing system size, but only collapse on top of each other when
the horizontal axis is £ /g, in fig. 5.5(b). This implies that Y,, stops renormalize at
the elastic length scale £ confirming Eq. 5.34b. Furthermore, from Fig. 5.5(b), we
see that the Y7 scales as ~ (£o/lin) """ = (Lo /lin) ™™ confirming the scaling law in

the regime fy, < £ < lg).
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Figure 5.5: Simulation results from NVT simulations fixing the length of the cylin-
drical shell. (a) Stress vs. strain curves for a fixed parameter set v = 2 x 109,
L/2rR = 2, 2rR/ay = 48 at different temperatures (the colorbar shows kp/kg). The
vertical axis of the plot is |o,.|/c?, where 0¥ = 24/Yyko/R is the critical buckling load
for classical cylindrical shell [178]. The maximum of the curve at each temperature is
the critical buckling load for molecular dynamics, which is smaller than the classical
buckling load ¢? because of the discrete nature and corresponding non-ideality of our
model. (b) Young’s modulus extracted from the slope of the strain vs. strain curves
(example shown in (a)) at zero stress plotted as a function of £ /¢y,. The black dots
correspond to the parameter set v = YoR?/ko = 1 x 10°, L/27R =1, 2nR/ay = 48,
L/ly =~ 35. The blue dots correspond to the parameter set v = Yy R?/kg = 2 x 106,
L/27R =2, 2rR/ag = 48, L/l ~ 126. The black dashed line shows ({q /i) %37,

5.5 Conclusion

We have studied mechanical properties of thermally fluctuating nanotubes. We have
shown that the presence of length scales ¢y, and /¢ gives different scaling regimes.
In particular, at scales larger than both /¢, and £, we find that the stiffness moduli
become anisotropic. Moreover, in this regime, we obtain new scaling exponents for
the elastic moduli. For ¢, < ¢, and scales between these two lengths, however, we
recover the same scaling exponents as in isotropic flat solid membranes.

One immediate extension of this work can be to study the effect of thermal fluctu-
ations on the critical axial buckling load. We see from Fig. 5.5(a), the critical buckling
load initially reduces with increasing temperature (see the bluer curves), but starts

increasing (see the greener curves) as the with temperature at higher temperatures.
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We anticipate that the initial dip is due to thermal activation of energy barrier crossing
to the buckled state, but the later increase is due to renormalization of elastic moduli.

However, deeper investigation is required for better understanding.
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Chapter 6

Conclusion and outlook

Mechanics problems such as designing metamaterials for novel applications, under-
standing the mechanics of biological membranes and tissues, designing micro-scale
origami and kirigami structures for self-foldable micro-robots are hard and requires
multidisciplinary expertise. To that end, in this thesis, we focused on using concepts
and techniques from physics and combining them to existing theories in mechanics to
better understand problems ranging from static boundary value problems to dynam-
ical wave propagation problems to thermal fluctuations of thin shells. In the following

we summarize each of these and discuss possible extensions.

6.1 Elastic multipole method: towards more
complicated geometries

We used concept of induction and method of multipole expansion from electrostatics
to develop an elastic multipole method to describe deformations of infinite elastic
systems with circular holes and inclusions. This method is not only intuitive, but
also gives quantitatively accurate results. We demonstrated that error in the results

obtained with this method decreases exponentially with increasing highest order of
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multipole considered. The agreement between our method and finite element simu-
lations and experiments are also very good. To extend this method to finite elastic
systems with boundaries, we used the concept of image charges from electrostatics.
We demonstrated how images of the elastic multipoles can be obtained for several
different boundary conditions such as flat traction free edge, flat rigid edge, circular
traction free edge, circular rigid edge and circular edge with allowed slippage. Results
obtained with our method are in good agreement with finite element simulations and
experiments.

The elastic multipole method can also be straightforwardly extended to include
defects inside elastic materials by adding their contributions to the Airy stress func-
tions (see Sec. 2.1). Note, however, that the linear elasticity breaks down in the
vicinity of defects, where the displacement fields are singular (see Table 2.2). This
can be remedied via strain gradient elasticity [179, 180, 181]. The elastic multi-
pole method can in principle also be generalized to describe deformations of curved
thin shells with inclusions. The local force balance can still be satisfied by repre-
senting stresses in terms of the Airy stress function [123]. However, in order to find
the Airy stress functions for the monopoles and higher order multipoles, one also
needs to include the bending moment balance equation and appropriately modify
the compatibility conditions by taking into account the Gaussian curvature of the
shell [182, 183, 184].

While the elastic multipole method presented here focused only on linear deforma-
tion, similar concepts can also be useful for describing the post-buckling deformation
of mechanical metamaterials. Previously, it was demonstrated that the buckled
patterns of structures with periodic arrays of holes [128, 185, 27, 186], square
frames [187, 188] and kirigami slits [187] can be qualitatively described with inter-
acting quadrupoles. Furthermore, the approach with elastic quadrupoles has recently

been extended to the nonlinear regime of compressed structures with periodic arrays
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of holes, which can estimate the initial linear deformation, the critical buckling load,
as well as the buckling mode [127]. The accuracy of these results could be further
improved by expanding the induced fields to higher-order multipoles. Thus, the
elastic multipole method has the potential to significantly advance our understanding
of deformation patterns in structures with holes and inclusions.

The analysis for elastic disks in Section 3.2.4 could be directly extended to the
analysis for linear deformation of an elastic annulus with circular holes and inclusion
by constructing an infinite set of image multipoles similarly as was done for the
elastic strip in Section 3.2.2. For structures with other geometries, the first step
is to identify the Airy stress function for the image of disclination, which is directly
related to the Green’s function for biharmonic equation (see Section 3.1). The Green’s
function for a rectangular geometry can be obtained with a Fourier series [1]. The
Green’s function for an infinite elastic wedge with traction-free boundary conditions
was previously obtained by Gregory in Ref. [189]. Interestingly, for a sufficiently small
wedge angle the Airy stress functions exhibit an infinite number of oscillations near
the wedge tip [190, 191, 192, 189]. Once the Airy stress functions for the images of
disclinations are found, then the Airy stress functions for images of all other multipoles
can be obtained by following the procedure outlined in Section 3.1. These results
could then be used to analyze deformations of structures with holes and inclusions,
where external load induces elastic multipoles at the center of holes and inclusions,
which further induce image multipoles to satisfy boundary conditions at the outer
boundaries of these structures. The amplitudes of induced multipoles can then be
obtained from the continuity of tractions and displacements at the boundary of each

hole as described in Section 3.2.1.
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6.2 Symmetry characters of elastic wave eigen-
modes: designing topological metamaterials

Using representation theory we analyzed anti-plane shear wave bands corresponding
to periodic elastic media with different space group symmetry. In particular, we
showed how to find the irreducible representation (irrep) labels at different high
symmetry points in the Brillouin zone. We showed using examples that when there
are multidimensional irreps, there can be degeneracies at that point. Moreover, we
gave examples to show when the some of the symmetries are broken the multidimen-
sional irreps can break into single dimensional irreps, and when that happens the
degeneracies are lifted and directional band gap open up.

Representation labels of bands at high symmetry points in the Brillouin zone
have been shown to be a very good indicator of if the band is topological [161,
162, 163, 193, 194]. Not long ago, using the fact that the space group p6mm has
two independent 2-dimensional irreps at the I' point of its Brillouin zone, Wu and
Hu [195] engineered a photonic structure, which behave like spin-1/2 Z, topological
insulator even though photonic system are spin-1 systems. They showed that this
structure can support helical edge states where edge states with opposite angular
momenta travel in opposite one way direction without being scattered. Although
there was debate if these edge modes are stable [196], this discovery has led to several
similar works in the field of phononics [197, 198, 199]. However, not much have
been explored in the realm of the newly discovered topological phases such as fragile
topology [193, 200], higher-order topology [201, 202] where instead of stable edge
modes, one finds corner and hinge modes. One way to detect these topological bands
is through symmetry labels [193, 194]. For example, consider the bands 2 and 3 in
Figs. 6.1(a) and (b) of periodic elastic systems with space group symmetry p6mm.

The symmetry labels for the anti-plane shear wave bands are I'g + M3 + My + K3

231



(a)  wa

277'60
1.4
YIS
' 1.2- ‘ Bands 2 — 3
T 3 z
M %O{HI -'.."..'
0.6 4 - g teet et
[}
\ | S
0.4  —
0.2 -7 !
r M r
0.0 T
T M K T
(b) i 41 —1 i 1
max(3) -_— e Bands 2 — 3 .
wa % '-.. _.'.
27cy § T o
a0 s
1.4 . R
g .
‘hl.z- m ..- '-.
1’4&- . g
v —T
.' 0.6 Mk P ﬂ'. Bands 1 —3 .
4 .."Ilillili.'-..
0.4+ ‘ §
g
o
0.2- QOE===================={
2
0.0 | | 3l
I M K T M ev0seccnocee,,
77"'. T :
r M r

Figure 6.1: Fragile topology of anti-plane shear wave bands in elastic systems with
space group symmetry p6mm. (a) Trivial system, (b) fragile topological system. In
both panels the band structures along with the eigenfunctions (real parts) and their
symmetry irrep labels are shown on the left. The unit cells are shown inset with
the elastic matrix (shear modulus pg, density pg) shown in dark grey and the holes
shown in white. The radius R to lattice spacing a ratio are R/a = 0.26 for (a) and
R/a = 0.17 for (b). The eigenfrequencies on the y-axis of the band structures are
normalized by 2mcy/a, where ¢g = +/po/po is the velocity of shear wave inside the
elastic matrix. On the right, the flow of non-Abelian Berry phases along a reciprocal
lattice vector are shown for bands 2 + 3 for (a), and 2+ 3 and 1+ 2 + 3 for (b).

in Fig. 6.1(a) whereas are I's + M3 + My + K3 in Fig. 6.1(b) (see [203] for the irrep

labels of little groups at high symmetry points of the Brillouin zone of space group
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Figure 6.2: Corner modes at the boundary of fragile topological systems. (a) shows
the 6-fold rotational symmetric super-cell made with the fragile topological system of
Fig. 6.1(b) inside trivial system of Fig. 6.1(a). (b) shows frequencies of the 6 corner
modes in red and bulk/edge modes in blue. (c¢) eigenfunctions of the corner modes.
The 6 identical corner modes at the 6 corners of inner system couple together to
break into irreps As corresponding to mode 1, E; corresponding to modes 2A and
2B, E, corresponding to modes 3A and 3B, and B; corresponding to mode 4 of point
group Cy, (see the character table of Cg, Table C.3). Since, 2A and 2B correspond
to 2-dimensional irrep F1, they have the same eigenfrequency. Similarly, 34 and 3B
have the same eigenfrequency because they correspond to 2-dimensional irrep Ej.

pbmm). From the supplementary material of article [193], we find that a set of band
with symmetry labels I's + M35 + M, + K3 must be fragile topological and we find
that a set of band with symmetry labels I'e + M3 + My + K3 is trivial. The non-
Abelian Berry phases [204, 205] for bands 2 + 3 show winding in case of Fig. 6.1(b)

and no winding in Fig. 6.1(a) showing nontrivial topology in the former case and

trivial topology in the latter case. However, non-Abelian Berry phases for bands
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1+ 2+ 3 of Fig. 6.1(b) shows no winding, meaning that the topology of bands 2 + 3
in Fig. 6.1(b) is fragile. This confirms the prediction just by looking at the symmetry
representation labels at the high symmetry points. In Fig. 6.2, we see that when
a boundary is created between the fragile topological system (Fig. 6.1(b)) and the
trivial system (Fig. 6.1(a)), eigenmodes localized to corners show up in the common
bandgap region wa/(2mcy) = 0.95 — 1.04 of the two systems.

We hope that our work enables researchers in the field of mechanics and elasticity
to use representation theory to design and detect topological phases in phononics and

use them in novel applications.

6.3 Thermalized nanotubes: under external load,
at extreme limits of aspect ratios, and multi-
walled structures

Using renormalization group from statistical field theory we analyzed scale dependent
renormalization of elastic moduli of thermalized nanotubes. Beyond elastic length
which is approximately the geometric mean of radius and effective thickness of the
shell, we found new scaling laws due to presence of the curvature. In particular,
the in-plane elastic moduli become anisotropic with Young’s modulus in the axial
direction becoming a constant whereas Young’s modulus in the azimuthal direction
renormalizing with a new scaling exponent. We confirmed this results with molecular
dynamics simulations. We also found evidence from molecular dynamics that axial
critical buckling load changes nontrivially with changing temperature.

In the future, it will be interesting to study (theoretically and using simulations)
the response of thermalized nanotubes under axial load, axisymmetric pressure and

torsion. In the classical theory of shells, in each of these cases interesting buckling
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instabilities occur. It would be fascinating to investigating thermal fluctuations affect
these instabilities

The theory presented in Chapter 5 is limited to shells with length L to circum-
ference 27 R ratio of order 1. However, shells with L > 27R or L. < 27 R may also
be importance. In both cases, one can, in principle, integrate out the Fourier modes
in the shorter direction and study the effectively 1-dimensional system. In the case
L > 27 R, we expect the shell to behave like a polymer chain [206] and do random
walk when the length is larger than its persistence length. In the case L < 27 R, we
expect the shell to behave like an elastic ring which also does random walk beyond
a persistence length [207] and can show interesting instabilities under axisymmetric
pressure [208].

While the results presented in Chapter 5 are for single-walled nanotubes, similar
studies can also be done with multi-walled nanotubes. Whereas a realistic model with
van der Waals interactions between layers may be too difficult for analytical methods,
a phenomenological elasticity-like model as described in [209] adapted for cylindrical

shells may be more amenable to analytical studies.
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Appendix A

Details of linear finite element

simulations in Chapter 2

Linear analyses in finite element simulations were performed with the commercial
software Ansys® Mechanical, Release 17.2. Geometric models of plates with holes and
inclusions were discretized with 2D eight-node, quadratic elements of type PLANE183
set to the plane stress state option. The material for plates and inclusions was modeled
as a linear isotropic elastic material. To minimize the effect of boundaries for the
comparison with the elastic multipole method, which considers an infinite domain,
we chose a sufficiently large square-shaped domain of size L = 400d, where d is
the diameter of inclusions. To ensure high accuracy, we used a fine mesh with 360
quadratic elements evenly spaced around the circumference of each inclusion. To
keep the total number of elements at a manageable number, the size of the elements
increased at a rate of 2% per element, when moving away from inclusions, up to
the largest elements at the domain boundaries with an edge length of L/200. To
prevent rigid body motions of the whole structure, we fixed the following 3 degrees of
freedom: the displacement vector at the center of the square domain was specified to

be zero (u;(0,0) = 0, u,(0,0) = 0); the midpoint of the left edge of the square domain
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was constrained to move only in the z-direction (u,(—L/2,0) = 0). For consistency
with finite element simulations, we imposed the same set of constraints (u,(0,0) = 0,
uy(0,0) =0, u,(—L/2,0) = 0) for the elastic multipole method. This was done in two
steps. After obtaining the displacement field (uj™" (z,y), uy™" (z,y)) with the elastic

multipole method, we first subtracted the displacement (u:™"(0,0),u;™"(0,0)) a

each point
W (2 y) = w2, y) — WSMP(0,0), (A.la)
u M (@ y) = ™ (w,y) — uMP(0,0), (A.1b)
to ensure that the center of the square domain is fixed (2" (0,0) = o/ EMP(O, 0) =

0). For this updated displacement field, the coordinates of points in the deformed

/EMP( /EMP(

configuration are 2'(x,y) = x +u z,y) and ¢/ (z,y) = y+u x,y). To impose
the last constraint (u,(—L/2,0) = 0), this new deformed configuration was then
rotated anticlockwise by the angle 6 = tan_l(u’EMP( L/2,0)/[L/2—u"M(=L/2,0)])

around the origin of the coordinate system as

2" (z,y) = 2 (z,y) cos b — ¢/ (z,y)sinf =z + "> (2,y), (A.2a)
Y (z,y) =2 (z,y)sinb + ¢/ (z,y) cos§ = y + u”EMP(x, Y). (A.2Db)
The set of displacement fields w2 (z, y) and u”, EMP (2, 9/) was then used for compar-

ison with finite element simulations.

237



Appendix B

Additional details of linear finite
element simulations and

experiments in Chapter 3

B.1 Linear finite element simulations

Linear analyses in finite element simulations were performed with the commercial soft-
ware Ansys® Mechanical Release 17.2. Geometric models of 2D plates with holes and
inclusions were discretized with 2D eight-node, quadratic elements of type PLANE183
set to the plane stress option. The material for plates and inclusions was modeled as
a linear isotropic elastic material. To ensure high accuracy, we used a fine mesh with
360 quadratic elements evenly spaced around the circumference of each hole and each
inclusion, and elements of similar sizes were also used inside the inclusions. To keep
the number of elements at a manageable level, the size of elements was allowed to
increase at a rate of approximately 2% per element, when moving away from inclu-

sions.
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For the simulation of a single hole with radius R embedded in a compressed plate
near a traction-free edge in Fig. 3.4, we used a sufficiently large rectangular domain
of size L x w with length L = 800R and width w = 400R to minimize the effect of
boundaries far away from the hole. Along the left and right boundaries, we prescribed
tractions o,,(£L/2,y) = 0% and o0,,(£L/2,y) = 0, and along the top and bottom
boundaries, we prescribed tractions o, (z, fw/2) = oy, (z, £w/2) = 0. To prevent
rigid body motions of the structure, the midpoints of the left and right edges of
the domain were constrained to move only in the z-direction (u,(+L/2,0) = 0),
while the midpoint of the bottom edge of the domain was fixed in the z-direction
(uz (0, —w/2) = 0).

For comparison with the experiment of the sample with one hole near a
traction-free edge in Fig. 3.6 we simulated a plate of length L = 100 mm and
width w = 100 mm. To mimic experimental conditions, the plate was compressed
by prescribing a uniform horizontal displacement on the left and right surfaces
(ug(£L/2,y) = £L/2c=F), while allowing the nodes on these surfaces to move
freely in the y-direction (o,,(£L/2,y) = 0). The top and bottom boundaries were
traction-free (0., (z, +w/2) = 0,y (x, £w/2) = 0). The midpoints of the left and right
edges were again constrained (u,(+L/2,0) = 0) to prevent rigid body translation in
the y-direction.

For the simulation of elastic strips of length L = 100 mm and width w in
Figs. 3.8 and 3.10 we used a uniform external pressure load at the two ends of
the strip (04.(£L/2,y) = 0, 0,,(+£L/2,y) = 0), while the other boundaries were
traction-free (o,,(z, tw/2) = oy, (z,+w/2) = 0). To prevent rigid body motions
of the strip we restricted 3 degrees of freedom (u,(0, —w/2) = 0, u,(0, —w/2) = 0,
u. (0, +w/2) = 0).

For the simulation of a single hole with radius R located near a straight rigid edge

in Fig. 3.12, we used a domain of length L = 800R and width w = 400R. Points on
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the top boundary of the domain were fixed (u,(z,+w/2) = u,(z,+w/2) = 0) and
the sample was compressed by applying uniform displacement in the y-direction on
the bottom boundary of the plate (u,(z, —w/2) = we5’, 04y (2, —w/2) = 0). Points
on the left and right boundaries were constrained to move only in the y-direction
(uz(£L/2,y) = 0 and 0,,(£L/2,y) = 0).

For the simulations of elastic disks with radius R in Figs. 3.14 and 3.16 we

considered three different boundary conditions: hydrostatic (ogn,,(r = R, ) = o

rr o9

out ext out

oot ro(T = R, 0) = 0), no-slip (ugyt,.(r = R, @) = ui, udy (r = R, p) = 0), and slip
(uget(r = R, ) = u™, o, (r = R,p) = 0). To prevent the rigid-body motions
of elastic discs with holes, we fixed 3 degrees of freedom for the hydrostatic load
(uz(x = 0,y = 0) = uy(x = 0,y = 0) = u,(z = 0,y = R) = 0) and 1 degree of
freedom for the slip boundary condition (u,(x = 0,y = R) = 0). No additional

constraints were needed for the no-slip boundary condition.

B.2 Experimental Methods

Experimental samples were prepared by casting Elite Double 32 (Zhermack) elas-
tomers with a measured Young’s modulus Ey = 0.97 MPa and assumed Poisson’s
ratio v = 0.49 [28]. Molds were fabricated from 5 mm thick acrylic plates with laser
cut circular holes, which were then filled with acrylic cylinders in the assembled molds
to create cylindrical holes in elastomer samples. Approximately 30 min after casting,
molds were disassembled and solid samples were placed in a convection oven at 40 °C
for 12 hours for further curing. The cylindrical inclusions made from acrylic (Young’s
modulus F = 2.9 GPa, Poisson’s ratio v = 0.37 [130]) were inserted into the holes in
elastomer samples and glued by a cyanoacrylate adhesive where required.

We designed a custom testing system for extracting the contours of deformed

holes and inclusions in compressed experimental samples. The system comprises a
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compressive test!
. - —' :, __:.l

Figure B.1: Experimental systems for displacement controlled (a) tensile and (b)
compressive tests for thin strips with holes and inclusions. The mechanism sits on a
scanning device, which is used to extract the contours of deformed holes and inclu-
sions. The two ends of the strip were glued to the aluminum plates (see the zoomed-in
photo in (a)) to prevent bending due to the asymmetric position of holes/inclusion
for both tensile and compressive loading. F-clamps were used to apply the tensile
load to the elastic strip in (a). A 3D printed plastic wrench was used to precisely
control the screw turns to achieve the desired compression in (b).
custom-made loading mechanism and a flatbed photo scanner (see Fig. B.1). For the
experiment in Section 3.2.1, the sample was placed between aluminum plates and
silicone oil was applied to reduce friction. Compressive displacement loading was
applied incrementally in 1/3 mm steps via 120° turns of the M10x1 screw (metric
thread with 10 mm diameter and 1 mm pitch) in the mechanism controlled by a
3D printed plastic wrench (see Fig. B.1b). For the experiments with elastic strips
in Section 3.2.2, samples were glued to aluminum plates to prevent bending due to
the asymmetric position of holes/inclusions (see Fig. B.1a). Compressive loading was
applied as described above. For the tensile displacement loading, we again turned the
M10x1 screw in increments of 1/3 mm. The outward movement of the screw created
a gap between the screw and the wooden block, which was then closed by applying
compression with F-style clamps (see Fig. B.1a).

The loading mechanism was placed on an Epson V550 photo scanner to scan the

surface of deformed samples and silicone oil was applied between the sample and the

glass surface of the scanner to reduce friction between them. Scanned images were

post-processed with the Corel PHOTO-PAINT X8 and Image Processing Toolbox in
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MATLAB 2018b. First, the dust particles and air-bubbles trapped in a thin silicone oil
film were digitally removed from scanned images. Scanned grayscale images were then
converted to black and white binary images from which the contours were extracted
with MATLAB. Note that when samples were mounted in the loading mechanism they
could be slightly compressed even before we start turning the screw to apply additional
loads. To identify the value of this offset, we fitted contours of holes/inclusions/edges
for each sample in experiments to those obtained with finite elements at a specific
wrench position (usually, at the third increment, i.e. ~ 1.0 mm displacement). This
offset was then used when we compared experiments to the multipole method and
simulations at a different value of the applied load.

We designed another testing system for capturing the displacement and strain
fields in compressed samples via digital image correlation (DIC) technique (see Fig. 9b
in Ref. [49]). Black and white speckle patterns were sprayed onto the surface of
samples with slow-drying acrylic paint to prevent the pattern from hardening too
quickly, which could lead to delamination under applied compressive loads. Using a
Zwick Z050 universal material testing machine, we applied a compressive displacement
in 0.2 mm increments, where again a silicone oil was applied between the steel plates
and the elastomer samples to prevent sticking and to reduce friction. A Nikon D5600
photo camera was used at each step to take a snapshot of the compressed sample.
These photos were then used to calculate the displacements and strains fields via

Ncorr, an open-source 2D DIC MATLAB based software. [131]
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Appendix C

Additional definitions, theorems

and results required for Chapter 4

C.1 Definitions and results from group theory

This section is based on books such as [67, 68, 70].

A group is a set G with a binary operation, called product, such that (i) product
of any two elements A, B € G their product AB is also in G, (ii) the product is
associative, i.e., for any three elements A, B,C € G, A(BC) = (AB)C, (iii) there
exists a unique identity F € G such that for any element A € G, AE = FA = A, (iv)
for any element A € G, there exists a unique element A=! € E, called the inverse of
A, such that AA™' = A'A=F.

It is clear from the above definition that all that is needed to define a group is
to write down the multiplication table. An example of such a group multiplication
table is given in Table C.1. This group is called the Cg, group. The name represent
a crystallographic group and comes from the action of the group on Euclidean space.
The nomenclature of crystallographic groups will be discussed in the next section.

The number of elements in a group G is called the order of the group |G|. The Cg,
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group is of order 12. A little inspection shows that all the elements of this group
as well as the whole multiplication table can be obtained from the relations that
P} = E, P = E and PsP, = P P;. The other can be generated from P; and Ps in
the following manner: P, = P2, Py = P}, Py = P}, Ps = P}, P, = P\ Ps, Py = P? D%,
Py = P3Ps, P = PP and P;; = PPPs. In this case, P, and Ps are called the
generators of the group, and the three above mentioned relations are called defining

relations. One can check that for the C, group, the product is not commutative,

Table C.1: Multiplication table of the Cg, group

PP P P P P P PR PRy Py Py
P PR P P P P P KR R Py Pn
PP B P P P FE PP K PR Py Pn F
PP P P B E P K P Py Pun B P
PP P, B E P P P Py Pu B P R
PP B E P P P3 Po Pun P P PR Py
PP E P PR P P Pn P PP PR R Py
P |\ P Pn Po Py B P E P P P P P
PP B Pn P Py B3 P FE P P Py P
K|k P F Pn Po o Pb PP E P P B
Py |\ Py P P B Pu Po P33 P P E P Py
Po|Pow P B P P Pn P P35 P P E B
Py Py Py Py B P B P P, P53 P P FE

e.g. PLPs # PsP,. In general, the product is not commutative. However, if for all
A, B € G, AB = BA, G is called an Abelian group. An example of Abelian group is
the set of integers Z with the binary operation being addition. The identity is 0 and
inverse of any element a € Z is —a.

In a finite group G, when any element A € G is multiplied enough number of
times to itself, the identity element E should be obtained because otherwise the
group cannot be finite. For any element A in a finite group G, the smallest positive
integer n for which A" = E is called order of element A. In the case of the Cj,
group (Tab. C.1), it can be seen that the order of each element is 6, except E and

Ps, which have order 1 and 2 respectively. If a subset G of a group G itself forms a
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group, the subset G is called subgroup of G. The subgroups of the (g, group are: (i)
the group itself, (ii) Cs = {E, P1, P», P, Py, Ps}, (iii) Cs,(1) = {E, P3, Py, Ps, Py, P10},
(iv) C3,(2) ={E, Py, Py, P17, Py, P11}, (v) Co, = {E, P, Bs, Py}, (vi) C5 = {E, P, P},
(vii) Cy = {E, P3}, (viii) C4(1) = {FE, B} (or {E, Fs} or {E, Pio}), (ix) Cs(2) =
{E,P;} (or {E, Py} or {E,P;}) and (x) {E}. Clearly, for any group, the subset
containing only the identity element and the group itself are subgroups of the group.
These are called improper subgroups, the other subgroups of a group are called proper
subgroups. The Cg, group has 8 proper subgroups. It is interesting to note that in
each of the subgroups (ii), (vi), (vii), (viii) and (ix), there is one element (P;, P», P,
Ps and Py, respectively) whose powers generate all other terms in that subgroup. For
example, in subgroup (ii), P» = P?, Py = P}, Py = P}, Ps = P} and E = PJ. Such
a set of elements {E, A, ..., A" '} where A € G and n is order of the element A, is
called the period of A. Note that the period of any element A € GG form an Abelian
subgroup of G.

Two elements A and B of a group G are called conjugate of each other if there
exists another element C' € G such that A = CBC~!. For example, in the Cg, group
P, and Ps are conjugate of each other because P5 = P6P1P6_1. Let two elements A
and B of a group G are conjugate of each other, i.e.; there exists X; € G such that
A= X;BX;". Moreover, B and C (€ G) are also conjugate of each other, i.e., there
exists Xy € GG such that B = X2CX§1. Then, A = XlBXf1 = )('1XQC’X2’1X1’1 =
(X1X3)C(X1X5)~!. This implies that A and C are also conjugate of each other since
X7 X, is also an element of G. This means that conjugacy is a transitive relation.
A conjugacy class is the set of all elements that can be obtained from one element
of the group by conjugation. Then, due to transitivity of conjugacy, all elements of
the same class are conjugate of each other and elements from different classes cannot
be conjugate of one another. Moreover, the set containing only the identity element

is a class for any Group. In the example of Cy, group, the conjugacy classes are
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Ci={E},Co={R},C3={P, P} (Ps = PsP,P;'),Cy = {P, P} (P, = PsP,P; %),
Cs = {Ps, P, P} (Ps = PIPsP[" and Py = PsPsP;') and Cs = {P;, Py, P;1}
(Py = PLP;P[ " and P, = PsP;P;'). An interesting property of the elements of a
class is that they all have the same order. It is worth noting that in an Abelian group,
each element is in a conjugacy class by itself, i.e., the number of conjugacy classes is
equal to the number of elements in an Abelian group.

If G4 is a subgroup of group G, for any element A € G, the subset G A is
called right coset of G, where G4A consists of the elements of Gy multiplied by A
from the right. Similarly, one can multiply A from the left and get a subset AG,,
which is called left coset of Gs. Note that a coset (left or right) is in general not
a subgroup. Some important properties of the right cosets are listed below. (i)
If B is an element of G,A, G,B = G,A. This is because B can be written as
B = XA for some element X € G5. Then, for any element CA € G,A (C € Gy),
CA=CX"1XA=CX'B implying GsA C G,B since CX~! € G,. Also, for any
element CB € G,B (C € G,), CB = CXX'B = CXA implying G,B C G,A
since CX € G,. Together, they imply G,B = G,A. (ii) All cosets of G4zA have
same number of elements as G,. (iii) Any element A of G is in some coset of
Ggs. The proof is simple. Since the identity F € G5, A = EA € G A. (iv)
Any two right cosets of a subgroup G, are either equal or they have no element
in common. We prove this by contradiction. Let there be two cosets GyB and G,A
with 0 < |GsB N GsA| < |G| (recall that for a group G, |G| is the order of G or the
number of elements in the group). Let C' be an element of GsB N GgA. Then it can
be written as C' = X;A = Xy B for some elements X;, Xo € G5. Then any element
P € G,A can be written as P = (PA™)A = (PAT'X; ) X1A = (PAT' X, ) X,B =
(PA7'X;'X,)B € G,B since by definition PA™!, PA7'X[ ! PA7'X['X, € G,.
This implies G,A C G4B. Also any element () € G,B can be written as ) =
(QB™Y)B = (QB'X,; ) XyB = (QB'X; ) X1A = (QB ' X, ' X,)A € G,A since by
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definition QB~,QB~' X, ', QB X, X, € G,. This implies G,B C G A. Together
they imply G,A = G5B meaning |G, BNGA| = |GsA| = |GsB| = |G| which contra-
dicts the our assumption 0 < |GsB N GA| < |Gs|. (v) Let there be n distinct cosets
of GG5. This means that the group G is union of the all the distinct cosets of G5. Then
from the above properties |G| = n|Gs|. This implies that the order of a subgroup is
a divisor of the order of the group. The number n is called the index of G5 in G.
All these properties are also true for left cosets. In our example of Cy,, clearly, the
order of (g is 6 a divisor of 12, the order of group (s, with index 2. Therefore, there
are two distinct right cosets of Cg, CgFE and CgFs. The coset decomposition of Cg,
is Cg, = CgE + CsFPs. Note that the distinct left and right cosets of C are equal,;
ECs = CgF and P;Cs = CgPs. A subgroup N of group G for which AN = N A for
any A € G is called a normal subgroup. In other words, if N is a subgroup of G such
that NV = AN'A~! for any A € G, ie., forany N € N and A € G, ANA ' e N, N
is a normal subgroup of G. It can be seen immediately that any subgroup of index 2
is a normal subgroup. Therefore, Cs, C3,(1) and C3,(2) are all normal subgroups of
Cg,. Direct inspection shows that C5 and C5 are also normal subgroups of Cg,. It is
interesting to note that the set of all right (or left, which are the same as the right
ones) cosets of a normal subgroup A of a group G forms a group. To see this, let there
be elements N; € N'A and N, € N'B. By definition, N;A™', A='N,, Ny, B~! B™IN, €
N. Then, N\N, = NJAT'AN,B™'B = (NJA™'N3)AB € NAB, where N3 =
AN, B7*A™' € N. Hence, if we define (NVA)(N'B) to be the set consisting of
elements N1 N, for all elements N; € NA and Ny € N'B, then (NA)(NB) C NAB.
Conversely, for any element N € N'AB, since N(AB)™' € N, N = N(AB)'AB =
(EA)((AT'N(AB)'A)B) € (NA)(N'B). This is because EA € (NA), and since
N(AB)™ € N, (A'N(AB)™'A) € N implying ((A"'N(AB)'A)B) € (NB).
(i) Therefore, we can define the product on the set of cosets in the following way:

(NA)NB) = NAB, which is also a coset of . (ii) The associative property holds
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because it holds for the elements of G. (iii) The identity is the normal subgroup A
itself since (NA)N = N(NA) = NA. (iv) The inverse of a coset NA (A € G) is
NA™Y since (NA)(NA™Y) = NAA™! = NE = N. This group is called the quotient
group of A and denoted by G/N. For example, the quotient group of C3 in Cg, is
Cev/C3 = {C5,C3 Py, C3 P, C3Pr} with the multiplication table shown in Table C.2.

This is exactly like the multiplication table of the subgroup C', with the identifica-

Table C.2: Multiplication table of the quotient group Cg,/Cs
Cs  C3P G3F G317
Cs Cs  C3P G3F Cshy
CsPy | CsPy O3 C3Pp (3P
CsBs | O3B C3Pr G 3P
O3l | C3P; C3Ps C3Py (3

tion that C3, C3P;, C3FPs and C3P; corresponding to E, P3, Ps and Py respectively
(one can read of the multiplication table of Cy, from the Table C.1 by just taking
the appropriate rows and columns). To make the similarity between Cy, and Cg,/C3
concrete we nee the concept of homomorphism and isomorphism which we discuss in
the next paragraph.

A homomorphism is a mapping f from a group G; to another group G, such
that for any two elements A, B € Gi, f(G1)f(G2) = f(G1G3). In other words,
a homomorphism is a mapping from one group to another such that the product is
preserved. When this mapping is bijective (one-one and onto), it is called isomorphism
and the two groups are said to isomorphic to each other. Therefore, if we define the
mapping f : Cs,/C5 — Cg, such that f(Cs) = E, f(C3P,) = Ps, f(C3FP;) = Py and
f(C3Pr) = Py, it is clearly a homomorphism. However, if we restrict the mapping to
f: Csy/C3 — Cyy, it is an isomorphism because it is one-one and onto. We write
Cev/C3 = Cy, to show that these two groups are isomorphic. Intuitively, the group Cg,
can be obtained by “multiplying” all the elements of C3 and Cs,. The corresponding

concept is that of semi-direct product. If G; and G4 are two subgroups of group G
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such that (i) AGy; = G1A for any A € Gy, (ii) any element C' € G can expressed
as C' = BA with B € Gy and A € Gy and (iii) Gy N Gy = {E}, then G is called
the semi-direct product of G; and G5 and is written as G = G; A G5. Note that
by definition Gy is a normal subgroup of G in this case. An example of semi-direct
product is Cg, = C3 A Cy,,.

Another kind of product between groups that will be important later in this article
is outer direct product. Let G be a group with subgroups H and K such that (i)
HNK ={F}, (ii) forany A € H and B € K, AB = BA and (iii) any element C' € G
can be written uniquely as product C' = AB such that A € H and B € K. Then G
is called outer direct product of H and K, and is denoted as G = H ® K. Clearly,
H and K are normal subgroups of G. Furthermore, let there be conjugacy classes
Cy and Cg of subgroups H and K. Let us consider the set Cyx of all elements A.B.
such that A, € Cy and B, € Ck. Then conjugation with any element C' € G on A.B.
gives CA.B.C™' = (AB)A.B.(AB)™! = ABA.B.B™'A™!' = AA.(BB.B™)A™! =
(AA.A™Y)(BB.B™') where C' = AB with A € H and B € K. Since A, is in conjugacy
class Cy, so is (AA.A™Y) by definition. Similarly, (BB.B™!) € Cx. Therefore, the set
Cp i 1s invariant under conjugacy operation with any element of GG; in other words
Cuk is a conjugacy class of G. It is easy to see from this that the number of classes
in GG is product of the number of classes in H and K.

This introduction to group theory is no way complete. However, here we restrict
ourselves to only the definitions that we need. A more thorough description of group

theory can be found in [68, 67, 140].

C.1.1 Point groups

This introduction to group theory is no way complete. However, here we restrict

ourselves to only the definitions that we need. A more thorough description of group
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theory can be found in [68, 67, 140] With this introduction to groups, in the next two

subsections we describe how spatial symmetries form groups.

Point Group

A point group is a group of symmetry operations that act on Euclidean space keeping
a point (let us call that point O) in the n dimensional Euclidean space fixed and
preserving all angles and distances. Let there be two points with position vectors x;
and xp measured from point O with lengths |x;| and |x3| respectively and the angle
between them be 6. Then, the inner product of these vectors is x; - x5 = |x3||X2| cos 6
which depends only on the lengths of the two vectors and the angle between them. Let
the symmetry be R. Under the action of the symmetry operation the two vectors will
transform to y; = Rx; and yo = Rx5, where R is an n x n matrix. Since all distances
and angles are preserved under the operation, y; - y» = Rx; - Rxy = x; - RTRx, =
X; - X9. This implies that R’R = 1, or R is an orthogonal matrix. This means that
group all possible symmetry operation which keep a point O fixed is isomorphic to
the group of orthogonal matrices O(n). Among these symmetry operations, the ones
with determinant +1 are called proper rotations and the ones with determinant —1
are called improper rotations. If only all possible proper rotations are symmetries,
the group is isomorphic to SO(n) (special orthogonal group). In odd dimensional
Euclidean spaces, inversion operation /I (which transforms any position vector x to
—x) has determinant —1. Thus, in 3 dimensions the set of all proper rotations (SO(3))
along with their products with inversion make the group of all rotations (O(3)). It is
interesting to note that in 2 dimensions, inversion is equivalent to rotation by an angle
7 meaning that inversion operation has determinant 41 in 2D. However, a reflection
has determinant of —1. Therefore, in 2D, the group of all rotations consists of all
proper rotation and their product with a reflection. In 2D, every subgroup of the

group of all rotations O(2) is a point group. An example of a point group is shown in
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Fig. C.1. The hexagon shown in the figure has six fold rotation symmetry about its

(@) 1 (b) 6 (c) 5 (d) 4 (e) 3 (f) 2
2 6 1 5 6 4 5 3 4 2 3 1
Y
t*x
3 5 2 4 1 3 6 2 5 1 4 6
4 3 1 6 5
E P, =Cs P, =C} Py =C} P, =C§ Ps=C§
(g) 4 (h 5 i 6 G 1 &) 2 n 3
3 5 4 6 5 1 6 : 2 1 3 2 4
2 6 3 1 4 2 5 : 3 6 4 1 5
1 2 3 4 ) 5 6
Ps P; = CsPs Py = C?Ps Py = C3Ps Py =C§Ps P =CiPs

Figure C.1: Action of the elements of the group Cg, on a hexagon with labeled vertices.
(a) is the identity element F which keeps the vertices at their original position. The
axes z and y are shown for future reference. (b)-(f) show the transformation of
the hexagon under rotation Cs by multiples of 27/6 around its center. (g) shows the
reflection around the horizontal mirror passing through the center shown in red dashed
line. (h)-(1) show the composition of the reflection followed by rotations mentioned
above. The elements in (g), (i) and (k) are equivalent to mirrors which cut two
opposite sides of the hexagon shown with red dashed lines. These three elements
form a conjugacy class of Cs,. The elements in (h), (j) and (1) are equivalent to
mirrors which passes two opposite vertices of the hexagon shown with blue dashed
lines. These three elements form a conjugacy class of Cg,.

center O. Therefore, rotations of 7/3, 27/3, 7, 47 /3 and 57/3 about the z axis (out-
of-plane direction) are (Fig. C.1(b)-(f)) all symmetries of the hexagon. Moreover,
a reflection about the x — z plane is also a symmetry (Fig. C.1(g)). Therefore, a
reflection about x — z plane followed by any of the above mentioned rotation is also
a symmetry (Fig. C.1(h)-(1)). Note that such composite operation is equivalent to
a reflection about a different plane. For example, a reflection about x — z plane
followed by a rotation of 7/3 about the z axis is equivalent to a reflection about a
plane containing the z axis and the dashed line shown in Fig. C.1(h). A rotation of
27 /n is denoted by C,, in Schoenflies notation and by n in international notation. In
our example, the rotations are Cg, Cg = C3, C8 = Cy, C¢ = C% and Cg. A vertical

reflection plane is denoted by o, and m in Schoenflies and international notation
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respectively. Clearly, if we identify Cg with P, and the reflection about x — 2z plane
with P, this point group shown in Fig. C.1 is the same as the group in Table C.1.
Now the name of the group is clear. Since the group is generated by Cg rotation and
reflection about vertical mirror plane x — z, it is called Cyg, in Schoenflies notation. In
international notation, this group is called 6mm because there are two inequivalent
sets of 3 mirrors which are 7 /3 rotated from each other (shown in blue and red dashed
lines in Fig. C.1(g)-(1)).

There are infinitely many point groups in 3 dimensions. However, only finite
number of them are compatible with discrete translational symmetry of a crystal. In
fact, the only point group operations that are compatible with discrete translational
symmetry are 1, 2, 3, 4 and 6 fold rotations, inversion and reflection about a plane [56,
68]. This means that in 2D, the points groups are either just C, or Cy,, = C,, + 0,C,,
withn = 1,2,3,4 or 6 (note that C,, can mean rotation by an angle 27 /n or the group
{E,C,,C? ...,C" '} in this case we mean the second one); therefore there are 10
2D point groups compatible with discrete translational symmetry. These are called
crystallographic point groups. There are 32 crystallographic point groups in 3D [68].

In the rest of the text we restrict ourselves to 2D systems.

C.2 Definitions and results from group represen-
tations

Having introduced group theory and specified the groups that we are interested in,
now we are at a place to describe the action of groups on a vector space. Let there be
a finite dimensional vector space V' over the complex field. The set of all nonsingular
linear operators on V' forms a group called general linear group GL(V'). A represen-
tation of a group G is a homomorphism p from a group to the group of nonsingular

linear operators GL(V') on a finite dimensional vector space V. Since p is homomor-
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phism, for any two elements A, B € G, p(A)p(B) = p(AB) meaning that for any
vector v € V| p(A)(p(B)v) = p(AB)v. Moreover, p(F)v = v where F is the identity
element of G, and p(A)~'v = p(A™!)v for any A € G and v € V. Now, let a basis
of the d dimensional vector space V be Vj, = {vy,va,...,v4}. Then, for any element
A € G, since p(A)v; € V, it can be written as a linear combination of all the vectors
in the basis

p(A)vi = v;Lp(A)ji, (C.1)

where I',(A);; is the coefficient of v; and obviously depends on the group element
A. Note that sum over repeated index j is implied. We say that the square matrix
I',(A) of dimension d x d is the matrix representing A in the basis V,. Since for
any A € G, T,(A) = T,(AE) = T',(A)T,(F), T',(E) = 1 the identity matrix of
dimensionality d. Moreover, 1 = T',(E) = T',(AA™!) = T',(A)T,(A™!) implies that
I,(A™) =T,(A)"'. It is not hard to realize that the set of all distinct matrices
I',(G) form a group A. Moreover, the mapping I, : G — A is a homomorphism. Let
us take the example of Cg,. Let the position vectors of points 2 be a; fort=1,...,6
where the origin is O in Fig. C.1. We take our vector space to be the plane of the
hexagon. The dimension of the vector space is d = 2, and let us choose the basis
to be {aj,as}. The other position vectors can be written in terms of the basis as
follows: ag = a, — a;, a4, = —ajy, a; = —ay and ag = a; — a,. The representation p
of the two generators P, and Py of Cg, are anticlockwise rotation by angle 7/3 about
O and reflection about the horizontal line passing through O respectively. Therefore
p(P)a; = ag, p(Py)ay = ag = ay — a;, p(Fs)a; = ag and p(Ps)ay = a;. Hence the

matrices representing these two group elements in the aforementioned basis are then

0 —1 01
r,(P) = CT,(R) = . (C2)
1 1 10
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A mirror reflection about the horizontal axis (Ps) followed by an anticlockwise rotation
of m/3 (Py) gives p(P1Fs)a; = ag = a; — a; and p(P Ps)ay = ay implying
-1 0

L, (P Fs) = L =T,(P)T,(Fs) (C.3)

showing the homomorphism explicitly. Note that the representative matrices are in
general not unitary (orthogonal in the case of real matrices). They are only unitary
if we choose the basis functions to be orthogonal and restrict them to have the same
norm. Now, if we choose a different basis V) = {v], v}, ... v/} which is related to V,
by the following relation

Vi = Vi Sk, (C4)

the action of any group element A € G on these new basis vectors are

p(A); = p(A)(ViSki) = (p(A)vi)Ski = VT (A) xSk = viSy'T,p(A) xSk (C.5)

We say that the set of representative matrices A and S™*AS are equivalent and the
transformation A — S7YAS an equivalence transformation. In the above example, if

we choose a) = a; and a, = (2a; — a;)/v/3, then,

1 —L 1 _\3 1 V3

S = Vil os'lnpys=1| 2% ?|,s'np)s=| 2% ° (C.6)
0 2 V31 V3 o_1
V3 2 2 2 2

Note that with the new choice of basis vectors, both representative matrices have
become unitary (orthogonal) because the new basis is orthonormal. Tt is noted that
every matrix representation can be brought to unitary representation by a change of
basis, and every matrix group is equivalent to a unitary matrix group. The char-

acter of a matriz group A is a function y : A — C, such that for any element
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R € A, x(R) = tr(R), where tr(R) is the trace of the matrix R. Clearly, under
equivalence transformation A — S™'AS, the characters remain invariant. Moreover,
if two group elements A and B in group G are in the same conjugacy class (i.e.
there exists a C' € G such that A = C'BC™!), their matrix representatives in any
basis under representation p are equal since x,(A) = tr(T,(4)) = tr(T,(CBC™1)) =
tr(T,(C)T,(B)T,(C 1)) = tr(T,(B)) = x,(B). In the example of representations p of
group Cj, to the group of nonsingular linear operators on the 2 dimensional Euclidean
space, the characters of different elements of Cg, are x,(E) = 2, x,(P1) = x,(P5) =1,
Xp(P2) = Xo(P1) = =1, , X,(P3) = =2, X,(F5) = Xo(Fs) = X,(Pro) = 0 and x,(Pr) =
Xp(Po) = x,(P11) = 0. Since, forany A € G, x,(A™') = tr(T,(A™)) = tr(T,(A) ™) =
tr(ST,(A)~'S™) = tr((S7'T',(A)S)™!) for any nonsingular matrix S and we can
always choose S such that S™'T',(A)S becomes unitary, then with such a choice
of S, X,(A7)) = tr((ST,(A)S)!) = t((STT,(A)S)) = (ST, (A)(S)1) =
tr(STT,(A)T(ST) ™) = tr(T,(A)T) = tr(T,(A))* = x,(A)* where ' stands for Hermitian
conjugate operation and * stands for complex conjugation. This can be seen from our
example of the representation of Cey: X, (P ') = X,(P5) = 1 = x,(P1) = (x,(P))*.
If there is a subspace U of the vector space V such that for a representation
p of a group G and any vector u € U, p(A)u € U for all A € G, U is called
an tnvariant subspace of V under representation p of group G. In this case, the
representation p is said to be reducible. If there are no invariant proper subspace of V'
under representation p of G, p is called irreducible representation of G. In this case the
dimension of the vector space V is called the dimension of the representation p. In the
example of representation of Cy,, since rotation of angle 7/3 brings one basis vector
(a1) to the other (a), there is no invariant proper subspace of the 2 dimensional
Euclidean space. Therefore, the representation p in this case is irreducible with
dimenion 2. However, if we take the representation of the subgroup Cy of group Cg,,

the transformations of the basis functions a; and as under Pj (rotation by angle 7)
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are p(P3)a; = —a; and p/(P3)ay = —ay. Therefore, the one dimensional subspaces
{caj|c € R} and {cay|c € R} are invariant under the representation p’ of group Cs.
Therefore, the representation p’ is reducible.

Next we state some important theorems without giving proofs. The interested
reader can consult any book on group theory ([67]) for the proofs. (1)Schur’s first
lemma: A representation p of a group G is irreducible if and only if the only matrices
that commute with all matrices I',(A) (A € G) are constant multiples of the identity
matrix. (2)Schur’s first lemma: If there exist two irreducible representations p and
p' of G such that T',(A)S = ST',(A) for all A € G and a matrix S, then either
S = 0 or S is nonsingular and the representations p and p’ are equivalent. Clearly,
if two representations are equivalent, their dimensions are equal. (3) (Orthogonality
theorem) If there are two irreducible representations p, and pz of group G with
dimensions d, and dg and matrix representatives I', and I'g respectively, the following

identity holds

G
Z F 7,]].—‘&‘ )mn |d |5a651n5]m; (C?)
AeG o

where 9;; is the Kronecker delta function. Note that here we considered all equiva-
lent representations to be be the same representation. A series of corollaries can be
obtained from this last theorem.

(i) If we construct |G| dimensional vectors out of these matrix elements in the
following manner: v§; = {T'o(G1)ij, La(G2)i, - - -, Ta(Gig))ij} (Gus are the distinct
elements of group G, n = 1,...,|G|), as we go over all «, ¢ and j we get > d?
number of orthonormal vectors. Therefore >~ d? < |G|. This also means that there
are finitely many distinct representations of a finite group G.

(1) 3 pc X AX5(A) = Tace XalAX5(A) = Y g Tal Al (A ) =
%%B@m@m = |Gdnp. Here sum over repeated indices is implied. Since, the elements

in the same conjugacy class have equal characters, this result can be rewritten as
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> 1Cilxa(Ci)xa(Ci)* = |G|dap, where the sum is over number of distinct conjugacy
classes and |C| is the number of elements in class C.

(iii) Two irreducible representations are equivalent if and only if their characters
are same. The necessary condition that if the irreducible representations are equiv-
alent, then the characters are same is clear. Conversely, let the characters x; and
X2 of two irreducible representations p; and p, of a group are same. If they are not
equivalent, we know that > 4 T1(A);To(A )mn = 0 = > 4o x1(A)xa(A71) =
0= seccxi(Ax2(A)* =0= 3 ,.cIx1(A)]> = 0 which is impossible. Therefore,
the sufficient condition is proved.

(iii) Let p be an arbitrary representation of G with representative matrices I',(A)
for A € G. Let p1,pa,...pr be the distinct irreducible representations of G. Obvi-
ously, p is direct sum of these irreducible representations: p = a.p.. Then, the
character x, for any conjugacy class C of G can be written as x,(C) = aaXxa(C) Where
Xa is the character of irreducible representation p,. The sum >, [Ci|xa(C:)*x,(C;) =
571G e € asx3(C:) = as|Gldas = aa| G implies that a, = & 37, ICxa(C) X, (C):
This not only proves that the reduction of a representation p to irreducible represen-
tations p, is unique but also gives the coefficients a,,.

(iv) The number of distinct irreducible representations is less than or equal
to the number of distinct conjugacy classes in a group. The proof is simple.
We know that > [Ci|xa(Ci)x3(Ci)* = |G|dap. Rearranging this equation, we get
S (VG /1Gxa(C))(VICil /1G] x5(Ci))* = Sap. Then, if there are ¢ number of classes,
we can construct ¢ dimensional vectors v, = {1/|C1|/|G|xa(C1), - -, /|Ce|/|G|xa(Ce)}-
If there are r distinct irreducible representations, we get r distinct orthonormal vectors
in this manner. Since number of orthonormal vectors can not be larger than the
dimension of the vector space, r < c.

The two inequalities in (i) and (iv) are in fact equalities. This can be proven with

the help of special type of representation called regular representation pr which repre-
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sents the action of group G on itself. This representation is defined by pr(G.,)G, =
GG, = G,Tr(Gp)p for G,,,G,,G, € G. Clearly, this matrix shows the rear-
rangement of the group elements under the multiplication of GG, to the them on the
left. If G,,G,, = Gy, in the nth column of I'r(G,,) all elements are zero except the
element in the qth row which is 1. This non zero element is diagonal only when
G, is the identity element E. Therefore, the characters of non-identity element
Xr(Gm) = 0 (G, # E), and xr(E) = |G|. If we reduce the regular representation
into the irreducible representation p, of G pr = anpa, the coefficients a, are given
by a, = ﬁZAeG Xa(A)*xr(A) = ﬁ|G|Xa(E)* = Xo(E) = d, the dimension of
representation p,. This implies that |G| = xr(E) = aaXa(E) = Y, d2. Therefore,
the vectors v§; defined in (i) span the |G| dimensional vector space. So, any vector

v in this space can be written as v = )_ CaijVij where c,;; are the coefficients of

[e%%}
basis vectors. We call v,, = >, ’ CaijTa(Gm)i; the component v in the “direction”
m. Now, in the case of the specific vectors v, for which all “directions” corresponding

to the elements of the same class are equal meaning that v, = v, if G, = G 'G.G,

for any G, € G, v,,, can be written as

1G]
1 . _
Uy = @ Zvn with G,, = Gp leGp
(€]
= 1 2 2 (G Oy
p=1 aij
1G]
Caijl’ it La(Gm) Lo (Gp)ij
|G| ZZ PGy bl Gl G ©s)
G .
|G| Z Caij T’ |d |5ij5kl using Eq. C.7

aij

— Z Com a )ll
= Z d_cociiXa<Gm)~
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Note that if number of classes is ¢, these special type of vectors v form an ¢ dimensional
vector subspace. However, from Eq. C.8 we see that these vectors can be spanned by
the character vectors v,, which are a set of r (number of irreducible representations)
orthonormal vectors defined in (iv). This implies r > ¢. Therefore, in total r = c.
Establishing the fact that there are r = ¢ number of orthonormal vectors v, with

th

¢ = r number of components, we can construct a matrix U whose a"" row is the vector

vector vo. Then, (UUNs = S0 vaivs, = S0, (1G1/IG)xa(Cxa(C)" = bug
implying that U is a unitary matrix. Therefore, (UTU);; = §;; = Za(\/m/]GD
Xa(Ci)Xa(Cy)* giving the identity 3, Xa(Ci)xa(C;)* = 05|G|/ICil.

From the technical discussion above, it is clear an irreducible representation (from
here on we will call them irreps) of a finite group can be recognized up to an equiv-
alence solely from its characters. Let us go back to our example group Cg,. We
know that it has 6 conjugacy classes. Therefore, it has 6 inequivalent irreps. Since
Cs, has 12 elements, 22:1 di = 12 where d, > 1,d,, € Z are the dimensions of the
irreps. if there is a dg = 3 dimensional irrep, 2221 d> = 12 — 9 = 3 which is not

possible. Also, all 1 dimensional irreps is not possible because Zgzl =6 < 12.

Only one 2 dimensional irrep and five 1 dimensional irreps give 22:1 d?> = 9. Simi-
larly, three or more 2 dimensional representations is not possible because 3 x 22 = 12.
Therefore, the possibility is four 1 dimensional irreps and two 2 dimensional irreps
(4x1242x2% = 12). One of the 1 dimensional irreps has all characters to be 1. To see
this, let us choose the z axis passing through point O in Fig. C.1 as our vector space.
All vectors in this vector space remain invariant under rotations and mirror reflection
mentioned above. Therefore, the representation matrices of all the elements of (g, are
1 meaning that all characters are 1. In fact, for any finite dimensional group, there is
one representation with all characters being 1. One 2 dimensional irrep of Cg, is the

one that we encountered above with the action of Cg, on the 2 dimensional Euclidean

space. We show the characters of all 6 irreps in Table C.3 (the 6 rows correspond
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to the 6 different irreps). These tables are called character table. In the table, each
column corresponds to a conjugacy class (recall that all elements of the same conju-

gacy class have same character). Moreover, since the matrix representation of the

Table C.3: Character table of group Cg,
Ci C C3 Cy C5 Cq
A [ +1 +1 +1 +1 +1 +1
Ay | +1 4+1 +1 +1 -1 -1
B|+1 -1 -1 +1 +1 -1
By | +1 -1 -1 +1 -1 +1
Ei|+2 -2 +1 -1 0 0
Ey|+2 42 -1 -1 0 0

identity element is always the identity matrix, the character of the class containing
(only) the identity element is the dimension of the irrep. The orthonormality of the
character vectors can be checked easily. The left column in the table shows the names
(based on [210]) of the irreps. The character tables of all the 2 dimensional and 3
dimensional point groups are given in many books [68, 67, 211] and also listed in
Bilbao Crystallographic Server (BCS) [203, 212, 213].

Before moving on to the representations of the specific groups we are interested in,
we discuss a specific example to show how the symmetry operations act on functions
on a manifold, and thus have representations on the function space. Let there be
function on 2 dimensional Euclidean space f : R? — R. If we perform the action of
a point group element (R) on the function, we get a new a function that we write as
/"= p(R)f and f'(r) = p(R)f(r) = f(R'r) where R is the representative matrix
of the symmetry group element R in the chosen basis for the vector space that is 2
dimensional Euclidean space. Let us take the symmetry group to be C; which contains
identity (E) and a mirror reflection M about a straight line in the 2 dimensional
plane. Therefore, p(E)f(r) = f(r) and p(M)f(r) = f(M™'r). Since M? = E,
f(r)=p(E)f(r) = p(M?)f(r) = f(M'M'r) implying M~2 = 1 = M?. We define
two functions f¢(r) = f(r) + p(M)f(r) and f°(r) = f(r) — p(M)f(r). Let us also
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define a vector space V containing all functions g on IR? which are linear combinations
of f¢and f°, V = {glg = cof® + ¢of°, Ce,co € C} with inner product of functions
g1,92 € V given by (g1]g2) = [ d’rg;(r)g2(r). With this definition of the vector space

and inner product, f¢ and f° are orthogonal: (f¢|f°) = (f + p(M)f|f — p(M)f) =
(FLE) + oM L) = (Flp(M) f) = {p(M) f|p(M) f) = 0 since

PODAPONT) = [ ey FM )
= /dQ(Mr’)f(M1Mr’)*f(M1Mr’) where Mr' =r
= [y sw)
— (1.
PODI = [ e )
= /d2(M—lr’)f(M—1M—1r’)*f(1\/r1r’) where M 'r' =r
= / d*r' f(r')* f(M'r) since M™% = 1

= (flo(M)[).

Note that in the second to last equality we replaced [ d*(M™'r’) with [ d*r’ because
the determinant of the Jacobian of the this transformation is —1 and the limits
of integration of one of the two coordinates get flipped too giving another — sign.
Therefore, V' is a two dimensional vector space with f¢ and f° forming a basis.
Moreover, p(M)f® = p(M)f + p(M?)f = f + p(M)f = f¢ and p(M)f* = p(M)f —
p(M*)f = —(f — p(M)f) = — f°. Therefore, in this basis the representative matrices

of the group are:

I(E) = and T'(M) = ! . (C.9)
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Since under the group action, f¢ and f° do not mix, vector space V' has to invariant
subspaces: V., = {g|g = cof cc € C} and V, = {g|lg = ¢ f°, ¢, € C}. Looking at the
character table of C, group on Bilbao Crystallography Server shows that there are
two irreps of Cy named A’ and A”. The subspaces V, and V, transform under irreps
A’ and A” respectively.

Now, let us go back to the Cg, group in Fig. C.1 where the origin O has all 12
symmetries and each of the vertices has only a mirror reflection symmetry. The mirror
that passes through origin O and vertex 1 corresponds to the element Pjy; the group
of symmetries of vertex 1 is Cs = {F, P;;}. The decomposition of Cg, into cosets of

C, gives

Cov = (B = PY)Cst(Py = P)Cs+(Py = P{)Cot(P3 = P})Cot(Py = P)Cs+(P5 = PY)Cs,

(C.10)
where P; stands for rotation by an angle 7/3 about origin O. Let there be basis
functions fi1(r) and fio(r) centered at vertex 1 with p(Py1)fi1 = fi1 (even) and
p(P11) fi2 = — fi2 (odd) and the vector space is Vi = {g1|g1 = c11.f11 + c12fi2, €11, C12 €
C}. From these two basis functions, we can get basis functions around any other
vertex by rotating the basis at vertex 1 around origin O: fio(r) = p(P; ™) fia(r).
From the 12 independent basis functions, we can then construct a vector space V'
of functions of the form f(r) = 2?21 Zizl Ciafia(r) where ¢;, € C. We are going
to consider the representation p of Cy, on this vector space. With this choice of
basis, the element P, (anticlockwise rotation by angle nm/3 where n = 1,2,3,4,5)
is represented by p(Pp)fia = f( mod 6)+n)a Meaning that the representative matrix
for P, has no diagonal element implying x,(F,) = 0 . Each of the mirror operations
that pass through the vertices (P;, Py or P;) has two +1 (—1) diagonal elements
for the even (odd) basis functions at the vertices it crosses. This implies x,(P;) =
Xp(Po) = X,(P11) = 0. Also, none of the other mirror operations (Fs, Ps and Pjg) keep
the functions at their place. Therefore x,(Fs) = x,(Fs) = Xx,(FPio) = 0. Obviously
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X,(E) = 12. The coefficients of decomposition of this representation p into the irreps
of Cg, can be easily obtained using the formula in (iii); as, = (1 x 12 x 1)/12 = 1,
ag, = (1x12x1)/12=1,ap = (1x12x1)/12 =1, ap, = (1 x 12 x 1)/12 = 1,
ap, = (1 x 12 x 2)/12 = 2 and ag, = (1 x 12 x 2)/12 = 2. Let us summarize
what we have done so far in this example. We started with representation of Cy on
vector space V) which is clearly a direct sum of even (irrep A’) and odd (irrep A”)
subspaces of V1. In group theory language, this is written as A’ @ A”. Acting 6-fold
rotations on the basis of V; we created a 12 dimensional vector space V' on which
the group (%, acts. We found that the representation of (g, on this vector space
is a direct sum of 1 Ay, 1 Ay, 1 By, 1 By, 2 E; and 2 FE5 irreps; A1 @ Ay @ By @
By ® 2E; @ 2F,. This representation of Cf, is constructed from a specific chosen
representation of subgroup C,. Construction of a representation pg of a group G
from a representation py of its subgroup H is called induction of representation and
written as py T G. In our example, it is (A’ ® A”) 1+ Cs, = (A1 ® Ay @ By ® By @
2F, @ 2F5). The next step is to find the basis for invariant subspaces of the vector
space V. Clearly, the function Zle fi1 is constant under any symmetry operation
in Cg,; therefore Zle fi1 is the basis of irrep A;. Similarly, Zle fio forms the basis
of the irrep A,, since it is constant under any rotation but gives a — sign under
any reflection. By similar inspections, the readers can convince themselves that the
functions fia — fao + fa2 — faz + fs2 — fo2 and f11 — fa1 + f31 — fa1 + f51 — fe1 ave basis
functions of irreps By and B, respectively. To get the basis functions for 2 dimensional
irreps of Cy,, we start with a function which is takes into account the dominant
symmetry (6-fold rotation) of the group: S0 w" !f,;, where w = 27/ 6 = 1.
Then, p(P1) Y0, w" =0, W fin mod 6)+1)1 = W} S W f((n mod 6)+1)1 =
WIS W lf,,. Therefore, under any allowed rotation Y20 w"~'f,; transforms

into a function proportional to itself. However, under the reflection Pi;, it gives

p(Pr) Zf:n Wi = 2761:1 W™ fn1. Therefore, Zf:n w1t f.q and Z?:n W ol
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form an invariant subspace which by inspection transforms under E;. Similarly, one

can show that {ZSL:1 W for, ZEL:I w7 fr }, {Egzl W fna, Zgzl W™ fra} and
(300 w20, 30 w20} are the basis of the other three irreps Ep, E; and

Es respectively.
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Publications and presentations

Publications

published

e S. Sarkar, M. Cebron, M. Brojan, and A. Kosmrlj, Method of image charges for
describing deformation of bounded two-dimensional solids with circular inclu-
sions, Phys. Rev. E 103 053004 (2021).

e S. Sarkar, M. Cebron, M. Brojan, and A. Kosmrlj, Elastic multipole method for
describing deformation of infinite two-dimensional solids with circular inclu-
sions, Phys. Rev. E 103 053003 (2021).

in preparation

e S. Sarkar, T. Dethe, P. Zhilkina, and A. Kosmrlj, Symmetry based classification
of phonon bands in periodic elastic media.

e S. Sarkar, M.E.H. Bahri, A. Kosmrlj, Statistical mechanics of cylindrical shells.

e M.E.H. Bahri, S. Sarkar, A. Kosmrlj, Statistical mechanics of thermalized sheets
under uniazial tension.

Talks and Presentations

CONTIBUTED TALKS
2021

e S. Sarkar, M.E.H. Bahri, and A. Kosmrlj, “Statistical mechanics of nanotubes”,
Virtual APS March meeting, March 2021.

2020

e S. Sarkar, M.E.H. Bahri, and A. Kosmrlj, “Statistical mechanics of nanotubes”,
Society of Engineering Science (SES) virtual annual technical
meeting, September 2020.
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e S. Sarkar, M.E.H. Bahri, and A. Kosmrlj, “Statistical mechanics of nanotubes*”,
APS March meeting, Denver CO, March 2020.
*APS March Meeting was canceled due to the COVID-19 pandemic.

2019

e S. Sarkar and A. Kosmrlj, “Mechanical properties of thermalized cylindrical
shells”, Soft Materials Coffee Hour, Princeton University, Princeton,
NJ. November 2019.

e S. Sarkar, M. Cebron, M. Brojan, and A. Kosmrlj, “Elastic multipole method
for describing deformation of 2D solid structures with circular holes and inclu-
sions”, APS March Meeting, Boston, MA, March 2019.

2018

e S. Sarkar, and A. Kosmrlj, “Image charges in 2D linear elasticity”, APS
March Meeting, Los Angeles, CA, March 2018

e S. Sarkar and A. Kosmrlj, “Image charges in 2D linear elasticity”, 8th North-
east Complex Fluids and Soft Matter Workshop, Columbia University,
New York, NJ, January 2018.

2017

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing deformation
of 2D solid structures”, APS March Meeting, New Orleans, LA, March 2017.

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing deformation
of 2D solid structures”, 6th Northeast Complex Fluids and Soft Matter
Workshop, Stevens Institute of Technology, Hoboken, NJ, January 2017.

POSTER PRESENTATIONS
2019

e S. Sarkar and A. Kosmrlj, “Buckling of thermalized cylindrical shells”, 56th
Society of Engineering Science (SES) annual technical meeting, St.
Louis, MO, October 2019.

e S. Sarkar and A. Kosmrlj, “Mechanical properties of thermalized cylindrical
shells”, USACM Workshop “Recent Advances in the Modeling and
Simulation of the Mechanics of Nanoscale Materials”, University of
Pennsylvania, Philadelphia, PA, August 2019.

e S. Sarkar and A. Kosmrlj, “Buckling of Thermalized Cylindrical Shells”, Fron-
tiers in Applied & Computational Mathematics held jointly with the
11th Northeast Complex Fluids and Soft Matter Workshop, New Jersey
Institute of Technology, Newark, NJ, May 2019.
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2018

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing deformation
of 2D solid structures”, Summer School on Soft Solids and Complex
Fluids, University of Massachusetts Amherst, Amherst, MA, May 2018.

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing deformation
of 2D solid struc- tures”, Princeton Institute for the Science and Tech-
nology of Materials Annual Research Symposium, Princeton University,
Princeton, NJ, March 2018.

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing deformation
of 2D solid struc- tures”, Princeton Center for Complex Materials Poster
Night, Princeton University, Princeton, NJ, February 2018.

2017

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing deformation
of 2D solid structures”, Summer School on Soft Solids and Complex
Fluids, University of Massachusetts Amherst, Amherst, MA, May 2017.

2016

e S. Sarkar and A. Kosmrlj, “Elastic multipole method for describing patterns
i mechanically deformed structures”, Summer School on Physics and
Mechanics of Soft Complex Materials, Cargese, France, August 2016.
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