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Abstract

Atomically thin sheets, such as graphene, are widely used in nanotechnology. In
the 80s it was shown that if one takes an isotropic elastic material and allows it to
thermally fluctuate then beyond a thermal length scale, the effective Lamé constants
scale as Agr(q), ur(q) ~ ¢™ (where ¢ is the Fourier scale and 7, ~ .4). On the
other hand the effective bending rigidity diverged as kr(q) ~ ¢~ (n = .8). Given
that this thermal length scale is generally around 2 nm for nano-materials at room
temperature, it thus becomes of interest for us to study the effects of temperature on
elastic membranes. However, the spectrum of 2-D materials is quite wide, including
anisotropies (such as black phosphorus) and non-equilibrium properties. Motivated
by this, we investigate elastic membranes in three different scenarios using field theory
and simulations. Firstly, we examine the effect of a uni-axial stress on the scaling
exponents 7,m,. We find that the scaling theory no longer remains the same and
that the elastic moduli become explicitly anisotropic. We furthermore establish a
non-linear stress-strain relation for intermediate stresses. Secondly, we investigate
the effect of elastic anisotropies on the scaling exponents 7, n,; in particular we would
like to know if an elastic modulus anisotropy persists (potentially diverging) or washes
away. Our simulations indicate that the latter is the case whereas the theory is much
less trivial and our work indicates that further calculations are necessary. Lastly, we
investigate what impact non-equilibrium forces may have on the established equilib-
rium behavior. We do this by generalizing to odd elasticity, permitting the presence
of moduli that break conservation of energy and angular momentum, A,qq, Kodgq- Aodd
couples torques to dilations whereas K,4q couples pure and simple shears. We find
that fluctuation-dissipation is an unstable condition. If, however, it is satisfied then
K44 is an irrelevant parameter that converges to zero with an exponent 27, whereas

Aoqq acts as a marginal parameter that only converges to zero with exponent 7,.
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Chapter 1

Brief Summary Introducing
Research on Fluctuating

2-Dimensional Elastic Membranes

The discovery of graphene (via mechanical exfoliation) in 2004 made by K.S.
Novoselov, A.K. Geim and others marked the first known existence of 2-dimensional
crystals [1, 2]. Graphene is a 2-dimensional sheet of carbon atoms arranged in a
honeycomb (hexagonal) lattice in the absence of any defects. Each carbon atom
is bonded to three other carbon atoms via covalent bonds, giving it a space group
symmetry p3 which makes it elastically isotropic. For the exfoliation of graphene and
other experimental findings on the 2-dimensional crystal (including Dirac points),
Novoselov and Geim were awarded a Nobel Prize in 2010 [2, 3]. As the first 2-
dimensional material, there is a whole host of interesting electronic properties to
understand including the half-integer quantum hall effect and the recent ”magic
angle” superconductivity in bilayer graphene [2; 4, 5, 6, 7]. In addition, graphene is
also quite notable because it is one of the strongest materials known with a Young’s

modulus of 342.J/m? [8].



Despite this relatively recent discovery, geometric non-linearities are the mainstay
of the study of the mechanics of slender structures [9]. Though this field is quite old,
only over the last few decades have the effects of temperature on the mechanics of
2-D materials been studied, as is exemplified by polymerized membranes, graphene
and a whole host of other 2D materials such as BN, WS, and MoS, which have been
discovered over the last decade [10, 11, 12, 13, 2, 3, 14]. Free-standing layers of these
2D crystals offer an experimentally realizable system for exploring how mechanical
behavior of thermalized elastic membranes. Further manipulation of these 2D crystals
for the creation of metamaterials generates new opportunities for research on the
interface of mechanical and electronic properties of 2D crystals. One such recent
example shows the experimental realization of kirigami graphene where large effective
strains did not affect its conductivity [15].

Although, 2-D elastic crystals may be viewed as a higher dimensional extension
of the D = 1 elastic polymer, there are some major differences between these two
physical systems. Analogous to the persistence length of thermalized polymers (the
length scale over which a polymer is approximately straight) [16], 2-D materials have
a temperature-dependent length scale, named the thermal length scale, ¢, beyond
which temperature plays a role in elastic responses to external stresses. However, due
to the coupling between the Goldstone flexural phonons and the in-plane phonons, 2D
elastic materials of arbitrarily large size avoid being subject to the Mermin-Wagner
theorem when D = 2 [11, 17, 18] and thus remain flat at sufficiently low temperatures
even beyond this thermal length scale. The result is a mean-field flat phase below a
crumpling temperature that gives rise to elastic moduli that exhibit anomalous scale
dependence. In [19] it was shown that beyond the thermal length scale, the effective
Lamé constants scaled as Ar(q), ur(q) ~ ¢™ (where ¢ is the Fourier scale and 7, = .4).
On the other hand the effective bending rigidity divered as kgr(q) ~ ¢~ (n ~ .8).

These results for the numerical exponents have been recently verified to 2 and 3-loop



order [20, 21, 22, 23, 24, 25]. In addition, the arguments demonstrating that elasticity
in D-dimensions exhibits scale but not conformal invariance [26] was extended to the
case of D-dimensional elastic membranes embedded in D + d. dimensions (where d.
is the co-dimension) [27].

Experimental measurements of the scale-dependence of the elastic moduli of ther-
malized membranes and the resulting mechanical properties (such as the non-linear
relation € ~ ¢/ (2~) in the absence of quenched disorder have not been realized yet.
However, many theoretical and simulation efforts have been realized to extend the
original results of [11] to a variety of interesting cases and to understand the mechan-
ical response of 2-D materials. In particular, for isotropically stressed fluctuating
membranes, when stresses are larger than the linear response but less than one that
would flatten out all thermal wrinkles, a non-linear relation between stress and strain
was obtained € ~ ¢"/(2=" [28 29]. Thermal fluctuations also increase critical buckling
load with respect to the Euler buckling load due to the divergent effective bending
rigidity kr(q) ~ ¢~" [30, 31]. Extension of the theory to inversion-asymmetric teth-
ered membranes (such as graphene coated with a material on one side) has been
recently done in which a double spiral phase and long range orientational order was
predicted [32]. Realistic considerations of single clamped boundary conditions have
also been reported to introduce a spontaneous symmetry-breaking tilt [33]. A recent
extension of the theory of mono-layer elastic membranes to bi-layers was also done
and found that the effective scaling of the elastic moduli did not change in the infrared
limit (¢ — 0) [22]. In addition, a new universality class was obtained with different
anomalous elastic exponents have been done in the presence of an external field that
breaks the rotational symmetry of the embedding space [34]. Early theoretical studies
focusing on estimating the Poisson ratio of stress-free membranes found a universal
value of —1/3 to 1 loop order, which was confirmed by simulations measuring corre-

lations [19, 35]. Other more recent studies [36, 37, 38] since then have attempted to



refine this 1-loop estimation of the universal Poisson ratio. More investigations will
be necessary to further comprehend the Poisson ratio as a function of exerted stress.
Further simulations have been done in an effort to consider the effect of experimental
realities such as the quenched rippling of graphene and defects [39]. These simulations
showed that the Poisson ratio decreased with aspect ratio between the amplitude of

the ripples and the system size, even making it negative.

1.1 Statistical Mechanics of Elastic Membranes

1.1.1 Reconciling The Existence of 2-Dimensional Crystals

with the Mermin-Wagner Theorem

The discovery of graphene, a 2-dimensional crystal which exhibits long-range order
in the laboratory, posed a very important problem due to the Hohenberg-Mermin-
Wagner theorem (HMW theorem). The theorem states that for systems in 2 dimen-
sions with continuous symmetry, no symmetry breaking phase transition exists. It
is important to note that the theorem is meant to be applied to systems with suffi-
ciently short range interactions and that HMW treated systems with only one order
parameter [23, 40]. Indeed, there is a rigorous version proven by mathematicians for
O(N)-symmetric models with a C? potential which establishes power-law decay of
correlations [41, 42, 43]. (As an important note, although long-range translational
order in 2-d cannot exist as we will see below, long-range order in bond orientation
can [24, 25]. Further discussion of the limitations of the HMW theorem in various
systems may be found in reference [25])

The free energy of a 2-dimensional crystal depends on whether one chooses the
dimension of the elastic free energy to be [d = 3,D = 2| (using this as notation
for a D-dimensional crystal embedded in d physical dimensions) or [d = 2,D = 2]

(2-dimensional crystal occupying the whole space). The former is the realistic case
4



for freely suspended membranes. But for now, consider the latter case. Then the

relevant free energy takes the form [44]:

1
F=3 /d%[Au; + 2] (1.1)

where the strain tensor is defined as:
1

and wu; are the in-plane displacements along the i-th axis and A and p are the elastic
moduli of an isotropic 2-dimensional material (known formally as the Lamé coeffi-

cients). Taking the Fourier transform one obtains:

L2
F =53 nalu(@) + (u+N(a- u(a)? (1.3)
lal<A
We have taken the form of the Fourier transform to be: G(r) = G(0) +

Y oAs|qizeryn G(@)ETT = G(0) + f;:r/L d%qG(q)eiq'r. In this definition of the Fourier
transform, A is the UV cutoff introduced by the microscopic scale of the system
where the continuum elastic theory breaks down i.e. A = 7/a where a is the lattice
spacing of the material. The correspondence between real lengths and Fourier space
inverse lengths is taken to be: ¢ = 27/¢. One can now fix the corresponding Gibbs
measure e ?7 to calculate correlations of u;. Via a Gaussian integral the propagator

is of the form:

(Ju(q)?) = ~8TA 3n)

L2\ + 2p)¢? (14)



From this, one can see that the square of the fluctuation amplitude, which is the

integral of the propagator, will diverge logarithmically with system size L:

kpT(\+3p) [/, 1
2 _ kpT(A+3p) “>/ 2q— (1.5)
2

As a consequence, in the long range, there should be no crystalline order and the
HMW theorem holds (indeed, only quasi-long-range translational order exists).

Despite this certainty, one may consider the Lindemann criterion for melting [45],
which states the condition that the fluctuation amplitude, A, in the positions of
atoms should not exceed ¢ - a ~ .14nm for graphene (we take graphene as the model
2-dimensional crystal). Here c¢ serves as a constant satisfying .15 < ¢ < .5. To
estimate critical system size at which the fluctuation amplitude is ~ ¢ - a, one sums
over the Green’s function in Fourier space. Assuming room temperature and using
the fact that the shear modulus of graphene is ~ 40.J/m?, one sees that the critical
system size for which fluctuations in atom’s positions are ~ ¢ - a is on the order
of L, ~ er<*@®/ksTq  If we take ¢ = .15 then L. ~ 100a whereas if ¢ = .3 then
L, ~ 10%a ~ lem. This is an enormous variation, however what is important to
note is how quickly L. increases as a function of ¢ due to the logarithmic divergence
of the propagator. Hence the argument for long-range translational order fails, but
typically the scale at which translational order breaks down is much larger than the
lattice spacing.

One may also point out that most free 2-d membranes can fluctuate out-of-plane
from a corresponding reference flat state (reference state meaning (u;) = (f) = 0).
Therefore one may choose to work with the former case in which [d = 3, D = 2]. The

corresponding elastic free energy takes the following form:

Flus f) = [ vt + 20, + k(A ~ i det(00, ) (1.6)



where f is the out-of-plane deformation and « is the zero-temperature bending rigidity
whereas k¢ is the gaussian bending rigidity. In addition, the strain tensor is defined

as:

1

Despite that the crystalline membrane is allowed to fluctuate out-of-plane, the free
energy still corresponds to a 2-dimensional theory. In addition, under the assumption
of periodic boundary conditions, the last term of the free energy may be neglected
via the Gauss-Bonnet theorem. The interactions so far seem local. However, note the
two kinds of order parameters which are distinct: u; and f. Therefore this free energy
does not fall into the class treated by HMW. One may note the order of u is at most
quadratic whereas there are an-harmonic interactions of the form f* and uf? (one
can include an-harmonicities of the form u* but these turn out to be asymptotically
irrelevant in the field-theoretic sense). Since the order of u; is quadratic, a functional
gaussian integral of the partition function over u; leads to an effective free energy

which is a function of only a single order parameter f:

_ /D[ui’f]e—b’?{[uz‘,f} _ /D[f]e—/meffm (1.8)

where Flu;, f] is 1.6 and F.r¢[f] is expressed below. This yields a free energy in

Fourier space of the form:

kL2 A Y2 . :
Feff[f] = T q f(q>f(_q) + Z [qlle] (Q)(.&]] q31 7,] CJ4] H f
lal<A > qi=0 k=1
(1.9)
where
q:q;
Pl(q) =6 — = (1.10)

q
with q = q; +qo. However it turns out that the f* interaction coefficient is no longer

short-ranged as was noted by Nelson and Peliti [11, 25]. This can be checked by
7



examining the four-vertex coefficient P (q)PJ;(q) and taking its Fourier transform.
Via the Fourier transform, power-law interactions in real space emerge which can be
seen explicitly in reference [17]. Since the interaction is long-ranged, HMW should
no longer apply. Indeed, contrasting with the case [d = 2, D = 2] one sees that
out-of-plane fluctuations serve to stabilize long-range order in 2-dimensional crystals
such as graphene!

One may investigate further and consider a D-dimensional membranes embedded
in d-dimensions (d > D). A renormalization group method known as the 1/d,. expan-
sion (where d, is the co-dimension) shows that the lower critical dimension D,. (the
dimension below which long-range order cannot exist) is greater than 1 and less than
2 [46, 12]. This once again provides affirmation of long range order for D = 2. This
is quite remarkable since we saw that within the original multi-order-parameter free
energy which seemed to have short range interactions Eq (1.6), long range order of

Gaussian curvatures.

1.1.2 Crumpling Phase Transition

Due to the evasion of the HMW theorem by freely suspended 2-dimensional crystals,
the "ordered” flat state should exist for low enough temperatures. Therefore it makes
sense to ask (assuming d = 3 and D = 2) if there exists an order-disorder phase
transition (ignoring steric interactions) at a critical temperature from an entropic
”crumpled”-state (or disordered in shape) to a ”flat”-state (ordered). Indeed such a
phase transition exists since D, < 2 [10, 47, 46, 13, 48]. The un-crumpling phase
transition can be characterized by the change in symmetry group from O(d) to O(d —
D) x O(D). Consider the above free energy (1.6) once again. Calculating the normal-

normal correlation gives:

(A(ra) - A(ry)) 1= ) @1 — T ™)](f(q) f(—q)) (1.11)
lal<A

8



In this equation, one must use the correlation modified by the renormalization of
elastic moduli, otherwise the sum diverges (renormalization shall be discussed in the
next section). An explicit expression of Eq. (1.11) at large distances can be found in

reference [28]:

(n(ry) - n(ry)) ~ 1 —

kT [+ In(CA)] + kBT( bin )n (1.12)

2Tk, 5o \ |Ts — T4l

where 1 &~ .8 (this turns out to be a critical exponent in the next section). Via
calculation, one sees that at room temperature the normal-normal correlation decays
to a constant very close to 1 implying long range order. Hence, the critical temper-
ature can be quantified by the critical value of T" at which the normal-normal corre-
lation becomes zero at infinite separation distance. This turns out to be approxi-
mately T, ~ k/kg. Therefore, given that x ~ 2 - 10719 for graphene for example,
T. ~ 50,000K, which is a very high value. Indeed the melting temperature of
graphene is estimated, via simulations, to be only a few thousand Kelvin and there-
fore the crumpling transition should not be relevant for 2-dimensional crystals like
graphene [49]. From a theoretical standpoint, the melting of freely suspended 2-d
crystals is not well understood, although some variation of the Kosterlitz-Thouless-
Halperin-Nelson-Young theory is suspected [46]. The KTHNY phase transition is
concerned with the melting of crystals (with quasi-long range translational order)
strictly in 2 dimensions [50, 51, 52, 53, 54]. It asserts that as temperature is increased
dislocations in a crystalline material unbind to form a hexatic phase (quasi-long-range
six-fold orientational order). Eventually the dislocations dissociate into disclinations
leading to a liquid phase. So for freely suspended membranes, the existence of a
hexatic phase before a fluid phase may be possible (a convincing intuition is that
dislocations have finite energy cost when crystalline membranes can buckle out of

plane [55, 46]).



Returning to what is known, since the crumpling temperature is so high, one
can confidently guess that the crumpling phase transition is most likely physically
irrelevant for most freely suspended 2-dimensional crystals. So at room temperature,
2-dimensional crystalline membranes like graphene are in a reference flat state. Now
it is possible to examine the elastic properties of these crystalline membranes as one

does for polymers. This is the question addressed in the next section.

1.1.3 Momentum Shell Interpretation of Renormalization

and Elastic Moduli of Graphene

Let us now examine some of the properties of free energy 1.6 at low temperatures
where a flat un-melted state exists. Naively, one may expect the mechanical moduli of
the free energy function to be the true effective moduli at all length scales. However,
as noted before there are non-linear terms in the free energy of the form f* and uf2.
By a dimensional scaling analysis the upper critical dimension for free energy 1.6
satisfies Dy, = 4 (D, is such that for d > D,. non-linear terms may be ignored,
whereas they must be considered for d < D,.). Since D,. = 4, one can expect that
non-linear terms cannot be ignored for the physical case. However, intuitively, at small
length scales and at low temperatures, harmonic theory (and therefore linear elastic
theory) should be dominant. Quantitatively, the scale at which linear elastic theory
breaks down may be identified with the scale at which the out-of-plane fluctuations
(f?) (where (-) means harmonic average) become of the order of the ”effective”
thickness of the elastic material, \//4;/_Y . Indeed, for an elastic plate, non-linearities
are important when deformations are of the order of the thickness of the plate [44].
Named the thermal length scale, it is approximately:
kgT K K2

N——>€thr\4

Haf(=aho =527~ 3 kTY

(1.13)
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where Y is the zero temperature Young’s modulus (this length scale also could have

been estimated via noting where perturbation theory fails). In general D dimensions

12
gth -~ ( (A2p)

W)ﬁ [56] which can be derived by using the general effective thick-

ness t ~ \/k(A+2p)/(4u(X + w)). This defines the thermal length scale, beyond
which temperature affects the mechanical properties of the elastic membrane and an-
harmonic terms can no longer be ignored. For 2-dimensional crystals like graphene
or h-BN at room temperature, £, ~ 1nm.

Thus beyond this scale, we expect the effective theory to change due to renor-
malization of the elastic moduli due to the anharmonic f* and uf? terms becomes
important in evaluating the Green’s function. We can illustrate this more clearly
by calculating the effective theory at a given scale ¢* = 27 /¢* via integrating out
faster small-scale fluctuations. This can be done by splitting the phononic fields into
pieces: g<(r) = 34«4 e'17g(q) and g-(r) = D oAslal>qt e"17g(q) where g € {u;, f}

and integrating out the latter, g-. By performing this integration we obtain [57]:
Foluic, f<]=  —kgTlhn / Dluss, fo)e Telticl< iz I>1/ksT (1.14)

where Fg[ui<, f<, Ui, f~] is the full free energy function without any phononic modes
having been integrated out. Since not all the terms in F,[u;<, f<, u;, f~] are harmonic
in the high-frequency phononic fields, one may ask how this integration is exactly
performed. To integrate them, one uses the quantum field theoretic method of
Feynman diagrams which can be found in many texts [58, 59, 60, 61, 57]. Terms
(even an-harmonic ones) purely made of high-frequency fields are not interesting to
us as they just produce corrective numerical factors to the free energy. It is the terms
that mix high and low frequency phononic fields that are of the most interest for
us to integrate. This is because these terms can give rise to an-harmonic contribu-

tion in the low-frequency effective theory via integration. To summarize briefly, one
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assumes that the high frequency phononic fields are independent random variables.
Thus one can then Taylor expand the an-harmonic high frequency phononic fields
and use Wick’s theorem (or Isserlis theorem as it is known in Probability theory)
to integrate them out using the quadratic (Gaussian) high-frequency measure. This
will generate terms that have low out-going frequencies and allow us to obtain the
aforementioned an-harmonic contributions (formally known as renormalization) to
the Gaussian low-frequency measure which is our effective theory.

Returning to the previously obtained results, to better understand the effect of
an-harmonic terms, Aronovitz and Lubensky performed the e-expansion [12]. The
e-expansion is one of the most rigorous forms of the renormalization group from
the toolbox of a statistical physicist [62, 57]. The idea is to perform a momentum-
shell renormalization group infinitesimally below the upper critical dimension D, — €
(where the fixed point bifurcation can occur and a non-trivial fixed point remain
in the vicinity of the quadratic or Gaussian fixed point). Since the upper critical
dimension is the dimension at which a bifurcation between Gaussian behavior (for
D > D,.) and non-Gaussian behavior (for D < D,.) can occur, this form of the
renormalization group is effective in giving a correct qualitative analysis.

Understanding the effect of the arithmetic transformation of the renormalization
group, one can then obtain a set of ordinary differential equations. These are formally
known as [-equations and describe the change in the moduli with changing scale

(shown below). Via these ODEs, Aronovitz and Lubensky found 4 fixed points in

kpT\
kA2

kpTu
kA2

non-dimensional parameters A = and 1 = The stability analysis and

fixed points can be seen in Fig. 1.1.3, which are associated with the [-equations

shown below.

diir R 3Yrfir + 1%
o= g, T PR 1.15
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d\r .  3YRAR+ ik + djirdr + 203
ds 8

(1.16)

where s is the scale change (with a scale change the lattice spacing changes as
a — ae®). In addition, the Young’s modulus can be written in terms of the Lamé

coefficients Y = 47(fi + A\)/(2fi + A). Due to the presence of a stable non-Gaussian
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Figure 1.1: The e-expansion analysis of free energy (3) reveals 4 different fixed points.
The Gaussian is no longer stable slightly below the upper critical dimension D, = 4
and a new stable fixed point appears. The gray region is an un-physical region.

fixed point, non-trivial scaling of the elastic moduli is expected. Indeed, from Eq.1.9
one can see that non-trivial renormalization is caused by the transverse in-plane fluc-
tuations (due to the transverse projection operator associated with shear). Nelson,
Peliti, Leibler, Guitter and others [46, 13| carried out the less controlled but phys-
ically relevant renormalization group with D = 2 and d = 3. Via these calcula-

tions, it was found that beyond £, the elastic moduli scale as kg(¢) ~ (£/¢,)" and
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Ar(€) ~ pr(l) ~ (£/ly,)"™ with n ~ .8 — .85 and 7, ~ .3 — .4. These calculations
can also be confirmed via SCSA which, like the e-expansion, gives more accurate
results than an uncontrolled RG [63]. Fig. 1.1.3 shows the change of elastic moduli
with scale. In addition, due to the form of the strain tensor, the infinitesimal out-
of-plane rotations allow one to derive the following Ward identity 2n + 7, = 2 [13].
Although these results were confirmed by Bowick’s simulations [64], they have not
been confirmed experimentally due to the presence of defects and static ripples [65].

Most of the theory described thus far has been understood in the late 80s and early
90s. There are many other results concerning the critical scaling of elastic moduli for

various other scenarios (such as including disorder or anisotropy).
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Figure 1.2: Using an uncontrolled renormalization group the renormalization of elastic
moduli under the effects of temperature can be seen in a Log-Log plot. One can see
that below the thermal length scale temperature does not play an important role
whereas above, the elastic moduli take on critical exponents related by the exponent
identity, 2n +n, = 2.

14



Chapter 2

Uni-Axially Stressed Thermalized

Elastic Membranes

2.1 Introduction

Other investigations have been conducted for elastic membranes with an intrinsic
anisotropy [66, 67]. For sufficiently high temperatures, due to the anisotropy,
the mean field flat phase becomes un-stable and leads to a mean-field tubule
phase, neglecting self-avoidance. This was further confirmed via non-perturbative
approaches [68], which also better characterized the critical exponents associated
with the phase transition. Anisotropies can be quite generic and thus the authors
chose to focus on a tubule with effectively straight along one axis and crumpled along
the other D — 1 axes [66]. Within the tubule phase, assuming no self-avoidance, the
effective elastic moduli become scale-dependent but with a behavior that is different
from that found in the flat phase. Simulations done in [69] confirmed the existence
of this flat-to-tubule phase transition by inserting an anisotropy in the bending

rigidities. They further measured the gyration radius as a function of the length of
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the tubule and obtained the scaling R ~ L*F where the Flory exponent is vp ~ .3,
and found it to be within close agreement with the theory, vp = 1/4 [66].

In this section we focus on extending the theory of thermalized 2D elastic
membranes to a scenario of physical interest in which a homogeneous uni-axial
tension is exerted. A snapshot from a simulation can be seen in Fig. 2.1 and
illustrates the physical scenario. Stress will introduce a new wave-vector, ¢q,, which
will render the theory dependent on the its relative magnitude with respect to
gin = 27/l We will explore the scaling of these elastic moduli at a variety of
length scales and show an anomalous scaling at high stresses and temperatures that
becomes identical to that of [66, 67] in the tubule phase. In the infrared limit (¢ — 0)
the modulus C%,,(q) ~ g whereas C,, ~ constant, thus the system will exhibit
strong anisotropy in the in-plane correlation functions. In the same limit, the moduli
characterizing bending rigidities will exhibit anomalous behavior. Furthermore, as
in the case of isotropic stress, we once again obtain a regime with a non-linear
stress-strain relation, € ~ o7/~ when 27/L < ¢, < qu (where L is the system
size).

We will first begin in Sec. 2.2 by introducing the theory in the absence of stress
and explore the consequences of introducing uni-axial stresses for the symmetries of
the free energy as well as the appearance of a new length scale beyond which stress
becomes important. In Sec. 2.3, we study uni-axially stressed membranes via an engi-
neering dimension analysis and Self-Consistent-Screening-Analysis (SCSA) equations
to obtain the scaling of effective elastic moduli. Simulations performed in the NPT
ensemble using the LAMMPS package confirm the scaling of this theory. In Sec. 2.4,
we will study stress-strain relations using what we will have learned about the elastic

moduli.
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Figure 2.1: A snapshot of a simulation of a thermally fluctuating sheet placed under a
uni-axial tension. u; indicate the in-plane displacements whereas f is the flexural /out-
of-plane field. The coloring of the membrane shows the scalar value of the height field
(high frequency colors such as blue showing negative heights and low frequency colors
such as yellow showing positive heights with respect to a zero-mean height). When
a uni-axial stress is significant, transverse flexural fluctuations dominate as can be
seen from the height coloration of the figure taken from a simulation. The dotted line
marks the fact the T' = 0 size which shows that elastic sheets shrink when temperature
is present.

2.2 Statistical Mechanics Of Elastic Membranes

Under Stress

We first repeat and discuss the free energy function of a general D-dimensional
elastic membrane embedded in (D+1)-dimensions undergoing small deformations
with respect to the reference flat state. Using Einstein notation in which repeated

indices are implicitly summed over, such a function has the form [44]:

1
F = §/dDr[)\u?i + 2, + KK — 2kgdet(Kj;)] (2.1)
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where A\ and p are the elastic Lamé constants and x and kg are the bending and
Gaussian bending rigidities. Here we use the strain and curvature tensor equations:
1
Uij = 5[82%' + 0ju; + 0,0, f]
(2.2)
K;; = 0:0;f
where the indices 7, 7 run through the D intrinsic dimensions of the elastic membrane.
These describe the deformations from a reference flat metric and zero-curvature state,
with u; being the in-plane displacements along the i-th axis and f being the out-of-
plane displacement. The strain tensor u;; expresses stretching and shearing whereas
K;; expresses curvatures. Note that we have omitted (Ou)? from the non-harmonic
portion of the strain tensor due to the fact that in-plane stretching costs more energy
than stretching due to the out-of-plane deformations represented by (9f)%. By means
of an engineering dimension analysis done in Sec. 2.3, one can show that (Ou)? is
irrelevant and can thus be ignored.
The effect of thermal fluctuations in a system with free energy function F can
be extracted from the correlation functions, obtained via functional integrals over all

membrane configurations [57]:

1
giuj(m —r1) = - [ D, f]ui(rz)uj(rl)e_f/kBT
i / (2.3)

gﬁf(% —1) = %/D[ui, f1f(x2) f(ry)e™T/k5T

—F/kgT

where e is the temperature dependent Boltzman weight and Z is the normal-

izing partition function, Z = [ D[u,, fle="/ksT

. Due to the form of the in-plane strain
tensor, the free energy function is not harmonic in the displacement parameters u; and
f. In the absence of such an-harmonic terms and stress and under periodic boundary

conditions (so we may integrate out the Gaussian bending term via the Gauss-Bonnet

theorem), the correlation function of the flexural phonons and in-plane phonons of a
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system of Fourier scale ¢ take the form [11, 46]:

B k;BTPi:]F-(Q) ksT(0;; — PL(q))

ij

Gy (@) = Au? T AREE NG (24)
kpT

Grrla) = Aiq4 (2.5)

where A is the membrane area and P (q) = d;; — ¢;q;/¢* is the transverse projection
operator. We have taken the form of the Fourier transform to be: G(r) = G(0) +
D oAs|qizanyn Gl@)edT = G(0) + f;:r/L dQTqG(q)eiq'r. In this definition of the Fourier
transform, A is the UV cutoff introduced by the microscopic scale of the system
where the continuum elastic theory breaks down i.e. A = m/a where a is the lattice
spacing of the material. The correspondence between real lengths and Fourier space
inverse lengths is taken to be: ¢ = 27/¢. Via scaling analysis, a length scale subtly
emerges due to the presence of temperature. It is well known from plate theory that
an-harmonic terms play a role once the magnitude of deflection becomes comparable
to the thickness of the plate [44]. Considering specifically D = 2 materials such as
graphene, though it is atomically thin, we can assign an effective thickness, derivable
via the elastic formula, ¢ ~ \//<;/_Y where Y is the 2D Young’s modulus (Y = 4pu(A +
1)/ (A4 2u)) [44]. Assuming we take a plate thickness ¢ under-going an out-of-plane
displacement deformation of amplitude f over a length L, a scaling analysis can be

performed to compare the bending energy and stretching energy cost from Eq. (2.1)

[44]:

2\ 2
-Fstretching ~Y (%)

f 2
thending ~ Yt2 <ﬁ)

(2.6)

When the two energy costs are of comparable order, an-harmonic terms can no longer

be ignored. Indeed, one can notice from the form of Eq. (2.6) that this occurs when
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f =t~ \/k/Y. Inserting this equivalence of length scales and the Fourier form

K2

ThgT when

q ~ 1/L into Eq. (2.5) and solving for L, we obtain a length scale £y, ~

D = 2. In general D dimensions (g, ~ (ﬂ—ﬁk’%)ﬁ [56] which can be derived by

using the general effective thickness ¢ ~ \/k(A +2u)/(4p(A + ). This defines the
thermal length scale, beyond which temperature affects the mechanical properties of
the elastic membrane and an-harmonic terms can no longer be ignored.

The non-linear form of the in-plane strain tensor produces long-ranged coupling
of Gaussian curvatures and induces a non-trivial scaling of the correlation functions
beyond the thermal length scale, ¢, [17, 11, 46]. In the absence of stress, the scaling
of the correlation functions is known in the long-wavelength limit and temperature

renormalizes the moduli and renders them scale-dependent [12, 56, 11]:

woo keTPH@)  ksT(y = PE@) (g™
G V= Z 0@ T Apinla) ¥ (@) <ch)

kpT A
R _ B (1
91l = Arr(g)q* (qth)

(2.7)

where ¢, = 27 /{y,. The anomalous exponents take the approximate values n & .8
and 1, ~ .4 for D = 2 [28]. These exponents are not distinct but are related due to
the form of the in-plane strain tensor u;;, where du and (9 f)? must scale together [13].
This leads to the exponent identity 2n +n, = 4 — D [28, 13]. It is important to note
that D,. = 4 is the upper critical dimension of the theory and thus no anomalous
exponents will be present when D > D,.. For D < D,., these exponents imply
that the renormalized bending rigidity diverges as kgr(q) ~ (q/qwm)”" whereas the

renormalized in-plane moduli converge to zero as ur(q), Ar(q), Yr(q) ~ (¢/qwm)™ [11].
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Naively, in the presence of an arbitrary edge stress, 0;;, applied to an edge with

unit normal n, one would write the following free energy function [28]:

1
F =3 / dPr[ g + 2pul; + KK — 2k6det(K;)]

(2.8)
— % dDils 'fLZ’O'z'j'LLj

where the boundary term expresses the work done by an external stress. However,
the effective theory at a given scale ¢* = 27 /q* can be extracted by integrating out
faster small-scale fluctuations. This can be done by splitting the phononic fields into

pieces: go(r) = Y gy ©@97g(q) and g (r) = Y. ooy €47g(a) where g € {us, f}

and integrating out the latter, g~. By performing this integration we obtain [57]:

Foluic, f<] =

(2.9)
_ ijTln/'D[ui>7f>]€—.7-'a[ui<7f<,u1'>7f>}/kBT

where Fg[ui<, f<, Ui, [~] is the full free energy function without any phononic modes
having been integrated out. Trivially, homogeneous isotropic stress will not cause
renormalized anisotropies to develop since the stress will not break any rotational or
mirror symmetries in the free energy. However, in the presence of a homogeneous
anisotropic stress the isotropy of the free energy will be broken.

Thus it must be considered that these moduli can develop effective anisotropies for
a non-isotropic stress and not only a scale dependence due to temperature. Despite the
need for a generalization of the free energy, some symmetries will remain assuming the
form of the stress to be “uni-axial”. We clarify here that in general D-dimensions we
define “uni-axial” stress as the case in which all axes experience an equal tension o, =
o with @ € {1,...;,D — 1} and opp = 0 (we call this the case of “uni-axial” tension
since in D = 2, which is the case of interest, it is indeed the correct physical scenario).

As a brief aside, note here that we will use Greek letters to range over indices between
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{1,...,D — 1} and Roman letters as indices that range over {1, ..., D}. We take this
unusual definition of “uni-axial” to mimic the exact same theoretical formulation of
tubules in Radzihovsky and Toner’s theory [66, 67]. Examining Eq. (2.8), one can see
that for “uniaxial” stresses the free energy will have at least orthorhombic symmetry;
those being D mirror symmetries across each of the D axes. These orthorhombic
symmetries will remain in renormalized free energies.

Accommodating orthorhombic anisotropy into the free energy, the generalization

takes the form [44]:

1
F = 5 / dDr[Cijkluijukl + Bijleinkl]

(2.10)
— f dD_lsﬁiO'ijUj

where, the bare elastic moduli tensors have the fundamental major and minor symme-
tries: Cijii = Criij = Cjiry = Ciju, and Bijii = Briij = Bjit = Bijue [70]. In addition
to these, the orthorhombic symmetries will enforce that Cj;; = Cijr = Cij = 0
where each distinct index is taken to be a distinct number between 1 and D. The
same will hold true for the B;ji; tensor. In this notation, an isotropic elastic mate-
rial will have the following decomposition: Cjju = A6 + p[didj + dud,;] and
Biji = (k — £6)0i00 + K /2[00 + 0ud;).

Under stress the effective flexural phonon correlation function may be defined:

kgT
Gi(a) = 2.11
1@ A[BE, (Q)aiq;aeqn + 01¢i;] (211)
whereas the correlation function for in-plane phonons takes the form:
kgT _
giu]- = %[Oﬁjl(qu%] ' (2.12)
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These renormalized elastic constants have been defined based on the analogous
correlation functions in the harmonic approximation similarly as one would define
Ar(q), tr(q), kr(q) in Eq. (2.7) based on Egs. (2.5) and (2.4). For isotropic systems
that aren’t under any stress, the correlation function of the in-plane phonons reduces
to same form as Eq. (2.7). However, as previously explained, in the presence of
anisotropic stress the renormalized moduli may also become anisotropic.

We can now ask ourselves at what scale such a stress becomes important and thus
induces anisotropy. Observing Eq. (2.11), it can be seen that under tensile stresses,
one may note the introduction of a new length scale when o,0q> ~ Bg-kl(q)qiqjqkql
[28]. This length scale can be identified with the scale beyond which stress plays a
dominant role along the axes in which it is present. For sufficiently small stresses
such that ¢, < ¢, and assuming that the material is isotropic at 7' = 0 and thus we
can assume that By, (¢q) ~ kr(q) ~ (¢/qm)~". Thus the wave vector takes the form
28]

o 1/@-n) @)
qa_ g (T) qthn N (213)

The value of stress for which these two length scales are equal can be solved for

2 (AOwkRT N s
Ogn = Kl = K w2 (211 )P

For very large stress, o > o, , where ¢, > g,
then anomalous behaviors will not enter into the comparison between the stress and
bending portions of the flexural correlation function and thus the bare parameters

can be used, o¢® ~ kq?, resulting in:

4 = <%>1/2 (2.14)

With this pre-amble we may now begin to investigate the scaling theory of “uni-axial”

stresses imposed upon thermalized elastic membranes.
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2.3 Scaling Behavior Of Elastic Moduli

In the following text, we aim to derive the scaling of the correlation functions in
different regimes which will depend on the ordering of ¢, ¢, ¢ (note that order of
these Fourier scales can change by tuning the parameters o, x,T,Y as well as trivially
changing the inverse length scale ¢). In order to develop a convention for naming

Y

these different regimes, we define un-ambiguously that a system under “low” stress
to be such that ¢ > ¢, and “high” stress such that ¢ < ¢,. We also define systems
under “low” temperature conditions to be such that ¢ > ¢y and high temperature
such that ¢ < gn.

To obtain the scaling of correlation function we must commence with the calcu-
lation of the engineering dimensions when stress is “low” and when stress is “high”.
Engineering dimensions will tell us whether terms are relevant or irrelevant to the
theory. Specifically, terms with negative engineering dimension are called irrelevant
and can be ignored from the scaling theory of the free energy. On the other hand,
terms with positive engineering dimensions are called relevant and cannot be ignored
from the scaling of the theory. An-harmonic terms with positive engineering dimen-
sion can induce anomalous scaling of the elastic moduli of the theory that is different
from the linear theory (such as those for the un-stressed isotropic elastic membranes
in Eq. (2.7)). Thus it will be necessary to derive the Self-Consistent Screening Anal-
ysis (SCSA) equations, which allow us to describe the effect of an-harmonic terms in

the free energy. With these two tools, we will then derive the scaling of the correlation

functions in each regime.

24



2.3.1 Engineering Dimensions
Low Stress ¢ > ¢,

Before engineering dimensions are calculated, it is important to establish what the
dominant term of the harmonic portion of the free energy is in order to proceed
further into our scale-dependent analysis. In the presence of vanishingly small stresses,
one can consider the non-anomalous correlation functions (also known as harmonic
propagators) to scale as Grr(q) ~ ¢~*, Guu(q) ~ ¢~* (as can be seen from Egs. (2.5)
and (2.4)), and see that the flexural modes fluctuate with a larger amplitude for small
enough ¢ and thus produce the dominant modes of the harmonic portion of the free
energy, otherwise known as the harmonic/Gaussian theory. In other words, the term
Bij110;0; fO,0, f is the dominant term in the Gaussian theory.

Thus, in the presence of the scale-invariant dominant term, B;;;;0;0;f0x0,f, we
may calculate how fields f should be re-scaled f(q) = b=27f'(q’) as a result of the
scale transformation q = bq’ = b”¢q’ where b > 1 is a rescaling parameter.

Engineering dimensions give the exponent with which parameters of a theory
rescale (in this case Cjju, 0, Bijiy though B;jp will be scale-invariant since we set it
to our dominant term), O = b=22(’, under the scale transformation ¢ = bq’. If an
engineering dimension, Ag, of a parameter is positive then it cannot be ignored as
q — 0 since it grows with scale. If on the other hand it is negative, then the parameter
rescales to zero as ¢ — 0 and can thus be ignored (unless it is dangerously irrelevant)
[58].

Proceeding to the counting of engineering dimensions, at low stresses, the domi-

nant term of our theory is B;;u¢iq;qxq f(q) f(—q). This will automatically imply that
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4> o, Oaa = 0,0pp =0
Term Eng. Dim.
A, 1

Aj (4—D)/2
A, 3—D
Acijkl 4-D
ABz‘jkl 0

A, 2

Table 2.1: In the presence of small “uniaxial” stress and high temperatures, engi-
neering dimensions of the order parameters and the elastic moduli of the theory.

the engineering dimensions Apg,,, = 0. This implies then:

A Z Bijr ¢:95qxq.f () f(—q)

lal<A

=0"PA" > By b'qdidia f(0d) f(—bq)
o [<A/b

(2.15)

where b=P A’ = A due to the fact that the area is a D-dimensional area in real space.
In order for this term to be scale invariant then we must enforce that b=2)/2 f(bq') =
f'(d'). Thus, we have obtained Ay = (4 — D)/2, and we can use this to obtain how
the order parameter v and all other coefficients of terms in the free energy re-scale.
Due to the rotational symmetry of the free energy, the strain tensor will be
preserved despite renormalization [13, 61]. Thus, the scale-invariance of the theory
will enforce that the u field rescales u(q) = b~*u'(q) in such a way that the indi-
vidual terms of the strain tensor g;u; and ¢; fg;f also re-scale the same way. Thus,

equating q;u; ~ ¢;fq; f leads to

qiui(q) = bgju;(b') = b~ qiul(q) ~
qiq; f(Q) f(—q) = b*qiq; f(bd) f(—=bq) (2.16)

= b—QAf+2q£q;f/<q/)f/(_q/)
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In other words, A, — 1 = 2Ay — 2 which gives A, = 3 — D. With this, we can
finally calculate how the coefficients of an-harmonic terms, Cjj;x;, of the free energy

in Eq. (2.10) should re-scale. For example, one can obtain:

A Z Cij ¢iqrui(Q)u(—q)

lal<A

=bPA Z Cijrr V2 qLq 0™~ %u; (bq )y (—bq)
la’|<A/b

(2.17)

which implies then that Cj;, = Cyijmb”~* and gives us the engineering dimension
Ac =4 — D. Given these results then we know that when D < 4, that an-harmonic
terms with coefficients Cj;;; will be relevant to physical behavior in the limit ¢ — 0. If
stresses are not vanishingly small, a similar analysis can be done to show that A, = 2
which indicates that it will be strongly relevant and that once ¢ < ¢,, it can no longer
be ignored. Thus the dominant term of the theory would have to be reconsidered in
the “high” stress case which we will deal with in the very next section. All engineering

dimensions for the “low” stress case are summarized in Table 2.1.

High Stress ¢ < ¢,

As previously mentioned, when stress is significant, the dominant portion of the
Gaussian theory has to be reconsidered. A “uni-axial” stress term, o¢2, will dominate
over the bending rigidities in the flexural correlation function along every axis except

for the D' axis. Thus the new dominant term of the Gaussian theory becomes:

[Bpopop 4p + aa ¢21f(q)f(—a) (2.18)

Rendering these free energy terms scale invariant requires axes co-linear with the
“uni-axial” stress must be re-scaled such that ¢; ~ ... ~ gp_1 ~ ¢% [71, 72, 73]. Thus

if the wave vectors rescale as (qp_1,qp) = (b*dp_4, bq) where qp_1 = (q1, ..., qp_1),
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q<Gqy,00a >0,0pp =0
Term Eng. Dim.
A, 2
Ay 1
Ay (5—2D)/2
AV 3—2D
Ay, 4—-2D
ACMBB 1-2D
Copap 1-2D
Cobab 3—2D
Ac,.pp 3—2D
ACDDDD 5—2D
Baaps —4
BaaDD —2
ABDDDD 0
A, 0

Table 2.2: In the presence of a large “uni-axial” tension, engineering dimensions are
shown for spatial dimensions, order parameters and the elastic moduli of the theory.

then keeping the term A" [Bppppqp + 0aaql)f? scale invariant leads to

A Z [Bopop 4p + 0aa ¢21f(Ap-1,40)f (—dp-1, —4p)
lal<A

= b172DA/ Z [BDDDD b4qlD4 + Uaab4q&2] X (2.19)
la’|<A/b

F®*dp_y, bap) f(~b*dp_y, —bdp)

where A = b'"2P A’ since A = Lp [[22] Lo = b"'L, 122 b2L,, (where L; are the
system dimensions along axis ¢ and re-scale inverse to how ¢; re-scale). This equation
thus implies the engineering dimension Ay = (5 — 2D)/2. Observing the difference
between the two terms Bppppqh and Baappgiqhf(q)? and since Ag, ., = 0 and
—4. As was done in

Ja ~ q3, we can conclude that Ag, = —2. Likewise, Ag

aDD aafp -

the previous section we can compare the terms within the strain tensor ¢;u; ~ ¢;fq; f
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and we get that

= bl () ~

qiui(q) = b gju;(bq')
45 f () f(—q) = b 29 ¢lq, f(bd) f(—b) (2.20)

= b ARt Rl () ()

and thus A,, = 2A; — A,. Because of the difference in how ¢, and ¢p re-scale,
we obtain two different engineering dimensions for the in-plane displacement fields:
Ay, = 3—2D and A,, = 4 —2D. Due to the anisotropic re-scaling of spatial
dimensions, this causes C;;; with differing indices to be re-scaled differently as well.

As an example, consider Chopp:

AN Caaps @atsta(dp-1,q0)us(—dp-1, —qp)
lal<A

= pi2P Y Z Caaﬁﬂ b4q;q'5 X (2'21)
la’[<A/b

b4D_6ua <b2qlD—1 ) bqb)uﬁ (_qu/D_l’ —bqb)

thus implying Ac,,,, = 1 —2D. Similar analysis yields as well that A¢g,_ .., = 1—-2D.

On the other hand, for C,p.p:

A Z Cuapab Gala UD(QD—hQD)UD(—QD—l, —QD)
lal<A

=0""2PA" " Capap V'dq, x (2.22)
la’|<A/b

' Sup (b2 dp_y, bap)up(—b*dp 1, —bgp)

= 3 — 2D. Similar conclusions can be drawn for A¢,_,, =

thus implying A¢

aDaD

3 — 2D whereas A¢,,,,, =5 — 2D as summarized in Table 2.2.
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Thus, we see that when D > 5/2, all C’i}}kl become irrelevant and thus an-harmonic
terms do not contribute to the theory and can be ignored in the limit ¢ — 0. On
the other hand, in the case of interest D = 2, we can remove all irrelevant terms
(CE,,,CE,,, CL 5, BE,,, BE,,) in the expression of the free energy as they only add
technical complications and do not contribute to the qualitative scaling behavior.
One can then integrate out the in-plane phonons, u;(r), with only the constant CL%,,
present in the free energy since all other Cgm are irrelevant. This can be done by

means of the functional integral:
e PFers = /I_ID[ui(r)]e_ﬁJT (2.23)

Such an integration will cause all f* vertices to disappear and thus the effective

free energy will take a simplified form:

et 2 S 1Ba)dd + onad) (@) (~a) (2.24)

lal<go

Observing this equation, one may note the absence of an-harmonic terms. This implies
that Basggs will no longer renormalize once the “uni-axial” stress is dominant. Thus
the bending rigidity satisfies B,,(q) = B£,,(¢,) (and more generally Bpppp) and
actually remains a constant when ¢ < ¢,.

We will now calculate the SCSA equations corresponding to the theory so that we
may later on calculate the potential anomalous scaling of elastic moduli due to the

presence of relevant an-harmonic terms in the free energy.

2.3.2 SCSA And § Equations

In order to derive anomalous exponents of the elastic moduli and more precise values

for the cross-over scales ¢, , ¢, where scaling of the correlation functions change, it is
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important to take a moment to calculate the SCSA equations that take into account
the effect of an-harmonic terms into the calculation of effective elastic moduli.
Before proceeding to the derivation of the SCSA equations, we will take a brief
aside to mention that one can integrate out all in-plane phonons to obtain an effective
free energy for the flexural field. This will be necessary to obtain the SCSA equa-
tion for the flexural correlation function gff(q). For the purpose of obtaining useful
expressions, we assume the general orthorhombic symmetry of the elastic tensors.
Integrating out the in-plane phonons for general D gives rise to a complicated coef-
ficient of the f* vertex. However, the effective energy for flexural phonons under
periodic boundary conditions in the presence of a general stress takes the following

form in D = 2 [46]:

Fe 1
% =5 Z [Bijk ¢i9;9xq1 + 015:45] f (@) f(—q)
la|<A
1 N
+2 > q4[qliP,~:§(q)qzj][Q3i1%?(q)q4j]mf (a1) f(az) f(as) f(as)
*QS*Q4=3;EJ(F)T(211:1 ,,,,, 4<A
(2.25)
where N and E(q) are:
N 201212[0111102222 - 012122}
E(q) =Det[Cijniqiqr]

(2.26)

20111101212%1 + 0222201212(13

+ <0111102222 - 20112201212 - 012122>q%q§

Returning now to the derivation of the SCSA equation, one can compute one-
loop SCSA equations for the in-plane moduli. In principle one can do calculations

to higher order loops to obtain more accurate results, however one can often gain a
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qualitative understanding from a one-loop analysis. From an SCSA shown in Fig. 2.2

we can derive the following self-consistent equations for Cgkl.

kgT AGR (— ) AGH
_ zl(;ﬁ /I » d"p[C (@) (@m — Pm)Pnl[Cabii (da — Da)ps) le;;qT pP) k;f;p)
pI<
kT D[ . _ R B Agf’f(q - p) Ag)fjff(p)
4(27T)D /|p<A d p[Cz]mn(Qm pm)pn] [Cabkl(q)(Qa pa)pb] kT T
(2.27)

The symmetrization of the diagrammatic contributions seen in Fig. 2.2 is due to
the major symmetry of the tensor Cj;i; = Cji;; which enforces conservation of energy.
This symmetry should remain even through renormalization. One can also obtain
identical SCSA equations renormalizing the C;;i0;u;0; fO,f vertex since the form of
Hamiltonian will be preserved via renormalization [13]. Similarly a self-consistent

equation can be written down for the flexural correlation function:

Gfy(@) = Gy = g 3 o P =PIl s 0PI (@0Gsla) (225)
Ipl<A

One can also obtain the corresponding momentum shell Renormalization-Group

equations, or 3 equations, which will be of use to derive the values of ¢, and ¢, more

precisely [59]. One can apply the operator, —¢d, = 0, to the SCSA equation (2.27),

and convert the Fourier sum to a momentum shell integral [56, 28, 62] in which we

have integrate a momentum shell of Fourier space A/b < p < A of the p integral:

0sCiji(s) = 2287 — 1)Ciju (s)

- kBT—AD4/ D_lf)[Ci}jmn(s)ﬁmﬁn][ngkl(‘s)ﬁaﬁb] (2'29)
2(2m)P (Bl (s)pipiprpr + 33Dipj)?
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J l J l J l l
p
q q q f"\ q
(b) ——— = + e
° g
q—p

Figure 2.2: (a) The SCSA equation is shown graphically using the C;;3,0; f0; fOr fO, f
vertex. This equation is used to obtain a scaling of the Cj;i; via a self-consistent
analysis. The symmetrization is due to the major symmetry of the Hamiltonian. The
the dashed line indicates Cjji; and the doubled dashed line C’f}kl. The solid lines
indicate Gy whereas the doubled solid lines indicate Gf. (b) The SCSA equation
corresponding to the flexural correlation function is shown using the effective f*
vertex in Eq. (2.25). The renormalized structure of the vertex is marked by the
doubled dotted line.

where s is the rescaling parameter, with b = ¢*;0 < s < 1. We have extracted
the powers of A and this leaves us with an angular integral over the unit vectors p.
Furthermore Ay is the engineering dimension of the order parameter f, though in
renormalization, it is generally treated as a degree of freedom [28, 57, 56]. Once the
momenta in the window A/b < p < A have been integrated over, the UV cutoff A/b
is re-scaled to A.

In the limit of vanishing stress one can additionally write down a general D-

dimensional § function for the isotropic bending rigidity x [56]:

Oskr(s) = (2Ar — D — 4)kg(s)

A[D? — 1]pr(s)[Ar(s) + pr(s)]SpksT
[D2 + 2D][Ar(s) + 2ur(s)](2m)Pr(s)A*-P

(2.30)

where Sp is the area of a D-dimensional unit sphere.
With the SCSA equations and [-functions calculated, we can now proceed to
obtaining the scaling of correlation functions in each regime and obtain the scale

limits of each regime. We order the regimes by investigating regimes with different
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dominant harmonic terms independently: in other words low stress, ¢ > ¢, and high
stress ¢ < q,. Within each of these regimes, we investigate each sub-regime depending
on whether temperature is significant or not: in other words low temperature, ¢ > g

and high temperature q < gy.

2.3.3 Scaling At Low Stress ¢ > ¢,
Scaling At Low Temperature ¢ > max{q,, Gin}

The positive engineering dimension of Cj;i; when D < 4 signifies the importance of
the parameter when ¢ — 0, however this does not mean that an-harmonic effects
need to be considered at smaller finite length scales.

Indeed, when ¢ > max{q,, ¢}, the scaling of the correlation functions is trivial
since both temperature and stress do not contribute significantly, thus the harmonic
low stress correlation functions are sufficient to understand the theory and no anoma-
lous effects should be observed in the theory. Reminding the reader once again that
we are assuming the Roman letter indices such as i, j, k, [ range over {1,..., D} and
Greek letter indices range over {1, ..., D — 1} we have:

kT

kG + Taad?]
kgT

= A[Bijuia;arq)

Grrla) =
" AlB (2.31)

where and all B, ji; are the bare parameters of the theory since no thermal anomalous

effects are relevant. Assuming the bare material is isotropic, we then have:

kT
Arg*

Grrla) ~ (2.32)
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where the stress term is insignificant to the scaling of the flexural correlation function.

And for the in-plane phonons we have:

kT

Guu; = T[CiijQkQZ]il (2.33)

where the Cj;; are also the bare parameters of the theory.

Assuming a vanishing stress such that ¢, < g < ¢, one can ask at what ¢, these
harmonic approximations are no longer appropriate to use and thus an-harmonic
terms play an important role. To do this, it is necessary to resort to the g equations
presented in Sec. 2.3.2 and use the bare values k, A, u. Specifically we can examine
Eq. (2.30) and look at what re-scaled UV cutoff Ay, the an-harmonic contribution is

of the order of k. Assuming isotropy and ignoring infinitesimal stresses, we have [56]:

- UD* =~ DETp( + w)SpAg (2.34)
(A +2p)(D? 4 2D)k(2m)P

where Sp is the area of a unit D-dimensional sphere. Therefore we obtain:

(D% — DkTu(\ + 1)Sp )“‘D (2.35)

=Ap= 14
dn = ( (A + 20)(D? + 2D) (2m) P2

Likewise, assuming very small temperatures such that ¢, < ¢, < ¢, one can similarly
ask at what ¢, the Gaussian theory breaks down due to stress. The answer to this
is already in our derivation of Eq. (2.14) for ¢,. When ¢y, < ¢ < ¢, the dominant
terms in the harmonic theory will have to be re-examined, which will be done in the

following Sec. 2.3.4.

Scaling At High Temperature ¢, > q > q,

Having obtained the engineering dimensions we can make certain inferences of the

behavior of these elastic sheets beyond ¢,. Indeed when ¢ > ¢,, the engineering
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dimensions seen in Table 2.1 indicate that all the in-plane elastic moduli have posi-
tive engineering dimensions and must thus be considered in the theory. Indeed these
are the same engineering dimensions as were found in [13]. One can then perform an
SCSA or renormalization group analysis [19, 13, 11] to obtain the anomalous expo-
nents assuming negligible stress. Thus, the non-trivial scaling analysis of stress-free
thermally fluctuating membranes will hold [28]. Thus, assuming a large separation
of the three Fourier scales and ¢, < ¢ < ¢ and D < 4, we expect to observe the
anomalous thermalized exponents 7,7, since the bending modes are dominant and
the stress term is not significant. Thus we have:
Gs1() :A[BRkI(Q)QZiZI;QI + Oaad?]
ij a

N kgT
A[ngl(Q)QinQkCIﬂ

(2.36)

where BJf;(q) can be taken to be the isotropic sr(q) assuming the material is
isotropic at 7" = 0 and thus kgr(q) ~ (¢/qm)~". Stress is still not significant in
its contributions to the flexural correlation functions and for this reason it can be
Taylor expanded. Analogously,

 kgT

and C’i],?jl(q) ~ (q/qmn)™. The scaling of the elastic moduli can be observed in
Table 2.3.

Assuming, ¢, < ¢ < ¢ we can ask ourselves once more, up to what ¢, will this
non-trivial scaling hold. To do this we merely repeat the steps indicated to derive
Eq. (2.13). Thus we are aware of what is the range of this scaling regime in the
presence of small stresses and must always be sure to use the anomalous exponents

17,1, only when ¢, < ¢ < qu-
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2.3.4 Scaling At High Stress ¢ < ¢,
Scaling At Low Temperature ¢, < ¢ < ¢,

The stress length scale of this regime, establishing one of the bounds, is once again
given by Eq. (2.14). Since we are considering the case of low temperature, the renor-
malizing effect of an-harmonic terms can be ignored. Since no anomalous behaviors
are expected, the flexural correlation function when stress is “uni-axial” is easily

written down as:

kgT

Bppopdh + Oaad?]

= 2.38
isla) ~ (239)
where Bpppp is the T' = 0 value (which is once again k for an isotropic material).
Similarly, the in-plane phonon correlation functions should not show any anomalous

behavior and we should observe:

kgT
Gu; (@) = BT[Cz‘ijQkQI]_l (2.39)

with the T" = 0 parameters of the theory being used. These scaling laws can be
observed in Table 2.4.

In the high stress case, we can once again ask where is the breakdown of the
harmonic theory, in other words the new value of ¢y,. It need not be the same as
the formula for the low stress case in Eq. (2.35) due to stress now being significant.
However, for D > 2, there is no breakdown of the harmonic theory since all an-
harmonic terms in the free energy are irrelevant. A length scale where the harmonic
theory breaks down can be evaluated for D = 2 for which Cpppp = Cag99 is a relevant
parameter. Thus we will calculate the value of ¢, explicitly in the case of D = 2.

From the engineering dimensions, we understood that even beyond ¢, the flexural

. . R o R . .
phonons should not show any anomalous behavior since By, = Bjbge Will remain
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a constant. Indeed the only relevant parameter that can show anomalous behavior
is CR,pp = CLyy. Thus we repeat our derivation of gy, in a similar manner as the

derivation of Eq. (2.35), except we use the 8 equation of C%,, given in Eq. (3.5):

knT 2w CR : 29 OR 202
88023222:2023222_2 B )2/0 dé’[[ b322 80”0 4 Cliy, cos™ 0] (2.40)

(27TAth ngl(s)ﬁ,ﬁ]ﬁkﬁl + 7\—%; cos? 9]2
where Ay = 1. Anomalous effects cannot be ignored once A takes on a value such
that the two terms on the right hand side are of the same order. Here we have once
again named this inverse length scale as Ay,. In other words we are interested to
know at what scale the anomalous contribution becomes significant with respect to

the linear term in the S equation:

kT 2 CE,,sin* 0 + CE,, cos? 0)?
20k~ P / dg \Coama S0 6+ Gy cos™ O (2.41)
2(2mAm)? Jo [Bijkl<8)pipjpkpl + Az, €08 0]
We can approximately rewrite the denominator with the bare parameters as:
R A A A ~ 011 9 011 2
B ipiDiprp + A2 08 0 — K+ A2 o8 0 (2.42)
th th

where we set kK = By111 = Bagsgs = Bii129 as the bare isotropic bending rigidity. This is
justified since an-harmonic contributions are insignificant and thus the bare bending
rigidities can be used. Replacing CJ,, and Cf,, by their bare isotropic values A\, A\4+-2p

respectively, one can then perform the integral identity holds when ¢ is less than:

Ay, = = 2.43
th = qth 160 ,_/130 ( )

Thus in the large stress limit we have a different form for ¢, which still matches with

the low stress limit formula, Eq. 2.35, for ¢, when ¢, ~ ¢, and D = 2.
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Scaling At High Temperature ¢ < min{q,, ¢n} for D =2

As was shown in Sec. 2.3.1, we know that below q,, BE,,;, should not be anomalous
and should be a constant at some finite value, we can use the SCSA equations to obtain
the scaling behavior of the moduli in the long wavelength limit when ¢ < min{q,, ¢n}-
Such an analysis is done in [66] for tubules as well for general D.

However, we again restrict our focus to the scaling analysis of the elastic moduli
in strictly D = 2. This is not only the physically interesting case but also the least
trivial due to the relevance of Cagge for D = 2 (whereas for larger dimensions all
Cijki, including Cpppp, become irrelevant as ¢ — 0). Furthermore, the analysis of
the SCSA equations will be technically clearer in D = 2.

We can now proceed to the SCSA using the same idea of removing irrelevant
an-harmonic coefficients. We shall further assume that we have integrated all high-
frequency modes with ¢ > min{q,, ¢} and thus all un-integrated wave-vectors in the
following analysis satisfy ¢ < min{q,, ¢ }-

Before beginning the analysis we note once again from Table 2.2 that when ¢ <
min{¢,, ¢} all bending rigidities except for Bgggo are irrelevant. In addition Bgm
becomes a constant so if we define ¢y;, = min{q,, ¢;n} then we can approximate the
correlation function for ¢ < ¢, as:

kT

gkl(Q)Qqu‘QkQZ + 011G7]

N kBj; 5 (2.44)
A[B3525(a) g + 01167]

N kgT

- A[Bgm(Qmin)qg + 011(]%]

As a final preliminary step we use a one loop SCSA analysis to obtain an-harmonic
corrections to the elastic moduli resulting in Eq. (2.27). We will divide this equation

by C’ijlegkl(q) and use the Eq. 2.44 as the correlation functions leading to:
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1 B 1
Cijk C&z(‘l)
kgT /
- dp1dp
4<27T)2 ‘p|<‘Imin ' ’
[Cgmn(Q) (Qm - pm)pn] [Oabkl(qa - pa)pb]
Cijklcgkl (a) [B£22(Qmin)(p2 — @)t +oulp — 91)2][B£22(Qmm)p3 + 011])%]
kT /
dp1dp,
42m)% J pl < g
[Cijmn(Qm - pm)pn] [Ogykl(Q) (Qa - pa)pb]
Cijklcgkl (q) [BZ%22(Qmin)(p2 - Q2)4 + 011(p1 - QI)Q][BQ%ZQ(Qmin)p% + Ullp%] ’

(2.45)

where p = (p1, p2). In the analysis we will drop the bounds of the integral and take
it as a given that |p| < gmin. We can now examine the scaling behavior of the elastic
moduli as ¢ — 0. However, before beginning, it should be stated that though these
results are derived from a one-loop SCSA, that the scalings for the elastic moduli in

the rest of this section will be correct to all loops [66].

Scaling Behavior of Cy. For Csg9, the corresponding self-consistent perturba-

tive equation is given by Eq. (2.45) as:

1 1 kgT / do-d
= - pidp
Cozzz  Cghpa(a)  2(2m)? o
CR
[(p2 — q2)pa + ﬁjggg(m — q)p1)[(p2 — ¢2)p2 + G222 (p1 — @)

[Bgzz(%nin)pg + Ullp%][BQ%M(Qmin)(pQ — @) +ou(pr — q1)?

(2.46)

where Ch990 and iz are the bare un-renormalized moduli. We examine
Eq. (2.46) in the long wavelength limit when ¢ — 0, where ¢ < min{q¢,, ¢,}. From
Table 2.2 we know that qp ~ q% and 01111, 01122, 01212, B1111, 31122 are all irrelevant.

We can then extract powers of ¢:
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11 kT /d~d~ \
Carmr  Cohpo(a)  2(2m)? e

[é(ﬁz —1)ps + ”22§q§ (p1 — Q1)p1][ (p2 — 1)ps + C;;ig (P1 — q1)p1]
[B£22(Qmin>p2 + Ullpl][B2222<Qmm)(p2 - 1) + 011(]?1 - QI) ]

(2.47)

where Py = p2/q2, p1 = p1/q¢3 and ¢ = q1/q5. We must collect the most divergent
terms as ¢o — 0 since the left hand side of the equation is a constant. Since Ciao
is irrelevant we may also remove this term from the numerator and thus obtain the

following equation:

I | kT 1 .
Com Chpla) 202mPq ) '
2222 2999 2 S (248)

(152 - 1)2172
[B2%22(qmin>ﬁ% + ‘711]5%] [B£22<qmin)(ﬁ2 - 1)4 + J11(]51 - 51)2]

In the above equation, one can easily see that the integral is a homogeneous

function of ¢, thus the self-consistent equation is solved by the ansatz:

02222( ) ~ 02222(Qmin)qi_2.m9%(1/\/a) (2.49)

where Q2(1/,/1/q,) is a universal scaling function that is a constant when ¢, — 0.
The pre-factor C£oo(Gmin)q2/Gmin is meant to ensure that the correlation functions
for ¢ < @min and ¢ > @min transition smoothly at ¢ui,. The full form of QQC can be
determined from the fact that Cli,,(q) should be independent of ¢; when ¢; — 0 and

it should be independent of ¢o when g, — 0. Thus:

constant s — oo
Q% (s) ~ (2.50)

s s—0
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Assembling the pieces together we obtain:

P @ > \/n
0212522((1) ~ (2.51)

Vi @ <\/a

Therefore, despite the fact that the effective theory in Eq. 2.24 does not possess
anomalous scaling, the full theory with in-plane phonons does have anomalous expo-
nents due to thermal fluctuations. The significance of this intuitively is that sinusoidal
waves can form transverse to the axis of stress and are not flattened out by it.

In addition, this result will be correct to all loops since one can check that at

higher orders, the leading contribution to the SCSA equation of C£,, at every order

is 221/ v/q1) [66].

Scaling Behavior of (192 and Cy;;;. Although the remaining moduli are irrel-
evant, we can repeat this same analysis to obtain how they scale. We can check for
example how Cf,, and Cf,; should scale.

We can use Eq. (2.45) and keep in mind that if we look at Table 2.2, we see
that Cft,, is more irrelevant with respect to Cf,, and thus we can omit the Ciyy;

contributions to the SCSA equation of C{,,. This will result in:

11 kT / o
Cuz  Cligpn(q)  4(27m)? b2
(a)

CR
[(p2 — q2)p2 + S (py — q1)pa][(p1 — @1)p1 + %(m — ¢2)p2]

Cr122

[32%22(qmin)p§ + UllP%HBgzz(Qmin)(m - Q2>4 + 011(]91 - QI)2]

CR
(P2 — q2)p2 + —Clzéll(q) (p1 — a)pu)[(pr — @)pr + 222 (p2 — q2)p2)
1i22(q)

Cr122

[B£22<Qmin)p% + 0111??][35’522(1)2 - CI2)4 + J11(291 - QI)Q]

(2.52)
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and

(S kT /d ;
Cun  Cfin(@)  22m2 ) 1
(2D (52 — )pa + (11— 0)PA[S22 (02 — )2 + (1 — 1))

C1111

[B£22(Qmin)(p2 - Q2) + 11(271 - (]1)2][35%22((]111111)1’0421 + Ullpﬂ

(2.53)

Similarly as before we can extract powers of ¢, keeping in mind also that

CLE.y(q) ~ go. Thus giving:

11 kT /dﬁldﬁg
@

Chi22 B Oﬁm(‘l) B 4(27)2

~ ~ 0\~ ~ -\~ -~ [~ ~ 02222((1mm) C( )
(P2 — G2)P243 + E22(Pr — QD1 @3] [Pr (1 — Ga)gs + qmmcﬁm(q( (P2 — 1)P2g5)

[B2hoo (qmin)P3 + 01157 [ B3y (Gmin) (P2 — 1)* + 011 (1 — G1)?)]
N (P2 — G2)Pads + C%“EZ; (1 — @)1 a@3)[(Pr — @)pras + §22 (P2 — 1)pag3)

[B£22<Qmm)p2 + Ullpl][Bé%QZ(Qmin)(ﬁQ - 1>4 + 011(151 - QI) ]

(2.54)
and
1 1 kT /dﬁldﬁ2
Cunn - Cfin(a)  2(2m)? @ (2.55)
(G (72 — Didd + (51— WRG[E (52 — Vidd + (51— inad]

[Bg22(Qmin)(p2 - 1) + o (P — q1)? ][32%22(%1111)]5% + 011]3%]

By only paying attention to the most divergent powers of ¢; (as ¢o — 0) and using

the fact that the engineering dimension of A¢,,,, < Agy,,, so that we may ignore the

gﬁl—lg term in Eq. 2.54, we may replace these finite integrals with the symbols 1)
1122

and write that:

1 1 (1) @ , 1.0
_ + gl L (ORI 92.56
01122 Cﬁ22 (q) 2 1122 01122< ) 1122 q2 1122 ( )
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and

r 1 C foe(q) 1 Lo Cliyo(q) q2](2)
= 1111 —E i
Cunn Cfinla ) Clin(a) ¢ Clin(a) (2.57)
+ Q2I1(1)11 + qg[fl)n

where the integrals Ili)22 and ]1111 can be found in the appendix in Sec. 2.6.3.

Collecting the most divergent powers (divergent as go — 0) in each equation gives:

1 1 @4, 16
~ 1+17 + —1 2.58
Ciion Cﬁgg(q)( 1122) 5 12 (2.58)

1 1 Cliga(a@) 1 )
~ + —1 2.59
Conn - Cfin(@)  Cfin(@) e ™ ( )
Eq. (2.58) directly shows that it can be solved by the ansatz:
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Clioa(q) ~ Cﬁ22(Qmin)rQé(1/v q9q1) (2.60)

where we have once again a pre-factor that ensures the the correlation functions for
¢ < Qmin and ¢ > @uin match. And the homogeneous function has the following
scaling:

constant s — 00

Q5 (s) ~ (2.61)

st s—0

and hence, C1122(q) ~ @2 and thus that:

@ >\
Cﬁm(‘l) ~ (2.62)

Vi @< \/a
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When we insert this ansatz into Eq. (2.59) we obtain also that Cf,; becomes
a constant and thus must be approximately C{,,(gmin). These can be found in

Tables 2.3 and 2.4.

Scaling Behavior of (}515. Lastly, we can check how the shear modulus should

scale via its corresponding self-consistent equation:

1
Ciz12 Cf1s(q)
_ 2kpT D1P2

— [ dpd 2.63
<27r>2/ T v —" (2.63)

(pl - Q1)(p2 - Q2)

X )
[32%22(Qmin)(p2 - Q2)4 + 011(]71 - CI1)2]

Repeating a similar analysis as above gives that all contributions of the integral

are irrelevant in the limit that ¢ — 0. Hence Cf,,(q) becomes a constant below

min{q,, ¢}

Scaling Behavior of Bjjss and Bji;;. Whereas for C’gkl, we could conduct a
scaling analysis corresponding to SCSA equations for the anharmonic f* interaction,
Bl and Bf,, are coefficients of harmonic terms and will be masked by the stress
in the correlation function, Gs¢, when ¢ < ¢,-.

With our theoretical results we now move on to verify the scaling of this theory
via simulations that measure the in-plane and flexural correlation functions in these

regimes.

2.3.5 Discussion of Correlation functions from Simulations

The scaling of these moduli should be reflected in the correlation functions in
Egs. (2.11) and (2.12). Molecular dynamics simulations of square-shape systems
with spring-mass system arranged in a triangular lattice. Two system sizes were

used, one with 2900 masses (amounting to a square sheet of size 50a x 50a where a
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Scaling Exponents ¢, > ¢y, 011 > 0,09 =0

Scale 4> G G > 4> Qo 4o > q
Thu um

Clia/Cun | 1 (ﬁ) (qqf'h)
T N

Clo1/Charz | 1 qtih) <qf'h)
N Nu

Cflp/Chiaa | 1 (qtih) qf'h) 2ac(1/Va)
Nu N

Ol G | 1 () (=) 2erava
-n

Bﬁll/Bllll 1 (qfh) Masked
-

By, /B | 1 (ﬁ) Masked
- -

R 9 Yo
Biaoa/ Bz | 1 (qth) (qth)
Table 2.3:  The scaling of the elastic moduli is shown when stress is small enough

such that ¢y > ¢,. When ¢, > ¢, the bending rigidities Bf, ¢} and Bf,,¢?¢3 are
dominated by the stress term 01¢} in Eq. 2.11 and we term them as masked.

Scaling Exponents q, > ¢, 011 > 0,099 =0
Scale 4> o 4o > q > Gn in > g
Chin/Cun | 1 1 1
01R212/ Crarz | 1 1 1
Cflas/Crize | 1 1 20c(1/Va)
C3395/Caoa | 1 1 E0z(1/Va)
BE /B |1 Masked Masked
BE,,/Bias | 1 Masked Masked
Bl s/ Baags | 1 1 1
Table 2.4: The scaling of the elastic moduli is shown when stress is large enough

such that ¢y < ¢,. When ¢, > ¢, the bending rigidities Bf, ¢} and Bf,,¢?¢3 are
dominated by the stress term 01¢? in Eq. 2.11 and we term them as masked.
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Figure 2.3: Displayed are some simulation results for the (a) flexural correlation
functions (b) orthogonal in-plane correlation functions and (c) transverse in-plane
correlation function along orthogonal axes. Plots show the changes in these correlation
function at the thermal transition, ¢ = ¢y, and when stress becomes dominant,
q = ¢-. Blue dashed lines show the continuation of the harmonic scaling to aid seeing
the change in slope when ¢ = ¢y,. In (a) and (b), the anisotropy of the correlation
functions can be observed when ¢ < ¢g,. The magenta lines show the anomalous
thermal exponents 7,7, when ¢ > ¢ > ¢,. As one can see in (c), the transverse
shear modes are always of the same stiffness.

is the lattice spacing) and 11600 masses (100a x 100a) to show that finite size effects
in the correlation functions are negligible. Further details of the simulations can be
found in the appendix in Sec. 2.6.1. What gives the dimensional sense of system size
are the parameters such as bending rigidity, Young’s modulus and temperature, all
of which enter into the formula for ¢,. To make this clearer, in the low-stress limit:

kgTY

2

Gth ~ (2.64)

K

where kpT, x have units of energy but Y has units of energy/m?. Understanding
this, the temperature, bending rigidity and Young’s modulus were varied in order
to piece together data from simulations across a large scale change, which allowed
us to be more computationally effective. Specific parameters can be obtained in
the appendix. Simulations were only done in the low stress limit. This is because
replication of similar results in the large stress case were rendered difficult to obtain

due to the non-linear responses of the lattice of springs as well.
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Looking at Fig. 2.3, all simulations had a stress value such that ¢,/qy = 1072
(using Eq. (2.13)) while &,Y,T were varied independently. The Fig. 2.3(a) shows
the transition from the harmonic regime to an anomalous thermally renormalized
regime where the bending rigidities diverge isotropically with exponent n ~ .8. At
¢, a second transition can be observed from the isotropic anomalous exponents 7, 1,
to a regime where anisotropies develop and the scaling takes the form in Table 2.3.
In-plane phonon correlation functions associated with normal strains are plotted in
Fig. 2.3(b), using the same simulations. Similarly, they show the scaling expected
from the theory with a strong anisotropy that develops below ¢,. Finally, we also
observed the isotropy of the shear modulus in Fig. 2.3(c) which also matched the
scaling we found via our SCSA equations. The shear modulus ceases to renormalize
once stress becomes relevant.

Having confirmed our theoretical results with simulations we can now move on to

measuring the stress-strain theory that follow from this scaling theory.

2.4 Simulations of Stress-Strain and Poisson’s

Ratio

The stress-strain relationship of thermalized 2D sheets of dimensions L x L under

uni-axial stress along axis 1 can be theoretically calculated:

0Ly Lo
L/, Y

where L is the system size, A is again the UV cutoff and L, is the change in length

> 4iGfi(a) (2.65)

2T’T<|q|<A

N | —

along axis 1 [28]. The first term in the equation reflects the bare response of the
material whereas the second term involves the effect of temperature. It is this latter

term that gives rise to the tendency of elastic membranes to shrink [28, 74, 46].
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Similarly, strains along the axis orthogonal to the stress can be calculated as:

5L2 -~ —Vo11 1 2 ~R
("B) ~= -3 ¥ g (2.66)

T <lal<A

where v is the bare Poisson ratio, in our case +1/3 for a triangular lattice. L, is the

change of system length along axis 2. The strains are then defined as:

/el 5Ly
w=(). A7),
/6L 5Ly
==(7), (T,

where the subtracted terms express the reference system size in the absence of stress.

(2.67)

These terms are necessary to subtract in order to obtain a strain from the un-stressed
state where thermal fluctuations naturally induce a shrinking of the membrane. By
plugging in our theoretical scaling ansatz for the correlation functions, found in
Table 2.5, we can analytically calculate the stress-strain relation. Typically, for real
materials such as graphene at room temperature, a < fy, < L ({y, =~ 2nm at 300K).
However, since we can only effectively simulate system sizes of the order of 50a x 50a,
we tuned parameters to generally obtain a large separation of length scales L/¢,.
We therefore examine the scaling of the stress-strain relation when ¢y, < a < L
(2m/L < A < ¢) with the stress length scale being variable. The scaling ansatz of
the correlation function for the length scales that fall between a and L depends on
the magnitude of stress and is shown in Table 2.5. We may show an example of how

to obtain one of the scaling functions of €11, €95 observed in Table 2.5.

For example, in the case ly, < a < l, < L(27/L < ¢, < A < gy,). Beginning with

Eq. (2.67):
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Expressions of gj?f for 2m /L < A < g
Scale G < 2m/L 2 /L < g, < N | A < q, < g Gin < (o
k5T k5T
9o <4 A[nql’hq“émrauq%] A[ﬂqt"hq‘fmraan] NA NA
4<q NA kpT kT kpT
7 Alrgs gy da+o1143] | Alkgs "¢} as+o114]) Alrgz+01147]
Scaling of Strains

Strain qo < 2m/L 2 /L < g, <N | A < q, < g Gin < Qo

€11 o /(41— n)Yr(L) | ~o?@™ transition to o11/Y
O'11/Y

€92 —on/(12(1=n)Yr(L)) | ~ o/ transition to —von /Y
—1/0'11/Y

Table 2.5: In this table we show the scaling of the flexural correlation functions
derived from Sec.2.3. We then write down the corresponding stress-strain behaviors
of the strains €;; and €y9. In the table Yg(L) = Y (27 /qmL)™.

e11(o11, T2m/L < go < A < gn)

:E_l Z qf{ l{:BT B kBT}
o2 4o <Tal<A Alkghg* " +ongl]  Arghgtm
1 > q%{ kT kT }
2, = LAlkge"ghas +ongl] AsaigtT (2.68)
;
_ou 1 Y ¢ { _ kBTZUHQ% }
Y 2 9o <|a|<A AKthl?qg_zn
1 > q%[ kT B ka_}
2000, LAl aia +ond] - Arggagt

and in the first summation we may Taylor expand the correlation function to first

order (since for those wave vectors the stress term is not dominant in the denominator

20



of the flexural correlation function). We can then convert these terms to integrals:

e11(o11, T)271/L < qp < A < qin) =

1 2 A kT 2 2 0
g _ —— / do / dqq® cos? 0 [ _ 2B Ul;nq €08
Y 2(27)2 J, “ K2q2g=2n
1 2m 9 kgT kgT
— —2/ do dqq® 0082«9[ — - 4B — WB 1
2(2m)% Jo or/L (kgo g gt sin® 0 + 011¢? cos? 0] Kqy,q* "
(2.69)

To make the latter integral tractable we approximate the denominator in the following
manner:
kBT kBT

— - ~ — 2.70
Alkgo"q q*sin* 0 + o11¢2 cos2 0] Alkgs g q* + 0112 cos? 0] ( )

This approximation is justified since the stress is dominant when 6 # 7/2 in
the domain of the integral, ¢ € [27/L,q,]. These integrals can now be analytically

integrated giving rise to:

A

o o1 { 3kgTon 2 —2]
€ g 9 T — < g < A < -~ v '
11 ( 11 ‘ 7 =4 ch> Y 64m(1 — 77)’12%2}?(] 1o

k T " n a n > 777/2
L {qa_q 2 (q_) o, (q_) T b Mq_) - }
8moyy Qth K dth K Qth 011

. kgT (i>n 9o
8Nk \ Gin

qo

27
L

(2.71)

By taking the infinite system size limit (which is appropriate since we are also
—n/2
assuming large separation of length scales that 27“ (g—”> \/E < 1 when 27/L <

th

7o < A < gu), we can obtain a simpler expression:
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2
lim €4 (0117T‘— <qg <A< ch>
L—oo L

“2h-a(a)

_ ksT (‘I_U)n [(1 —V2) +sinh (1) =" — L} (2.72)

87K \ ¢in 8(1—n)

“Eh-a(a)

k’BT 1671'011/4, ﬁ . -1 -1 3
- 1—+2 (1) -t - ——
87k ( 3kgTY ) {( V2) 4 sinh (1) 7 8(1—mn)

A similar calculation gives:

] Tl— <g, <A Y| T 6(0=-n) \qm
bl eren) 2 )

I{IBT 167T0'11I€ ﬁ . -1 -1 1
_ 14 v2) fsinh (D) — =
Cy ( SkpTY ) {( V) Hsinh (1) = - g

(2.73)

The rest of the strains for other regimes can be obtained in a similar manner and
are shown in Table 2.5 with explicit solutions in Sec. 2.6.4, and these scalings become
more accurate with a large separation of length scales (in other words if 27 /L, gy,
and ¢, being all different orders of magnitude) [36].

Within Eqgs. (2.72) and (2.73), pre-factors of each of the power laws can be
compared using the fact that o,, > o (where o,, is defined as the stress such
that ¢, = ¢n). The comparison shows that the last terms in each equation, which
exhibit the scaling ¢/~ is the dominant power law. Thus, when 2n/L < q, < A
with L — oo and holding stress fixed, a non-linear stress-strain regime appears for
both €17 and €. This scaling for the strains was already known in Ref. [28, 13].

Therefore in the same stress regime, we expect to have a universal absolute Poisson
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ratio value since:

e “LHV2rarsioh (1) -0t - g (2.74)
€11 1 — /24 aresinh (1) — =1 — -2 '

Theoretically this is expected when the separation of length scales is sufficiently large
[36]. Like [36, 37], our value, plugging in 7 ~ .8, would not match with the linear
response value of —1/3. Previous theoretical investigations that have obtained this
linear response of —1/3, have calculated it via the elastic moduli Ag/(Ag+2ur) which
is governed by the Aronovitz-Lubensky fixed point [19, 75, 76]. [36, 37, 77] find that
the differential Poission ratio is —1/3 in the non-linear regime only when d. — oo
whereas the absolute Poisson ratio is never —1/3. In addition, the Poisson ratio is
sensitive to the type of boundary condition that is used [36].

With simulations we first sought to confirm the non-linear stress strain relation,
which can be observed in Fig. 2.4 (a). Between oy and o,, we observed this non-
linear relation. For large stresses, the classical response absent of any effects of
thermal fluctuations (when o > o, in other words when ¢, < ¢,) is obtained. For
very small stresses, and with a large separation of length scales, one should observe a
linear response that follows from €1 ~ 0/4(1—n)Yr(L), where Yg(L) = Y (27 /qmL)™
(explained in Sec. 2.6.4). We were not able to numerically verify this slope, however
we do observe a linear theory where the Young’s modulus is softened by thermal
fluctuations.

From the same simulations, we can obtain the Poisson ratio by taking the negative
ratio of strains €;; and €g. In Fig. 2.4(b), the Poisson ratio is plotted against the
stress. The Poisson ratio shows potentially a universal flat regime for stress values
such that 27 /L < g, < ¢ [36]. For very small stresses, errors became very difficult to
control. Stress free Monte-Carlo simulations in the past, [35], did measure a Poisson

ratio via correlations functions and found a linear response of —1/3 predicted by [19].
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Evidence from other simulations is much more scattered however. In [78], the Poisson
ratio was measured to be —.15. More recent simulations in [79] may show that the
linear response Poisson ratio may be positive. Further simulations done by [38] also
found a disagreement with the value of the —1/3 in the thermodynamic limit. Thus
it is unclear as to what should be the precise value of both the linear response of the
Poisson ratio as well as its behavior in the non-linear regime.

Returning to our own data, for large stresses such that o > oy, , the bare Poisson
ratio of the triangular lattice of masses connected by springs, 1/3, could not be
achieved due to the immediate cross-over to the non-linear elastic regime (in the
simulations the data showing the box length along the axis of stress begins to become
very large at these stresses leading to a decrease in the Poisson ratio with further

application of stress).

2.5 Conclusions

We examined the effects of uni-axial stress on thermally fluctuating sheets. In partic-
ular, we see that anomalous scaling due to thermal fluctuations at scales where the
uni-axial stress is dominant still appears in the in-plane moduli orthogonal to the
stress, such as Cli,,. Furthermore the presence of the two length scales g, and
¢ provides an interesting foreground for various regimes of the scaling of moduli.
We verified these scalings via simulations, in particular the anomalous scaling of
CL,, as well as the transition at g,, beyond which the correlation functions becomes
anisotropic. These results match with previous investigations of tubules [66].

We furthermore verified the existence of a non-linear stress-strain regime e ~
o/ 2=1) in our simulations with a numerically accurate exponent. However our results

measuring the Poisson ratio were less conclusive and require further investigation.
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Figure 2.4: The stress strain curve (a) and Poisson strain curve (b) are plotted for
simulations with system size 50a x 50a, only changing the value of stress. oy, 1is
defined as the stress at which ¢, = ¢u. The red dashed vertical line marks when
o = o, (which is when ¢, = 27/L, a non-linear regime where €;; ~ o™ appears. The
angled dashed line marks the y = x line and shows that for large stresses, a classical
response is regained.

2.6 Supplementary Information

2.6.1 Methods of Simulation

Simulations were performed on a cluster using 2.4 GHz Broadwell CPUs using molec-
ular dynamics package LAMMPS in the NPT ensemble using a Nosé-Hoover thermo-
stat. The simulations were of a 2D isotropic spring-mass triangular lattice embedded

in 3 dimensions and under periodic boundary conditions. The elastic bending energy
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of such a spring mass system can be formulated as:

~

Ebend = gZ[l + cosf /] (2.75)
(1)

where k is the microscopic dihedral spring stiffness and 6;; is the dihedral angle
between two triangular faces (which can also be seen as the angle differences between

normals of faces). The stretching energy is instead:
Y
Esgtreteh = = Z(Tz’j - G)2 (276)

where 7;; = |r; — r;| is the Euclidean distance between two neighbors ¢ and j and a
is the lattice spacing. The bare continuum moduli of such a system can be derived

from the discrete spring stiffnesses [55]:
Y (2.77)

The parameters were generally varied and hence the time step had to be chosen

carefully to be less or equal to the following reduced times and periods:

\/kT ”A:a

The simulations were done non-dimensionally so kg, the Boltzmann constant, and

(2.78)

NE

mass and lattice spacing were set to 1. A simulation generally ran for approximately
1.6 x 10® — 10° time steps each of length Min{rr, 7y-, 72 }. In computation time this
equates to 6-60 hours on the cluster. The system size was mostly kept constant

around 50 x 50 and 100 x 100 for the molecular dynamics correlations.
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Table 2.6:
Data Sets for Fig. 2.3,q,/qm = 1072

Lla | &/kgT| Y /(kgT/a®)| 6/(ksT/a?)

20 103 220 1.4 x107*
20 102 220 1.4 x 1073
20 102 2.2 x 10* 14

20 1 220 14

50 1 2.2 x 10* 14

20 1 2.2 x 10° 140

100 103 2.2 x 103 5.6 x 1073
100 102 2.2 x 103 5.6 x 1072
100 102 2.2 x 10° 5.6
100 1 2.2 x 103 5.6
100 1 2.2 x 10° 560

2.6.2 Data Sets

2.6.3 Homogeneous Integrals For SCSA Analysis of O, CE,,

_ (P2 — 1)p2(pr — G1)D1

kgT —
11(1)22 = = 2 /dpldp2 R ~ 4 ~ ~\2 R ~4 ~9
4(27T) [B2222<Qmin><p2 - 1) + 011(p1 - QI) ][32222(Qmin)p2 + 011]91]

02222(61min)9%(\/+71) (252 - 1)215%
Gmin [B£22(Qmin><ﬁ2 - 1)4 + 011(131 - 51)2][B£22(Qmm)]5§1 + 01115%]
kgT C Dy — 1)2p2
7 kB dpyd, 2222 (P2 )P3

Chi22 [BQ%QQ(Qmin)(ﬁZ - 1)4 + 011(151 - @1)2] [B£22<Qmin)ﬁ% + 01125%]
Chi22 (132 - 1)215%

Ci111 [B3hoo (Gmin) (P2 — 1)* + 011 (1 — 41)?][B3b22 (Gmin)P3 + 01157]

B£22<qmin)(ﬁ2 - 1)4 + ‘711(151 - 51)2][35%22(Qmin)15§ + 01115%]

/

J R
7@ kT / i, dﬁz[ (P2 — D)p2(P1 — 1)

/

/

[1(?)11 _ kT 51 dis Chriz ] (P2 — 1)]?2(151 - q1)p1 ] _
4(2m)? Ciit [BEog (Gmin) (P2 — 1)* 4+ 011 (51 — ¢1)?][ B2 (Gmin) 93 + 01157]
I kT 451 s Chi22 ] (D1 - q})iﬁ% ] ]
4(2m)? Chunn [Bghoo (qmin) (P2 — 1)* + o11(P1 — G1)2][Bsbas (Gmin ) D3 + o1157]
(2.79)
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2.6.4 Stress Strain Relations

In this section we summarize the results of how the strains scale with respect to an
applied stress for the other two relevant regimes of stress. For small stresses, when

G < 2% < A < ¢ we obtain:

611(0'11,T|qg < 27T/L <A< qth)

_on 1 Z 2 [ kT kT ]
Yy 2 = Alrg* "+ ongi]  Alrghgt]

2w/ L<|q|<A
1 2m A kpTo11q? cos? 6
~ J0 —2/ do dqq® cos? 0 [ B 0121nq 1
Yooo2(2m)* 2 /L K2qg g8
A

011

o1 |: 3]€BTO'11 q277_2:|

Y 647 (1 — 7])/<¢2qt2ﬁ7

~ 3]€BT011 (271') -2
647 (1 — 77);@2qt2fl7 L

~ 011 (280)
4(1 —n)Yr(L)

27 /L

2T
€29 (UllaT 4o < A <A< ch)
~ —V011 _ |: kBTO'H q277_2:| A
Y 64m(1 — 77)'“02%21? on/L

- kBTUH (271')2772
647 (1 — n)qugg L

-~ 011

T 12(1 - n)Ya(L)

At low stresses we can ignore the bare response term /Y for €13 or —vo/Y for €g
and since we are not interested in the effects of microscopic physics, the dominant
term in the above expressions is the one that involves the system size. This term
can then be reformulated in terms of the renormalized Young’s modulus, Yz(L) =

Y (27 /g L)™. In addition, one can immediately see from the definition of the Poisson
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ratio, v = —1/3 in the linear response. We do not see this linear response value in

our simulations however and there is theory that supports other values [36]. Instead,

at large stresses when 27” < A < gu < @, we obtain:

611(011,T|27T/L <A< qin < qg) ~

E . 1 Z 2 kBT _ kBT
Y 2 @ Alrg* 4+ on1ql]  Alkgh g*]

2 /L<|q|<A

o1 1 o A 3 .2 kT kpT
S — do d 0 -
Y 2(2m)? /0 /%/L W U R T ou?cos? 0 melpg™

o kgT / o o11 . K A kgT A
Y 8mo K K 011 2 8™NK \ ¢t 2
~ E
Y
2
€99 (UH’T‘T <A <gnm< qcr>
A A
—Vo kgT o o1l . . _ K kT K
Y 8moy K K 011 2x 8TNK \ Gin 2m
L L
. ~Von
Ty
(2.81)

where we have approximated that when stress is quite high, the terms from the
integrals can be ignored and the bare material properties can be used to obtain the
effective mechanical response. Thus the Poisson ratio we should observe should also

be that of the bare material. For our simulations with triangular lattices, v = 1/3.
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Chapter 3

e—Expansion of Elastic Modulus

Anisotropies

3.1 Introduction

Graphene is a 2-d material with carbon atoms arranged in a triangular lattice which
renders it thus an isotropic elastic material. However, there are a wider range of 2-d
materials such as chalcogenides and black phosphorus and not all such 2-d systems
are elastically isotropic [80]. For example, black phosphorus has a Young’s modulus
of 41G Pa along the axis perpendicular to its puckering and 106G Pa along the axis
parallel to its puckering [80]. Examining the crystal structure as well, one can observe
that its elastic symmetry class is orthorhombic (p2mm). Thus, anisotropic perturba-
tions to the Aronovitz-Lubensky fixed point and its associated anomalous exponents
1, . must be considered and fully understood: in other words, do anisotropies bring
us to a different set of critical exponents or do they effectively wash away at larger
length scales.

Of course, we consider these anisotropic symmetry-class perturbations far away

from any melting where the Kosterlitz-Thouless-Halperin-Nelson-Young theory must
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once again be considered [53, 54]. We also consider these perturbation at low enough
temperatures far from the crumpling transition or even potential tubule-formation
(66, 69]. Indeed, Ref. [69] numerically obtained the existence of a tubule phase with
merely a sufficiently anisotropic bending rigidity and at intermediate temperatures
not high enough for full crumpling, nor low enough such that the flat state was the
reference state.

In this chapter we consider briefly discuss again the generalization of the free
energy for anisotropic systems. We then explain the failure of the un-controlled D =
2 perturbative renormalization group in characterizing the behavior of anisotropic
materials in subsection 3.2.1. This will motivate us to perform an e expansion near
the upper critical dimension of the system, D,. = 4, done in subsection 3.2.2 and

perform simulations to confirm results in subsection 3.2.3.

3.2 Monoclinic e-expansion and Correction to
Toner’s Orthorhombic and cubic e-expansion

In [81], Toner performed an e-expansion in the vicinity of D,. = 4 showing that
perturbative cubic (p4mm) and orthorhombic (p2mm) anisotropies are irrelevant and
thus wash away in the thermodynamic limit. Thus, thermal fluctuations would restore
p3 rotational symmetry not present in the microscopic lattice.

In our own analysis, we seek to replicate and extend these results to that of elastic
systems in the monoclinic symmetry class which has no symmetries other than a 7-
rotation. The free energy of an isotropic system in general D-dimensions is once

again:

1
F = 5 / dPr[u + 2pu?; + KK — 2k6det(K;)] (3.1)
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For general anisotropic materials the free energy can be generalized to [44]:

F = % / dPr[Cijrttijung + Bijr Kij Ky (3.2)
where, the bare elastic moduli tensors have the fundamental major and minor symme-
tries: Cijr = Chiij = Cjity = Cijue and Byjr = Bjij = Bjiy = Bijie [70]. In addition,
each symmetry class will induce further constraints on the modulus tensors Cjjx
and B,ji. The group of symmetry transformations (reflections and rotations in this
case) can find representation in the orthogonal group O(D) (orthogonal is meant
in the mathematical sense here and D is the intrinsic dimension of the membrane).
Supposing some symmetry transformation belonging to some symmetry class has an
orthogonal-matrix representation R;;, further constrains the modulus tensor via the
formula: Cjju = RimRjnRipRigCrinpg and likewise for Bjy (given that our metric
is just the flat reference metric, we shall omit the use of covariant index notation
associated with more general geometric transformations). Thus, for example, the
orthorhombic symmetries will enforce that Cj;;; = Ciijr = Ciju = 0 where each
distinct index is taken to be a distinct number between 1 and D. For a system with
cubic symmetry Cj; no longer needs to equal Cjj; + 2C;j:; (as it is for isotropic
systems C111 = Chi2e + 2C1212 = A+ 2pu). For a monoclinic system, the fundamental
major and minor symmetries are the only constraints. One can observe then that
the number of elastic moduli for each symmetry class will vary with D unlike for
isotropic elastic systems characterized solely by A, u, k (for periodic boundary condi-
tions such that we may ignore k¢). Indeed the free energy can then become extremely

complicated with many varying indices.
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3.2.1 Failure of Un-Controlled Renormalization Group for
D=2

Given this potential complexity, we first attempted to calculate an un-controlled
perturbative renormalization of anisotropic materials for D = 2. By un-controlled we
intend that it is not done with the e-expansion, where the renormalization group is
applied in dimension D,. — €. Given that D,. = 4 for our system, e = 2 if D = 2 and
is thus not a small parameter. For D = 2, one can integrate out the in-plane phonons

in Eq. (3.2) and obtain the following effective free energy:

% = % (”Z<A[Bijkl %49 + 045695 f (@) f(—a)
ts Y de@nlntaulggeiee) @)

—q3—q4=q#0,|q;|i=1,... a<A

(3.3)

where N and F(q) are now generalized for monoclinic system in 2 dimensions:

N =[2C1112C1122C5201 — 01212201212 — 01211202222 — 01111022221 + C1912C2292C1111]
E(q) =Det|Cijrqiqr]
=[(C1111Ch212 — CH119)P1 + 2(Crin1Cazar — Crir2Clize)pip2
+ (2C1112C2901 + Ch111C22 — CF199 — 2C1120C1212) P

+ 2(C11120%902 — 0112202221)]51]53 + (C212C2990 — 022221)]53]

(3.4)

Using these free energies, one can perform calculations of Feynman diagrams to obtain
the Self-Consistent-Screening-Analysis equations (SCSA) seen in Fig. 3.1, which are

the same as those calculated in Fig. 2.2. We can similarly obtain the renormalization
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group equations as was done in Eq. (3.5) to obtain:

Os C]kl( s) = 2(2Af )kal( 5)

Sy (CF o ($)Pn) ()] (35)
2(2m)? [Bijkl( $)DiD;iPrPr + Fﬁiﬁj]z

and

kT . I3
9,BE. (s) =2(A;—1)BE 3+—N/dp e 3.6
1111( ) ( f ) 1111( ) A2 N2 [ngl(s)pipjpkpz]E[p] ( )

kpT . pips
0,BE ,(s) =2(A; — 1)BE s——N/dP ey o 37
1112(8) (Ay )Bi112(8) A2 A2 [ngl(S)pz‘pjpkpl]E[p] (&1)
0.Bl () = 2(As — 1)Blyy(s) + 2L N / dp i (3:8)
sD1122 f 1122 472 \2 [ngl( s)pipiprpi] E[p]

kgT Pipo

———N / dp - =
A2 A2 (B (8)Dipjprpi) B[]

833213521(3) =2(Ay — 1)3221(3) + (3.9)

LT / dp i (3.10)
2A2 'L]kl plpﬂﬁkpl]E[p] .

8535222( ) - 2(Af - 1)35222

as our corresponding RG equations. Unfortunately, even for orthorhombic materials,
one can check via a numerical integration that these differential equations give rise

to strongly anisotropic correlations with critical exponents that depend on the orien-
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Figure 3.1: (a) The SCSA equation is shown graphically using the C;;3,0;f0; fOr fO, f
vertex. This equation is used to obtain a scaling of the Cjj; via a self-consistent
analysis. The symmetrization is due to the major symmetry of the free energy. The

the dashed line indicates Cj;i,; and the doubled dashed line C’fjkl. The solid lines
indicate Gy whereas the doubled solid lines indicate (]ff. (b) The SCSA equation
corresponding to the flexural correlation function is shown using the effective f* vertex
in Eq. (3.3). The renormalized structure of the vertex is marked by the doubled dotted
line.

tation. This is clearly a dramatic departure from the results given by the more sure

e-expansion and thus are indicative of the dangers of applying the renormalization

group without a controlled parameter.

3.2.2 Application of e-expansion for General Anisotropic

Perturbations

Having seen that an uncontrolled renormalization group scheme can lead to erroneous
results, we return to applying an e-expansion. However, as noted before, for general D
intrinsic dimensions and non-isotropic symmetry classes, the form of the free energy
becomes quite complicated and untenable for the orthorhombic and monoclinic classes
(for the cubic class of perturbations it is still simple and can be obtained in Ref. [81]).
Toner resolved this in his paper, Ref. [81], by examining particular anisotropic pertur-
bations. More specifically, D,. = 4 and thus Toner treated 3 dimensions as isotropic
between themselves but the fourth dimension to possess anisotropies with respect

to the first 3. Thus rather than writing down a free energy in the general form of
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Eq. (3.3), orthorhombic free energies were, for example, written down as:

1
f = 5 /dDI'[)\Uf2 -+ QIMU?J + 501111’&%1 -+ 5C’Haau11um50m1au%a
(3.11)

+ 0B1111(?F)? + 0 B11aa 01 £ 021

where we use Einstein summation and o € {2,..., D}, thus axis “1” is the special
axis with respect to which all anisotropies originate and the other D — 1 axes are
isotropic within themselves. Furthermore f is a vector of length d. = d — D, the
co-dimension of the elastic membrane. This exact free energy can also be found in
Toner’s paper. Furthermore, one need not treat all 0C114, and 0Ch;p5 differently for
a # [ and likewise for dC414 and 6 Biiae. Despite that D = 4 — ¢, this is because
we are interested in the anisotropy presented by the physical orthorhombic D = 2
system and thus breaking isotropy such that 6Ci10q = C115Ve, 8 € {2,...,D —
1} is sufficient. Thus, by symmetry, all dimensions o € {2,..., D} are symmetric
between themselves. Toner then calculates the an-harmonic renormalizations of
Aty 5, 0C1111, 0Ch1aa, 0C1a1a, 0 B1111, 0 B1iae due to the Feynman diagrams in Fig. 3.1.
This gives rise to a set of ODEs (3 equations) for those parameters. One can then non-
dimensionalize the system such that we instead examine the flows of A = A /K2 L=
w/Kk% 0C 100/ 1t 0Cratat; 6C1111/ 1ty 0 Biiaa /K, 0 Bi111 /K. In this non-dimensionalized
form /i, A take on the Aronovitz-Lubensky fixed point values in Ref. [12] and one
can determine whether anisotropy is important with respect to the perturbations
in §Cr1aa/tt, 0C1a1att, 6C1111/ 14, 0 B11aa /K, 0 B1111/K by linearizing their respective 3
equations and performing a stability analysis. These calculations are done for D =
4 — ¢ and thus, despite taking simplifying steps, it is still difficult to show them
by hand. However, they can be done in Mathematica. A Mathematica code has
been provided (found in Sec. A and Sec. B in the Appendix) which performs the
e-expansion in the case of both the cubic perturbations (identical to those Ref. [81]

considered) as well as monoclinic perturbations which encompasses the orthorhombic
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class of perturbations (orthorhombic being what Ref. [81] considered as well). In the
case of the cubic e-expansion, our results differ quantitatively but not qualitatively
from Ref. [81]. That is, we also obtain negative eigenvalues with respect to cubic

perturbative eigen-vectors but their specific values are different and are:

—306 — 25d,, + /93636 — 8556d,, + 62542
¢ (3.12)
50(24 + d.)

One may check that for all d.., these eigen-values are always negative. By running the
Mathematica code one can find that the eigen-vectors are of the cubic class of pertur-
bations and are thus irrelevant. Thus, Ref. [81] is still qualitatively correct. However,
the reason for the quantitative difference is that G;; was not Taylor expanded with
respect to the perturbative term it contains: 0 Bji11.

This lack of Taylor expanding G¢ also leads to both quantitative and qualitative
differences in the case of the orthorhombic class of perturbations. Not only do we
obtain a differing set of negative eigen-values, but we also obtain a single 0 eigen-value
to 1-loop order in the e-expansion and for general d.. The 0 eigen-value corresponds

to the eigen-vector:

6Chi /1 10/3

6Ch112/ 1t 0

§Ch1oa/pt ~1/3

6C1o10/ 1t 1

6Cosi/p| = | 0 (3.13)
6B /K 2

5B1112/Fd 0

6Bi1as /K 1

_532221/14_ I 0 |

67



This eigen-vector clearly breaks isotropy in the orthorhombic class and thus indi-
cates that a 2-loop calculation is necessary. Eigen-vectors that introduced monoclinic
perturbations corresponded to negative eigen-values. However, the presence of this 0

eigen-value indicates that a more careful 2-loop analysis is essential.

3.2.3 Simulations of D = 2 Monoclinic Elastic Systems

To make sure that indeed anisotropies were not de-stabilizing the Aronovitz-Lubensky
fixed point, we performed simulations using LAMMPS. The methods we used were
the same as those found in section 2.6.1. However, to simulate monoclinic systems
using a triangular lattice we had to assign differing stiffness to dihedral and in-
plane bonds that broke as many symmetries as possible. Triangular lattices can
be characterized by the in-plane bonds oriented at 3 angles: 60,120, 180 degrees. To
achieve a monoclinic system, one may simply assign differing stiffness to bonds along
each of these angles. An analogous procedure was done in [69]. Doing so does not
produce a mechanically unstable system and furthermore creates an elastic material
in the monoclinic class. A similar such idea can be implemented for the dihedral
bonds. Continuum moduli corresponding to a lattice with certain bond stiffness can
be obtained by a coarse graining procedure found in [55]. With this knowledge,
we simulated a monoclinic system such that Bi111 = 5Ba and Ci111 = 18C5900.
Below the thermal length scale, we expect the bare anisotropy to appear in our plot
of the flexural and in-plane correlations. Beyond this thermal length scale, we are
interested in whether this anisotropy does not change, grows or if the propagators
become isotropic. We can check this by observing the propagators (f(q,0)f(—g¢,0))
vs. (f(0,9)f(0,—q)) and (u;(q,0)us(—q,0)) vs. (u2(0,q)uz(0,—q)). The propagators
discussed for the discrete monoclinic system we chose can be observed in Fig. 3.2.
As can be seen, the anisotropy washes away. Thus, it is once again confirmed that

the controlled e-expansion is indeed qualitatively correct despite being performed in
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Figure 3.2: Above are shown simulations for a ball-spring system with bare moduli
possessing monoclinic symmetries (only a 7 rotation). The x-axis of the plot is non-
dimensionalized by the geometric mean thermal length scale ¢;,. As can be seen,
beyond a thermal length scale both (a) the flexural Green’s functions along orthogonal
axes and (b) the in-plane Green’s functions, which are plotted along orthogonal axes,
begin to converge and become effectively isotropic. This implies that temperature
washes out the bare symmetries of the crystal and renders the Green’s functions

effectively isotropic.

dimension D = 4 — e. Thus, our un-controlled renormalization attempt at D = 2

showed erroneous strong anisotropy which is inconsistent with both D = 2 simulations

done in LAMMPS and the e-expansion.
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Chapter 4

Fluctuations of Odd Elastic

Membranes

4.1 Introduction To Odd Elasticity

To repeat, the effect of thermal fluctuations on equilibrated d-dimensional elastic
membranes embedded in D + d, dimensions (where d. is the codimension) has been
the subject of study since the 80s [11, 13, 46]. It was noted that unlike D = 1 polymers
which perform random walks in any embedding dimension satisfying D +d,. > 2 [16],
elastic membranes undergo a de-crumpling phase transition to an ordered phase as the
temperature is decreased below T, ~ k/kp (where « is the bare bending rigidity of the
elastic membrane and kp is the Boltzmann constant) [10]. In their low temperature
symmetry-broken phase, such elastic systems are characterized by anomalous scaling
of their elastic moduli beyond a thermal length scale, ¢;,; these exponents being
determined by the non-Gaussian Aronovitz-Lubensky fixed point [11, 12].
Variations of this theory have been studied in the presence of weak crystal
anisotropy [81], homogeneous disorder [56] and more [46]. Typically the Aronovitz-

Lubensky fixed point is stable to such perturbations with a few exceptions [66, 46, 34].
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However, a less explored direction is the impact of non-equilibrium effects which force
us away from a Boltzmann-measure utilizing a free energy. This would be exemplified,
for example, by the KPZ equation in which a term of the form A\(Vh)? is present and
cannot be derived from a free energy [82]. Exploring non-equilibrium effects requires
resorting to the Langevin equation. Interestingly though, Nelson and Frey did study
the dynamical Langevin equations associated with such elastic membranes [83].
Although, they also studied the long-range mediated forces via hydrodynamics for
membranes that were not completely permeable, they did also study the dynamical
renormalization of these free draining membranes (Rouse dynamics). With this
formalism, they replicated the same Aronovitz-Lubensky anomalous exponents as
for static elastic membranes. Thus it appears that the dissipative Langevin equation
does describe the phenomenological theory associated with the Boltzmann weight.

Returning to a motivation for studying thermally fluctuating elastic membranes
with non-equilibrium effects, we resort to the field of active matter. With the devel-
opment of the Vicsek model and the Toner-Tu equations, the study of active systems
has relatively recently exploded into a new and fascinating field where one may often
break many of these laws or symmetries (conservation of energy as an example)
[84, 85]. For an interesting discussion of the history of active systems, which does go
earlier than the aforementioned papers, see [86].

Within the field of active matter, elastic systems are currently being explored
86, 87, 88, 89, 37, 90, 91, 92, 93]. Within natural phenomena, active elasticity may
be especially relevant for biological systems. A recent paper found potential signatures
of odd elasticity in spontaneously formed crystals consisting of starfish embryos [88].
One could also, for example, study mechanics of the actin cortex, a layer of cross-
linked actin that lies beneath the plasma membrane of animal cells [91, 89]. The
activity of this mesh arises from the myosin motors that exert contractile forces.

Due to their length scale, such systems are concomitantly under the influence of
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temperature [46]. We are thus interested in investigating the behavior of thermalized
active elastic membranes.

Recently, Scheibner et al. have extended the behavior of elastic systems to those
which may not possess conservation of energy or angular momentum [93]. Such
systems are referred to as being odd elastic since they possess some active moduli.
For typical elastic solids that can be described by a free energy, the generalized
elastic modulus tensor Cj;; possesses two minor symmetries and one major symmetry
[44, 93]: Cijii = Criij = Cjiy = Ciju. If we further restrict our interest to that of
isotropic solids then the tensor takes the form: Cjju = A;j0m + p[dikdj + 0udjk].
The minor symmetry Cj;i; = Cyji is associated with deformation dependence which
makes sense to keep. The major symmetry Cjji = Chi; is associated with removing
conservation of energy. The minor symmetry Cji = Cjin is associated with the
conservation of angular momentum which one can also remove. The removal of
conservation of angular momentum and energy, in general dimensions, cannot be
done while preserving isotropy. However, for the special physical case of D = 2,
this turns out to be possible. The reason for this is invariance under 7-rotations, R™,
have no consequences on Cyjp in D = 2 via Cjji = Rme}rn }ngngnpq. Whereas
in higher dimensions, such rotations force odd elastic parameters to be zero as the
elastic tensor forcibly satisfies: Cjjp = —Cjjp as long as an index is repeated only an
odd number of times (for example Ciag9, C3913, C1232, Ch234, Caar2 for D = 4). Isotropy
is thus much more restrictive in higher dimensions [93, 94]. Hence 3D and 4D odd
elastic systems must be anisotropic to be odd.

Thus for D = 4 — € membranes, odd elastic membranes must also be anisotropic.
This therefore obstructs any attempt at performing a controlled e-expansion as was
done in [12] to obtain new fixed points. Though one may conduct a study evaluating
the stability of the Aronovitz-Lubensky fixed point to odd perturbations as was done

in [81], the number of perturbations to consider becomes quite arduous and must
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consider anisotropy, which we are not interest in for the time being. We thus restrict
our attention to D = 2 membranes where isotropy can still be maintained. From
here on, we will assume that D = 2 and that we are working with isotropic systems.
In this special dimension, there are two odd elastic constants which are introduced
by the removal of the above mentioned minor and major symmetry and the elastic

tensor takes the form:

Cijrt = N30 + [0i0j1 + 6udji] + KoaaFijk — Aoad€ijom (4.1)

where ;i = %[eikéﬂ + €0,k + €504 + €510 As discussed in [93], both of the new odd
elastic constants are chiral since they both break reflection symmetry. Furthermore,
K ,qq couples simple shear and pure shear whereas A,y couples dilations with torques.
Both A, and K44 break the major symmetry, however only A,qq breaks the minor
symmetry associated with conservation of angular momentum.

In this chapter, we will be studying the effect of thermal fluctuations on permeable
D-dimensional odd elastic membranes fluctuating in a larger d-dimensional space. We
will conduct a 1/d. expansion for D = 2 to obtain the scaling behavior of the theory.

Furthermore we show simulation results for comparison.

4.2 Langevin Equations of Permeable Odd Elastic
Membranes

We desire to write down the Rouse-dynamic Langevin equations for D = 2 odd elastic
membranes embedded in d = D + d.~dimensions and freely suspended in a heat bath
that is in thermal equilibrium. In a field-theoretic language, we seek to understand
the perturbations of A,qq and K,qq to the Aronovitz-Lubensky fixed point. Our first

step in conducting this analysis is to set up the proper Langevin equations. Since we
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cannot write down a free energy derived force, we must turn to the elastodynamic
equations, which can then be converted to stochastic equations. The full form of the
deterministic dynamic inertial equations with damping of in-plane deformations take

the form [93]:

p@fu] (I‘, t) + 8tuj (I‘, t) = Djm@-al-m(r, t) = Dijimkl&-ukl(r, t) (42)
where uy; is the form of the strain tensor with the out-of-plane geometric non-linearity:
1 « o

Where 7,7 € 1,2 and « sums over the remaining d. dimensions. p is defined as the
density of the membrane. By adding a noise term we arrive to a form of a Langevin

equation similar to [83]:
pafu] (I‘, t) + (9tuj (I‘, t) = Djm(]l-mkl@iukl (I‘, t) + T]j(I', t) (44)

We take the simplest Gaussian distribution for the noise such that its mean is zero,
(nj(r,t)) = 0 and it has zero-memory, (n;(r,t)n;(x',t")) = 2L;;kgTé(r—1")o(t—t'). As
done in [83], we shall take kgT = 1 for simplicity. However, unlike in [83], we shall
take the diffusion coefficient matrices D;;, L;; to be diagonal (and thus symmetric
which is allowed since odd elastic systems do satisfy time-reversal symmetry) and
isotropic. As one can note, we need not necessarily assume that the fluctuation-
dissipation holds as in the case of the KPZ equation [82]. We shall return to this
point further on.

With a Langevin equation for the in-plane deformations, we must perform an anal-

ogous procedure for the out-of-plane deformation field f(r,¢). The dynamic equation
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of undulation fields takes the form:
pOE [ (x, 1) + D f(x, 1) = —0,0; M (x, t) + Jylo;(r, £)0; [ (v, 1)] (4.5)

where the moment tensor satisfies M = BijiOk0,f¢. Here By is the analogous
bending rigidity tensor. We shall see shortly that even inserting odd moduli in such

a tensor is futile. Returning to the form of the Langevin equation we obtain:

p@ffa(r, t) + (9tfa(r, t) = —DfaiajMf;(r, t) + Dfai[O'l‘j(I', t)(‘?jfo‘(r, t)] + 7]?(1‘, t)

(4.6)

where Dy is a diffusion coefficient and the noise term here satisfies similarly: (n%) =
0 and <77?(r,t)77?(r',t')> = 2L40,p6(r — 1')o(t — t'). We furthermore assume that

(77?‘7]]) = 0. By inserting the form of the strain and moment tensor we obtain:

pO; o (r,t) 4+ 0 f*(x,t) = =Dy Bijra;0;0001f* (x, ) + DyCijraOilua(x, 1)0; f(x, )] 4+ 0§ (r, t)

(4.7)

As we can see from the B;;;;0;0;0,0, term, all indices are contracted and thus
any anti-symmetric terms of the odd type will indeed disappear and thus we take

Bij10;0;01,0; = kA* under assumptions of isotropy:

p&ffO{(I', t) + 6tfa(r, t) = —DfliA2fa (I‘, t) + chijklai [ukl(r, t)(?jfa(r, t)] + T]?(I‘, t)
(4.8)

Next we want to take the over-damped limit and omit the inertial terms from
the above Langevin equations. However, before doing so we must perform a linear
stability analysis to examine whether there are any instabilities of the full dynamic

equations. This will inform us of phenomenological limits of our model.
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4.2.1 Stability Analysis of Linearized Equations

Given the elastodynamic equations we have derived, one can ask if in their linearized
form, there are any stability conditions to be wary of, particularly in the presence of
inertia. The dynamic equation Eq. (4.8), holds no non-trivial stability constraints
once non-linearities are removed so we are interested more so in the stability of
Eq. (4.4).

We begin from the noiseless Langevin equation Eq. (4.2) and perform a linear
stability analysis. Thus, interactions between in-plane phonons and flexural modes

are omitted and we can examine the purely 2-D system described by:
p@fuj + atle = FC’ijkl&@kul (49)

where we have used the assumed diagonal and isotropic properties of D;; = I'd;; (we
use I' since we have assigned D to the dimension of the membrane). Via a Fourier
transform, f(r,t) = 4= > aqw f(q,w)e@m=«) (where A is the area of the system and
T is the volume of time), it is easy to solve the quadratic equation for:
B+ M K ﬂ”

2

(—pw? —iw)i; = Tq (4.10)

-K—-A 1% fLJ_

where as in [93]: @ = ¢;U; and @, = €;;¢;u;. By doing the eigenvalue analysis of the

matrix we obtain:

, B B\’
(—pw2 — zw) =T |:E + 1% + \/(5) - AoddKodd - Kgdd q2 (411)
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For simplicity let us redefine J = A,q4Kpaq + K2;;. We can then solve this quadratic

equation to obtain:

i 1 B B\?
S S T S S ol IRy Y il R § e 4.12
w %3, +p [2+u <2> ]q (4.12)

We do not want w to have a positive imaginary branch. Thus when the second term
in the above equation becomes more "positive” than the first, then we have obtained

an instability. We can follow an analysis very similar to [93] and we find 3 regimes:

J < —p(B+p)

If J satisfies this condition then we obtain that:

B\? B
— ] - — 4.1
(2) J>2+u (4.13)
and thus:
1 B B\?
w=——— |14 pl | =+ pu—[ (=) = J|¢g 4.14
iw 2 3 +p {2+u <2> J}q <0 (4.14)

which thus gives rise to an instability for all q.

(B + ) < J < (B/2)?

In this case a careful analysis of all 4 eigenvalues shows that there is no possibility

for w to have a positive imaginary branch since:

Hm[ —1+M{§%ﬂuﬁ <§>?—4qﬂ|<1 (4.15)

Thus we have a stable system for all ¢.
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J > (B/2)?

In this case we can rewrite the eigenvalues as:

i1 B B\’
=——+ —|-1+pl'|= +1 — | = 2 4.1
w 2 T3, +p {24—/; i/ J <2>}q (4.16)
By rewriting:
. B B\’
Re ™+ =1 pI {5 +puEiyJ— (5) 1(]2 (4.17)

And taking the principal branch cut in the complex plane to be the non-positive

x-axis (so that —m < 0L < 7), we can take the square root and write:

= —— 4+ —VRe W=/? 4.18
w= g, g, Vi (4.18)

And thus:

1 1
Im(w) = —%i%\/f_%cosﬁiﬂ (4.19)

Since —m < 64 < m, then cos %i > (. Therefore we need only examine:

Im(w) = —2%) + QLp\/Ecos 6y/2 (4.20)

Once vV Rcos (0+/2) > 1 we have an instability. This is equivalent to checking when

R(cos (61+/2))? > 1. Via the half-angle formula this becomes:
R(1+cosfy) > 2 (4.21)

Thus we obtain:

\/(1 — pg°T E + u} )2+ p2lgt {J — @ﬂ +1— pl'¢g? [g + 4 > 29 (4.22)
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which leads us to:

Jamore [ pra[s - (8) ] vemefE o] 50 o

By squaring the inequality once more and solving we see that we obtain instabilities

when:
2
p°T2q* [J — (g) ] > 4pl'¢? E + u} (4.24)

resulting in:

N

Hence we see that in this regime, at length scales small enough to observe, we have

q> = q, (4.25)

instabilities. If we were to explore over-damping via zero-inertia Brownian method
(p =0), we see that g. = co and thus we should not be able to observe this instability.
In the Langevin method where we have under-damping, if ¢. < a where a is the lattice
spacing of our discrete system, then we should once again not see this instability.

Otherwise, the under-damped Langevin case should show this instability.

4.2.2 Why Choose Over-Damping?

Given the above stability analysis, we have observed that as long as we consider
J < —pu(B + p) and we permit sufficient over-damping, we can avoid any stabilities
of the linearized in-plane equations. This stability is, of course, a pre-requisite for
studying odd elastic membranes that can fluctuate out of plane.

We are also interested in the over-damped case for two other reasons. Firstly,
general high-frequency phenomena are un-important to the scaling analysis and

phenomenological behavior associated with long-range and long-time behaviors. One
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can easily see this more rigorously via a power-counting analysis often done in field
theory [58], in other words 9?2 f, 9?u scale to zero in the low frequency limit.

Secondly, in the case where over-damping is not assumed, it is well known that
one must consider an active heat flow [95]. This active heat flow is a form of work
done by non-equilibrium or active forces that are not derived from a free energy.
However, in the over-damped limit, one may disregard such terms. This will help us
to simplify simulations that we performed where we use barostats and thermostats
which in general should contain an active heat flow term.

With this choice we write down the final form of our Langevin equations, as

derived from a physical picture:

atUj (I‘, t) = Dij’Z-mkl@iukl(r, t) + U (I‘, t) (426)

Ouf*(r,t) = —DyrA* f(r,t) + DCijpOifu (v, t)0; f*(r, )] + s (r,t) (4.27)

4.2.3 Field Theoretic Set Up Of Transition Probability

Measure

From where we have left off in the last section one may use Eq. (4.27) and Eq. (4.26)
to perform a renormalization group calculation in Ma’s formalism [96, 97]. Instead
though, we will use the Martin-Siggia-Rose-Janssen-DeDominicis formalism which is
most analogous to the field theoretic approach [98, 99, 100, 72]. The formalism adopts
the path-integral formulation by taking advantage of the form of the distribution of

the thermal noises. Thus the transition probability is of the form [72, 83]:

Wi(nj,n3) oc e~ ] 0] LT 4Ly T (e (4.28)
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In this form, inserting in the Langevin equations renders the expression into a compli-
cated set of terms with high-degree non-linearities. Thus, via an imaginary Hubbard-
Stratonovich transformation we introduce the following response non-physical vari-

ables and linearize the Langevin noises:

Wiy, ) o / T D1 T] Dl o e s = e 0

(4.29)

Via a Fourier Transformation we finally arrive to:

W(ny; 77?, Ti? q)O‘) x ei'A]WSRJD

— o WAT E [LITi(aw) ?=Ti(aw)ni(—a,—w)+Ls| 2% (qw)* =2 (qw)nf (—a,—w)]

(4.30)

where A is the area of the system and T is the volume of time. For completeness, the

corresponding Fourier equations of the noises are the following:

1j(q,w) = DCijmgilaru(q, w) — % > o= a) (P ) (a—p,w —7)] —iwu;(q,w)

(4.31)
1} (q,w) = (Dy[rq* + 0¢’] — iw) f*(q, w)

+ D¢Cijnigs [ > (%%W(PW) - %Z(pk —2)af’(p— 2,7 — f)fﬂ(z,f))

(p,7)#0 z,$
(¢ —p))f*(a—p,w— 7)}
(4.32)

The MSRJD action, Aj;sryp, possesses the following harmonic terms in matrix

form:
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T —
harm. 1|7T;(q,w) —2Lbj iwdj + DCijrgiqr | | Ti(—a, —w)
AMSRJD = 5 .
u;(q,w) —iwdj + DCiniqiq 0 w(—q, —w)
T z
Sap | 2% (q,w) —2L; iw+ Dyrkqt + Dyog®| | ®P(—q, —w)
2 f%(q,w) —iw + Df/fq4 + Dfoq2 0 fP(—q, —w)
(4.33)

We can further simplify these equations via two observations. Firstly, we can scale

out k via the following transformation:

{(I)aa faa Cijkbuja ijDa La Dfa Lf,O'} —

) (4.34)
{Vro?,

1 ., 1

ﬁf N Cijle,Q, U]’/K), K,Tj, ?D, ?L, Df/K,, Lf//i, O'/i}
The second simplifying step can be taken by recognizing that the absolute value of
the critical temperature of the theory, Ly/Dy, is not important [72]. Thus one can

rescale all the order parameters and diffusivities such that L; disappears from the

equations:

{(I)a fa Z]kl?ujﬂT]7-D L}_

4.35)
Df Ly Djo Ly~ (Ly\*: (
1/ ,/ o Y, =D (ZL) L

{ f zjkl: u]: Lf 7 Df Df }
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Hence, the harmonic theory adjusts as follows:

T
harm. 1|7(q,w) —2Loy iwdj + DCijuqiqr | | Ti(—q, —w)
AMSRJD = 5 ~ ‘ - ~
;(q, w) —iwdj; + DCikiqiqr 0 w(—q, —w)
~ T ~
N 0o | PY(aw) —2Dy iw+ Drg* + Dyog?| | ®P(—q, —w)
2 f*(q,w) —iw + Dy¢* + Dyog? 0 fP(—q, —w)

(4.36)

Despite having introduced these extra Hubbard-Stratonovich variables, a key
simplifying feature of the MSRJD approach can be seen from the form of these
matrices: Feynman diagrams which contain the contraction of two response variables
together will be null [72, 59]. Thus, such Feynman diagrams need not be considered.
But before obtaining information about the renormalization factors and the Feynman

diagrams, we first review the scaling of the harmonic theory.

4.2.4 Scaling of Harmonic Theory

We briefly discuss the scaling of the harmonic theory. Since we have two order
parameters with different dispersion relations, we are first confronted with how to

rescale frequencies. To resolve this we must go to the propagators in the linear

theory:
= x 1
dY(q,w)fY(—q, —w)) ~ : 4.37
(@%(q,w) f*(—q, —w)) Ao £ D@ T odD] (4.37)
where we will make the assumptions of vanishing stress, 0¢? << rq*, and
¥ - 1
(Tj(a, w)ay(—q, —w)) ~ (4.38)

A[~iwé; + DCijuqiqr]

From this we see that in the small stress limit, w ~ ¢* in the flexural response

propagator and w ~ ¢* for the in-plane phonon response propagator. Thus in the
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small frequency limit, the flexural modes are much slower and thus in-plane phonons
should be considered as ”fast” variables in the field theoretic sense. Thus, the terms

that establish the harmonic theory in Ay;srsp are:
i)aatfoa7 éavélfa’ éo&? (439)

This makes the coefficients of these terms automatically scale-invariant. We now
perform a power counting procedure to obtain the scaling of the theory and render
the action, Apsrsp, massless [57]. Thus if we assign scale powers in a momentum-
shell sense [57]:

r — br,t — bt fO — bSO, DY — poo P (4.40)
then we obtain that:

—D+G
9 )

_D-a

Ct:47Cf: 9

Co (4.41)

Though we are taking D = 2, we leave D un-inserted to show the general scaling. If

we also assign the following rescaling factors:
iy — b diy, Ty — BT Y (4.42)
then via the form of the strain tensor we also obtain:
Gu=2(—1=-D+¢—1 (4.43)
and thus via observing that Tiﬁtﬂi must also be scale invariant we obtain:

(r=-D—1 (4.44)
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The linear scaling of the theory thus results in the following mass dimensions:
éz‘jkl — b4_DCN'ijkl, I~/7 D — bD_2[N/, D, o — bQO' (445)
This establishes that the upper critical dimension for éijkl is 4.

4.2.5 Absence of Ward Identity

An important tool in the renormalization group are the use of symmetries of the
action. In the case of the free energy associated with equilibrium fluctuating elastic

membranes, 3.2, Guitter et al. [13] established a symmetry of both the strain tensor:

fo(r) = [ (r) + Afr;
' (4.46)
uilr) = wi(r) = AT f2(r) — SACATT,

which helps to establish the Ward identity associated with the effective action, I' [60]:

or or
D - ra —
/d r{néfa 5%] 0 (4.47)

This Ward identity spares extra calculations as it enforces that the coefficient of the
0;u;Okuy vertex will renormalize exactly as &»uj@kfﬂélfﬁ and @f“@f“@kfﬁ(?lfﬂ. Thus
one need only renormalize one of these vertices to obtain the renormalization of the
in-plane elastic constants, Cjj.

Because the symmetry [13] obtained is a symmetry of the strain tensor, as soon
as one incorporates components that prevent an elastic action from being entirely
formulated in u;; and V2f, we lose the symmetry and its associated Ward identity.
Indeed the only dynamic term that could be added to a free energy should be of the
form (dyu;;)?, which would lead to non-physical forces and equations that we wouldn’t

derive kinematically. One need not the formalism of the Ward identity to observe this
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either. From Eq. (4.27) and Eq. (4.26), since the kinematic condition is not necessarily
satisfied, 0;0;; = CijmOiup # 0, Eq. 4.46 is no longer a symmetry of the dynamic
equations. This holds whether we are working with the odd elastic equations or not.
Thus [83] is also missing the Ward identity. In the case of equilibrium Langevin elastic
membranes, Feynman diagrams will retain the same effective structure as in the case
of [13] and thus they derive the matching results. However, for odd elastic systems
where there is no analogue and the structure of elastic tensors has been generalized,
this is no longer a guarantee. Thus, without a Ward identity, further care will be
required because many more Feynman diagrams must be calculated.

One immediate consequence of the lack of the Ward identity means that renormal-
ization may not preserve equality between the coefficients of vertices in Eq. (4.26) and
Eq. (4.27), potentially resulting in breaking any microscopic fluctuation-dissipation.

Thus these equations must be generalized into the following form:
Oriy(x,t) = Ci 0,0kt (x, ) + Cj,f,’a (Orf (x, )0, f(x, 1)) + 1 (x, 1) (4.48)

Ouf* (x,8) = [~ Dy A + 6 AL (v,1) + O 0i[Oht (x, )9, (. 1) )
+ L D50 ()07, 0)0,F (e, 0)] 4 .1 |

where one can observe that the diffusivities and elastic tensor have been combined
and 0 = Dyo. Consequently the MSRJD action must also be generalized accordingly.

We re-state them in their final form before commencing the renormalization scheme:

ni(aw) = ¢[Clod aviu(a, w) Cf L0 Y oe(p—a) [ (p, 1) f* (a—p, w—7)] —iwii;(q, w)
Py

(4.50)
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1% (q,w) = ([Dsg* + 5¢°] — iw) f*(q,w)
D CDs 3 )
T4 |: Z (icfj’klfpkul(p7 7) - 1]219[ Z(pk - Zk)zlfﬁ(p —Z,7 — é-)fﬁ<za 5))

(p,7)#0 2,§

(¢; — ) f*(a—Pp,w— 7)}

(4.51)

W(nj, 77?7 T, (i)a) o ¢ AMSRID _— ef dwA-T Zq[iﬁi(qw)|2—Ti(Q7w)77i(—Q7—w)+Df|‘i’a(%w)\2—&’@(‘1700)77}’(—11,—‘0)]

(4.52)
with the harmonic portion of the action taking the form:
~ T ~ ~ ~
Aharm. o l Tj (q’ w) _2L5jl iw{sﬂ + CZ’]S%% Tl(_qu _w)
MSRID = 5 | _ . <D i
(g, w) —twoji + Cii Gidk 0 i (—q, —w)
~ T ~
, Oas (q, w) —2D; iw+ Dig* + ¢ | |97 (—q, ~w)
2 f*(q,w) —iw + Dyg* + 5¢* 0 fP(—q, —w)
(4.53)

4.3 Renormalization of Over-Damped Odd Elastic

Membranes

4.3.1 Feynman Diagrams and Renormalization Group Equa-

tions

With the set up of the equations complete, we can commence the process of renormal-

ization. Each term can be renormalized by the contraction of Taylor-expanded an-
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harmonicities. We intend to show the calculations diagrammatically with an attached
Mathematica code (found in Sec. C in the appendix) which performs the accompa-
nying analytic calculations. We begin by representing an-harmonic terms diagram-
matically in isolation. This is done in Fig. 4.1 (a),(b) and (¢). By further integrating
out the harmonic in-plane field using Eq. (4.52) and Eq. (4.53), one can also obtain
effective vertices of the flexural field shown in (d) and (e). This is analytically done in
the attached Mathematica code, but is too complicated to put in closed form in text.
The effective flexural vertices will aid us by allowing us to calculate less Feynman

diagrams in total.

@ (7 —a)f*(p—aq,w—"7) ® (p; =) f*(P— a7 —w) © af?(a, 1) (pi—g))f*(P—a7-w)
47;(q,w)ljqiz0 - - ¢;3%(q,w) @'f]-;f,‘ g0 ) B /
>
TR Prta(P Mlipizo (pr = 2) P (p — 2,7 — 1) 3:9°(q,w)
@ ) ©
21f7 (2, 1) (p; — ) f*(P—a,7—w) 219 (z, p) j—g)f*(P—q,7—w)

\
\\
‘\
eff,lpl#0) - -/ eff,lpl #0) - w -/
\ \
b / »
\ \
\ \
\ \

(o — 21) P (P — 2,7 — 1) 4:%%(q,w) (o = 21)fP (P — 2,7 — 1) 4:%(q,w)

Figure 4.1: The Feynman diagrams corresponding to the linear terms in equations
Eq. (4.50) and Eq. (4.51) are shown in (a), (b) and (c). If one integrates out the
in-plane order parameters @;, T;, then one obtains in effective flexural vertices shown

in (d) and (e).

We perform a 1-loop perturbative momentum-shell renormalization group scheme
to leading order in d.. The 1-particle-irreducible diagrams included in such a scheme
are given in Fig. 4.2 [60, 72, 97, 83]. Other diagrams in a 1-loop scheme are ignored as
they are lower in order d., such as that found in Fig. 4.3(c). However, such diagrams
would have to be hypothetically included in an e-expansion analysis, as all 1-loop
diagrams are of order e. Thus further investigation is merited in exploring these

other potential Feynman diagrams that we have ignored here. Other diagrams such
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as Fig. 4.3(a,b) can be ignored on the grounds that they produce only higher-order-

wavelength contributions to the original vertices and thus are respectively irrelevant.

(a) ®)

(©

Figure 4.2: The Feynman diagrams corresponding to a 1-loop renormalization group
to leading order in d. are shown. Diagrams in (a) renormalize D; and &, (b) C’;Lj’,fl) :

(c) CLY, () Cl? s (e) Chy

(@ () (©

. \\

Figure 4.3: Examples of numerous Feynman diagrams that have been ignored are
shown. (a) renormalizes (®*)? to non-zero orders of the wave-vector and thus would
be irrelevant with respect to its scalar coefficient. (b) is ignored on basis of the same
argument with respect to T?. (c) Diagrams of this type have been ignored as they

contribute to C’Z];,fl) to a lower order in d. than the diagram found in Fig. 4.2(c).

Considering these Feynman diagrams, we can write down the renormalization
factors in order to calculate our renormalization group equations. To remove the UV
divergences due to an-harmonic Feynman diagrams and reformulate the theory in
terms of renormalized variables, we make the following ansatz of how to rescale the

theory:
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&zR = 7 ', fa’R = Z;l/zfa>

T = 207, 808 = 7' o
DY = Zp,Dy (4.55)

Lt =27, L (4.56)

Clallt = Z 0y (4.57)
cLott=zbicly (4.58)
Com " =251 25 Cl’ (4.59)
Clu"=zptzly ey (4.60)
i =Z,6 (4.61)

where we have used our scale transformations in Eq. 4.35 to account for how the
diffusivity, Dy, has been absorbed into the tensors é;;,fl)f ,C’fj’,ﬁf and the stress o.
From this ansatz, similar as to [83], we can obtain certain reductions in the number
of independent renormalization factors. We obtain symmetries of I'y, 7 v 5 which is

the effective vertex function with M f fields, M ® fields, N u fields and N T fields
as in [83, 60]. Since:

.l 1100(a = 0,w) ~in/Zy Zy
O.To011(q = 0,w) ~ iZ,Zy

(4.62)
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and since all an-harmonic vertices vanish when q = 0, we obtain that Z = 1/Zy and

Zy =1/Zg. Furthermore:
Toz00(a = 0,w) ~ Zp, Zs (4.63)

which also implies that ZDf = 1/Zy. Thus we have established that Z; = ZDf.
However, unlike [83], we cannot use any Ward identity as we have shown that it is
not valid for a dynamical action and thus we cannot establish that Z = Z;. This is
an important point because without the Ward identity, we cannot establish further
simplifications of the following renormalization factors ij’le , Zl.fj’,g , Z;Lj’lg 7 ij’lgf . Thus
we must treat these renormalization factors as independent. With renormalization
factors established, we can write down the following renormalization group ODEs for

the following parameters with the use of our evaluated Feynman diagrams:

~ ~u ~f,D,R -u,D¢,R
:uﬁD’R:u DR K({dg RKodd ! (4 64)
8T[DFAZ + 672 ‘

B[Lu,D,R = Qﬂu’D’R — dCDj‘FA2

Bsup.r = 2\ DA
~u,Dy, R

25\f,D,R(5\u,Df,R + /lu,Df,R) + Iaf,D,R(Qj\u,Df,R + Iau,Df,R) _ IN{({&?’RKodd
87T[DJ}5A2 + o2

KIDEquDy R + /:Lf,D,RKUsz,R

) _ opuDR Rp28dd M odd
Prupn = Woa™ = deDph 8m[DFA? + 572

AfD.R(~uDs; R | Yu,DjsR
Biupr =24A“PH _ ¢ D}%AQAodd e
AwDR = 28044 c

R A2

odd o 47T[D]};?‘A2 + 5.R]2
~ ~u D¢, R 7>u,Ds,R ~u
Bwpsr = 20"Prt — d DFA? plPre Pt — K" K" p Pt 0logZp, g
g e f SW[D?AQ—G—&R]Q Df b

BS\u,Df,R = QAU’Df’R

Y . N . ~ . ~ N . ~ . ~fDr,R u,D¢ R
2)\f’Df7R()\u’Df’R + /,Lu7Df7R> + ,uf,Df,R<2)\u,Df,R + /,Lu7Df7R) _ Koddf KOddf

8T[DFA2 + G2

— d.DfA?

S\U’Df’R (9logZDf7R
DE b
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5\DgR~y.D: R £,D¢,R quR quR
u, K f PRELTT Koy OlogZ
B wnpn = 2K g " — d DFA? =0t pr A 9Zp, R

Koaa 87T[DRA2 + UR] DR b
5 e 2A“Df R DRAzAgdgf R(Mqu R \wDp.l) B AUDfRﬁlogZDf

DI e e D o
fDR'uf,Df,R Kf,D RK&Z? R

fD.R 2 [
oo = 20 ~d.DjA 8w[DEA2 + 61

B5r.0.r = N DR
8m[DEA? + )2
e t.
Brror =2KIDHF g DRAZKgdd ph Pk 4 gt DR
K0 odd s o [D]@Az — UR]

D,R .
5AfDR—2Af’DR d.DF AQAgdd (@) Pt 4 NP5 R)

R A2

DR

odd [DRA2 + &R]Q
B — o/ PR _ g DEA? /J’f P RNﬁDf o KﬁDf RK;:iff . Iaf»DﬁR alogZDf
PR = H cf {7 [DRA2+JR] D}% b

Bss.05m = NPk
Dy,R 7+f,Dy,R

25\f»Df7R(5\f7Df»R + pfPrRy 4 ﬂf,Df,R(Qj\f,Df,R + phPrRy — Kf’ Ki;ld

— d.DFA?
d 87T[D]]3A2 + 582
NLsB dlogZp,
Df b

IDp R~ Dy R | ~fD ,R~vaf,R foR
B foR—QKf’DfR—dCDRAzKodd pl e R PR dlogZp,

Koqa f SW[D]}?AQ _|_5R]2 DR b
AP R I \Df,R
ﬁ per = 2A0P0E _ g DRAQAoddf (p/Prft 4 N PrR) B Af 1" 0logZp,
oddf odd c=f 47T[DRA2—|—6R]2 DR ab
! !
logZ,
B&R - ?—b
B L_RﬁlagZDf
M UDE - ob
. (9logZDf
AT
(4.65)

where we have used that Z; = 1 since no Feynman diagrams contribute to zero-th

order in the wave vectors to T?. Furthermore A is the UV cutoff, in other words the
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Fourier wave-vector corresponding to the microscopic length scale of the theory (for
example, the lattice spacing of the system). The parameter b = e® where s is the

re-scaling parameter [58, 60, 57].

Stability Analysis

Upon these above equations, we may perform a stability analysis. We are interested
in having only physically relevant parameters. Thus we further reduce the equations
so that the only parameters considered are:
,D,R /TR DRRuDRRfDR R ~R/pR
{C;;kl /L7, Cf /L7, zyklf /D 701]klf /Df>‘7 /Df} (4.66)

u D,R f’ U Df R fo R R
{ zgkl Czykl C]kl zykl O }

The equations derived are then:

2 £ D.R2u,Dy,R f.D,R [ quR Ju,D,R
BuDR_QIJ/UDR d(Df)A.QlLL w P Kdd K )\ - alO'gZDf
i 87r[D?A2 +0R] Df ob
ﬁj\u,D,R = 2\"PH
2 2. .y A 2 20 = f,D.R £~u,D;,R
e e BY i e i B A 94
SW[D?AQ + o B]?

B 23\“7D7R dlogZp,

Dﬁ ob

,D,R 2y, u,Df,R uDR
Bupn = _ o fwDR _ d,(DF)2A? Kgdd PR 4 i P RKoddf _ 2 dlogZp,
KuDR odd e\ f 87T[DRA2 +O-R] D? ob

DR 2y :u : :u,D,R
Bupn = 2400 - d(Df>2A2A£dd (e De o NPeR) oy Asia ™ 01092,
A o

o Ar[DEA? + GR]? DE b
m D¢, R -u,Dy, R 2
Bowpn = 2fPrR — d (D )2A2“fo R PR — KRR _ P OlogZ,
i ! SH[DFR? 4 57 DF b

Su,Ds R
Biuva,R =2\

2 2 2 2 N 2 f,.D¢,R Fu,Ds R
2>\f’Df’R<)\u7Df’R+/,Lu7Df7R) +l,[/f7Df7R(2)\u7Df’R+/,Lu7Df7R) Koddf Koddf

— de(Df)?A? :
(D5) 8r[DFA? + o]
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PR dlogZp, r

Dj? ob
N SEDpR2u D, R | AfDsR DR Su,Dj,R
5f{uny’R - QKgc»lgva _ dC<D}%)2A2Kodd peomrT + MfA PREC T B 2Koddf dlogZp, r
odd 87r[D5?A2 + o ]2 Df} ob
~ ’Cf’vaR :u’ s Qu 'CU,D ,R
B/:‘u,Df,R = QAZégf’R _ dC<D}%)2A2 Aodd (/‘L Df R +A)\ ’Df7R> . Aoddf 8logZDf
odd 47T[D?‘A2 + o B)2 D? ob
. 2 DRASD:R _ fofiD.R DR 2
Bison = 2u PN — dC(fo)QAQ“f phPett — Kodfl Ko™ 2uf’D’R dlogZp,
87r[D5?A2 + o k]2 D? 0b
By pr = 2D
B dC(D?)2A22/\f7D,R(5\f,vaR + ﬁf,Df,R) + ﬁf,D,R(Q:\f,Df,R + ﬁf,Df,R) . fffgﬁ’Rfff;lff’R
8[DEA? + 5F)2
B 25\f*D7R dlogZp,
DF b

N = f.D,R2 2 =~ fD¢ R 2
ﬁf{f bR = 2[225,1{ . dC<D}%)2A2 Kodd /’Lf,DﬁR + /ij’D’RKdef _ QK({cél)’R (9l0gZDf
odd 8r[DEA? + 5F)? DE b

ALDR(@I PR 4 NDrRY - ARDE DlogZp,

Birpr = ng’D’R — dc(DR)2A2 odd A odd
Agid dd f 47T[D]}3A2 +5R]2 D? b
. 2 f,Df,RAf,Dy, ~f.D¢,R 7-f,Ds,R -
5ﬁf7vaR _ 2[Lf,Df,R o dc(Dch%)2A2uf f ,uf D¢, R _ Kodiif Koddf B 2qu,Df,R 5’logZDf
8m[DFA% + )2 D;yR  0b

Bssppn = 22 PHR
\FDrR(NLDpR 4 fF.DfR SfD;R(ONFDpR | 2 = f.Ds,R - f,Ds,R
2APDERONDRR 4 PP + P (2>‘fAf’ +Mf’Df’R)_K({ddf K({ddf
87T[D]’?A2 + o B]?

— d(DF)*A?

o if’Df’R@logZDf
Di.R b

2 = f.D Rz2ep, 2 2 FDfR 26D,
Besosr :2K§C’l§f’R_dc(D]1§)2A2Koddf MfoR—i-Mf’fjf’RKoddf B KgddeﬁlogZDf
8T[DFA? 4 o F]? DF b
2 'Avf,Df,R o D¢, = :f,D R
Birppr = 2A££f’R _ dc(Df)2A2 Agad (ph PR +A/\f’Df’R) B 2Aoddf dlogZp,
odd 47T[D?A2 + &R]2 D? b

_ OlogZ,
Pon = =4

(4.67)
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Formulated in terms of these variables, one in principle should solve for the fixed

OlogZp
ob

point /manifold. However, as we know L is a complicated expression and thus
renders obtainment of these solutions analytically intractable. In addition we note
that, alogZ” is also quite complicated as an expression, however it indicates that stress
is generated when fluctuation dissipation is broken or when odd elastic parameters

are present. Despite the complexity of these expressions, if we define the Aronovitz-

Lubensky fixed point as:

16mA? —8mA?
44+d.” 4+d.’

(f 58 NIAR KTER ATAR SRy _ 0,0,0} (4.68)

where v € {u, f},0 € {D, D¢}, one can check that it is indeed a fixed point of the
equations and we can analyze its stability. Performing a stability analysis on these

16 variables gives the following eigen-values:

Eigen-values =

—2d. —2d. 2d. 2d. 2d, 2d, 2d. 2(2+d,)

0,0,0,0,0,0,0,0, -2,
{ "d4+d.A4+d.” TTA44+d.)4+d.4+dA4A+d4+d] 4+dc}
(4.69)

The eight zero eigen-values indicate that the Aronovitz-Lubensky fixed point poten-
tially belongs to a higher-dimensional fixed manifold, although perhaps not a stable
one. Four of these eight zero eigen-values are perturbations purely in {fﬂ’é’R, §\7’5’R}
and three of them are somewhat analytically complicated, however they indicate that

there are potentially a broader set of fixed points where fluctuation-dissipation may

not necessarily hold. The one simple eigen-vector that is a pure perturbation in
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{fir R \1ORY fs:

S A ~

“wDR < ifD,R ¢ juwDpR ¢ 7fDsR u,D,R f.D,R uw,Dg,R ¢ 7-f,Dy,R
[5Aodd ’ 5Aodd ’ 5Aodd ) 5Aodd ) 5Kodd ) 6Kodd ) 5Kodd ’ 5Kodd ’

(55\u,D,R7 55\f’D’R, 55\u,Df,R’ 55\f,Df,R7 é‘l&u,D,R7 5ﬁf,D,R’ (Sﬁu’Df’R, 5ﬁf,Df,R’ (Sé'R]

—4-3d, -3(4+d) -3(4+d)

=10,0,0,0,0,0,0,0, -
[a)77a)77 167 32 ) 32

,—1/2,-1,0,0,1,0]

(4.70)

: B A Ay A RN .
The other 4 zero eigen-values are perturbations in {K7;", A7""} and include:

~ A~ ~

“wDR ¢ if.D,R ¢ iuwDsR < 7fDsR u,D,R f.D,R w,Dg,R ¢ 7-f,Ds,R
[5Aodd ’5Aodd ’5Aodd 75Aodd ’(SKodd 75Kodd ’5Kodd 75Kodd ’

55\u,D,R’ 55\f,D,R, 5S\U,Df,R’ 65\f,Df,R’ 5ﬁu,D,R’ 5ﬁf,D,R, 5ﬁu7Df,R7 5ﬁf7Df,R, 533]

=1[1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0],

(4.71)
[0,0,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0],
[0,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0],

0,0,0,0,1,1,0,0,0,0,0,0,0,0,0,0,0]

These four marginal perturbations indicate that perturbations in AZ&Z’R that preserve

fluctuation dissipation are marginal. Furthermore the two eigen-vectors corre-

—2d.
4+dc

sponding to the eigen-value are:

A A ~

“wDR < if.D,R ¢ i wDpR < 75fDsR u,D,R f.D,R w,Dg,R ¢ 7-f,Ds,R
[5Aodd ) 5Aodd ) 5Aodd ’ 5Aodd ) 5Kodd ) 5Kodd ) 5Kodd ) 5Kodd )

SAUDR GNFDR S\wDIR GARDIR, SR SEADR §iwDR SEfDIE, 55R)
(4.72)
=[0,0,0,0,0,0,0,0, —5/4, —5/4, —5/4, —5/4,1,1,1,1,0],

0,0,0,0,1,1,1,1,0,0,0,0,0,0,0,0, 0]
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and the eigen-value —2 corresponds to the eigen-vector:

fu.D.R ¢ if.D,R ¢ jwDsR ¢3f.DyR ¢7FuDR i-fD,R ¢i-u.Df,R ¢ 7-f.DsR
[6Aodd ) 5Aodd ) 5Aodd ) 5Aodd ’ 6Kodd ’ 5Kodd ) 5Kodd ’ 5Kodd ’
55\u,D,R’ 55\f,D,R’5:\u,Df,R’55\f,Df,R’ 5ﬁu,D,R,5ﬁf,D,R75ﬁu,Df,R75ﬁf,Df,R753_R] (473)

=10,0,0,0,0,0,0,0,—1/2,—1/2,—1/2,-1/2,1,1,1,1,0]

One of these negative eigen-values and their respective eigen-vectors tells us that
perturbations in [A(zu’lfl’R that preserve fluctuation-dissipation are irrelevant. Mean-
while, the other two correspond to eigen-vectors found in a fixed point analysis using
Boltzmann weights for equilibrium elastic membranes (using Boltzmann weights [12]),
indeed they indicate that if we restrict ourselves to the domain of phase space where
fluctuation-dissipation holds and AZ&%R, IA(ZC}Z’R are odd, then the Aronovitz-Lubensky
fixed point is the globally stable fixed point. The eigen-vectors corresponding to the
eigen-value 2d./(2 + d.) correspond to:

A SAL T AL S AL SR SR S SR

) odd ) ’

65\u,D,R’ 55\f,D,R’ 55\U,Df,R7 65\f,Df,R’ 5/~}u,D,R’ (Sﬁf,D,R7 5ﬁu,Df,R’ 5ﬁf,Df,R7 53_1%]

—31—9d 2+ 3d
= 10,0,0,0,0,0,0,0, %, ~1/2,-1/2,-1/2, 3;—636 1,1,1,0],
8m(34 4 9d.) 87(20 + 3d.)
0,0,0,0,0,0,0,0, 22T 20e) g STEIT %) 0,1 4.74
[ b b ) ) ) b ) ) 13(4+d0) b ) ) b 13(4+d0) b ) ) ) ]7 ( )

[0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0],
[0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0],

[1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0]
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The last eigen-vector corresponding to eigen-value 2(2 + d.)/(4 + d.) is:

“wDR ¢ if.D,R ¢ uwDsR ¢ 7fDs,R ¢>uDR ¢7fD,R ¢7-wDf,R ¢7-fDsR
[6Aodd ) 5Aodd ) 5Aodd ’ 5Aodd ’ 6Kodd ’ 6Kodd ) 5Kodd ) 5Kodd )

55\u,D,R7 55\f,D,R’ 5:\u,Df,R7 65\f,Df,R’ 5ﬁu,D,R7 (')*/jf,D,R7 6ﬁu’Df’R, 5ﬁf,Df,R7 63’R]

8(2+d.)m 8(2+d.)m
=10,0,0,0,0,0,0,0, — —
[ s Uy My Uy Uy Uy Uy Uy (3+dc>(4+dc>’ (3+dc>(4+dc)’ (475>
8(2+d.)m 8(2+d.)m 16(2 + de)m 16(2 + de)m

B+d)4+d) (B+d)4+d) 3+d)4+d.) (3+d)(4+d)
16(2 +d.)m 16(2 + do)m
(B+d)(d+d.) 3+d.)(4+d.)’

1]

All in all, we can then summarize our findings via the following statements:

1. If we enforce fluctuation dissipation and insist upon the odd elastic
constants being zero, then indeed the Aronovitz-Lubensky fixed point is

the globally stable fixed point.

2. If we enforce fluctuation dissipation but do not insist upon the odd
elastic constants being zero, then indeed the Aronovitz-Lubensky fixed
point is stable to perturbations in f(gg’l‘;’R but is marginally stable with
respect to perturbations in jlztﬁiR. Stress however is always an unstable

direction.

3. If we do not enforce fluctuation dissipation and insist upon the odd
elastic constants being zero, then the Aronovitz-Lubensky fixed point
potentially belongs to a larger manifold and the fixed point is no longer
globally stable. Relevant unstable directions could potentially take us to
a new fixed point to be obtained. Indeed this has been better explored in

[34].

98



4. If we do not enforce fluctuation dissipation and do not insist upon
the odd elastic constants being zero, then the Aronovitz-Lubensky fixed
point is not globally stable. A globally stable fixed point has not been

established.

5. All the above analysis has been only done to 1-loop order and thus a 2-
loop expansion is in principle necessary to establish whether the zero eigen-
value directions stay zero or become non-zero. This would be important
for comprehending how these other perturbative eigen-vectors impact the

stability of the Aronovitz-Lubensky fixed point.

4.3.2 Numerical Integration of Renormalization Group

Equations

With our stability analysis done, we can perform a numerical perturbation analysis to
obtain all the exponents associated with these equations. We aim to first formulate
the propagators and then plot them since they are the relevant observables of the
theory. We will eventually focus on the physical case of interest: d. = 1 so that we
later compare with simulations. Another complication concerns that one may still ask
of course whether we must re-introduce all the Feynman diagrams that are valid for
d. = 1 (which we ignored in using a large d. limit argument) and as stated previously,
a future investigation would have to be done to understand this. At the moment, we
believe that our Feynman diagrams are the ones necessary for a controlled calculation,

but this is not a sufficiently strong argument.

Equations Of Propagators

As previously establish, odd elastic parameters do not enter into the harmonic terms

relevant for the flexural modes. Thus the analytic form of their propagators remain
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the same regardless of whether odd elastic parameters are present or not and take

the value:
2Df(5a5
[D¢g* + Dyog?] + w?

(F(a,w) [ (—a,—w) = 4 (4.76)

where A is once again the area of the system. This corresponds to a static propagator,
which is obtained by integrating over all w, thus applying the Cauchy residue theorem
97, 72):

N N J,
a(q) F(—q)) = —— 4.77
(f*(@)f" (=) At + o (4.77)
though keep in mind that we have set kT = 1 and re-scaled such that Ly does

not appear in the theory. The form of the in-plane propagators contains odd elastic

parameters explicitly and takes the form:
(4(q, w)i;(—aq, —w)) =
LR 20 + (A5 ™) + 240 K g™ + 2(K o) + ()2
+ 45\u,D,Rlau,D,R + 5(ﬁu,D,R)2_
(_1)1-',-]' coS 29[(;11;6,[2)71%)2 + QAZ(;E),RR;;C,MD,R + (5\u7D,R + lau,D,R)(S\u,D,R + 3ﬁu7D,R)]
+ (=) sin 20[— Al Pt PR 4 Ko (NP ﬂ“’D’R)Hq“}
/|w" g P =2 R (AL ) (NP2 o AN DR DR (i Y
+ @R (A ™ + Ko ™) + PR+ 2&“’D’R>]}

(4.78)
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and
(i (qt, W)ty (—q, —w)) o = LRG| 2i(—1) w[ K50 4+ A%DH
1 ¢ cos 20[(2AMDBpuDR _ 9 RuDR(GuDR | quD.Ryy]
_ q2 sin 29[(14]2&371%)2 + Mgﬁﬂkﬁfﬁ + (S\u,D,R + Iau,D,R)(S\u,D,R + 3ﬂu,D,R)]
J|wh + P2 KD (AP 4 KDY 4 (APRY2 g DR DR 5D Ry 2)
+ PRSP RASDE + RSP + P R(NeDE 4 gD Ry
(4.79)

which correspond to the static propagators:

(@;(@)@;(—q)) = L7 [(Ay " + 2K + (NP7 4 3P )2

_ (_1)1+j cos 29[(143&5,12)2 i QAZ&Q’RKSQI;)’R n (S\u,D,R i ’au,D,R)(;\u,D,R + 3ﬂu,D,R)]
+ (= 1) sin 20[= Al PR 4 K PR ﬂ“’D’R)H}

/[ 20° (NP B DR RGH (Ag ™ + K ™) 4 DR AP 2&“’D’R>]]

(4.80)

and

(i ()t (—a)))ju = L | cos 20[(2A%) PR — 2K (NP 4 Do fy )
— sin 29[(;13&5),1%)2 + QAZ[?,RK::&g,R + (S\u,D,R + ﬂu’D’R)(S\u’D’R + 3ﬂu’D’R)]:|
/126° NP 4 3 PR K (A ™ + Kog ™) + PRSP 2ﬂ“’D’R”}

(4.81)

With these equal-time correlations in place, we now have a set of observables that

we can calculate whether in our numerical integration or in simulations. Two of the
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in-plane propagators that we will focus, along with the flexural propagator, on are

the following:

(1 (q1, 0)ia (= g1, 0)) = L) Ko " (g™ + 2K0507%) + DR 3ﬂ“’D’R>]}
@ NP 3 P K (A ™+ K ) + i PR 2/1“”:’”%)]}

(4.82)
and

(1(g1, 0)ia(—q1, 0)) = L | [Ayiy igaa ™ — Ko (AP + ﬁ“’D’RH]
(4.83)
@ NP 3 PR IR (A ™+ K ) + PR 2ﬂ“’D’R>]}

The former propagator gives us the correlations of longitudinal in-plane phonons with
which we may compare the theory of elastic membranes that do not possess odd elastic
parameters. The latter propagator isolates the effect of odd elastic systems because

this propagator would otherwise vanish for a non-odd elastic membrane.

. . . . V0 R 7v,0,R
Scaling of Propagators Via Renormalization Group: {A}" K~ <

{\8R 6By And Microscopic Fluctuation-Dissipation

Given our stability analysis was a perturbative analysis of the Aronovitz-Lubensky
fixed point, we aim to integrate the renormalization group equations, Eq. (4.64), with
microscopic parameters such that microscopic odd elastic coefficients, AZ&Zov Kgc’lfl’o ,
are relatively smaller than A7, [7°%. This is because for very large perturbations,
it is not necessarily true that our stability analysis will be even relevant. Thus,
we preface our investigation with this restriction and delegate analysis of systems
where odd elastic parameters are very large to the future. We thus restrict ourselves
780 .60

to microscopic parameters that satisfy {A7%° K020 < (A9 8o} We further

] 111 % 77670 ~’Y:6»0 — % 77670 — ~’Y?6’0
restrict ourselves to examining cases where K ;" # 0, A" =0or K_;;° =0, A}, #
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0 so that we comprehend the effect of each odd elastic parameter independently.
When both are present, one has to be concerned with the stability criteria mentioned
previously and in [93]. We furthermore assume that fluctuation-dissipation holds
at the microscopic scale, C’fj’,fl’o = éfj’,ff, as we are concerned particularly with this
case. Finally, it is important to note that we intend to compare this data with
simulations run with a barostat that will tune (L) = 0. Since 0Z,/0b # 0, stress
is generated when fluctuation-dissipation is broken or even odd elastic moduli are
present. However, it is important to note that our simulations will be run with
a barostat where ¢®(L) = 0 where L is the linear system size length here. Thus
when we numerically integrate, we will have to use a shooting method where stress

is microscopically tuned such that ¢®(L) = 0. This is an approach that is also taken

in [34].

1. IN(ZC}‘;’R =+ O,AZC’;Z;R = 0 and C’fj’,fl’o = éfj’gf In this case, when we integrate
Eq. (4.64) with microscopic parameters satisfying Kgc’l‘;’o < {Xvdo ool e obtain
the scaling found in Fig. 4.4 where the parameters are plotted vs. the linear dimension
size. Though stress is not plotted, we have used the shooting method to tune the
stress to be a numerically irrelevant parameter. From the plot one can see that f(gj;
is an irrelevant parameter and converges more quickly to zero. Thus with this scaling

we may extrapolate the scaling of the propagators:

{A¢*(f*(a) f*(—a)),Aq* (@1 (q1,0) 1 (—q1, 0)), Ag*(ity (1, 0)dia(—g1,0))}

~{¢ " q ™ 1}

(4.84)

One can of course see a length scale where the scaling exponent appears, which will be
derived in 4.3.2. We furthermore find that fluctuation dissipation is not spontaneously

broken, which is consistent with our stability analysis.
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Figure 4.4: Above are plotted the parameters of the theory in the presence of the
odd elastic parameter f(zj;; they are plotted against a non-dimensionalized linear
dimension of the system. n ~ .8 and 7, ~ .4. Microscopic initial conditions assume
fluctuation-dissipation which is not broken at larger length scales. We thus see that
KZJ;R is an irrelevant perturbation to the Aronovitz-Lubensky fixed point.

2. KR = 0,A70% +£ 0 and éfj’,fl’o = é{j’,‘jf In this case, when we integrate
Eq. (4.64) with microscopic parameters satisfying flg&%o < {Arde 9ol we obtain
the scaling found in Fig. 4.5 where the parameters are plotted vs. the linear dimension
size. One can see that AZ&Z gives rise to a marginal perturbation that does not affect
the exponents of the theory nor the scaling of the other elastic constants. Thus with

this scaling we may extrapolate the scaling of the propagators:

(A" (f*(q) f*(—q)),A¢* (i1 (q1,0)ii1 (—q1, 0)), Ag? (@1 (g1, 0)tia(—q1, 0))}

~{qg " g™ g}

(4.85)

One can of course see a length scale where the scaling exponent appears, which will be
derived in 4.3.2. We furthermore find that fluctuation dissipation is not spontaneously

broken, which is consistent with our stability analysis.

Derivation of Thermal Length Scale

As can be seen from the Fig. 4.5 and Fig. 4.4, we have non-dimensionalized the linear
system size by a thermal length scale which we have yet to define. Given that the

odd elastic parameters are now present, there is no reason that the thermal length
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Figure 4.5: Above are plotted the parameters of the theory in the presence of the
odd elastic parameter AZC’{Z; they are plotted against a non-dimensionalized linear
dimension of the system. n ~ .8 and 7, =~ .4. Microscopic initial conditions assume

fluctuation-dissipation which is not broken at larger length scales. We thus see that
AZ&‘;’R is a marginal perturbation to the Aronovitz-Lubensky fixed point.

scale should take the value given in the equilibrium theory:

16m3K2
lin =1 4.
th 3kpTY (4.86)

The manner in which one may obtain this length scale in the equilibrium case is

by comparing the an-harmonic dlogZp, /dlogb with D$ and obtain for what value of
UV-cutoff, A, for which the two are comparable. The procedure is no different in
the odd elastic case, however, dlogZp,/dlogb is now significantly more complicated.
Without assuming fluctuation-dissipation to hold or even making some simplifications
explained in the next sentence, it is difficult to obtain a thermal length scale. Thus
we resort to obtaining a provisional form done in the Mathematica code whereby
one assumes fluctuation-dissipation to hold and obtains the lowest powers of A in
dlogZp,/0logb (in order to reduce the power of the polynomial in A that one has to

solve for) and then comparing them to D%. By doing this, we obtain that in terms of
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the bare elastic moduli of the theory:

2T (BkBT
qth =

a - (k)2

/((u0)2 ((A%aa)” + 281 — 3) A0y Ky + Am(X°)* + 2(3 + 87) (K24)?)

1/2
O+ 17) (Ka)? + (1)) (g A%ga + Kig) + 1000 + 2u°>>)

+ (Kg)° ((Ade)Q + Am(AQyy + Koi9)? + 6()‘0)2)
1/2
+ 2N K i (A (Alyq 4 K3yg) — 3A%44 + 6K yy) + 16mX° (1) + 167T<NO)4)

(4.87)

which reduces to the form Eq. (4.86) when A,4q and K,qq are both zero. We use this

definition of ¢, to plot Fig. 4.5 and Fig. 4.4.

4.4 Simulations

We use a GPU-suitable package code PyMembrane developed by Professor Daniel A.
Matoz-Fernandez. We simulated a system of atoms arranged into a triangular lattice.
We used 2900 atoms with a lattice space of a = 1 arranged into a square sheet that
measured 50a x 50a. We used dihedral springs to replicate the bending rigidity of
elastic systems. However, unlike previous studies that have used bolts and springs
[64], we implement a different method that allows us to simulate an elastic system

associated with any in-plane elastic moduli of one’s choosing.

Implementation of Dihedral Forces

The bending forces were determined directly from a set of dihedral springs between the
faces of the triangles. The elastic bending energy of such a system can be formulated

as:

A

K
Ebend = 5 Z[l + cosb /] (4.88)

(1)
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where & is the microscopic dihedral spring stiffness and 6;; is the dihedral angle
between two triangular faces (which can also be seen as the angle differences between
normals of faces). We can relate the microscopic spring stiffness to the coarse-grained
bending rigidity [55]:

K=-—R (4.89)

Implementation of In-Plane Forces

In an orthonormal basis {é1,éx},¢é1 - € = 0 in D = 2, our odd elastic modulus tensor

takes the form:

Cllll — 02222 =\ 4 2,&, 01212 — 01221 — 02112 — 02121 = u,
01122 — C2211 — )\’ 01112 — 01121 — K, 02212 — 02221 — —K, (490)

02122:A+K,Cl222:—A+K,02111:A—K,Cl211:—A—K

where we will now use co-variant and contra-variant notation of differential geometry

[101]. In tensor notation this boils down to:

C«ijkl — )\(Sij(skl 4 H[élké]l + 5ilé‘jk] + KEijkl o AEijdkl (491)

where
Eik — 5[6““5][ + €lgIF 4 @R 4 5 (4.92)
where €17 = €990 = 0, €10 = —€91 = 1 is the Levi-Civita symbol. Within this Euclidean

definition in a reference flat frame, we can transform the tensor in a co-variant way to
accommodate non-orthogonal bases. Assume the new basis takes the form: {€},é,}
and define:

9ij = € - € (4.93)

¢ J
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then in the new non-orthonormal Euclidean frame we have:

CIM = (M), (AL (A), Cobm (4.94)

a m

where A} = 92" /027 is the Jacobian of the transformation. With the knowledge that:

(A_l)k(A_l)é‘CSkl = Gij (4.95)

)

where ¢ is the current metric, then we obtain:

Czykzl — )\gz]gkl +M[§Zkgﬂ +§zlg]k] + - gl]kl . - 62]§kl (496)
det[g] det[g]
where still

g 1, o e
gukl _ 5[6Zk9ilef + E’ng]k + ejkg l + ejlg k] (4‘97)

We can use the current metric tensor to calculate the strain:

1 _

U5 = 5[91’;’ - gij] (4-98)

where ¢ is again the current metric tensor and g is the reference metric tensor. From

here, we can use the constitutive formula to obtain the stress in the current frame:

O'ij = Cijklukl (499)

This gives us the homogeneous stress that a triangle experiences. All that remains is

to calculate the normals to the edges.
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We return to the lab frame to first obtain the normal to the face which can be

obtained by means of the cross-product:

1

—————F12 XT3 (4.100)
’I‘12 X I‘13|

Nggee =

Where ri3 = ro —r; and ri3 = r3 —r; are vectors in the lab frame. From this we can

calculate the normals to any of the edges in the lab frame:

n, ,; =r;,; X ﬁface (4101)

where we assume that 1 — 2 — 3 — 1 is a counter-clockwise orientation list of the
triangle and r;_,; = r; — r;. Now we must obtain an expression of the normal in the

tangent plane. To do this we write down:

(Ni—>j)k =n;,;- r1—>k+1|k:1,2 (4-102)
Ni,; = (Nis;)kR” (4.103)

Rk = gkmr1_>m+1 (4104)

R* =g lri i (4.105)

where now N,_,; is the expression of the normal in the tangent plane.

We can calculate the total traction force:
(Ti=5)" = (Nisj)io™ (4.106)

With this final form, we can apply the force ﬁi(j) = (1/2)7_“;%]4 = (1/2)(Ti=;)*r1m
on each of the vertices adjacent to the edge ij. Thus, we have an implementation

that gives us the forces we should exert on every vertex.
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We can also write down the stress-strain relations more explicitly in terms of the
metric tensor. If we define the elastic deformation tensor for the triangular lattice as
follows:

F—

|
5(@9—1)

then and consider the strain given by:

u% = " ug,

1. B
=39 7 (98y — G8y)

1

= B (ga7957 - gmgﬁv>

using the fact gzgl = g then we get ug = Fg which can be easily calculated in
simulations.

Then begin with the contribution of A,4q to Eq. 4.99,

g Aogd
1] O ij =kl
04 = 7 7=¢"9 Uk
varl
Apgg -
— ol iyl (4.107)
vai
Agd -
= —iemTr(F)

VIl

where Tr is the trace of F'. So now:

01141 =0
A
12 odd
oy =——=Tr(F)
varl
o =0
o2 = —g12

Next, we move the contribution to K,
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K odd

1o

o= = (eikgjl + Eilgjk + ejkgil + 6jlgz'k) Upy

2v/lgl
K, . o - .

_ dil (ezkg]lukl +€zlgjkukl +€]kgzlukl +€jlgzkukl)
2¢/lgl

=3 OTfI (" + €'l + Muj + €'y (4.108)

9

K, oo Lo oo .

_ di <€zk:F]g + Elevl] + eijlz + EJlF}Z)
2v/lgl
K, o _—

= % (2% F] + 26 )
2¢/lgl

So now we get:

ot = B a2y

N
oR = S (72— )

A (4.109)

K,
o2l — odd A2 (2 _
RV
22 Kodd (2621F12)

o35 =
bVl

We can write the same for the normal elastic parameters A, p:

o = [\g7g" + w(g" 5" + g"g")] i
= \GY " uy +M(gik9jlukl +gilgjkukl)
= AgYuj + p(g™ g, + g'ud) o
= )\QijTTFjL?,u(gikui) '
= \gTrF + 2u(g" F))

= \g;;'TrF + 20(g, F})
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op = Ag TrF +2pu(g F} + 915 Fy)
oF = ANgo IrF + 2u(g FL + G913 F5)

(4.111)
o3 = Mg TrF + 2pu(g5 FT + G35 F )

0% = Moo TTF + 20u(ga; FY + G5 F5)
Thus we have establish stress-strain relations in terms of the metric tensor.

Area Potential In addition, for reasons concerned with the stability of the trian-
gular lattice under large deformations in the presence of odd elastic parameters, we
also added in an area potential. To add such a term we have to potentially implement

the following energy term:

det g det g 2
=41 1 4.112
F Cl og detg +CQ( og detg> ( )

where g and g are the current and reference metrics respectively. Of course we want
to avoid using the energy term as we don’t have any conservation of energy in our

system. Thus we are instead interested in deriving a stress strain relation:

o = ;f (4.113)
ij

In order to do this we must express the current metric tensor in terms of the reference
basis and the strains. Since the det g is an invariant, we are free to operate with lower

indices. Using the fact that:
1

Ujj = 5[9@‘ — Gij] (4.114)
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we can write:

N

detg :(51 . 51)(52 . 52) — (61 . 62)

=[2u1y + €1 - €1][2u2 + €3 - €3] — [2uia + € - 52]2

Using this we can rewrite and define:

[QUH + él . él][2u22 + ég . ég] — [21/42 + él . 52]2

det g
= log

=1
G =log det g (€1-€1)(€y-62) — (&1 - €2)2

Differentiating with respect to the strain we obtain:

59 . 2[2U22 + ég . ég]
(SUH [2U11 + él . él][2u22 + 52 . ég] — [21&12 + él . éQP
oG 2[2uq1 + €5 - €]
dugo [2u11 + €1 - €1][2u9g + €3 - €3] — [2u1n + € - E9)?
G 22u13 + €1 - &
511,12 [21611 + él . él][2u22 —+ ég . ég] — [21“2 + él . 52]2
This gives us:
. OF oG oG
V= =C 2C.
? 5?,61']‘ ! 5uij QQéuij

(4.115)

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)

And thus, having obtained the stress tensor we can use the rest of the implementation

above to determine the necessary forces to apply on the vertices. By evaluating these

expressions at u;; = 0, we immediately obtain that C; = 0 to have an absent constant

response to zero strain. Thus we are left with:

o OF 0G
i -9
7 6u1-j C2gc5uij

113

(4.121)



To obtain the elastic modulus from this we can differentiate again with respect to uy

and then set u;; = 0. This in turn gives us:

Yexd 852G 0G 6§ oG 6G
Wkl - 202 géuzjéukl + (5uij 5Ukl |u:0 N 202 5uij Wklhzo (4122>
We thus obtain that:

Ci Zocy | %2 & I (4.123)

? (€1-€1)(é2 - E2) — (€1 - E2)?] '
| % & I (4.124)

? [(e1-e1)(62-€2) — (&1 €2)? ] .

2e, - € 2e,-¢€

01122 — 02211 — 20 2 2 :| |: 1 1 1

“l(er-e1)(ez-e2) — (61 62)2] [(61-€1)(E2 - E2) — (1 - €2)°
(4.125)

2, - & 2
1212 _ 2112 2121 1221 _ 1 2

o2 _ gEiz _ oRlal _ oneel 202[(61'61)(62_82) > (61'62)2} (4.126)

01112 — 01121 — 01211 — 02111 —
261 - €9 } { 26, - €9
(e1-e1)(ex-e9) — (e1-€2)%] (e

“ [ } (4.127)

€1-€1)(€-é3) — (€1 - €2)?

(2221 _ (2212 _ (2122 _ (1222 _

2e; - & } [ 2e; - & (4.128)
(

(e1-€1)(ey-e2) — (€1-€2)?] [ (e1-€1)(e-6E3) — (€1 - E9)?

26|

Barostat, Integrators and Simulation Procedure

For the simulations we used a Berendsen barostat to tune the box pressure to zero and
to tune the temperature of the system, we utilized a Gaussian distributed noise-force
whose variance dictated the magnitude of the temperature. For the integrator, we
implemented a BAOAB-limit method [102], thus the noise is not completely memory-
less. The friction or diffusivity of the integrated Langevin equations was take to be

equal for all forces, thus fluctuation-dissipation was assumed at the microscopic scale.
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Furthermore, as mentioned previously, since we are simulating over-damped systems,

we need not worry ourselves with the active heat flow that could otherwise arise [95].

Procedure We simulated A,y and K,4q separately in an otherwise normal elastic
system. We took a variety of values of each of the parameters while varying the
temperature. Varying the temperature allows us to access different effective length
scales (by effectively changing L/fy, without changing the linear dimension of the
system L), rather than doing a computationally costly simulation with a large system
size. We allowed the each elastic system to ”thermally equilibrate” for around 2 - 107
time steps, after which we would begin recording instantaneous snapshots of the
configurations of the system. The time step was determined by the limiting factors

given by the natural frequencies of the system:

m m m m m
= Y Ty T T\ g TR T [ e TR = 0 (4.129)

where Y is the Young’s modulus, m is the mass of a vertex (we took m = 1) and a is
the lattice spacing. Thus 7 <Min { 77, Ty, Ta, s T, Ta } -

Each simulation, after thermal equilibration, ran through 8 - 10® time steps,
recording snapshots every 10° time steps. This gave us a total of 8000 snapshots of
data with which we could calculate averaged equal-time correlations. In computation

time, this amounted to about 80 hours.

4.4.1 Results

Simulations with K_;;: For our simulations with K, 4, we ran the parameters
given in Table. 4.2 and this resulted in a data collapse seen in Fig. 4.6 around the
length scale ¢ given by Eq. (4.87). In panels Fig. 4.6(a) and (b) we see that
the flexural modes and the longitudinal in-plane modes are still associated with

the Aronovitz-Lubensky exponents of {n,n,} ~ {.8,.4}. In panel Fig. 4.6(c), we
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observe that the correlation is non-zero, whereas it would be for a non-odd elastic
material, but that it presents no anomalous exponent. One can conclude that since
M2 (q), pf(q) ~ ¢™, then we must necessarily have that K% (q) ~ ¢*™. This confirms

that K,4q is an irrelevant parameter of the theory and matches with our theoretical

predictions.
Table 4.1:
Data Sets for Fig. 4.6
Lja | k/kgT | Koda/(A+2p) Cof (X +2u)
50 1 4.76 .048
50 10 4.76 .048
50 le3 4.76 .048
50 leb 4.76 .048
50 1 .73 .007
50 10 .73 .007
50 le3 73 .007
50 led 73 .007
50 1 .076 8e —4
50 10 .076 8e —4
50 le3 .076 8e —4
50 leb .076 8e —4
Ax(gn) (f @ (=9)) AL+ 30K 21 + #O+ 201G ({401t~ 4,0 AL+ 30K + G+ 240)(q) (4,00t (~ 4,0
(a)10 % (b) A+ e 3:””( z)]i 3;)}(}@; e 0) () AL I((Ma Jr)];i)k,,)T( (@ 0u,(-4.0)
10° ~ g2 10° g2
10 g
10° ~q7 ~q”
~ q_4
107 q/é;)h 10’ 10™ q/;;)h 10 10™ q/q‘l;l 10

Figure 4.6: Above are plotted the correlation functions, non-dimensionalized by their
microscopic parameters, of the (a) flexural modes, (b) longitudinal in-plane modes
and (c) transverse-longitudinal in-plane modes. (a) and (b) show that the Aronovitz-
Lubensky exponents ({n,n,} ~ {.8,.4}) are un-perturbed by K,4;. The black curves
mark the harmonic approximation and the blue curves mark the slopes with anoma-
lous exponents. It is further confirmed that K44 is irrelevant due to the fact that the
scaling of (c) never presents with any anomalous behavior: thus meaning that K%,
scales with exponent 27,.
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Simulations with A,;: For our simulations with K4, we ran the parameters
given in Table. 4.2 and this resulted in a data collapse seen in Fig. 4.6 around
the length scale gy, given by Eq. (4.87). In panels Fig. 4.7(a) and (b) we see that
the flexural modes and the longitudinal in-plane modes are still associated with the
Aronovitz-Lubensky exponents of {n,n,} ~ {.8,.4}. In panel Fig. 4.7(c), we observe
that the correlation is non-zero. It is unclear from the simulations as to what the
exact scaling is. It could potentially scale with exponent 7,, which would match with
the theory, but more simulations are necessary to confirm this. We can potentially
conclude that A,4 is at most a marginal perturbation of the theory. More simulations
are needed to confirm the theoretical exponent from which one could conclude that
since A\¥(q), uf'(q) ~ ¢™, then we would necessarily have that A% (q) ~ ¢™. One

may notice from the table of parameters that a smaller system size was taken, this

was in order to speed computation time.

Table 4.2:
Data Sets for Fig. 4.7
Lja | &/kgT | Acaa/(A+2p) | Co/(A+2p)
35 1 1 048
35 10 1 048
35 100 1 048
35 le3 1 048
35 led 1 048
35 leb 1 048
35 le6 1 048

4.5 Conclusion

During this project, we established new results concerning the behavior of non-
equilibrium elastic sheets in particular with regards to the perturbative breaking of
fluctuation-dissipation and the presence of odd elastic parameters A,qq, Koqq. Of the

two, we have explored more so the latter and thus more investigation is merited
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A X - A[A+2, 2(14,(q,,0)u,(— q,,0 AL+ 3p11A + 2u1(q,) (1,00t (— 4,0
(a) K(qrh) {(fl@)f(—q)) (b) [4 + 2u1(g)*(u(q,,.0)u,(—q,,0)) (C) [A + 3ul[A + 2u)(g) (u(q, )uy( q,,0))

kgl kgT AqiiksT
5
10 . 10° o
10° ~q L ~qg T
—4+n
~q
10° o
10 100
10° o ~
q ~q
-4
~q 10° 10°
10-10
102 10° 10? 102 10° 102 102 10° 10?
q/qy, q/qy, q/qy,

Figure 4.7: Above are plotted the correlation functions, non-dimensionalized by their
microscopic parameters, of the (a) flexural modes, (b) longitudinal in-plane modes
and (c) transverse-longitudinal in-plane modes. (a) and (b) show that the Aronovitz-
Lubensky exponents ({n,n,} ~ {.8,.4}) are un-perturbed by A,4s. The black curves
mark the harmonic approximation and the blue curves mark the slopes with anoma-
lous exponents. The simulations do perhaps suggest that A,q; is at most a marginal
perturbation of the theory: thus meaning that A%, scales with exponent at most 7,.
However more simulations are necessary to confirm this.

for the former. We established that whilst for equilibrium statistical mechanics,
where a Boltzmann weight is used, a Ward identity guarantees the structure of the
strain tensor is preserved, for dynamical equations this is no longer the case. Thus
fluctuation-dissipation is an unstable condition, with or without the presence of the
odd elastic parameters. If we do enforce fluctuation-dissipation then we obtain that
K,qq is an irrelevant perturbation whereas A,qq is a marginal perturbation. Thus it
seems that breaking conservation of energy with the presence of K, 44 is not a suffi-
ciently strong perturbation to the Aronovitz-Lubensky fixed point. However the fact
that A,gq is a marginal perturbation means that breaking conservation of angular
momentum is a more significant perturbation. More simulations are required to
further explore the phase space of different odd elastic parameters. On the theoret-
ical side, more comprehension is necessary as to how to carefully treat the Feynman

diagrams we ignored using a 1/d. analysis, which in an e-expansion would typically

be summed over. Given that the upper critical dimension of the theory is D,. = 4
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whereas isotropy is only compatible with chiral odd elasticity for D = 2 makes this a

future project to undertake.
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Chapter 5

Future Directions

5.1 Monoclinic Elastic e-Expansion

As noted during the chapter, the presence of zero eigen-vectors associated with
orthorhombic perturbations of the Aronoviz-Lubensky fixed point at the 1-loop order
merits further theoretical expansion to 2-loop order. This is in contrast to Toner’s
results [81]. This would further allude to whether there is indeed a true marginal
perturbation of the fixed point or not (and thus perhaps a symmetry that maintains
this as a zero eigen-value to all higher loop orders). Simulations with microscopically
monoclinic elastic systems show us, however, that they become increasingly isotropic
with smaller ¢/qy. This may indicate that to 2-loop order, these zero eigen-values
may become negative; performing the calculation is the only way to know for certain.

In addition, the fact that our renormalization scheme in D = 2 presented us with
erroneous results requires a deeper theoretical comprehension. Developing such a
theory would help us to calculate more pertinent observables for the exact dimension
D = 2 and help make further phenomenological predictions mentioned in the next

paragraph.
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In addition, [69] showed that even with a local anisotropy in bending rigidity,
one could obtain a flat-to-tubule phase transition. This local anisotropy is much
weaker than that presented in [66] and thus it would be of interest to see whether
this phase transition could be replicated with a simple in-plane anisotropy. This is
also indicative of the fact that even if in the flat phase, the Aronovitz-Lubensky fixed
point is stable, at higher temperatures where a tubule phase forms, it certainly is not
any longer. A further general criterion for determining along which axis tubulization
occurs, given some general anisotropic parameters, would be an interesting endeavor
to take. For this, knowing the renormalization group equation in D = 2 would be
necessary so that one can use those results to calculate the correlation of normals. A

D = 2 renormalization group scheme thus becomes important to calculate

5.2 Anisotropic Stress

Anisotropic stress applied to a D = 2 elastic materials presented us with a scaling
theory that turned out to be identical to that of tubules [66]. As previously mentioned,
[69] obtained a flat-to-tubule transition with just a local bending anisotropy. Thus
more explicit investigation is required to comprehend the behavior of anisotropic
systems as a whole.

Other studies applying stress or varying boundary conditions have been done
and reveal a rich set of results and phenomena upon which temperature has a non-
trivial effect [33, 103, 30, 34, 36]. Further variations would be of interest, such as
comprehending the effect of pure shear and simple shear, although one may expect
these to induce an instability as well. An interesting scientific inquiry may be to
have a disordered but quenched traction-force boundary condition to observe if such
variations of the theory are important to consider or not, and thus if it is important

to experiments. Further strain-controlled boundary conditions merit investigation.
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Despite the opportunity for other rich variations, it is clear that in all cases, a deeper
investigation into the simulations and theory regarding the absolute and differential
Poisson ratios is necessary. In particular, significant work is necessary on the side of

simulations where varying results have been obtained [35, 79].

5.3 0Odd Elasticity

Our investigation has revealed that there are many fruitful opportunities from exam-
ining the dynamics of elastic membranes as opposed to using a Boltzmann weight
associated with a static energy-derived weight. In particular, the form of the strain
tensor is no longer protected by a symmetry and thus fluctuation-dissipation need not
generally hold. This is true even for non-odd elastic membranes. A comprehension
of where a globally stable fixed point is thus becomes necessary.

In addition, we have not considered the feedback effect from a solvent-membrane
interaction such as those considered in [83]. Simulations along these lines are also
necessary.

Though we found that the odd elastic parameters A,qq, K,qq act as either marginal
or irrelevant perturbations to the Aronovitz-Lubensky fixed point (when fluctuation-
dissipation is enforced), what occurs when these parameters are significantly larger
than A\, u remains an open question. Instabilities or a different fixed point may appear.
Theory and simulations will both be necessary.

Considering finite-size effects and non-periodic boundary conditions would also be
of interest to investigate. A,qq can exert a net torque at the boundary and thus may
lead to further nuanced phenomenology.

Finally, our non-equilibrium parameters were purely local, what if we have more
long ranged non-equilibrium forces? [81] indicates that even just anisotropic long-

range forces can take us away from the Aronovitz-Lubensky fixed point. There is
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no reason to think that this would not be the case for a non-energy-derivable set of

forces that are long-ranged.
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Appendix A

Mathematica Code For Cubic

Elastic Epsilon Expansion
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m-1= Quit

5C1113 = 6C1112;
5C1114 = 6C1112;
5C1133 = 6C1122;
5C1144 = 6C1122;
5C1313 = 6C1212;
5C1414 = 6C1212;
5C3331 = 6C2221;
5C4441 = 6C2221;
5C2221 = 03

5C1112 = 03

1= CO = Table[A = KroneckerDelta[i, j] KroneckerDeltal[k, 1] +
u = KroneckerDelta[1i, k] KroneckerDelta[j, 1] + u * KroneckerDelta[i, 1]
KroneckerDelta[j, k] + (66) * 6C1111 = KroneckerDelta[i, 1]
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
(66) * 6C1111 » KroneckerDelta[i, 2] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 2] = KroneckerDelta[l, 2] +
(66) » 6C1111 » KroneckerDelta[1i, 3] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 3] = KroneckerDelta[l, 3] +
(66) * 6C1111 » KroneckerDeltal[1i, 4]
KroneckerDelta[j, 4] * KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +
(66) » 6C1122 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 1] * KroneckerDelta[k, 2] =
KroneckerDelta[l, 2] + KroneckerDelta[i, 2] » KroneckerDelta[j, 2] *
KroneckerDelta[k, 1] » KroneckerDelta[l, 1] + KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDelta[l, 3] +
KroneckerDelta[i, 3] * KroneckerDelta[j, 3] = KroneckerDelta[k, 1] *
KroneckerDelta[l, 1] + KroneckerDelta[i, 1] » KroneckerDelta[j, 1] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 4] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 3] * KroneckerDelta[j, 3] = KroneckerDeltal[k, 2] *
KroneckerDelta[l, 2] + KroneckerDelta[i, 2] » KroneckerDelta[j, 2] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 3] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 2] » KroneckerDelta[l, 2] +
KroneckerDelta[i, 2] * KroneckerDelta[j, 2] » KroneckerDelta[k, 4] *
KroneckerDelta[l, 4] + KroneckerDelta[i, 3] » KroneckerDelta[j, 3] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 4] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] » KroneckerDelta[k, 3] » KroneckerDelta[l, 3]) +
(66) » 6C1212 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 2] * KroneckerDelta[k, 1] =
KroneckerDelta[l, 2] + KroneckerDelta[i, 2] » KroneckerDelta[j, 1] *
KroneckerDelta[k, 2] » KroneckerDelta[l, 1] + KroneckerDelta[i, 2] *



2 | MathematicaCubicCode.nb

KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 2] +
KroneckerDelta[i, 1] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 2] » KroneckerDelta[l, 1] +

KroneckerDelta[i, 1] * KroneckerDelta[j, 3] *

KroneckerDelta[k, 1] * KroneckerDelta[l, 3] + KroneckerDelta[i, 3] *

KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 3] *

KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 3] +
KroneckerDelta[i, 1] *

KroneckerDelta[j, 3] » KroneckerDelta[k, 3] » KroneckerDelta[l, 1] +

KroneckerDelta[1i, 1] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 4] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] » KroneckerDelta[l, 1] +
KroneckerDelta[1i, 1] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 1] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 1] » KroneckerDelta[k, 1] » KroneckerDelta[l, 4] +

KroneckerDelta[1i, 3] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 2] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 2] » KroneckerDelta[l, 3] +
KroneckerDelta[1i, 3] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 2] * KroneckerDelta[l, 3] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 3] » KroneckerDelta[l, 2] +

KroneckerDelta[i, 4] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 2] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 2] » KroneckerDelta[l, 4] +
KroneckerDelta[i, 4] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 2] * KroneckerDelta[l, 4] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 4] » KroneckerDelta[l, 2] +

KroneckerDelta[i, 3] * KroneckerDelta[j, 4] = KroneckerDelta[k, 3] *
KroneckerDelta[l, 4] + KroneckerDelta[i, 4] » KroneckerDelta[j, 3] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 3] + KroneckerDelta[i, 3] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 4] » KroneckerDelta[l, 3] +

KroneckerDelta[i, 4] » KroneckerDelta[j, 3] = KroneckerDelta[k, 3] *
KroneckerDelta[l, 4]), {i, 4}, {j, 4}, {k, 4}, {1, 4}1;

commenting out k is just a product of the non-dimensionalization of all the elastic constants.



In[+ ]:=

5B1133 = 6B1122;
5B1144 = 6B1122;
5B1113 = 6B1112;
5B1114 = 6B1112;
5B3331 = 6B2221;
5B4441 = 5B2221;
5B2221 = 03

5B1112 = 03

BO = Table[ (#xx) (KroneckerDelta[i, 1]

MathematicaCubicCode.nb | 3

KroneckerDelta[j, 1] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +

KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 2] » KroneckerDelta[l, 2] +

KroneckerDelta[1i, 3] * KroneckerDelta[j, 3] *

KroneckerDelta[k, 3] * KroneckerDelta[l, 3] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] » KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +

KroneckerDelta[i, 1] *

KroneckerDelta[j, 1] * KroneckerDelta[k, 2] = KroneckerDelta[l, 2] +

KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 1] * KroneckerDelta[l, 1] +

KroneckerDelta[1i, 1] =

KroneckerDelta[j, 1] * KroneckerDelta[k, 3] * KroneckerDelta[l, 3] +

KroneckerDelta[i, 3] *

KroneckerDelta[j, 3] * KroneckerDelta[k, 1] * KroneckerDelta[l, 1] +

KroneckerDelta[1i, 4] =

KroneckerDelta[j, 4] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +

KroneckerDelta[1i, 1] =

KroneckerDelta[j, 1] * KroneckerDelta[k, 4] * KroneckerDelta[l, 4] +

KroneckerDelta[1i, 3] *

KroneckerDelta[j, 3] * KroneckerDelta[k, 2] * KroneckerDelta[l, 2] +

KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 3] » KroneckerDelta[l, 3] +

KroneckerDelta[i, 4] *

KroneckerDelta[j, 4] » KroneckerDelta[k, 2] = KroneckerDelta[l, 2] +

KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +

KroneckerDelta[1i, 3] *

KroneckerDelta[j, 3] * KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +

KroneckerDelta[1i, 4] » KroneckerDelta[j, 4] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 3]) +

66 » 6B1111 » KroneckerDelta[1i, 1] *

KroneckerDelta[j, 1] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
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66 * 6B1111 x KroneckerDelta[i, 2] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 2] » KroneckerDelta[l, 2] +
66 * 6B1111 x KroneckerDelta[i, 3] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 3] * KroneckerDelta[l, 3] +
66 » 6B1111 x KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] » KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +
66 * 6B1122 x (KroneckerDelta[i, 1] = KroneckerDelta[j, 1] *
KroneckerDelta[k, 2] » KroneckerDelta[l, 2] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 1] * KroneckerDelta[l, 1] +
KroneckerDelta[i, 3] * KroneckerDelta[j, 3] = KroneckerDelta[k, 1] *
KroneckerDelta[l, 1] + KroneckerDelta[i, 1] » KroneckerDelta[j, 1] *
KroneckerDelta[k, 3] = KroneckerDelta[l, 3] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 1] * KroneckerDelta[j, 1] = KroneckerDelta[k, 4] *
KroneckerDelta[l, 4] + KroneckerDelta[i, 2] » KroneckerDelta[j, 2] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 3] + KroneckerDelta[i, 3] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 2] » KroneckerDelta[l, 2] +
KroneckerDelta[i, 2] * KroneckerDelta[j, 2] » KroneckerDelta[k, 4] *
KroneckerDelta[l, 4] + KroneckerDelta[i, 4] » KroneckerDelta[j, 4] *
KroneckerDelta[k, 2] * KroneckerDelta[l, 2] + KroneckerDelta[i, 3] *
KroneckerDelta[j, 3] » KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +
KroneckerDelta[1i, 4] * KroneckerDelta[j, 4] * KroneckerDelta[k, 3] *
KroneckerDelta[1l, 31), {i, 4}, {j, 4}, {k, 4}, {1, 4}];

Calculating In-Plane

n-1- PO = Table[Cos[61] * KroneckerDelta[i, 1] + Sin[61] Cos[62] KroneckerDelta[i, 2] +
Sin[e1l] Sin[e62] Cos[63] KroneckerDelta[i, 3] +
Sin[el] Sin[62] Sin[63] KroneckerDelta[i, 4], {i, 4}];

m-1= HHH[i_, j_, k_, 1_] ¢= (Sum[CO[1i, j, x, y] * CO[k, 1, w, z]] » PO[X] = PO[y] %= PO[w] = PO[z],
{x, 1, 4}, {y, 1, 4}, {w, 1, 4}, {z, 1, 4}1);
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Equation For Avia 2233

HHHH2233 = Simplify[Normal][
Series[(HHH[2, 2, 3, 3]) % (1/ (Sum[BO[d, f, g, h] ~ PO[d] ~ PO[Ff] - PO[g] - PO[hT,
{d, 1, 43, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}]) *2), {66, 0, 1}]111;
GG2233 = HHHH2233;
KK2233 = Simplify[GG2233
- 6B1111 »
(D[GG2233, sB1111] /. {6C1111 » O, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0})
-6C1111 »
(D[GG2233, sC1111] /. {6C11l11-> O, 6B1111 » O, 6B1122 » 0, 6C1122 » 0, §C1212 » 0})
- 6B1122 »
(D[GG2233, 6B1122] /. {5C1111 » 0, 6B1111 - 0, 6B1122 -» 0, 5C1122 » 0, 5C1212 - 0})
-6C1122 »
(D[GG2233, 6C1122] /. {6C1111 » 0, 6B1111 » 0, 5B1122 » 0, 6C1122 » 0, 56C1212 - 0})
-56C1212 * (D[GG2233, 5§C1212] /.
{6C1111 » 0, 5B1111 » 0, 6B1122 » 0, 6C1122 -» 0, 6C1212 » 0})];

nf-]= 332233 =
(1/4) (1/ (KBT)A2) % (2xdc) * ((KBT /1 (%A%)) A2) » (1(*Ax) / (27) ~4) » (Integrate]
Sin[e1] 22« Sin[e2] » KK2233, {61, 0, n}, {62, 0, 7}, {63, 0, 2 1}] - (-6B1111 *
Integrate[Sin[61] A2 % Sin[62] * (D[GG2233, 6B1111] /. {6C1111 - @, 5B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 6C1212 » 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
- 6B1122 &
Integrate[Sin[61] A2 % Sin[62] * (D[GG2233, 6B1122] /. {6C1111 - 0, 6B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 56C1212 » 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
-6C1111 «
Integrate[Sin[61] A2 % Sin[62] * (D[GG2233, 6C1111] /. {6C1111 - 0, 6B1111 - 0,
5B1122 » 0, 6C1122 -» 0, 56C1212 -» 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
-6C1122 «
Integrate[Sin[61] A2 % Sin[62] * (D[GG2233, 6C1122] /. {6C1111 - 0, 6B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 6C1212 -» 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
- 6C1212 x Integrate[Sin[61] "2 x» Sin[62] *
(D[GG2233, 6C1212] /. {5C1111 » 0, 6B1111 - 0, 6B1122 - 0,
5C1122 » 0, 6C1212 - 0}), {61, 0, 7}, {62, 0, 7}, {63, 0, 27}1));
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Equation for pvia 2323

HHHH2323 = Simplify[Normal][
Series[(HHH[2, 3, 2, 3]) % (1/ (Sum[BO[d, f, g, h] ~ PO[d] ~ PO[Ff] - PO[g] - PO[hT,
{d, 1, 43, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}]) *2), {66, 0, 1}]111;
GG2323 = (HHHH2323);
KK2323 = Simplify[GG2323
- 6B1111 »
(D[GG2323, sB1111] /. {6C1111 » O, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0})
-6C1111 »
(D[GG2323, sC1111] /. {6C11l11-> O, 6B1111 » O, 6B1122 » 0, 6C1122 » 0, §6C1212 - 0})
- 6B1122 »
(D[GG2323, 6B1122] /. {5C1111 » 0, 6B1111 - 0, 6B1122 -» 0, 5C1122 » 0, 5C1212 - 0})
-6C1122 »
(D[GG2323, 6C1122] /. {6C1111 » 0, 6B1111 » 0, 5B1122 » 0, 6C1122 » 0, 56C1212 - 0})
-56C1212 » (D[GG2323, 5§C1212] /.
{6C1111 » 0, 5B1111 » 0, 6B1122 » 0, 6C1122 -» 0, 6C1212 » 0})];

nf-]= JJ2323 =
(1/4) (1/ (KBT)A2) % (2xdc) * ((KBT /1 (%A%)) A2) » (1(*Ax) / (27) ~4) » (Integrate]
Sin[e1] 22« Sin[e2] » KK2323, {61, 0, n}, {62, 0, 7}, {63, 0, 2 }] - (-6B1111 *
Integrate[Sin[61] A2 % Sin[62] * (D[GG2323, 6B1111] /. {6C1111 - @, 5B1111 > 0,
6B1122 » 0, 6C1122 -» 0, 6C1212 » 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
- 6B1122 &
Integrate[Sin[61] A2 % Sin[62] * (D[GG2323, 6B1122] /. {6C1111 - 0, 6B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 56C1212 » 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
-6C1111 «
Integrate[Sin[61] A2 % Sin[62] * (D[GG2323, 6C1111] /. {6C1111 - 0, 6B1111 - 0,
5B1122 » 0, 6C1122 -» 0, 56C1212 -» 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
-6C1122 «
Integrate[Sin[61] A2 % Sin[62] * (D[GG2323, 6C1122] /. {6C1111 - 0, 6B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 6C1212 -» 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
- 6C1212 x Integrate[Sin[61] "2 x» Sin[62] *
(D[GG2323, 6C1212] /. {5C1111 » 0, 6B1111 - 0, 6B1122 - 0,
5C1122 » 0, 6C1212 - 0}), {61, 0, 7}, {62, 0, 7}, {63, 0, 27}1));
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Equation for A+2u+6C1111

HHHH1111 = Simplify[Normal][
Series[(HHH[1, 1, 1, 1]) * (1/ (Sum[Be[d, f, g, h] - PO[d] - PO[f] - PO[g] ~ PO[h],
{d, 1, 43, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}]) *2), {66, 0, 1}]111;
GG1111 = (HHHH1111);
KK1111 = Simplify[GG1111
- 6B1111 »
(D[GG111l1, 6B1111] /. {6C1111 » O, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0})
-6C1111 »
(b[GG1l111, 5C1111] /. {6C11l11 -5 O, 6B1111 » O, 6B1122 » 0, 6C1122 » 0, §C1212 » 0})
- 6B1122 »
(D[GG1111, 6B1122] /. {5C1111 » 0, 6B1111 - 0, 6B1122 -» 0, 5C1122 » 0, 5C1212 -» 0})
-6C1122 »
(D[GG1111, 6C1122] /. {6C1111 » 0, 6B1111 » 0, 5B1122 » 0, 6C1122 » 0, 56C1212 - 0})
-56C1212  (D[GG1111, 5C1212] /.
{6C1111 » 0, 5B1111 » 0, 6B1122 » 0, 6C1122 -» 0, 6C1212 » 0})];

mf-1=  JJ1111 =
(1/4) (1/ (KBT)A2) % (2xdc) * ((KBT /1 (%A%)) A2) » (1(*Ax) / (27) ~4) » (Integrate]
Sin[61] 22« Sin[e2] * KK1111, {el1, 0, n}, {62, 0, n}, {63, 0, 2 1}] - (-6B1111 *
Integrate[Sin[61] A2 % Sin[62] * (D[GG1111, 6B1111] /. {6C1111 » @, 5B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 6C1212 » 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
- 6B1122 &
Integrate[Sin[61] A2 % Sin[62] * (D[GG1111l, 6B1122] /. {6C1111 - 0, 6B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 56C1212 » 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
-6C1111 «
Integrate[Sin[61] A2 % Sin[62] % (D[GG1111l, 6C1111] /. {6C1111 - 0@, 6B1111 - 0,
5B1122 » 0, 6C1122 -» 0, 56C1212 -» 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
-6C1122 «
Integrate[Sin[61] A2 % Sin[62] * (D[GG1111, 6C1122] /. {6C1111 - 0@, 6B1111 - 0,
6B1122 » 0, 6C1122 -» 0, 6C1212 -» 0}), {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}]
- 6C1212 x Integrate[Sin[61] "2 x» Sin[62] *
(D[GG1111, 6C1212] /. {5C1111 » 0, 6B1111 - @, 6B1122 - 0,
5C1122 » 0, 6C1212 - 0}), {61, 0, 7}, {62, 0, 7}, {63, 0, 27}1));
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Integrating Out

U0 = Table[Ul x KroneckerDelta[i, 1] + U2 » KroneckerDelta[1i, 2] +
U3 = KroneckerDelta[i, 3] + U4 » KroneckerDeltal[i, 4], {i, 4}];
Q10 = Table[P1l x KroneckerDelta[i, 1] + P2 x KroneckerDelta[i, 2] +
P3 x KroneckerDelta[1i, 3] + P4 » KroneckerDelta[i, 4], {i, 4}];
Q20 = Table[w * Q1 » KroneckerDelta[i, 1] + w * Q2 * KroneckerDelta[i, 2] +
w * Q3 x KroneckerDelta[i, 3] + w » Q4 x KroneckerDelta[i, 4], {i, 4}1;
Q30 = -Q10;
Q40 = -Q20;
Q0 = Table[ (Q1O[1] + Q20[1]) » KroneckerDelta[i, 1] +
(Q1Oe[2] +Q20[2]) * KroneckerDelta[i, 2] + (Q1O[3] + Q20[3]) *» KroneckerDelta[i, 3] +
(Q1O[4] + Q20[4]) » KroneckerDeltal[i, 4], {i, 4}];

QuadraticU = (Sum[CO[i, j, k, 1] » QO[i] * U] » QO[K] * VO[],
(i, 1,4}, {3, 1,4}, {k; 1,4}, {1,1,4}]);

MatrixQuadraticU =
{{Coefficient[QuadraticU, ULA2], Coefficient[QuadraticU, Ul xU2] /2,

Coefficient[QuadraticU, Ul xU3] /2, Coefficient[QuadraticU, Ul xU4] / 2},

{Coefficient[QuadraticU, Ul xU2] /2, Coefficient[QuadraticU, U2/2],
Coefficient[QuadraticU, U2 xU3] / 2, Coefficient[QuadraticU, U2 xU4] / 2},

{Coefficient[QuadraticU, Ul xU3] /2, Coefficient[QuadraticU, U2 xU3] /2,
Coefficient[QuadraticU, U372], Coefficient[QuadraticU, U3 xU4] / 2},

{Coefficient[QuadraticU, Ul xU4] /2, Coefficient[QuadraticU, U2xU4] /2,
Coefficient[QuadraticU, U4 xU3] /2, Coefficient[QuadraticU, U472]}};

US = {U1, U2, U3, U4};
Dominant = (D[MatrixQuadraticU] /. {65 - 0});
n-1- GHK = Map[Reverse, Minors[Dominant], {0, 1}];
GHKTrue = Table[ ((GHK[i, j1)) * (-1) A (i +3), {i, 4}, {j, 4}1;
epsilon = 66 * (D[MatrixQuadraticU, {65, 1}] /. {66 - 0});
1= Denoml = Simplify[Det[Dominant]];

GFrac = Simplify[Normal[Series[1l/Denoml, {w, 0, 2}1] (*/.{w->1}%)1;
GFrac2 = Simplify[Normal[Series[(1/Denoml) A2, {w, 0, 2}1] (*/.{w-1}%)]}
Denoml2 = Simplify[Normal[Series[ (Denoml) A2, {w, 0, 2}]] (*/.{w>1}x)];

InverseMatIso = GFrac » GHKTrue;
InverseMatPert = (GFrac2) GHKTrue.epsilon.GHKTrue;
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LinearUAlpha = (I/2) *
Sum[ (68) = (D[CO[i, j, k, 11, {66}]1 /. {66 - 0}) »QO[i] »UO[]j] » Q1O[k] »Q20[1],
{i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearUVectorAlpha = {Coefficient[LinearUAlpha, Ul], Coefficient[LinearUAlpha, U2],
Coefficient[LinearUAlpha, U3], Coefficient[LinearUAlpha, U4]};
LinearIsoUAlpha =
(I/2) *»Sum[(CO[i, j, k, 1] /. {66 > 0}) »QO[i] * U] * QLO[K] * Q20[1],
(i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearIsoUVectorAlpha =
{Coefficient[LinearIsoUAlpha, Ul], Coefficient[LinearIsoUAlpha, U2],
Coefficient[LinearIsoUAlpha, U3], Coefficient[LinearIsoUAlpha, U4]};
LinearUBeta = (I/2) *
sum[ (86) » (D[CO[i, j, k, 1], {66}] /. {66 » 0}) * (-QO[i]) = UO[jT » Q30[k] * Q40[1],
(i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearUVectorBeta = {Coefficient[LinearUBeta, Ul], Coefficient[LinearUBeta, U2],
Coefficient[LinearUBeta, U3], Coefficient[LinearUBeta, U4]};
LinearIsoUBeta =
(I/2) %Sum[(CO[i, j, k, 1] /. {66 > 0}) » (-QO[i]) * UO[j] * Q30[Kk] * Q40[1],
{i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearIsoUVectorBeta =
{Coefficient[LinearIsoUBeta, Ul], Coefficient[LinearIsoUBeta, U2],
Coefficient[LinearIsoUBeta, U3], Coefficient[LinearIsoUBeta, U4]};

FFourthTerm = - (1/8) Sum[CO[1i, j, k, 1] *Q1O[1i] = Q20[jI *» Q30[k] * Q40[1],
{i, 1,4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];

TotalFFourth = (1/2)
(LinearIsoUVectorAlpha. (InverseMatIso - InverseMatPert) .LinearIsoUVectorBeta +
LinearUVectorAlpha.InverseMatIso.LinearIsoUVectorBeta +
LinearIsoUVectorAlpha.InverseMatIso.LinearUVectorBeta);

FFourthTerm = - (1/8) Sum[CO[1i, j, k, 1] *Q1O[1i] » Q20[jI * Q30[k] * Q40[1],
{i, 1,4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
TotalFFourth = (1/2)

(LinearIsoUVectorAlpha. (InverseMatIso - InverseMatPert) .LinearIsoUVectorBeta +
LinearUVectorAlpha.InverseMatIso.LinearIsoUVectorBeta +
LinearIsoUVectorAlpha.InverseMatIso.LinearUVectorBeta);

1= DenomFull = Simplify[ ((Sum[BO[d, f, g, h] ~Q1O[d] ~ Q1O[f] -~ Q1e[g] ~ Q1e[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}]))1;
JJJJIIP = Normal[Series[(1/DenomFull) TotalFFourth, {66, 0, 1}]];

mnf-}= JIIII = JIJIIIP;
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Renormalization of k+6B1111

JJJ1111 = (Simplify[Coefficient[(JIIIT /. {w~>1,Q2-50,Q3 50, Q4->0}), Q1, 4]1) /.
{P1 - Cos[©1], P2 - Sin[e1] Cos[62],
P3 > Sin[61] Sin[62] Cos[63], P4 -» Sin[61] Sin[62] Sin[63]}};

m-1= NJJIJI1111 = Simplify[Numerator[JJJ1111]];
DJJJ1111 = Simplify[Denominator[JJJ1111]];

BBB1111 = (2/ (kBT)) *4 % ((KBT / 1(%Ax))) * (1(%Ax) / (27) A4) » Integrate[
Sin[61] 72 % Sin[e2] NJ3J1111/D3J3J1111, {61, 0, n}, {62, 0, 7}, {63, 0, 27}]}

Renormalization of k

JJJ1122 =
(Simplify[Coefficient[JJ3II /. {w>1, Q4 >0, Q3 >0}, QLA2Q2~2]]) /. {P1 - Cos[e1],
P2 » Sin[el] Cos[62], P3 - Sin[6l1] Sin[62] Cos[63], P4 » Sin[6l] Sin[62] Sin[63]}}

m-}= NJJJ1122 = Simplify[Numerator[JIJ1122]];
m-}= DJIII1122 = Simplify[Denominator[JJI1122]];

m-1= NJJIJI1122C1111 = 6C1111 + (D[NJJJ1122, 6C1111] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) ;
NJJJ1122C1122 = 6C1122 » (D[NJJJ1122, 5C1122] /.
{6C1111 -» 0, 6B1111 » 0, 6B1122 » 0, 6C1122 -» 0, 6C1212 » 0});
NJJJ1122C1212 = 6C1212 » (D[NJJJ1122, 6C1212] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0})
NJJJ1122B1122 = 6B1122 » (D[NJJJ1122, 5B1122] /.
{é6C1111 -» 0, 6B1111 » 0, 6B1122 » 0, 6C1122 -» 0, 6C1212 » 0});
NJJJ1122B1111 = 6B1111 » (D[NJJJ1122, 6B1111] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 5C1212 » 0})
NJJJ1122None =
(NJJ31122 /. {6C1l111 » 0, 6B1111 » O, 6B1122 » 0, 6C1122 -» 0, 6C1212 -» 0}) ;

o}~ BBB1122C1111 = (1/D3331122) (1/ (KBT)) *4 % ((KBT / 1(%A%))) % (1 (%A%) / (27) N4)
Integrate[Sin[61] A2 % Sin[62] NJJJ1122C1111, {el, 0, n}, {62, O, n}, {63, 0, 27}];

of-}- BBB1122B1111 = (1/DJJ31122) (1/ (kBT)) *4 % ((KBT / 1(%A%))) * (L (%Ax) / (27) A4) *
Integrate[Sin[61] A2« Sin[62] NJJJ1122B1111, {el, 0, n}, {62, O, n}, {63, 0, 27}];

o}~ BBB1122C1122 = (1/D3331122) (1/ (KBT)) *4 % ((KBT / 1 (%A%))) * (1 (%A%) / (27) 74) %
Integrate[Sin[61] "2 % Sin[62] NJJJ1122C1122, {61, O, x}, {62, O, 7}, {63, O, 27}]};

n}- BBB1122C1212 = (1/D3331122) (1/ (KBT)) %4 % ((KBT / 1 (%A%))) % (1(%A%) / (27) A4) »
Integrate[Sin[61] A2 % Sin[62] NJJJ1122C1212, {61, O, x}, {62, O, 7}, {63, O, 27}]};
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nf-}- BBB1122B1122 = (1/D3331122) (1/ (KBT)) *4 % ((KBT / 1(%Ax))) * (1(%A%) / (27) "4) %
Integrate[Sin[61] 72 % Sin[62] NJJJ1122B1122, {61, 0, x}, {62, O, x}, {63, 0, 27}];

-}~ BBB1122None = (1/D3J331122) (1/ (KBT)) x4 % ((KBT / 1(%A%))) * (1(%Ax) / (27) A4) %
Integrate[Sin[61] A2 % Sin[62] NJJJ1122None, {61, 0, 7}, {62, O, 7}, {63, 0, 2 7}];

m-}= BBB1122 = BBB1122None + BBB1122C1111 +
BBB1122B1111 + BBB1122C1122 + BBB1122C1212 + BBB1122B1122;

Renormalization of k+6B2222

3332222 = (Simplify[Coefficient[J333] /. {w>1,Q1 50, Q3 50, Q4->0}, Q2~4]]) /.
{P1 - Cos[61], P2 » Sin[el] Cos[62],
P3 - Sin[6l1] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

1= NJJJI2222 = Simplify[Numerator[JJJ2222]];
DJJJ2222 = Simplify[Denominator[JJJ2222]];

BBB2222 = (2/ (KBT)) #4 % ((KBT / 1(%A%))) % (1(%A%) / (27) A4) « Integrate|
Sin[e1] 72« Sin[e2] (NJ332222/DJ332222), {61, O, n}, {62, 0, n}, {63, 0, 27}];

Full Stability Analysis

1= Ef = (Simplify[ (((e + (BBB1122)) /2))]);
gff = (Simplify[(((e + (BBB1122)) /2))]) /.
{s6C1111 -» 0, 6B1111 » 0, 6B1122 » 0, 6C1122 » 0, 6C1212 -» 0};
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1= &6C1212Tonerl = SimpLlify [ (Simplify[Simplify[(4*xEf-€) » (u+66%6C1212) - (3J2323)]]) -
(SimpLlify [Simplify[(4 = Ef-€) » (u) - (3I2323)1] /.
{s6C1111 » 0, &B1111 » 0, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0})];
6Cl1l212Toner =
(6C1212Tonerl /. {6C1111 » 0, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0}) +
6C1111 % (D[6C1212Tonerl, 5C1111] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) +
6C1122 » (D[6C1212Tonerl, 6C1122] /. {6C1111 > 0O, 6B1111 -» O, 6B1122 > 0,
6C1122 » 0, 5C1212 » 0}) +6C1212 % (D[6C1212Tonerl, 5§C1212] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 -» 0, 5C1122 » 0, 6C1212 -» 0}) +
6B1111 » (D[6C1212Tonerl, 6B1111] /. {6C1111 > O, 6B1111 -» O, 6B1122 > 0,
6C1122 » 0, 5C1212 » 0}) + 6B1122 % (D[6C1212Tonerl, §B1122] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 5C1212 -» 0})
6C1122Tonerl = Simplify [ (Simplify[Simplify[(4*xEf-€) » (A + 66 % 5C1122) - (JJ2233)]]) -
(SimpLlify [Simplify[(4*Ef-€) » (1) - (3J2233)1] /.
{s6C1111 » 0, &B1111 -» 0, 6B1122 » 0, 6C1122 » 0, 6C1212 »0})];
6Cl122Toner =
(6C1122Tonerl /. {6C1111 » 0, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0}) +
6C1111 % (D[6C1122Tonerl, 5C1111] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) +
6C1122 » (D[6C1122Tonerl, 6C1122] /. {6C1111 > 0, 6B1111 -» O, 6B1122 > 0,
6C1122 » 0, 5C1212 » 0}) +6C1212 % (D[6C1122Tonerl, 5§C1212] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) +
6B1111 » (D[6C1122Tonerl, 6B1111] /. {6C1111 > O, 6B1111 -» O, 6B1122 » 0,
6C1122 » 0, 5C1212 » 0}) + 6B1122 % (D[6C1122Tonerl, §B1122] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 5C1212 -» 0})

n-}- puToner = ((4%xCf-€) % (u) - (332323)) /.
{6C1111 -» 0, 6B1111 » 0, §B1122 -» 0, 6C1122 » 0, 5C1212 » 0} ;

= 6Cl111Tonerl = Simplify[Simplify[(((4*xCf-€) * (A+2u+66%6C1111))) - ((JI1111))] -
Simplify[((4*Ef-€) * (A+2pu) - (JI1111)) /.
{6C1111 -» 0, 6B1111 » 0, 6B1122 » 0, §C1122 -» 0, 6C1212 - 0}]];
6Cl111Toner =
(6C1111Tonerl /. {6C1111 -» 0, 6B1111 » 0, 6B1122 » 0, 6C1122 » 0, 6C1212 -» O}) +
6C1111 % (D[6C1111Tonerl, 6C1111] /.
{6C1111 -» 0, 6B1111 -» 0, 6B1122 » 0, 6C1122 » 0, 6C1212 -» 0}) +
6C1122 » (D[6C1111Tonerl, 6C1122] /. {6C1111 -» 0, 6B1111 » 0, 6B1122 -» 0,
6C1122 » 0, 6C1212 - 0}) + 5C1212 % (D[6C1111Tonerl, 5§C1212] /.
{6C1111 -» 0, 6B1111 » 0, 6B1122 » 0, 6C1122 » 0, 6C1212 -» 0}) +
6B1111 » (D[6C1111Tonerl, 6B1111] /. {6C11l11 -» 0, 6B1111 » 0, 6B1122 -» 0,
6C1122 » 0, 6C1212 - 0}) + 5B1122 » (D[6C1111Tonerl, §B1122] /.
{6C1111 -» 0, 5B1111 » 0, 6B1122 » 0, 56C1122 -» 0, 5C1212 - 0}) ;
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n-}- 6B1111Tonerl = Simplify[Simplify[ (((2 (&f) -€) » (1 +66 % 6B1111) - (BBB1111)))] -
(Simplify[(((2 (&f) -€) * (1) - (BBB1111)))] /.
{s6C1111 » 0, &B1111 » 0, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0})];
6Bll1l1Toner =
(6B1111Tonerl /. {6C1111 » 0, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0}) +
6C1111 » (D[6B1111Tonerl, 6C1111] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) +
6C1122 » (D[6B1111Tonerl, 6C1122] /. {6C1111 > 0, 6B1111 -» O, 6B1122 > 0,
6C1122 » 0, 5C1212 » 0}) + 5C1212 » (D[6B1l111Tonerl, 6C1212] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 -» 0, 5C1122 » 0, 6C1212 -» 0}) +
6B1111 « (D[é6B1111Tonerl, 6B1111] /. {6C1111 > O, 6B1111 -» O, 6B1122 > 0,
6C1122 » 0, 6C1212 - 0}) + 6B1122 « (D[6B1111Tonerl, 6B1122] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 5C1212 -» 0})
6B1122Tonerl = Simplify[Simplify[(((2 (&f) -€) * (1 + 66 * 5B1122) - (BBB1122)))] -
(Simplify[(((2 (&f) -€) * (1) - (BBB1122)))] /.
{s6C1111 » 0, &B1111 -» 0, 6B1122 » 0, 6C1122 » 0, 6C1212 »0})];
6Bl1122Toner =
(6B1122Tonerl /. {6C1111 » 0, 6B1111 -» O, 6B1122 » 0, 6C1122 » 0, 6C1212 » 0}) +
6C1111 » (D[6B1122Tonerl, 6C1111] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) +
6C1122 « (D[6B1122Tonerl, 6C1122] /. {6C1111 > 0, 6B1111 -» O, 6B1122 > 0,
6C1122 » 0, 5C1212 » 0}) + 5C1212 » (D[6B1122Tonerl, 6C1212] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 6C1212 » 0}) +
6B1111 « (D[6B1122Tonerl, 6B1111] /. {6C1111 > O, 6B1111 -» O, 6B1122 » 0,
6C1122 » 0, 6C1212 - 0}) + 6B1122 » (D[6B1122Tonerl, 6B1122] /.
{6C1111 » 0, 6B1111 » 0, 6B1122 » 0, 5C1122 » 0, 5C1212 -» 0})

BllllEquation = Simplify[6Bl1l11Toner];
B1122Equation = Simplify[6B1122Toner];
Cl1ll1ilEquation = Simplify[ (u * 6C1l111Toner - 66 * 6C1111 x uToner) / (u) 2273
Cl1l122Equation = Simplify[ (i * 56C1122Toner - 66 » 6C1122 x uToner) / (u) 2273
Cl1212Equation = Simplify[ (u * 6C1212Toner - 66 » 5C1212 x uToner) / (u) 2273
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1= MatrixStability =
Simplify[(1/ (66)) {{u*D[Clll1lEquation, 6C1111], uxD[Cl1l1llEquation, 6C1212],
u*D[Cl1l111Equation, 6C1122], D[C1l1l11Equation, 6B1111],
D[Cl1l1lEquation, 6B1122]}, {u*D[C1l212Equation, 6C1111],
u*D[C1212Equation, 6C1212], u*D[C1212Equation, 6C1122],
D[C1212Equation, 6B1111], D[C1212Equation, 6B1122]},
{u*D[Cl122Equation, 6C1111], u*D[C1l122Equation, 6C1212],
u*D[C1l122Equation, 6C1122], D[C1122Equation, 6B1111],
D[Cl1l122Equation, 6B1122]}, {u*D[B1l1l1l1Equation, 6C1111],
u*D[B1111Equation, 6C1212], u*D[B11l11Equation, 6C1122], D[B1111Equation,
6B1111], D[B1111Equation, 6B1122]}, {u * D[B1122Equation, 6C1111],

u*D[Bl122Equation, 6C1212], u* D[B1122Equation, 6C1122],
D[B1122Equation, 6B1111], D[B1122Equation, 6B1122]}} /.

{6C1111 » 0, 5B1111 » 0, 6B1122 » 0, 56C1122 -» 0, 5C1212 > 0,

u-> (96xe*xnw"2) / (24+dc), A» (-1/3) (96*xe*xxw"2) / (24+dc)}];

n-J= MatrixStability =
Simplify[{{D[6C1l1l11Toner, 6C1111], D[6C11l11Toner, 6C1212], D[6C1l1l11Toner, 6C1122],

D[6C1l1l11Toner, 6B1111], D[6C1111Toner, 6B1122]},

{D[6C1212Toner, 6C1111], D[6C1212Toner, 6C1212], D[6C1212Toner, 6C1122],
D[s6C1212Toner, 6B1111], D[6C1212Toner, 6B1122]},

{D[6C1122Toner, 6C1111], D[5C1122Toner, 6C1212], D[6C1122Toner, 5C1122],
D[56C1122Toner, 6B1111], D[6C1122Toner, 6B1122]},

{D[6B1111Toner, 6C1111], D[6B1111Toner, 6C1212], D[6B1111Toner, 5C1122],
D[6B1111Toner, §B1111], D[&6B1111Toner, 6B1122]},

{D[6B1122Toner, 6C1111], D[6B1122Toner, 6C1212], D[6B1122Toner, 6C1122],
D[6B1122Toner, 6B1111], D[6B1122Toner, 6B1122]}} /.

{6C1111 » 0, 6B1111 » 0, 6B1122 -» 0, 5C1122 » 0, 6C1212 -» 0,

u-> (96xe*xnw"2) / (24+dc), A» (-1/3) (96*xe*x7w"2) / (24+dc)}];

n[-1= Eigenvalues[MatrixStability]



Appendix B

Mathematica Code For Monoclinic

Elastic Epsilon Expansion
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m-1= Quit

Defining the Elastic Perturbations

5C1113 = 6C1112;
5C1114 = 6C1112;
5C1133 = 5C1122;
5C1144 = 5C1122;
5C1313 = 6C1212;
5C1414 = 6C1212;
5C3331 = 6C2221;
5C4441 = 5C2221;

1= CO = Table[A x KroneckerDelta[i, j] KroneckerDeltal[k, 1] +
u* KroneckerDelta[i, k] KroneckerDelta[j, 1] + u* KroneckerDelta[i, 1]
KroneckerDelta[j, k] + (66) * 6C1111 x KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +

(66) » 6C1122 x KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 2] » KroneckerDelta[l, 2] +
(66) » 6C1122 » KroneckerDelta[1i, 2] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
(66) » 6C1122 x KroneckerDelta[i, 1] =
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] * KroneckerDelta[l, 3] +
(66) » 6C1122 » KroneckerDelta[1i, 3] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
(68) » 6C1122 » KroneckerDelta[i, 1]
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +
(66) » 6C1122 » KroneckerDeltal[1i, 4] *
KroneckerDelta[j, 4] » KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
(68) » 6C1212 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 2] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 2] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 1] » KroneckerDelta[k, 1] » KroneckerDelta[l, 2] +
KroneckerDelta[i, 2] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 2] » KroneckerDelta[l, 1] +
KroneckerDelta[1i, 1] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 2] * KroneckerDelta[l, 1]) +
(66) » 6C1212 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 3] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 3] + KroneckerDelta[i, 3] *
KroneckerDelta[j, 1] » KroneckerDelta[k, 1] » KroneckerDelta[l, 3] +
KroneckerDelta[i, 3] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDelta[l, 1] +
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KroneckerDelta[1i, 1] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 3] » KroneckerDelta[l, 1]) +
(68) » 6C1212 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 4] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 4] + KroneckerDeltal1,
KroneckerDelta[j, 1] » KroneckerDelta[k, 1] » KroneckerDelta[l,
KroneckerDelta[i, 4] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] » KroneckerDeltal[l,
KroneckerDelta[1i, 1] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 1]) +
(66) * 6C1112 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 1] =
KroneckerDelta[k, 1] * KroneckerDelta[l, 2] + KroneckerDeltal1,
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] * KroneckerDeltal[l,
KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 2] » KroneckerDeltal[l,
KroneckerDelta[i, 1] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 1]) +
(66) » 6C1112 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 1] =
KroneckerDelta[k, 1] * KroneckerDelta[l, 3] + KroneckerDelta[1i,
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] * KroneckerDeltal[l,
KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] » KroneckerDelta[k, 3] » KroneckerDeltal[l,
KroneckerDelta[1i, 1] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 1]) +
(66) » 6C1112 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 1] =
KroneckerDelta[k, 1] * KroneckerDelta[l, 4] + KroneckerDelta[1,
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDeltal[l,
KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] » KroneckerDelta[l,
KroneckerDelta[1i, 1] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 1]) +
(66) *» 6C2221 » (KroneckerDelta[i, 2] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 2] * KroneckerDelta[l, 1] + KroneckerDelta[1,
KroneckerDelta[j, 2] * KroneckerDelta[k, 1] » KroneckerDeltal[l,
KroneckerDelta[i, 1] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 2] * KroneckerDeltal[l,
KroneckerDelta[1i, 2] * KroneckerDelta[j, 1] *
KroneckerDelta[k, 2] » KroneckerDelta[l, 2]) +
(66) * 6C2221 » (KroneckerDelta[i, 3] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 1] + KroneckerDeltal1,
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDeltal[l,
KroneckerDelta[i, 1] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 3] * KroneckerDeltal[l,
KroneckerDelta[1i, 3] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 1] » KroneckerDelta[l, 3]) +

4] *
4] +

1] +

2] %
1] +

1] +

3] *
1] +

1] +

4] *
1] +

2] *
2] +

3] *
3] +
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(66) » 6C2221 » (KroneckerDelta[i, 1] » KroneckerDelta[j, 4]
KroneckerDelta[k, 4] » KroneckerDelta[l, 4] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +

KroneckerDeltal[1i, 4] *
KroneckerDelta[j, 4] » KroneckerDelta[k, 1] » KroneckerDelta[l, 4] +
KroneckerDelta[i, 4] * KroneckerDelta[j, 4] = KroneckerDelta[k, 4] *
KroneckerDelta[l, 11), {i, 4}, {j, 4}, {k, 4}, {1, 4}1;

commenting out k is just a product of the non-dimensionalization of all the elastic constants.

n-}= 6B1133 = 6B1122;
6B1144 = 6B1122;
6B1113 = 6B1112;
6B1114 = 6B1112;
6B3331 = 6B2221;
6B4441 = 6B2221;

1= BO = Table[ (xx*) (KroneckerDelta[1i, 1] =

KroneckerDelta[j, 1] * KroneckerDelta[k, 1] * KroneckerDelta[l, 1] +
KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 2] * KroneckerDelta[l, 2] +
KroneckerDelta[1i, 3] * KroneckerDelta[j, 3] *

KroneckerDelta[k, 3] * KroneckerDelta[l, 3] + KroneckerDelta[i, 4] *

KroneckerDelta[j, 4] * KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +
KroneckerDelta[1i, 1] =

KroneckerDelta[j, 1] * KroneckerDelta[k, 2] * KroneckerDelta[l, 2] +
KroneckerDelta[i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
KroneckerDelta[1i, 1] =

KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDelta[l, 3] +
KroneckerDelta[i, 3] *

KroneckerDelta[j, 3] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
KroneckerDelta[1i, 4] =

KroneckerDelta[j, 4] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
KroneckerDelta[1i, 1] =

KroneckerDelta[j, 1] * KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +
KroneckerDelta[i, 3] *

KroneckerDelta[j, 3] * KroneckerDelta[k, 2] = KroneckerDelta[l, 2] +
KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 3] = KroneckerDelta[l, 3] +
KroneckerDelta[i, 4] *

KroneckerDelta[j, 4] » KroneckerDelta[k, 2] * KroneckerDelta[l, 2] +
KroneckerDelta[1i, 2] *

KroneckerDelta[j, 2] * KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +
KroneckerDelta[1i, 3] *
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KroneckerDelta[j, 3] * KroneckerDelta[k, 4] = KroneckerDelta[l, 4] +
KroneckerDelta[i, 4] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 3]) +
66 * 6B1111 x KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
66 * 6B1122 x KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 2] * KroneckerDelta[l, 2] +
66 » 6B1122 x KroneckerDelta[i, 2] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
66 * 6B1122 x KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] = KroneckerDelta[l, 3] +
66 » 6B1122 x KroneckerDelta[i, 3] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 1] = KroneckerDelta[l, 1] +
66 » 6B1122 x KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +
66 * 6B1122 x KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] » KroneckerDelta[k, 1] »* KroneckerDelta[l, 1] +
66 » 6B1112 » (KroneckerDelta[1i, 1] * KroneckerDelta[j, 1] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 2] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 2] » KroneckerDelta[l, 1] +
KroneckerDelta[1i, 1] * KroneckerDelta[j, 2] *
KroneckerDelta[k, 1] » KroneckerDelta[l, 1]) +
66 » 6B1112 » (KroneckerDelta[i, 1] * KroneckerDelta[j, 1] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 3] + KroneckerDelta[i, 3] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDelta[l, 1] +
KroneckerDelta[1i, 1] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 1] » KroneckerDelta[l, 1]) +
66 * 6B1112 x (KroneckerDelta[i, 1] = KroneckerDelta[j, 1] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 4] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 1] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 1] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 4] » KroneckerDelta[l, 1] +
KroneckerDelta[i, 1] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 1] * KroneckerDelta[l, 1]) +
66 * 6B2221 x (KroneckerDelta[i, 1] = KroneckerDelta[j, 2] *
KroneckerDelta[k, 2] * KroneckerDelta[l, 2] + KroneckerDelta[i, 2] *
KroneckerDelta[j, 1] » KroneckerDelta[k, 2] » KroneckerDelta[l, 2] +
KroneckerDelta[i, 2] *
KroneckerDelta[j, 2] * KroneckerDelta[k, 1] » KroneckerDelta[l, 2] +
KroneckerDelta[i, 2] * KroneckerDelta[j, 2] *
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KroneckerDelta[k, 2] * KroneckerDelta[l, 1]) +
66 » 6B2221 » (KroneckerDelta[i, 1] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 3] * KroneckerDelta[l, 3] + KroneckerDelta[i, 3] *
KroneckerDelta[j, 1] * KroneckerDelta[k, 3] » KroneckerDelta[l, 3] +
KroneckerDelta[i, 3] *
KroneckerDelta[j, 3] * KroneckerDelta[k, 1] »x KroneckerDelta[l, 3] +
KroneckerDelta[1i, 3] * KroneckerDelta[j, 3] *
KroneckerDelta[k, 3] » KroneckerDelta[l, 1]) +
66 » 6B2221 » (KroneckerDelta[i, 1] * KroneckerDelta[j, 4] *
KroneckerDelta[k, 4] * KroneckerDelta[l, 4] + KroneckerDelta[i, 4] *
KroneckerDelta[j, 1] » KroneckerDelta[k, 4] » KroneckerDelta[l, 4] +
KroneckerDelta[i, 4] *
KroneckerDelta[j, 4] * KroneckerDelta[k, 1] » KroneckerDelta[l, 4] +
KroneckerDelta[i, 4] » KroneckerDelta[j, 4] = KroneckerDelta[k, 4] *
KroneckerDelta[l, 1]), {i, 4}, {j, 4}, {k, 4}, {1, 4}1;

Integrating Out In-Plane Modes

mn-}= UO = Table[Ul » KroneckerDelta[i, 1] + U2 x KroneckerDelta[i, 2] +

U3 = KroneckerDelta[i, 3] + U4 » KroneckerDeltal[i, 4], {i, 4}];

Q10 = Table[P1l x KroneckerDelta[i, 1] + P2 x KroneckerDelta[i, 2] +
P3 » KroneckerDelta[1i, 3] + P4 » KroneckerDelta[i, 4], {i, 4}]1;

Q20 = Table[Ql x KroneckerDelta[1i, 1] + Q2 * KroneckerDelta[i, 2] +
Q3 * KroneckerDelta[i, 3] + Q4 x KroneckerDeltal[i, 4], {i, 4}1;

Q30 = Table[Z1 x KroneckerDelta[i, 1] + Z2 » KroneckerDelta[i, 2] +
Z3 x KroneckerDelta[i, 3] + Z4 » KroneckerDelta[i, 4], {i, 4}];

Q40 = Table[ (-Z1-Q1 -P1) » KroneckerDelta[1i, 1] +
(-Z2 -Q2 -P2) x* KroneckerDelta[i, 2] + (-Z3 -Q3 -P3) x KroneckerDelta[i, 3] +
(-Z4 - Q4 - P4) x KroneckerDelta[i, 4], {1, 4}];

Q0 = Table[- (Q1O[1] + Q20[1]) * KroneckerDelta[i, 1] -
(Q1le[2] + Q20[2]) » KroneckerDelta[i, 2] - (Q10[3] + Q20[3]) * KroneckerDelta[i, 3] -
(Q1O[4] + Q20[4]) » KroneckerDeltal[i, 4], {i, 4}];

QuadraticU = (Sum[CO[i, j, k, 1] *QO[1i] » UO[]jT » QO[k] »Ue[l],
{1.’ 1’ 4}’ {j’ 1’ 4}’ {k’ 1’ 4}! {1‘, 1’ 4}]);
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m-}= MatrixQuadraticU =
{{Coefficient[QuadraticU, ULA2], Coefficient[QuadraticU, Ul xU2] /2,

Coefficient[QuadraticU, Ul xU3] /2, Coefficient[QuadraticU, Ul xU4] / 2},

{Coefficient[QuadraticU, Ul xU2] /2, Coefficient[QuadraticU, U272],
Coefficient[QuadraticU, U2 xU3] / 2, Coefficient[QuadraticU, U2 xU4] / 2},

{Coefficient[QuadraticU, Ul xU3] /2, Coefficient[QuadraticU, U2xU3] /2,
Coefficient[QuadraticU, U3/22], Coefficient[QuadraticU, U3 xU4] / 2},

{Coefficient[QuadraticU, Ul xU4] /2, Coefficient[QuadraticU, U2xU4] /2,
Coefficient[QuadraticU, U4 »U3] /2, Coefficient[QuadraticU, U472]}};

n-J- US = {Ul, U2, U3, U4};

1= Dominant = (D[MatrixQuadraticU] /. {66 - 0});

n-]- GHK = Map[Reverse, Minors[Dominant], {0, 1}1;

n-1- GHKTrue = Table[ ((GHK[i, j1)) * (-1) A (i+3), {i, 4}, {j, 4}1;
n-1- epsilon =686 % (D[MatrixQuadraticU, {66, 1}] /. {66 » 0});
1= Denoml = Simplify[Det[Dominant]];

GFrac = («Simplify[Normal[Series[x)1/Denoml (*,{w,0,2}]1]]1%*);
GFrac2 = (*Simplify[Normal[Series[x) (1/Denoml) "2 (%,{w,0,2}111%)3;

InverseMatIso = GFrac * GHKTrue;
InverseMatPert = (GFrac2) GHKTrue.epsilon.GHKTrue;
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= LinearUAlpha = (I/2) *
Sum[ (68) = (D[CO[i, j, k, 11, {66}]1 /. {66 - 0}) »QO[i] »UO[]j] » Q1O[k] »Q20[1],
{i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearUVectorAlpha = {Coefficient[LinearUAlpha, Ul], Coefficient[LinearUAlpha, U2],
Coefficient[LinearUAlpha, U3], Coefficient[LinearUAlpha, U4]};
LinearIsoUAlpha =
(I/2) *»Sum[(CO[i, j, k, 1] /. {66 > 0}) »QO[i] * U] * QLO[K] * Q20[1],
(i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearIsoUVectorAlpha =
{Coefficient[LinearIsoUAlpha, Ul], Coefficient[LinearIsoUAlpha, U2],
Coefficient[LinearIsoUAlpha, U3], Coefficient[LinearIsoUAlpha, U4]};
LinearUBeta = (I/2) *
sum[ (86) » (D[CO[i, j, k, 1], {66}] /. {66 » 0}) * (-QO[i]) = UO[jT » Q30[k] * Q40[1],
(i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearUVectorBeta = {Coefficient[LinearUBeta, Ul], Coefficient[LinearUBeta, U2],
Coefficient[LinearUBeta, U3], Coefficient[LinearUBeta, U4]};
LinearIsoUBeta =
(I/2) %Sum[(CO[i, j, k, 1] /. {66 > 0}) » (-QO[i]) * UO[j] * Q30[Kk] * Q40[1],
{i, 1, 4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];
LinearIsoUVectorBeta =
{Coefficient[LinearIsoUBeta, Ul], Coefficient[LinearIsoUBeta, U2],
Coefficient[LinearIsoUBeta, U3], Coefficient[LinearIsoUBeta, U4]};

FFourthTerm = - (1/8) Sum[CO[1i, j, k, 1] *Q1O[1i] = Q20[jI *» Q30[k] * Q40[1],
{i, 1,4}, {j, 1, 4}, {k, 1, 4}, {1, 1, 4}];

mn-}= TotalFFourth = (1/2)
(LinearIsoUVectorAlpha. (InverseMatIso - InverseMatPert) .LinearIsoUVectorBeta +
LinearUVectorAlpha.InverseMatIso.LinearIsoUVectorBeta +
LinearIsoUVectorAlpha.InverseMatIso.LinearUVectorBeta);

1= JIIIIP = Normal[Series[TotalFFourth, {65, 0, 1}11];

o= 333330 = 3IIIIP /. {66 » O} ;
333331 = 66 % (D[IIIIIP, 686] /. {66 » 0});

For the one loop 4 diagram

1= DenomFull = Simplify[ ((Sum[BO[d, f, g, h] » Q1O[d] ~ Q1O[f] ~ Q1e[g] ~ Q1e[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}]))1;
JJJI3J =
((Normal[Series[(1/DenomFull) TotalFFourth, {6, 0, 1}]]) /. {Z1-> -Q1, Z2 » -Q2,
Z3-5-Q3,7Z4-5-Q4}) /. {Q1-»w*Q1,Q2»>w*xQ2, Q3> w*Q3, Q4 » w*Q4};
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Renormalization of k+6B1111

wi)- 33IL11IP =1/ ((41)A2) D[D[(IIIII), {w, 4}] /. {w >0, Q2 >0, Q3 >0, Q4 » 0}, {Q1, 4}] /.
{Q1 50, P15 P=xCos[61l], P2 > P=xSin[6l] Cos[62],
P3 5 P Sin[61] Sin[62] Cos[63], P4 - P % Sin[61] Sin[62] Sin[63]};

1= 3JJI1111T = Together [JJI1111P];

1= JJIJ11LIN = Simplify[Numerator[JJIJI1111T]];
JJJ1111D = Simplify[Denominator[JJJ1111T]];

1= J33I1111 = JIJ1111IN/ JIJ1111D;

m-1= KKK1111
Simplify[JJJ1111 -6B1111 % (D[JJJ1111, 6B1111] /. {6B1111l -» O, 6B1112 -» 0, 56B1122 » 0,
6B2221 » 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
- 6B1112 » (D[JJJ1111, 6B1112] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6B1122 » (D[JJJ1111, 6B1122] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6B2221 » (D[JJ3J1111, &6B2221] /. {6B1111 -» O, 6B1112 » 0, 6B1122 » 0O,
6B2221 -» 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1111 » (D[JJ3J1111, 6C1111] /. {6B1111 » 0O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1122 » (D[JJ33J1111, 6C1122] /. {6B1111 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 -» 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1212 » (D[JJ3J1111, 6C1212] /. {6B1111 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1112 » (D[J3J1111, 6C1112] /. {6B1111 > O, 6B1112 » 0, 6B1122 > 0,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C2221 » (D[J3J1111, 6C2221] /. {6B1111 -» O, 6B1112 » O, 6B1122 » 0, 56B2221 > 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
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o7~ KKK1111B1111 =
Simplify[(D[JJJ1111, 5B1111] /. {6B111l » 0, 56B1112 » 0, 5B1122 » 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK1111B1112 =
Simplify[(D[JJI1111, SB1112] /. {6B1111 » 0, 5B1112 - 0, 5B1122 » 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK1111B1122 =
Simplify[(D[JJJ1111, sB1122] /. {6B111l » 0, 5B1112 » 0, §B1122 -» 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK1111B2221 =
Simplify[(D[JJJ1111, 5B2221] /. {6B1111 » 0, 5B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK1111C1111 =
Simplify[(D[JJJ1111, 5C1111] /. {6B1111 » 0, 5B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK1111C1122 =
Simplify[(D[JJJ1111, 5C1122] /. {6B1111 » 0, 5B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
6C1111 - 0, 6C1122 -» 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK1111C1212 =
Simplify[(D[JJI1111, 5C1212] /. {6B1111 » 0, 6B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK1111C1112 =
Simplify[(D[JJI1111, 5C1112] /. {6B1111 » 0, 5B1112 - 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})1;
KKK1111C2221 =
Simplify[(D[JJI1111, 5C2221] /. {6B1111 » 0, 6B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 - 0}) 13
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BBB1111 = -2 % (1/ (KBT)) x4 % ((KBT / 1(*A%))) * (L(*Ax) / (27) A4) =
(Integrate[Sin[61] A2 » Sin[62] KKK1111, {61, O, n}, {62, 0, n}, {63, 0, 27}] +

6B1111 » Integrate[

Sin[e1]72  Sin[62] KKK1111B1111, {61, 0, n}, {62, 0, 7}, {63, 0, 2}] +
6B1112 * Integrate[

Sin[e1]172 % Sin[62] KKK1111B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[61] 72 x Sin[62] KKK1111B1122, {61, 0, x}, {62, 0, 7w}, {63, 0, 2 7}] +
6B2221 x Integrate|

Sin[e1]72 % Sin[62] KKK1111B2221, {61, 0, n}, {62, 0, 7}, {63, 0, 2}] +
6C1111 * Integrate[

Sin[e1] 72 % Sin[62] KKK1111C1111, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[61] 72 » Sin[62] KKK1111C1122, {81, O, x}, {62, O, 7w}, {63, 0, 2 7}] +
6C1212 » Integrate|[

Sin[e1]72 % Sin[62] KKK1111C1212, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C1112 * Integrate|

Sin[61] 72 x Sin[62] KKK1111C1112, {81, O, x}, {62, O, 7}, {63, 0, 2 7}] +
6C2221 x Integrate[

Sin[e1]72  Sin[62] KKK1111C2221, {61, O, n}, {62, 0, 7}, {63, 0, 27}])};

Renormalization of k+6B1122

JJJ1122P =
1/ ((4!) *21 %21)D[D[(IIIII), {w, 4}] /. {w->0, Q3 >0, Q4> 0}, {Q1, 2}, {Q2, 2}] /.
{Q2 50, Q1 » 0, P1 > Cos[el], P2 » Sin[el] Cos[62],
P3 -» Sin[61] Sin[62] Cos[63], P4 -» Sin[61] Sin[62] Sin[63]};

JJJ1122T = Together[JJJ1122P];

JJJ1122N = Simplify[Numerator[JJJ1122T]];
JJJ1122D = Simplify[Denominator[JJJ1122T]];

JJJ1122 = JJJ1111N/ JIJ1122D;
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n-1= KKK1122 =
Simplify[JJJ1122 - 6B1111 % (D[JJJ1122, 6B1111] /. {6B11l1l1l » 0@, 6B1112 - 0, 6B1122 - 0,

6B2221 » 0, §C1111 » 0, 6C1122 » 0, 6C1212 » 0, §C1112 » 0, 5C2221 -» 0})
-6B1112 » (D[JJJ1122, 6B1112] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6B1122 » (D[JJ3J1122, 6B1122] /. {6B111l1 -» O, 6B1112 » 0, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6B2221 » (D[JJ3J1122, 6B2221] /. {6B1111 -» O, 6B1112 » O, 6B1122 - 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1111 % (D[JJ3J1122, s6C1111] /. {6B1111 » 0O, 6B1112 » O, 6B1122 > 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1122 » (D[JJ33J1122, 6C1122] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0O,

6B2221 -» 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1212 » (D[JJ3J1122, 6C1212] /. {6B111l1 » O, 6B1112 » O, 6B1122 > 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1112 » (D[J3J1122, 6C1112] /. {6B1l11l1 > O, 6B1112 » 0, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C2221 % (D[J3J1122, 6C2221] /. {6B1111 - O, 6B1112 » O, 6B1122 » 0, 6B2221 > 0,

6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
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In[e ]:=

KKK1122B1111 =

Simplify[(D[J3J1122, 5B1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1122B1112 =

Simplify[(D[JJJ1122, 5B1112] /. {6B1111 » 0, 6B1112 -» 0, 5B1122 - 0,

5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK1122B1122 =

Simplify[(D[JJJ1122, 5B1122] /. {6B1111 » 0, 6B1112 - 0, 5B1122 - 0,

6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
KKK1122B2221 =

Simplify[(D[J3J1122, 6B2221] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
KKK1122C1111 =

Simplify[(D[JJJ1122, §C1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

6C1111 -» 0, 6C1122 -» 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1122C1122 =

Simplify[(D[J3J1122, 5§C1122] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

6C1111 -» 0, 6C1122 -» 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1122C1212 =

Simplify[(D[JJJ1122, 5C1212] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK1122C1112 =

Simplify[(D[JJJ1122, 5C1112] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1122C2221 =

Simplify[(D[JJJ1122, 5C2221] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,

5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 - 0}) 13

The extra factor of 1/2 is to account for prefactors

6B2221 > 0,

6B2221 - 0,

6B2221 - 0,

6B2221 5 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,



MathematicaMonoclinicCode.nb | 13

BBB1122 = -2 % (1/2) (1/ (KBT)) #4 % ((KBT/ 1(%Ax))) * (1(xA%) / (27) "A4) *
(Integrate[Sin[61] 72 % Sin[62] KKK1122, {61, O, n}, {62, 0, 7}, {63, O, 27}] +

6B1111 » Integrate[

Sin[e1]72  Sin[62] KKK1122B1111, {61, 0, n}, {62, 0, 7}, {63, 0, 2}] +
6B1112 * Integrate[

Sin[e1]72 % Sin[62] KKK1122B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[e1]72 % Sin[62] KKK1122B1122, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6B2221 x Integrate|

Sin[e1] A2 x Sin[62] KKK1122B2221, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1111 * Integrate[

Sin[e1] 72 % Sin[62] KKK1122C1111, {61, O, x}, {62, O, 7}, {63, 0, 2 7}] +
6C1122 x Integrate[

Sin[e1] A2 % Sin[62] KKK1122C1122, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1212  Integrate[Sin[61] 72 % Sin[62] KKK1122C1212,

{e1, 0, 7}, {62, O, 7}, {63, 0, 2w}] +56C1112 » Integrate[

Sin[e1]72 « Sin[62] KKK1122C1112, {61, O, n}, {62, 0, 7}, {63, 0, 2}] +
6C2221 = Integrate[

Sin[e1]72 « Sin[62] KKK1122C2221, {61, 0, n}, {62, 0, 7}, {63, 0, 27}1)};

Renormalization of k+6B2233

JJJ2233P =
1/ ((4!) *21 %21)D[D[(3IIII), {w, 4}] /. {w >0, QL >0, Q4 » 0}, {Q2, 2}, {Q3, 2}] /.
{Q2 -0, Q3 -0, P1 - Cos[61l], P2 - Sin[el] Cos[62],
P3 » Sin[el] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

33322337 = Together [J1J2233P] ;

JJJ2233N = Simplify[Numerator[JJJ2233T]];
JJ3J32233D = Simplify[Denominator[JJJ2233T]];

JJ33J2233 = JJ3J2233N/ 3332233D;
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o= KKK2233 =
Simplify[JJJ2233 - 6B1111 » (D[JJJ2233, 6B1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 » 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 -+ 0, 5C1112 -» 0, 5C2221 - 0})
- 5B1112 % (D[J332233, 56B1112] /. {6B1111 » 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B1122 % (D[J3J2233, 6B1122] /. {6B1111 » 0, 56B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B2221 » (D[J332233, 5B2221] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 -+ 0, 5C1112 -» 0, 5C2221 - 0})
-5C1111 % (D[J332233, 5C1111] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1122 » (D[J3332233, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 8C1212 % (D[J332233, 5C1212] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 > 0})
-5C1112 % (D[J3332233, 5C1112] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C2221 % (D[J332233, 6C2221] /. {6B1111 - 0, 5B1112 » 0, 5B1122 » 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
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o - KKK2233B1111 =
Simplify[(D[JJ32233, 6B1111] /. {6B1111 » 0, 5B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ]}
KKK2233B1112 =
Simplify[(D[J3J2233, 6B1112] /. {6B1111 » 0, 5B1112 » 0, §B1122 -» 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK2233B1122 =
Simplify[(D[J3J2233, §B1122] /. {6B1111 » 0, 5B1112 » 0, §B1122 - 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK2233B2221 =
Simplify[(D[J3J2233, 6B2221] /. {6B1111 » 0, 5B1112 » 0, §B1122 -» 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK2233C1111 =
Simplify[(D[J3J2233, §C1111] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 - 0})];
KKK2233C1122 =
Simplify[(D[J332233, §C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0, 6B2221 - 0,
6C1111 - 0, 6C1122 -» 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2233C1212 =
Simplify[(D[J332233, §C1212] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ]}
KKK2233C1112 =
Simplify[(D[J332233, §C1112] /. {6B1111 » 0, 56B1112 » 0, 5B1122 - 0, 5B2221 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2233C2221 =
Simplify[(D[J332233, 5C2221] /. {6B1111 » 0, 56B1112 » 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
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BBB2233 = (1/ (kBT)) *4 % ((KBT / 1(*Ax))) % (1(*xAx) / (27) "4) *
(Integrate[Sin[61] A2 » Sin[62] KKK2233, {61, 0, n}, {62, 0, n}, {63, 0, 27}] +

6B1111 » Integrate[

Sin[e1] A2 » Sin[62] KKK2233B1111, {61, 0, x}, {62, O, 7w}, {63, 0, 27}] +
6B1112 * Integrate[

Sin[e1] 72« Sin[62] KKK2233B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[e1] 72« Sin[62] KKK2233B1122, {61, 0, n}, {62, 0, 7}, {63, 0, 2}] +
6B2221 x Integrate|

Sin[e1] ~2 x Sin[62] KKK2233B2221, {61, 0, x}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[©1] 22 x Sin[62] KKK2233C1122, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C1111 = Integrate[

Sin[e1] A2 x Sin[62] KKK2233C1111, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1212  Integrate[Sin[61] 72 % Sin[62] KKK2233C1212,

{e1, 0, 7}, {62, O, 7}, {63, 0, 2w}] +56C1112 » Integrate[

Sin[e1] A2« Sin[62] KKK2233C1112, {861, O, x}, {62, O, 7}, {63, 0, 27}] +
6C2221 = Integrate[

Sin[e1]72 « Sin[62] KKK2233C2221, {61, 0, n}, {62, 0, 7}, {63, 0, 27}1)};

Renormalization of k+6B2244

JJJ2244P =
1/ ((4!) *21 %21)D[D[(IIIII), {w, 4}] /. {w >0, QL >0, Q3 > 0}, {Q2, 2}, {Q4, 2}] /.
{Q2 -0, Q4 -0, P1 > Cos[61l], P2 - Sin[el] Cos[62],
P3 » Sin[el] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

JJ3J2244T = Together [JJJ2244P];

JJJ2244N = Simplify[Numerator[JJJ2244T]];
JJ332244D = Simplify[Denominator[JJJ2244T]];

JJ3J2244 = JJ3J2244N / 3332244D;
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n-1= KKK2244 =
Simplify[JJJ2244 - 6B1111 » (D[JJJ2244, 6B1111] /. {6B11l1l1l » 0@, 6B1112 - 0, 6B1122 -» 0,

6B2221 » 0, §C1111 » 0, 6C1122 » 0, 6C1212 » 0, §C1112 » 0, 5C2221 -» 0})
- 6B1112 » (D[JJJ2244, 5B1112] /. {6B111l1 » O, 6B1112 » 0, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6B1122 » (D[J3J2244, 5B1122] /. {6B1111 -» O, 6B1112 -» 0, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6B2221 » (D[JJ3J2244, 5B2221] /. {6B1111 -» 0O, 6B1112 » 0, 6B1122 - 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1111 » (D[JJJ2244, s5C1111] /. {6B1111 » O, 6B1112 » O, 6B1122 > 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1122 » (D[JJ3J2244, 5C1122] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0O,

6B2221 -» 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1212 » (D[JJ3J2244, 5C1212] /. {6B111l1 » O, 6B1112 » O, 6B1122 > 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1112 » (D[J33J2244, 5C1112] /. {6B1111 > O, 6B1112 -» 0, 6B1122 -5 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C2221 » (D[J3J2244, 5C2221] /. {6B1111 - O, 6B1112 » O, 6B1122 » 0, 6B2221 > 0,

6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
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o} KKK2244B1111 =
Simplify[(D[J3J2244, 5B1111] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK2244B1112 =
Simplify[(D[J3J2244, 5B1112] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK2244B1122 =
Simplify[(D[J3J2244, 5B1122] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK2244B2221 =
Simplify[(D[JJ]2244, 5B2221] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2244C1111 =
Simplify[(D[JJJ2244, 5C1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2244C1122 =
Simplify[(D[JJJ2244, 5C1122] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
6C1111 - 0, 6C1122 -» 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2244C1212 =
Simplify[(D[JJJ2244, 5C1212] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2244C1112 =
Simplify[(D[JJJ2244, 5C1112] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2244C2221 =
Simplify[(D[JJJ2244, 5C2221] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];

6B2221 > 0,

6B2221 - 0,

6B2221 - 0,

6B2221 5 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,
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BBB2244 = (1/ (kBT)) *4 % ((KBT /1 (*Ax))) * (1(*Ax) / (27x) "4) «
(Integrate[Sin[61] 72« Sin[62] KKK2244, {61, 0, n}, {62, 0, }, {63, O, 27}] +

6B1111 x Integrate[

Sin[e1] 72 Sin[62] KKK2244B1111, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1112 * Integrate[

Sin[e1] 72 x Sin[62] KKK2244B1112, {61, 0, x}, {62, 0, 7}, {63, 0, 2 7}] +
6B1122 x Integrate|

Sin[e1] 72 Sin[62] KKK2244B1122, {61, 0, n}, {62, 0, 7}, {63, 0, 2}] +
6B2221 x Integrate|

Sin[e1] A2 » Sin[62] KKK2244B2221, {61, 0, n}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[e1] 72 * Sin[62] KKK2244C1122, {61, O, 7}, {62, 0, 7}, {63, 0, 27}] +
6C1111 = Integrate[

Sin[e1] 72 Sin[62] KKK2244C1111, {61, O, n}, {62, 0, 7}, {63, 0, 2}] +
6C1212  Integrate[Sin[61] 2 x Sin[62] KKK2244C1212,

{e1, 0, 7}, {62, O, 7}, {63, 0, 2w}] +56C1112 » Integrate[

Sin[e1] 72 Sin[62] KKK2244C1112, {61, O, n}, {62, 0, 7}, {63, 0, 2}] +
6C2221 = Integrate[

Sin[e1] A2 x Sin[62] KKK2244C2221, {61, 0, x}, {62, 0, 7}, {63, 0, 27}]);

Renormalization of k+6B2222

J33J2222P =1/ ((4!)72) D[D[(IIIII), {w, 4}] /. {w>0,Q1>0,Q3>0,Q4->0}, {Q2, 4}] /.
{Q2 » 0, P1 » Cos[61l], P2 » Sin[6l] Cos[62],
P3 - Sin[el] Sin[e62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

J332222T = Together[JJJ2222P];

JJ332222N = Simplify[Numerator[JJJ2222T]];
JJ332222D = Simplify[Denominator[JJJ2222T]];

JJ33J2222 = JJJ2222N / 33J2222D;
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o= KKK2222 =
Simplify[J3J2222 - 6B1111 » (D[JJJ2222, 6B1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 > 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 -+ 0, 5C1112 -» 0, 5C2221 - 0})
- 5B1112 % (D[J332222, 5§B1112] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B1122 % (D[J3J2222, §B1122] /. {6B1111 » 0, 56B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B2221 » (D[J3J2222, 5B2221] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - @,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 -+ 0, 5C1112 -» 0, 5C2221 - 0})
-8C1111 % (D[J332222, 5C1111] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1122 » (D[J3332222, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 > 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1212 % (D[J332222, 5C1212] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 > 0})
-5C1112 % (D[J3332222, 5C1112] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C2221 % (D[J332222, 6C2221] /. {6B1111 - 0, 5B1112 » 0, 5B1122 » 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
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o - KKK2222B1111 =
Simplify[(D[JJ32222, sB1111] /. {6B1111 » 0, 5B1112 -» 0, 5B1122 -» 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ]}
KKK2222B1112 =
Simplify[(D[J3J2222, 6§B1112] /. {6B111l » 0, 5B1112 » 0, §B1122 - 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK2222B1122 =
Simplify[(D[J3J2222, §B1122] /. {6B1111 » 0, 5B1112 » 0, §B1122 -» 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK2222B2221 =
Simplify[(D[J3J2222, 6§B2221] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK2222C1111 =
Simplify[(D[J3J2222, §C1111] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 - 0})];
KKK2222C1122 =
Simplify[(D[J3J2222, §C1122] /. {6B111l » 0, 5B1112 » 0, 5B1122 - 0, 6B2221 - 0,
6C1111 - 0, 6C1122 -» 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2222C1212 =
Simplify[(D[J3J2222, 5§C1212] /. {6B111l » 0, 56B1112 » 0, 5B1122 - 0, 5B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ]}
KKK2222C1112 =
Simplify[(D[J3J2222, 5C1112] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0, 6B2221 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2222C2221 =
Simplify[(D[J3J2222, 5C2221] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0, 5B2221 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
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BBB2222 = -2 % (1/ (KBT)) x4 % ((KBT / 1(*A%))) * (L(*Ax) / (27) A4) =
(Integrate[Sin[61] A2 » Sin[62] KKK2222, {61, O, n}, {62, 0, n}, {63, 0, 27}] +

6B1111 » Integrate[

Sin[e1] A2 » Sin[62] KKK2222B1111, {61, 0, x}, {62, O, 7}, {63, 0, 27}] +
6B1112 * Integrate[

Sin[e1] 72« Sin[62] KKK2222B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[61] 72 » Sin[62] KKK2222B1122, {61, 0, x}, {62, 0, 7w}, {63, 0, 27}] +
6B2221 x Integrate|

Sin[e1] A2 x Sin[62] KKK2222B2221, {61, 0, n}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[e1] 72 x Sin[62] KKK2222C1122, {61, O, n}, {62, O, 7}, {63, 0, 27}] +
6C1111 = Integrate[

Sin[e1] A2 % Sin[62] KKK2222C1111, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1212 » Integrate|[

Sin[e1] 72 % Sin[62] KKK2222C1212, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C1112 * Integrate|

Sin[01] A2 » Sin[62] KKK2222C1112, {61, O, x}, {62, O, 7w}, {63, 0, 27}] +
6C2221 x Integrate[

Sin[e1] A2 x Sin[62] KKK2222C2221, {el1, 0, n}, {62, O, 7}, {63, 0, 27}]);

Renormalization of k+6B3333

JJJI3333P =1/ ((4!')"2)D[D[(IIJ3]), {w,4}] /. {w>0,Q1>0,Q2->0,Q4->0}, {Q3, 4}] /.
{Q3 » 0, P1 > Cos[6l1l], P2 » Sin[el] Cos[e62],
P3 » Sin[el] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

JJ33333T = Together[JJII3333P];

JJJI3333N = Simplify[Numerator[JJJI3333T]];
JJ3J33333D = Simplify[Denominator[JJJ3333T]];

JJJ33333 = JJI3333N/ J3JI3333D;
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o1~ KKK3333 =
Simplify[JJJ3333 - 6B1111 » (D[JJII3333, 6B1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 » 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 -+ 0, 5C1112 -» 0, 5C2221 - 0})
- 5B1112 % (D[JJ33333, 6B1112] /. {6B1111 -» 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B1122 % (D[J3J3333, §B1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B2221 » (D[JJJ3333, 5B2221] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 -+ 0, 5C1112 -» 0, 5C2221 - 0})
-5C1111 % (D[J333333, 5C1111] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1122 » (D[J3333333, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 > 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1212 % (D[J333333, 5C1212] /. {6B1111 - 0, 5B1112 -+ 0, 5B1122 - 0,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 > 0})
-5C1112 % (D[J3333333, 5C1112] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C2221 % (D[J333333, 6C2221] /. {6B1111 - 0, 5B1112 » 0, 5B1122 » 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
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o J- KKK3333B1111 =
Simplify[(D[J3J3333, 56B1111] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ]}
KKK3333B1112 =
Simplify[(D[J3J3333, 56B1112] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK3333B1122 =
Simplify[(D[J3J3333, 5B1122] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK3333B2221 =
Simplify[(D[J3I3333, 6B2221] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 - 0, 5C2221 - 0})];
KKK3333C1111 =
Simplify[(D[J3I3333, 6C1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 - 0})];
KKK3333C1122 =
Simplify[(D[J3I3333, 6C1122] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
6C1111 - 0, 6C1122 -» 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK3333C1212 =
Simplify[(D[JJI3333, 5§C1212] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK3333C1112 =
Simplify[(D[JJI3333, 5C1112] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK3333C2221 =
Simplify[(D[J3I3333, 5C2221] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];

6B2221 > 0,

6B2221 - 0,

6B2221 - 0,

6B2221 5 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,
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BBB3333 = -2 % (1/ (KBT)) x4 % ((KBT /1 (*A%))) * (L(*Ax) / (27) A4)
(Integrate[Sin[e1l] A2 % Sin[62] KKK3333, {61, 0, x}, {62, 0, 7}, {63, 0, 27}] +

6B1111 » Integrate[

Sin[e1] A2 » Sin[62] KKK3333B1111, {61, 0, x}, {62, 0, 7w}, {63, 0, 27}] +
6B1112 * Integrate[

Sin[e1] 72« Sin[62] KKK3333B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[e1] 72 Sin[62] KKK3333B1122, {61, O, 7}, {62, 0, 7}, {63, 0, 2}] +
6B2221 x Integrate|

Sin[e1] A2 » Sin[62] KKK3333B2221, {61, 0, n}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[e1] 72 x Sin[62] KKK3333C1122, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6C1111 = Integrate[

Sin[e1] A2 x Sin[62] KKK3333C1111, {el, 0, x}, {62, O, 7}, {63, 0, 27}] +
6C1212  Integrate[Sin[61] 72 % Sin[62] KKK3333C1212,

{e1, 0, 7}, {62, O, 7}, {63, 0, 2w}] +56C1112 » Integrate[

Sin[e1] A2« Sin[62] KKK3333C1112, {81, O, x}, {62, O, 7}, {63, 0, 27}] +
6C2221 = Integrate[

Sin[e1] 72« Sin[62] KKK3333C2221, {61, 0, n}, {62, 0, 7}, {63, 0, 27}1)};

Renormalization of k+6B1112

JJJ1112P =
1/ ((4!)*31%11)D[D[(IIIII), {w, 4}] /. {w>0, Q3 >0, Q4> 0}, {Q1, 3}, {Q2, 1}] /.
{Q2 -0, Q1 -0, P1 - Cos[6l], P2 - Sin[el] Cos[62],
P3 » Sin[el] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

JJ331112T = Together[JJJ1112P];

JJJ1112N = Simplify[Numerator[JJJ1112T]];
JJJ1112D = Simplify[Denominator[JJJ1112T]];

JJJ1112 = JJJ1112N/ J33J1112D;
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n-1= KKK1112 =
Simplify[JJJ1112 - 6B1111 % (D[JJJ1112, 6B1111] /. {6B11l1l1l -» 0@, 6B1112 - 0, 6B1122 - 0,

6B2221 » 0, §C1111 » 0, 6C1122 » 0, 6C1212 » 0, §C1112 » 0, 5C2221 -» 0})
- 6B1112 » (D[JJJ1112, 6B1112] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6B1122 » (D[JJ3J1112, 6B1122] /. {6B111l1 -» O, 6B1112 » 0, 6B1122 > 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6B2221 » (D[JJ3J1112, 6B2221] /. {6B1111 -» O, 6B1112 » O, 6B1122 - 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1111 » (D[JJ3J1112, 6C1111] /. {6B1111 » 0O, 6B1112 » O, 6B1122 > 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1122 » (D[JJ33J1112, 6C1122] /. {6B111l1 -» O, 6B1112 » O, 6B1122 > 0O,

6B2221 -» 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C1212 » (D[JJ3J1112, 6C1212] /. {6B111l1 » O, 6B1112 » O, 6B1122 > 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » O, 6C2221 » 0})
-6C1112 » (D[J3J1112, 6C1112] /. {6B1l11l1 - O, 6B1112 » O, 6B1122 -5 0O,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0})
-6C2221 % (D[J3J1112, 6C2221] /. {6B1111 - O, 6B1112 » O, 6B1122 » 0, 6B2221 > 0,

6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
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n-1= KKK1112B1111 =
Simplify[(D[JJJ1112, &6B1111l] /. {6B1l11ll -» O, 6B1112 » @, 6B1122 -» 0, 6B2221 - 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1112B1112 =
Simplify[(D[JJJ1112, &6B1112] /. {6B1l11ll -» O, 6B1112 » @, 6B1122 -» 0, 6B2221 - 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1112B1122 =
Simplify[(D[JJJ1112, &6B1122] /. {6B1l11ll1l -» O, 6B1112 » @, 6B1122 -» 0, 6B2221 - 0,
6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ]
KKK1112B2221 =
Simplify[(D[JJJ1112, &6B2221] /. {6B1l11ll1l -» O, 6B1112 » 0@, 6B1122 -» 0, 6B2221 - 0,
6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ]
KKK1112C1111 =
Simplify[(D[JJJ1112, 6C1l111] /. {6B1l1l1ll1l -» O, 6B1112 » @, 6B1122 - 0, 6B2221 - 0,
6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ]
KKK1112C1122 =
Simplify[(D[JJJ1112, 6C1122] /. {6B1l11ll1l - O, 6B1112 » O, 6B1122 - 0, 6B2221 - 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1112C1212 =
Simplify[(D[JJJ1112, 6C1212] /. {6B1l11ll1l -» O, 6B1112 » @, 6B1122 - 0@, 6B2221 - 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1112C1112 =
Simplify[(D[JJJ1112, 6C1l112] /. {6B1l1l1ll1l - O, 6B1112 » O, 6B1122 - 0, 6B2221 - 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
KKK1112C2221 =
Simplify[(D[JJJ1112, 6C2221] /. {6B1l1l1ll1l -» O, 6B1112 » O, 6B1122 -» 0, 6B2221 - 0,
6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0})];
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BBB1112 = -2 % (1/4) (1/ (KBT)) *4 % ((KBT/ 1(%Ax))) * (1(xA%) / (27) "A4) *
(Integrate[Sin[61] 72« Sin[62] KKK1112, {61, O, n}, {62, 0, 7}, {63, O, 27}] +

6B1111 » Integrate[

Sin[e1]72  Sin[62] KKK1112B1111, {61, 0, n}, {62, 0, 7}, {63, 0, 2}] +
6B1112 * Integrate[

Sin[e1]72 % Sin[62] KKK1112B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[e1]72 * Sin[62] KKK1112B1122, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6B2221 x Integrate|

Sin[e1] A2 x Sin[62] KKK1112B2221, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[©1] 72 % Sin[62] KKK1112C1122, {61, O, n}, {62, O, 7}, {63, 0, 27}] +
6C1111 = Integrate[

Sin[e1]72 # Sin[62] KKK1112C1111, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C1212  Integrate[Sin[61]1 "2 Sin[62] KKK1112C1212,

{e1, 0, 7}, {62, O, 7}, {63, 0, 2w}] +56C1112 » Integrate[

Sin[e1]72 « Sin[62] KKK1112C1112, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C2221 = Integrate[

Sin[e1]72 « Sin[62] KKK1112C2221, {61, 0, n}, {62, 0, 7}, {63, 0, 27}1)};

Renormalization of k+6B2221

JJJ2221P =
1/ ((4!)*31%11)D[D[(IIIII), {w, 4}] /. {w>0, Q3 >0, Q4> 0}, {Q2, 3}, {Q1, 1}] /.
{Q2 -0, Q1 -0, P1 - Cos[6l], P2 - Sin[el] Cos[62],
P3 » Sin[el] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

JJ332221T = Together[JJJ2221P];

JJJ2221N = Simplify[Numerator[JJJ2221T]];
JJ3J32221D = Simplify[Denominator[JJJ2221T]];

JJ33J2221 = JJ3J2221N/ 3332221D;
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o= KKK2221 =
Simplify[J3J2221 - 6B1111 % (D[JJJ2221, 6B1111] /. {5B1111l » 0, 6B1112 -» 0, 6B1122 - @,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B1112 % (D[J332221, 6B1112] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5B1122 % (D[J3J2221, 5§B1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 6B2221 » (D[J3J2221, 5B2221] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - @,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
-5C1111 % (D[J332221, 5C1111] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1122 % (D[J3332221, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C1212 % (D[J332221, 5C1212] /. {6B1111 - 0, 5B1112 -» 0, 5B1122 - 0,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 > 0})
-5C1112 % (D[J3332221, 5C1112] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})
- 5C2221 % (D[J332221, 6C2221] /. {6B1111 -» 0, 5B1112 » 0, 5B1122 » 0, 6B2221 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 - 0})];
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o} KKK2221B1111 =
Simplify[(D[J3J2221, 5B1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK2221B1112 =
Simplify[(D[J3J2221, 5B1112] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK2221B1122 =
Simplify[(D[J3J2221, 56B1122] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 » 0, 5C2221 - 0})];
KKK2221B2221 =
Simplify[(D[J3J2221, 6B2221] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2221C1111 =
Simplify[(D[J3J2221, §C1111] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2221C1122 =
Simplify[(D[J3J2221, §C1122] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
6C1111 - 0, 6C1122 -» 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2221C€1212 =
Simplify[(D[JJ3J2221, 5§C1212] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2221C1112 =
Simplify[(D[JJ3J2221, 5C1112] /. {6B111l » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];
KKK2221C€2221 =
Simplify[(D[J3J2221, 5C2221] /. {6B1111 » 0, 6B1112 » 0, 5B1122 - 0,
5C1111 - 0, 6C1122 » 0, 6C1212 » 0, 5C1112 » 0, 5C2221 - 0})];

6B2221 > 0,

6B2221 - 0,

6B2221 - 0,

6B2221 5 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,

6B2221 - 0,
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BBB2221 = -2 % (1/4) (1/ (KBT)) #4 % ((KBT/ 1(%Ax))) * (1(xA%) / (27) A4) *
(Integrate[Sin[61] 72« Sin[62] KKK2221, {61, O, n}, {62, 0, n}, {63, O, 27}] +

6B1111 » Integrate[

Sin[e1] 72« Sin[62] KKK2221B1111, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1112 x Integrate|

Sin[e1] 72« Sin[62] KKK2221B1112, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[e1] 72 Sin[62] KKK2221B1122, {61, O, n}, {62, 0, 7}, {63, 0, 2}] +
6B2221 x Integrate|

Sin[e1] A2 x Sin[62] KKK2221B2221, {61, 0, x}, {62, O, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[©1] 72 x Sin[62] KKK2221C1122, {81, O, n}, {62, O, 7}, {63, 0, 27}] +
6C1111 = Integrate[

Sin[e1] A2 % Sin[62] KKK2221C1111, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C1212  Integrate[Sin[61] 72 % Sin[62] KKK2221C1212,

{e1, 0, 7}, {62, O, 7}, {63, 0, 2w}] +56C1112 » Integrate[

Sin[e1] A2« Sin[62] KKK2221C1112, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6C2221 = Integrate[

Sin[e1]72 « Sin[62] KKK2221C2221, {61, O, n}, {62, 0, 7}, {63, 0, 27}1)};

Renormalization of k+6B2223

JJJ2223P =
1/ ((4!)*31%11)D[D[(IIIII), {w, 4}] /. {w>0, QL >0, Q4 >0}, {Q2, 3}, {Q3, 1}] /.
{Q1 - 0, P1 » Cos[6l], P2 » Sin[el] Cos[e62],
P3 » Sin[el] Sin[62] Cos[63], P4 » Sin[61] Sin[62] Sin[63]};

JJ3J32223T = Together[JJJ2223P];

JJJ32223N = Simplify[Numerator[JJJ2223T]];
JJ332223D = Simplify[Denominator[JJJ2223T]];

JJ33J2223 = JJ3J2223N/ 3332223D;

KKK2223 = Simplify[JJJ2223 - 6B1111 x Coefficient[JJJ2223, 6B1111]
- 6B1112 % Coefficient[JJJ2223, 6B1112]
- 6B1122 x Coefficient[JJJ2223, 6B1122]
- 6B2221 x Coefficient[JJJ2223, 6B2221]
- 5C1111 » Coefficient[J33J2223, 5C1111]
- 6C1122 % Coefficient[JJJ2223, 6C1122]
- 6C1212 x Coefficient[JJJ2223, 6C1212]
- 5C1112 » Coefficient[J33J2223, 5C1112]
- 5C2221 » Coefficient[33J2223, 5C2221]]};
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KKK2223B1111 = Simplify[Coefficient[JJJ2223, 6B1111]];
KKK2223B1112 = Simplify[Coefficient[JJ]J]2223, 6B1112]];
KKK2223B1122 = Simplify[Coefficient[JJJ2223, 6B1122]];
KKK2223B2221 = Simplify[Coefficient[JJJ2223, 6B2221]];
KKK2223C1111 = Simplify[Coefficient[JJ]J2223, 6C1111]];
KKK2223C1122 = Simplify[Coefficient[JJJ2223, 5C1122]];
KKK2223C1212 = Simplify[Coefficient[JJJ2223, 6C1212]];
KKK2223C1112 = Simplify[Coefficient[]]J2223, 5C1112]];
KKK2223C2221 = Simplify[Coefficient[JJJ2223, 5C2221]];

BBB2223 = (1/ (kBT)) *4 % ((KBT / 1(*Ax))) % (1(*Ax) / (27) "4) *
(Integrate[Sin[el] A2 x Sin[62] KKK2223, {el, 0, n}, {62, O, ©t}, {63, 0, 2 7}] +

6B1111 x Integrate[

Sin[e1] 72 x Sin[62] KKK2223B1111, {61, 0, x}, {62, 0, n}, {63, 0, 2 7}] +
6B1112 x Integrate|

Sin[e1] 72« Sin[62] KKK2223B1112, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6B1122 x Integrate|

Sin[e1] A2 » Sin[62] KKK2223B1122, {61, O, x}, {62, O, 7}, {63, 0, 27}] +
6B2221 * Integrate[

Sin[e1] "2 x Sin[62] KKK2223B2221, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] +
6C1122 x Integrate[

Sin[e1] 72« Sin[62] KKK2223C1122, {61, O, n}, {62, 0, 7}, {63, 0, 2}] +
6C1111  Integrate|[

Sin[e1] 72 % Sin[62] KKK2223C1111, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C1212 x Integrate[Sin[e1] A2 » Sin[62] KKK2223C1212,

{e1, 0, n}, {62, 0, 7}, {63, 0, 2 7}] +5C1112 » Integrate|

Sin[e1]72 « Sin[62] KKK2223C1112, {61, O, n}, {62, 0, 7}, {63, 0, 27}] +
6C2221 » Integrate|

Sin[e1] 72« Sin[62] KKK2223C2221, {61, O, n}, {62, 0, 7}, {63, 0, 27}])};

Calculating In-Plane For One Loop

n-1- PO = Table[Cos[61] * KroneckerDelta[i, 1] + Sin[61] Cos[62] KroneckerDelta[i, 2] +
Sin[el] Sin[62] Cos[63] KroneckerDelta[i, 3] +
Sin[©1] Sin[62] Sin[63] KroneckerDeltal[i, 4], {i, 4}1;

m-1= HHH[i_, j_, k_, 1_] ¢= (Sum[CO[i, j, X, y] *CO[k, 1, w, z] * PO[X] = PO[y] = PO[w] = PO[z],
{x, 1, 4}, {y, 1, 4}, {w, 1, 4}, {z, 1, 4}]1);
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Equation For A+6C2233

HHHH2233 = Simplify[Normal][
Series[(HHH[2, 2, 3, 3]) % (1/ (Sum[BO[d, f, g, h] ~ PO[d] ~ PO[Ff] - PO[g] - PO[hT,
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG2233 = HHHH2233;
KK2233B1111 = (D[GG2233, é§B1111] /. {é6B111l1 -» 0, 6B1112 » O, 6B1122 » 0O,
6B2221 » 0, 6C1111 -» 0, 5C1122 » 0, §C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ;
KK2233B1112 = (D[GG2233, 6B1112] /. {é6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2233B1122 = (D[GG2233, 6B1122] /. {é6B111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -5 0}) ;
KK2233B2221 = (D[GG2233, §B2221] /. {6B111l1] » 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK2233C1111 = (D[GG2233, 6C1111] /. {6B1111 » 0, 6B1112 -» 0, 5B1122 -» 0,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK2233C1112 = (D[GG2233, 6C1112] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK2233C1122 = (D[GG2233, 6C1122] /. {é6B111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2233C1212 = (D[GG2233, 6C1212] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK2233C2221 = (D[GG2233, §C2221] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK2233 = Simplify[ (662233 /. {5B1111 » 0, 6B1112 » 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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mn-}= 332233 =-(1/4) (1/ (kBT)"2) x (2*xdc) = ((KBT / 1(*xAx))72) » (1(*Ax) / (27) "4) «
(Integrate[Sin[61] A2 % Sin[62] * KK2233, {61, 0, 7}, {62, 0, 7}, {63, 0, 27}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] » KK2233B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1]172 * Sin[62] » KK2233B1112, {61,
- 6B1122 » Integrate[

Sin[e1]72 *Sin[62] *» KK2233B1122, {61,
- 6B2221 » Integrate[

Sin[e1] ~2 x Sin[62] » KK2233B2221, {61,
- 6C1111 » Integrate[

Sin[e1]72 * Sin[62] * KK2233C1111, {61,
- 6C1112 » Integrate[

Sin[e1] *2 % Sin[62] » KK2233C1112, {61,
- 6C1122 x Integrate|[

Sin[e1]72 *Sin[62] *» KK2233C1122, {61,
- 6C1212 » Integrate[

Sin[e1]72 *Sin[62] * KK2233C1212, {61,
- 6C2221 x Integrate[

Sin[e1] *2 x Sin[62] » KK2233C2221, {61,
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Equation for y+6C2323

HHHH2323 = Simplify[Normal][
Series[(HHH[2, 3, 2, 3]) % (1/ (Sum[BO[d, f, g, h] ~ PO[d] ~ PO[Ff] - PO[g] - PO[hT,
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG2323 = HHHH2323;
KK2323B1111 = (D[GG2323, §B1111] /. {é6B111l1 -» 0, 6B1112 » O, 6B1122 » 0O,
6B2221 » 0, 6C1111 -» 0, 5C1122 » 0, §C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ;
KK2323B1112 = (D[GG2323, 6B1112] /. {6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2323B1122 = (D[GG2323, 6B1122] /. {é6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -5 0}) ;
KK2323B2221 = (D[GG2323, §B2221] /. {6B111l1] » 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK2323C1111 = (D[GG2323, 6C1111] /. {6B1111 » 0, 6B1112 -» 0, 5B1122 -» 0,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK2323C1112 = (D[GG2323, 6C1112] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK2323C1122 = (D[GG2323, 6C1122] /. {é6B111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2323C1212 = (D[GG2323, 6C1212] /. {éB111l1 -» 0, 6B1112 » 0, 6B1122 > O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK2323C2221 = (D[GG2323, §C2221] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK2323 = Simplify[ (662323 /. {6B1111 -» 0, 6B1112 - 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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n-}= J3I2323 =-(1/4) (1/ (kBT)*2) x (2*dc) = ((KBT / 1(*xAx))72) » (1(*Ax) / (27) "4) «
(Integrate[Sin[61] A2 % Sin[62] * KK2323, {61, 0, 7}, {62, 0, 7}, {63, 0, 27}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] » KK2323B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1]172 *Sin[62] » KK2323B1112, {61,
- 6B1122 » Integrate[

Sin[e1]72 * Sin[62] *» KK2323B1122, {61,
- 6B2221 » Integrate[

Sin[e1] ~2 x Sin[62] » KK2323B2221, {61,
- 6C1111 » Integrate[

Sin[e1]72 * Sin[62] * KK2323C1111, {61,
- 6C1112 » Integrate[

Sin[e1] *2 % Sin[62] » KK2323C1112, {61,
- 6C1122 x Integrate|[

Sin[e1]72 *Sin[62] *» KK2323C1122, {61,
- 6C1212 » Integrate[

Sin[e1]72 *Sin[62] * KK2323C1212, {61,
- 6C2221 x Integrate[

Sin[e1] ~2 x Sin[62] » KK2323C2221, {61,
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0, 27}]
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Equation for A+2u+6C1111

HHHH1111 = Simplify[Normal][
Series[(HHH[1, 1, 1, 1]) * (1/ (Sum[Be[d, f, g, h] - PO[d] - PO[f] - PO[g] ~ PO[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG1111 = HHHH1111;
KK1i111iB1111 = (D[GG1l1l11, é6B1111] /. {é6B11l1l1 -» O, 6B1112 » O, 6B1122 » 0O,
6B2221 » 0, 6C1111 -» 0, 5C1122 » 0, §C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ;
KK1111B1112 = (D[GG11l11, 6B1112] /. {6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1111B1122 = (D[GG11l11, 6B1122] /. {é6B111l1 -» 0, 6B1112 » O0, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -5 0}) ;
KK1111B2221 = (D[GG11l11, &B2221] /. {6B111l1] » 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK1i111C1111 = (D[GG11l11, &6C1111] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK1111C1112 = (D[GG11l11, 6C1112] /. {éB111l1 -» O, 6B1112 » O0, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK1111C1122 = (D[GG1111, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1111C1212 = (D[GG11l11, 6C1212] /. {éB111l1 -» O, 6B1112 » O@, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK1111C2221 = (D[GG11l11, 6C2221] /. {éB1l1l1l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK1111 = Simplify[ (661111l /. {5B1111 » 0, 6B1112 » @, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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ofj= 331111 = - (1/4) (1/ (KBT)A2) % (2+dc) * ((KBT /1 (%A%)) A2) % (1(%A%) / (27) N4) *
(Integrate[Sin[61] A2 % Sin[62] * KK1111, {61, 0, n}, {62, 0, n}, {63, 0, 27}] -

(-5B1111 « Integrate[Sin[61] A2 % Sin[62] * KK1111B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1] 22 x Sin[62] » KK1111B1112, {61,
- 6B1122 » Integrate[

Sin[e1]172 *Sin[62] » KK1111B1122, {61,
- 6B2221 » Integrate[

Sin[e1]172 *Sin[62] » KK1111B2221, {61,
- 6C1111 » Integrate[

Sin[e1]172 % Sin[62] * KK1111C1111, {61,
- 6C1112 » Integrate[

Sin[e1]172 *Sin[62] * KK1111C1112, {61,
- 6C1122 x Integrate|[

Sin[e1]1 "2 x Sin[62] » KK1111C1122, {61,
- 6C1212 » Integrate[

Sin[e1]172 *Sin[62] * KK1111C1212, {61,
- 6C2221 x Integrate[

Sin[e1]172 *Sin[62] » KK1111C2221, {61,
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Equation for A+6C1122

HHHH1122 = Simplify[Normal][
Series[(HHH[1, 1, 2, 2]) * (1/ (Sum[Be[d, f, g, h] - PO[d] - PO[f] - PO[g] ~ PO[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG1122 = HHHH1122;
KK1122B1111 = (D[GG1122, é6B1111] /. {éB11l1l1 -» O, 6B1112 » O0, 6B1122 » 0O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 5C1212 » 0, 6C1112 - 0, 5C2221 - 0});
KK1122B1112 = (D[GG1122, 6B1112] /. {6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1122B1122 = (D[GG1122, 6B1122] /. {éB111l1 -» O, 6B1112 » O0, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0});
KK1122B2221 = (D[GG1122, 6B2221] /. {6B1111 -» @, 6B1112 » 0, 5B1122 - 0,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK1122C1111 = (D[GG1122, 6C1111] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK1122C1112 = (D[GG1122, 6C1112] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK1122C1122 = (D[GG1122, 5C1122] /. {6B1111 -» 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1122C1212 = (D[GG1122, 6C1212] /. {éB111l1 -» O, 6B1112 » @, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK1122C2221 = (D[GG1122, §C2221] /. {éB11l1l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK1122 = Simplify[ (661122 /. {5B1111 » 0, 6B1112 - 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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ofj= 331122 = - (1/4) (17 (KBT)A2) % (2+dc) * ((KBT /1 (%A%))A2) % (1(%A%) / (27) N4) *
(Integrate[Sin[61] A2 % Sin[62] * KK1122, {61, 0, n}, {62, 0, n}, {63, 0, 27}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] * KK1122B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1] 72 x Sin[62] » KK1122B1112, {61,
- 6B1122 » Integrate[

Sin[e1]172 *Sin[62] *» KK1122B1122, {61,
- 6B2221 » Integrate[

Sin[e1] ~2 x Sin[62] » KK1122B2221, {61,
- 6C1111 » Integrate[

Sin[e1]172 % Sin[62] *» KK1122C1111, {61,
- 6C1112 » Integrate[

Sin[e1]172 *Sin[62] * KK1122C1112, {61,
- 6C1122 x Integrate|[

Sin[e1]1 "2 x Sin[62] » KK1122C1122, {61,
- 6C1212 » Integrate[

Sin[e1]172 *Sin[62] * KK1122C1212, {61,
- 6C2221 x Integrate[

Sin[e1] *2 % Sin[62] » KK1122C2221, {61,
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Equation for y+6C1212

HHHH1212 = Simplify[Normal][
Series[(HHH[1, 2, 1, 2]) * (1/ (Sum[Be[d, f, g, h] - PO[d] - PO[f] - PO[g] ~ PO[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG1212 = HHHH1212;
KK1212B1111 = (D[GG1212, 6B1111] /. {é6B111l1 -» O, 6B1112 » O0, 6B1122 » O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 5C1212 » 0, 6C1112 - 0, 5C2221 - 0});
KK1212B1112 = (D[GG1212, 6B1112] /. {6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1212B1122 = (D[GG1212, 6B1122] /. {éB1l11l1 -» O, 6B1112 » O@, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0});
KK1212B2221 = (D[GG1212, 6B2221] /. {6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK1212C1111 = (D[GG1212, 6C1111] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK1212C1112 = (D[GG1212, 6C1112] /. {éB111l1 -» O, 6B1112 » O@, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK1212C1122 = (D[GG1212, 5C1122] /. {6B1111 -» 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1212C1212 = (D[GG1212, 6C1212] /. {éB111l1 -» O, 6B1112 » @, 6B1122 > O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK1212C2221 = (D[GG1212, §C2221] /. {éB1l1l1l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK1212 = Simplify[ (661212 /. {5B1111 » 0, 6B1112 » 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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ofj= 331212 = - (1/4) (1/ (KBT)A2) % (2+dc) * ((KBT /1 (%A%))A2) % (1(%A%) / (27) N4) *
(Integrate[Sin[61] A2 % Sin[62] * KK1212, {61, 0, n}, {62, 0, n}, {63, 0, 27}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] » KK1212B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1] 72 x Sin[62] » KK1212B1112, {61,
- 6B1122 » Integrate[

Sin[e1]172 *Sin[62] » KK1212B1122, {61,
- 6B2221 » Integrate[

Sin[e1] ~2 x Sin[62] » KK1212B2221, {61,
- 6C1111 » Integrate[

Sin[e1]72 % Sin[62] * KK1212C1111, {61,
- 6C1112 » Integrate[

Sin[e1]172 *Sin[62] * KK1212C1112, {61,
- 6C1122 x Integrate|[

Sin[e1] "2 x Sin[62] » KK1212C1122, {61,
- 6C1212 » Integrate[

Sin[e1]172 *Sin[62] * KK1212C1212, {61,
- 6C2221 x Integrate[

Sin[e1] *2 x Sin[62] » KK1212C2221, {61,
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Equation for 6C1112

HHHH1112 = Simplify[Normal][
Series[(HHH[1, 1, 1, 2]) * (1/ (Sum[Be[d, f, g, h] - PO[d] - PO[f] - PO[g] ~ PO[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG1112 = HHHH1112;
KK1112B1111 = (D[GG11l12, 6B1111] /. {é6B11l1l1 -» O, 6B1112 » O0, 6B1122 » 0O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 5C1212 » 0, 6C1112 - 0, 5C2221 - 0});
KK1112B1112 = (D[GG11l12, 6B1112] /. {6B111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1112B1122 = (D[GG11l12, 6B1122] /. {é6B111l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0});
KK1112B2221 = (D[GG1112, §B2221] /. {6B111l1] » 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK1112C1111 = (D[GG11l12, &6C1111] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK1112C1112 = (D[GG1112, 6C1112] /. {éB111l1 -» O, 6B1112 » O@, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK1112C1122 = (D[GG1112, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK1112C1212 = (D[GG1112, 6C1212] /. {éB111l1 -» O, 6B1112 » O@, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK1112C2221 = (D[GG1112, 6C2221] /. {éB11l1l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK1112 = Simplify[(6G1112 /. {5B1111 » 0, 6B1112 » 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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ofj= 331112 = - (1/4) (1/ (KBT)A2) % (2+dc) » ((KBT /1 (%A%)) A2) % (1(%A%) / (27) N4) *
(Integrate[Sin[61] A2 % Sin[62] * KK1112, {61, 0, n}, {62, 0, n}, {63, 0, 27}] -

(-5B1111 « Integrate[Sin[61] A2 % Sin[62] * KK1112B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1] 72 x Sin[62] » KK1112B1112, {61,
- 6B1122 » Integrate[

Sin[e1]172 *Sin[62] » KK1112B1122, {61,
- 6B2221 » Integrate[

Sin[e1] ~2 % Sin[62] » KK1112B2221, {61,
- 6C1111 » Integrate[

Sin[e1]172 % Sin[62] * KK1112C1111, {61,
- 6C1112 » Integrate[

Sin[e1]172 *Sin[62] * KK1112C1112, {61,
- 6C1122 x Integrate|[

Sin[e1]1 "2 x Sin[62] » KK1112C1122, {61,
- 6C1212 » Integrate[

Sin[e1]172 % Sin[62] * KK1112C1212, {61,
- 6C2221 x Integrate[

Sin[e1] ~2 % Sin[62] » KK1112C2221, {61,

o,

o,

o,

0,

7},

7},

7},

7},

7},

7},

7},

{62,

{62,

{62,

{e2,

{e2,

{62,

{62,

{62,

o,

o,

0,

7},

7},

7},

7},

7},

7},

7},

{e3,

{es,

{e3,

{e3,

{es,

{e3,

{es,

{e3,

0, 27}]

0, 27}]

0, 27}]

0, 27}]

0, 27}]

0, 2}]

0, 27}]

0,2n3}1));
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Equation for 6C2223

HHHH2223 = Simplify[Normal][
Series[(HHH[2, 2, 2, 3]) % (1/ (Sum[BO[d, f, g, h] ~ PO[d] ~ PO[Ff] - PO[g] - PO[hT,
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG2223 = HHHH2223;
KK2223B1111 = (D[GG2223, §B1111] /. {é6B111l1 -» 0, 6B1112 » O, 6B1122 » 0O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 5C1212 » 0, 6C1112 - 0, 5C2221 - 0});
KK2223B1112 = (D[GG2223, 6B1112] /. {6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2223B1122 = (D[GG2223, 6B1122] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0});
KK2223B2221 = (D[GG2223, §B2221] /. {6B111l1] » 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK2223C1111 = (D[GG2223, 6C1111] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK2223C1112 = (D[GG2223, 6C1112] /. {éB111l1 » O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK2223C1122 = (D[GG2223, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2223C1212 = (D[GG2223, 6C1212] /. {éB111l1 -» 0, 6B1112 » O0, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK2223C2221 = (D[GG2223, §C2221] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK2223 = Simplify[ (662223 /. {5B1111 » 0, 6B1112 » 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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mJ= 332223 = -(1/4) (1/ (KBT)22) % (2+dc) * ((KBT /1 (xAx))"A2) % (1(xAx) / (27) "4) %
(Integrate[Sin[el] A2 x Sin[62] * KK2223, {61, 0, x}, {62, O, 7}, {63, 0, 2 7}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] » KK2223B1111,

{e1, 0, 7}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 » Integrate[

Sin[e1]72 *Sin[62] *» KK2223B1112, {61,
- 6B1122 » Integrate[

Sin[e1] ~2 x Sin[62] » KK2223B1122, {61,
- 6B2221 » Integrate[

Sin[e1]72 *Sin[62] » KK2223B2221, {61,
- 6C1111 » Integrate[

Sin[e1]72 *Sin[62] *» KK2223C1111, {61,
- 6C1112 * Integrate|[

Sin[61] 72 » Sin[62] » KK2223C1112, {61,
- 6C1122 » Integrate[

Sin[e1]72 * Sin[62] * KK2223C1122, {61,
- 6C1212 x Integrate[

Sin[e1] *2 x Sin[62] » KK2223C1212, {61,
- 6C2221 » Integrate[

Sin[e1]72 *Sin[62] » KK2223C2221, {61,

0,

o,

7},

7},

7},

7},

7},

7},

7},

{62,

{62,

{62,

{e2,

{62,

{62,

{62,

{e2,

0,

o,

7},

7},

7},

7T},

7},

7},

7},

{e3,

{e3,

{e3,

{es,

{e3,

{e3,

{e3,

{e3,

0, 27}]

0, 2}]

0, 27}]

0, 2}]

0, 27}]

0, 27}]

0, 27}]

0,27}1));
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Equation for 6C2221

HHHH2221 = Simplify[Normal][
Series[(HHH[2, 2, 2, 1]) * (1/ (Sum[Be[d, f, g, h] - PO[d] - PO[f] - PO[g] ~ PO[h],
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG2221 = HHHH2221;
KK2221B1111 = (D[GG2221, éB1111] /. {é6B111l1 -» 0@, 6B1112 » O, 6B1122 » 0O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 5C1212 » 0, 6C1112 - 0, 5C2221 - 0});
KK2221B1112 = (D[GG2221, 6B1112] /. {6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2221B1122 = (D[GG2221, 6B1122] /. {éB111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 - 0});
KK2221B2221 = (D[GG2221, §B2221] /. {6B111l1] » 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK2221C1111 = (D[GG2221, 6C1111] /. {éB111l1 -» 0, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK2221C1112 = (D[GG2221, 6C1112] /. {éB111l1 -» 0, 6B1112 » O0, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK2221C1122 = (D[GG2221, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2221C1212 = (D[GG2221, 6C1212] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK2221C2221 = (D[GG2221, §C2221] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK2221 = Simplify[ (662221 /. {5B1111 » 0, 6B1112 » 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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n-}= 332221 =-(1/4) (1/ (kBT)*2) = (2*dc) = ((KBT / 1(*xAx))72) » (1(*Ax) / (27) "4) «
(Integrate[Sin[61] A2 % Sin[62] * KK2221, {61, 0, n}, {62, 0, 7}, {63, 0, 27}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] » KK2221B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1] 72 x Sin[62] » KK2221B1112, {61,
- 6B1122 » Integrate[

Sin[e1]72 * Sin[62] *» KK2221B1122, {61,
- 6B2221 » Integrate[

Sin[e1] *2 x Sin[62] » KK2221B2221, {61,
- 6C1111 » Integrate[

Sin[e1]72 *Sin[62] * KK2221C1111, {61,
- 6C1112 » Integrate[

Sin[e1] *2 % Sin[62] » KK2221C1112, {61,
- 6C1122 x Integrate|[

Sin[e1] 72 x Sin[62] » KK2221C1122, {61,
- 6C1212 » Integrate[

Sin[e1]72 *Sin[62] * KK2221C1212, {61,
- 6C2221 x Integrate[

Sin[e1] A2 » Sin[62] » KK2221C2221, {61,
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o,

o,
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7},
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o,
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7},

7},

7},

7},

{e3,

{es,
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{es,
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{es,

{e3,

0, 27}]

0, 27}]

0, 27}]

0, 27}]

0, 27}]

0, 2}]

0, 27}]

0,2n3}1));
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Equation for A+2u+6C2222

HHHH2222 = Simplify[Normal][
Series[(HHH[2, 2, 2, 2]) % (1/ (Sum[BO[d, f, g, h] ~ PO[d] ~ PO[Ff] - PO[g] - PO[hT,
{d, 1, 4}, {f, 1, 4}, {g, 1, 4}, {h, 1, 4}])"2), {e, 0, 3}111;
GG2222 = HHHH2222;
KK2222B1111 = (D[GG2222, 6B1111] /. {éB111l1 -» O, 6B1112 » O0, 6B1122 » 0O,
6B2221 » 0, 6C1111 -» 0, 5C1122 » 0, §C1212 » 0, 6C1112 - 0, 5C2221 - 0}) ;
KK2222B1112 = (D[GG2222, 6B1112] /. {é6B111l1 -» 0, 6B1112 » 0, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2222B1122 = (D[GG2222, 6B1122] /. {é6B111l1 -» O, 6B1112 » 0, 6B1122 > O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -5 0}) ;
KK2222B2221 = (D[GG2222, §B2221] /. {6B111l1] » 0, 6B1112 » O, 6B1122 > 0O,
6B2221 - 0, 6C1111 » 0, 56C1122 » 0, 5C1212 » 0, 5C1112 - 0, 6C2221 - 0}) ;
KK2222C1111 = (D[GG2222, 6C1111] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > O,
5B2221 » 0, 6C1111 -» 0, 5C1122 » 0, 6C1212 » 0, 6C1112 -» 0, 5C2221 - 0}) ;
KK2222C1112 = (D[GG2222, 6C1112] /. {éB111l1 -» O, 6B1112 » O0, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0})
KK2222C1122 = (D[GG2222, 5C1122] /. {6B1111 » 0, 5B1112 » 0, 5B1122 » 0,
6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0}) ;
KK2222C1212 = (D[GG2222, 6C1212] /. {éB111l1 -» O, 6B1112 » O@, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 » 0}) ;
KK2222C2221 = (D[GG2222, §C2221] /. {éB111l1 -» O, 6B1112 » O, 6B1122 > 0O,
6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 5C2221 -5 0}) ;
KK2222 = Simplify[ (662222 /. {5B1111 » 0, 6B1112 » 0, 6B1122 - 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 6C2221 - 0}) ]}
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)= 332222 =-(1/4) (1/ (kBT)*2) = (2*dc) = ((KBT / 1(*xAx))72) » (1(*Ax) / (27) "4) «
(Integrate[Sin[61] A2 % Sin[62] * KK2222, {61, 0, 7}, {62, 0, 7}, {63, 0, 27}] -

(-6B1111 » Integrate[Sin[61] A2 % Sin[62] » KK2222B1111,

{e1, 0, n}, {62, 0, 7}, {63, 0, 27}]
- 6B1112 % Integrate|

Sin[e1] 22 x Sin[62] » KK2222B1112, {61,
- 6B1122 » Integrate[

Sin[e1] 22 » Sin[62] * KK2222B1122, {61,
- 6B2221 » Integrate[

Sin[e1] ~2 x Sin[62] » KK2222B2221, {61,
- 6C1111 » Integrate[

Sin[e1] 22 x Sin[62] » KK2222C1111, {61,
- 6C1112 » Integrate[

Sin[el1l] A2 xSin[62] * KK2222C1112, {61,
- 6C1122 x Integrate|[

Sin[e1] 72 x Sin[62] » KK2222C1122, {61,
- 6C1212 » Integrate[

Sin[e1]72 *Sin[62] * KK2222C1212, {61,
- 6C2221 x Integrate[

Sin[e1] "2 x Sin[62] » KK2222C2221, {61,
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Obtaining contributions to Linear Stability Matrix

ef = ((e - (BBB2222)) /2);

uToner = Simplify[Simplify[(4*xEf-€) »u+ (3J2323)] /.
{U-> (96 *xexm"2) / (24+dc), A > (-1/3) (96+ex7w"2) / (24+dc)}];

AToner = Simplify[Simplify[ (4 xEf-€) » A+ (JJ2233)] /.
{u-> (96*xe*xn"2) / (24+dc), A> (-1/3) (96*xe*n"2) / (24+dc)}];

2 7}]

27}]

2 7}]

27} ]

2 7}]

2 7}]

2 7}]

27}1)) 5
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nj- 6CllllToner = Simplify[ ((4+ f - €) * 66 % 6C1111 + ((II1111 - (3I2233) - 2 % (3I2323)))) /.

{u-> (96*xe*xmw"2) / (24+dc), A > (-1/3) (96*xe*xw"2) / (24+dc)}];
5C1122Toner = Simplify[((4 % Ef - €) % 86 » 5C1122 + (((II1122 - 3I2233)))) /.

{u-> (96*xe*xnw"2) / (24+dc), A > (-1/3) (96*xe*nw"2) / (24+dc)}];
5C1212Toner = Simplify [ ((4 + Ef - €) % 66 » 5C1212 + (((3I1212 - 332323)))) /.

{u-> (96*xe*xn"2) / (24+dc), A> (-1/3) (96*xe*n"2) / (24+dc)}];
5C1112Toner = Simplify[((4 % Ef - €) % 66 » 6C1112 + (((3I1112)))) /.

(U> (96 %xex7h2) / (24+dc), A > (~1/3) (96 € *mA2) / (24 +dc)}1;
5C2221Toner = Simplify [ ((4 % Ef - €) % 66 % 6C2221 + (((3I2221)))) /.

{u-> (96xe*n"2) / (24+dc), A > (-1/3) (96*xe*n"2) / (24+dc)}];
FB111lx = Simplify[(((2&f-€) (1 + 66 % 6B1111) + (BBB11ll))) /.

{u-> (96*xexnr2) / (24+dc), A > (-1/3) (96*xexn"2) / (24+dc)}];
FB1112x = Simplify[(((2 &f - €) % (66 « 6B1112) + (BBB1112))) /.

{u-> (96*xe*xnw"2) / (24+dc), A > (-1/3) (96*xe*n"2) / (24+dc)}];
FB1122x = Simplify[(((2&f -€) % (1 + 66 % 5B1122) + (BBB1122))) /.

{u-> (96*xe*n"2) / (24+dc), A > (-1/3) (96*xe*n"2) / (24+dc)}];
FB2221x = Simplify[(((2&f -€) % (66 » 6B2221) + (BBB2221))) /.

(U (96%€xnh2) / (24+dc), A> (-1/3) (96xe*nr2) / (24+dc)}]1;

1= FC111llu = Simplify[ ((6Cl1l1l1lToner % u - uToner = 66 » 5C1111) / (u"2)) /.
{u-> (96xe*n"2) / (24+dc), A > (-1/3) (96*xe*n"2) / (24+dc)}];
FC1122u = Simplify[ ((6C1l122Toner % u - uToner = 65 * 5C1122) / (ur2)) /.
{u-> (96*xexn"2) / (24+dc), A > (-1/3) (96*xexn"2) / (24+dc)}];
FC1212u = Simplify[ ((6C1l212Toner % u - uToner = 66 » 5C1212) / (u*2)) /.
{u-> (96*xe*mw"2) / (24+dc), A > (-1/3) (96*xe*n"2) / (24+dc)}];
FC2221u = Simplify[ ((6C2221Toner % u - uToner = 65 » §C2221) / (u"2)) /.
{u-> (96*xe*xn"2)/ (24+dc), A> (-1/3) (96*xe*n"2)/ (24+dc)}];
FC1112u = Simplify[ ((6C1l112Toner % u - uToner = 66 * 5C1112) / (u"2)) /.
{u-> (96xe*xmw"2) / (24+dc), A > (-1/3) (96xe*7w"2) / (24+dc)}];

of-J= €1111C1111 = (u % D[FC1111lu, 6C1111]) /. {u > (96 +e+x"2) / (24 +dc),
Ao (-1/3) (96 %€ +mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,
6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;

C1111C1112 = (u*D[FC1111y, 5C1112]) /. {u - (96 x€ x x2) / (24 +dc),
Ao (-1/3) (96 %€ +n"2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 56B1122 -» 0,
6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;

C1111C1122 = (u*D[FC1111y, 5C1122]) /. {u - (96 x€ x x2) / (24 +dc),
A (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,
6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 56C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;

C1111C1212 = (u+*D[FC1111yu, 6C1212]) /. {u - (96 * e+ nw 2) / (24 +dc),
A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,
5B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;

€1111C2221 = (u+D[FC1111yu, 6C2221]) /. {u— (96 * e+ n 2) / (24 +dc),
A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,
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5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 - 0, 5C2221 - 0} ;
C1111B1111 = (D[FC1111yu, 6B1111]) /. {u > (96 *x e » w*2) / (24 +dc) ,

A> (-1/3) (96 xe+n"2) / (24+dc), 5B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1111B1122 = (D[FC1111y, 6B1122]) /. {u - (96 *x€ x 7"2) / (24 +dc) ,

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1111B1112 = (D[FC1111y, 6B1112]) /. {u - (96 *x€ x 7"2) / (24 + dc) ,

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 - 0, 5C2221 - 0} ;
C1111B2221 = (D[FC1111yu, 5B2221]) /. {u - (96 *x€ x 7"2) / (24 +dc) ,

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 - 0, 5C2221 - 0} ;

C1112C1111 = (u*D[FC1112u, 6C1111]) /. {u - (96 *x e w 2) / (24 +dc),

Ao (-1/3) (96 %€ +xmA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
C1112C1112 = (u*D[FC1112u, 6C1112]) /. {u - (96 x e * w 2) / (24 +dc),

Ao (-1/3) (96 %€ *mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
C1112C1122 = (u* D[FC1112yu, 5C1122]) /. {u - (96 x€ x w2) / (24 +dc),

Ao (-1/3) (96 %€ *mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1112C1212 = (u*D[FC1112yu, 5C1212]) /. {u > (96 x€ x wA2) / (24 +dc),

Ao (-1/3) (96 %€ +mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1112C€2221 = (u*D[FC1112yu, 5C2221]) /. {u - (96 x€ x x2) / (24 +dc),

Ao (-1/3) (96 %€ +mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1112B1111 = (D[FC1112yu, 6B1111]) /. {u - (96 x€ x 7"2) / (24 + dc) ,

Ao (-1/3) (96 %€ +n"2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 56B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1112B1122 = (D[FC1112u, 6B1122]) /. {u - (96 *x€ x 7 2) / (24 +dc) ,

A> (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1112B1112 = (D[FC1112yu, 6B1112]) /. {u - (96 *x€ x 7"2) / (24 +dc) ,

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1112B2221 = (D[FC1112u, 5B2221]) /. {u - (96 *x€ x 7"2) / (24 +dc) ,

A> (-1/3) (96 xe*nN2) / (24+dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;

C1122C1111 = (u* D[FC1122yu, 5C1111]) /. {u > (96 x€ x 72) / (24 +dc),
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A> (-1/3) (96 +e+n"2) / (24+dc), 5B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
C1122C1112 = (u*D[FC1122u, 6C1112]) /. {u > (96 *x e w 2) / (24 +dc),

Ao (-1/3) (96 %€ +xmA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
€1122C1122 = (u*D[FC1122u, 6C1122]) /. {u - (96 *xe * w12) / (24 +dc),

Ao (-1/3) (96 %€ +xmA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
C1122C1212 = (u* D[FC1122yu, 5C1212]) /. {u - (96 x€ x w2) / (24 +dc),

Ao (-1/3) (96 %€ +xmA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 - 0, 5C2221 - 0} ;
C1122C2221 = (u* D[FC1122u, 5C2221]) /. {u - (96 x€ x t2) / (24 +dc),

Ao (-1/3) (96 %€ +nA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1122B1111 = (D[FC1122u, 6B1111]) /. {u - (96 *x€ x 7"2) / (24 + dc) ,

Ao (-1/3) (96 %€ +nA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1122B1122 = (D[FC1122u, 6B1122]) /. {u - (96 *x€ x 7"2) / (24 +dc) ,

Ao (-1/3) (96 %€ +n"2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1122B1112 = (D[FC1122u, 6B1112]) /. {u - (96 *x€ x 7"2) / (24 + dc) ,

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1122B2221 = (D[FC1122u, 6B2221]) /. {u - (96 *x€ x 7 2) / (24 +dc) ,

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;

C1212C1111 = (u* D[FC1212yu, 5C1111]) /. {u > (96 x€ x t2) / (24 +dc),

Ao (-1/3) (96 %€ +mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1212C1112 = (u % D[FC1212yu, 5C1112]) /. {u > (96 x€ x 7A2) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1212C1122 = (u* D[FC1212yu, 5C1122]) /. {u > (96 x€ x x2) / (24 +dc),

A> (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€1212C1212 = (u % D[FC1212u, 6C1212]) /. {u - (96 *x e+ w 2) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€1212C2221 = (u*D[FC1212u, 6C2221]) /. {u - (96 *x e+ n 2) / (24 +dc),

A> (-1/3) (96 xe*nN2) / (24+dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
C1212B1111 = (D[FC1212u, 6B1111]) /. {u > (96 *x e x 7w 2) / (24 +dc) ,

A> (-1/3) (96 xe+n"2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,
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5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 - 0, 5C2221 - 0} ;
C1212B1122 = (D[FC1212u, 6B1122]) /. {u > (96 x e » 72) / (24 +dc) ,

Ao (-1/3) (96 %€ +nA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1212B1112 = (D[FC1212u, 6B1112]) /. {u > (96 *x€ x 7"2) / (24 + dc) ,

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C1212B2221 = (D[FC1212u, 6B2221]) /. {u - (96 *x€ x 7"2) / (24 +dc) ,

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 56C1112 - 0, 5C2221 - 0} ;

€2221C1111 = (u* D[FC2221u, 5C1111]) /. {u > (96 x€ x t2) / (24 +dc),

Ao (-1/3) (96 %€ +nA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€2221C1112 = (u* D[FC2221yu, 5C1112]) /. {u - (96 x€ x t2) / (24 +dc),

Ao (-1/3) (96 %€ +mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€2221C1122 = (u* D[FC2221yu, 5C1122]) /. {u - (96 x€ x x2) / (24 +dc),

A> (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€2221C1212 = (u * D[FC2221yu, 5C1212]) /. {u - (96 x€ x t2) / (24 +dc),

A (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€2221C2221 = (u % D[FC2221u, 6C2221]) /. {u— (96 * e+ nr2) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 56C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
C2221B1111 = (D[FC2221u, 6B1111]) /. {u > (96 *x€ x 7"2) / (24 +dc) ,

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
C2221B1122 = (D[FC2221u, 6B1122]) /. {u > (96 *x e » 7w 2) / (24 +dc) ,

A> (-1/3) (96 xe+nN2) / (24+dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€2221B1112 = (D[FC2221u, 6B1112]) /. {u > (96 *xe » 7w 2) / (24 +dc) ,

A> (-1/3) (96 +e+n"2) / (24+dc), 5B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
€2221B2221 = (D[FC2221u, 6B2221]) /. {u > (96 *xe x 7 2) / (24 +dc) ,

A> (-1/3) (96 +e+n"2) / (24+dc), 5B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;

B1111C1111 = (u +D[FB11llx, 6C1111]) /. {u > (96 *e *n"2) / (24 +dc),
Ao (-1/3) (96 e+ nr2) / (24 +dc) , 6B1111 -» 0, 5B1112 » 0, §B1122 » 0,
6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1111C1112 = (u + D[FB11llx, 6C1112]) /. {u > (96 e *xwA2) / (24 +dc),
Ao (-1/3) (96 e *nr2) / (24 +dc), 6B1111 -» 0, 5B1112 » 0, 5B1122 » 0,
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6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1111C1122 = (u* D[FB111lx, 6C1122]) /. {u > (96 x € x xA2) / (24 +dc),

Ao (-1/3) (96 %€ +nA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1111C1212 = (u* D[FB111llx, 6C1212]) /. {u > (96 € x xA2) / (24 +dc),

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1111C2221 = (u * D[FB111llx, 6C2221]) /. {u - (96 x € x 7 2) / (24 +dc),

A (-1/3) (96 xe*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 -» 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
B1111B1111 = (D[FB111llx, 6B1111]) /. {u > (96 x e x x72) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1111B1122 = (D[FB111llx, 6B1122]) /. {u > (96 x e x 7 2) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;
B1111B1112 = (D[FB111llx, 6B1112]) /. {u > (96 x e x 7 2) / (24 +dc),

A> (-1/3) (96 +e+nN2) / (24+dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1111B2221 = (D[FB111llx, 6B2221]) /. {u > (96 x e » 7t 2) / (24 +dc),

A> (-1/3) (96+e+n"2) / (24+dc), 5B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;

B1112C1111 = (u + D[FB1112x, 6C1111]) /. {u - (96 x € * wA2) / (24 + dc),

A= (-1/3) (96 %€ *7r2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -» 0}
B1112C1112 = (u + D[FB1112x, 6C1112]) /. {u -» (96 x € * 7A2) / (24 + dc),

Ao (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 - 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 -» 0}
B1112C1122 = (u *D[FB1112x, 6C1122]) /. {u - (96 *x€ xt"2) / (24 +dc),

Ao (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 - 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}
B1112C1212 = (u *D[FB1112x, 6C1212]) /. {u - (96 *x€e xn"2) / (24 +dc),

Ao (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, §B1112 » 0, 6B1122 -» 0,

6B2221 -» 0, 6C1111 -» 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -» 0}
B1112C2221 = (u *D[FB1112x, 6C2221]) /. {u - (96 *x€e xn"2) / (24 +dc),

Ao (-1/3) (96 %e*nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 » 0, 6C1111 - 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}
B1112B1111 = (D[FB1112x, 6B1111]) /. {u - (96 e * nA2) / (24 +dc) ,

Ao (-1/3) (96 %€ *7wh2) / (24 +dc), 6B1111 » 0, 5B1112 » 0, 6B1122 » 0,

6B2221 » 0, 6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}
B1112B1122 = (D[FB1112x, 6B1122]) /. {u > (96*xe*n"2) / (24 +dc),

A= (-1/3) (96 %€ *7wh2) / (24 +dc), 6B1111 » 0, 5B1112 » 0, 6B1122 » 0,

6B2221 » 0, 6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}
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B1112B1112 = (D[FB1112x, 6B1112]) /. {u > (96 x e x 7 2) / (24 +dc),
Ao (-1/3) (96 %€ xn"2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,
5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B1112B2221 = (D[FB1112x, 6B2221]) /. {u > (96 x e x 7 2) / (24 +dc),
Ao (-1/3) (96 %€ xn"2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,
5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 56C1212 » 0, 5C1112 » 0, 5C2221 - 0} ;

B1122C1111 = (i + D[FB1122x, 6C1111]) /. {u -» (96 x € * 7A2) / (24 + dc),

A= (-1/3) (96 %€ *7r2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -» 0}
B1122C1112 = (u + D[FB1122x, 6C1112]) /. {u - (96 x € * 7A2) / (24 + dc),

A= (-1/3) (96 %€ *7wr2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

6B2221 - 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -» 0}
B1122C1122 = (u # D[FB1122x, 6C1122]) /. {u - (96 x € * 7A2) / (24 + dc),

Ao (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, §6B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 -» 0}
B1122C1212 = (u *D[FB1122x, 6C1212]) /. {u - (96 *x€e xnw"2) / (24 +dc),

Ao (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 » 0, 6C1111 - 0, 6C1122 » 0, 5C1212 » 0, 5C1112 » 0, 5C2221 » 0}
B1122C2221 = (u *D[FB1122x, 6C2221]) /. {u - (96 *x€e xn"2) / (24 +dc),

Ao (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 -» 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 6C1112 » 0, 6C2221 -» 0}
B1122B1111 = (D[FB1122x, 6B1111]) /. {u - (96 *e * wA2) / (24 +dc) ,

A- (-1/3) (96 %e+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

6B2221 » 0, 6C1111 » 0, 6C1122 - 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}
B1122B1122 = (D[FB1122x, 6B1122]) /. {u > (96 *xe*n"2) / (24 +dc),

Ao (~1/3) (96 %€ *7wh2) / (24 +dc), 6B1111 » 0, 5B1112 » 0, 6B1122 » 0,

6B2221 » 0, 6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}
B1122B1112 = (D[FB1122x, 6B1112]) /. {u > (96 *xe*n"2) / (24 +dc),

A= (-1/3) (96 %€ *7wh2) / (24 +dc), 6B1111 » 0, 5B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 -» 0}
B1122B2221 = (D[FB1122x, 6B2221]) /. {u - (96 * e+ 2) / (24 +dc),

A= (-1/3) (96 %€ *7wh2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 -» 0, 5C1212 » 0, 5C1112 » 0, 5C2221 - 0}

B2221C1111 = (u + D[FB2221x, 6C1111]) /. {u » (96 € * xA2) / (24 +dc),
A> (-1/3) (96 +e+n"2) / (24+dc), 5B1111 » 0, 6B1112 » 0, 6B1122 » 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221C1112 = (u * D[FB2221x, 6C1112]) /. {u » (96 € * xA2) / (24 +dc),
Ao (-1/3) (96 %€ +xmA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221C1122 = (u * D[FB2221x, 6C1122]) /. {u » (96 € * xA2) / (24 +dc),
Ao (-1/3) (96 %€ *mA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,
5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;



MathematicaMonoclinicCode.nb | 57

B2221C1212 = (u + D[FB2221x, 6C1212]) /. {u > (96 x € * xA2) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 -» 0,

5B2221 - 0, 6C1111 » 0, 6C1122 » 0, 5C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221C2221 = (u + D[FB2221x, 6C2221]) /. {u > (96 x e * xA2) / (24 +dc),

A> (-1/3) (96 xe+nN2) / (24 +dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221B1111 = (D[FB2221x, 6B1111]) /. {u > (96 *e +n"2) / (24 +dc),

A> (-1/3) (96 +e+n"2) / (24+dc), 6B1111 » 0, 6B1112 » 0, 6B1122 » 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221B1122 = (D[FB2221x, 6B1122]) /. {u > (96 * e+ w2) / (24 +dc) ,

Ao (-1/3) (96 %€ +xnA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221B1112 = (D[FB2221x, 6B1112]) /. {u > (96 x e+ xA2) / (24 +dc) ,

Ao (-1/3) (96 %€ +xnA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 - 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
B2221B2221 = (D[FB2221x, 6B2221]) /. {u - (96 x e+ x2) / (24 +dc),

Ao (-1/3) (96 %€ +xmA2) / (24 +dc), 6B1111 -» 0, 6B1112 » 0, 5B1122 -» 0,

5B2221 » 0, 6C1111 » 0, 6C1122 » 0, 6C1212 » 0, 5C1112 - 0, 5C2221 - 0} ;
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MatrixStability =
Simplify[{{Simplify[C1111C1111], Simplify[C1111C1112], Simplify[C1l111C1122],

In[e ]:=

Simplify[C1111C1212], Simplify[C1111C2221], Simplify[C1111B1111],

Simplify[C1111B1112],
{Simplify[C1112C1111],
Simplify[C1112C1212],
Simplify[C1112B1112],
{Simplify[C1l122C1111],
Simplify[C1122C1212],
Simplify[C1122B1112],
{Simplify[C1212C1111],
Simplify[C1212C1212],
Simplify[C1212B1112],
{Simplify[C2221C1111],
Simplify[C2221C1212],
Simplify[C2221B1112],
{Simplify[B1111C1111],
Simplify[B1111C1212],
Simplify[B1111B1112],
{Simplify[B1112C1111],
Simplify[B1112C1212],
Simplify[B1112B1112],
{Simplify[B1122C1111],
Simplify[B1122C1212],
Simplify[B1122B1112],
{Simplify[B2221C1111],
Simplify[B2221C1212],

Simplify[C1111B1122],
Simplify[C1112C1112],
Simplify[C1112C2221],
Simplify[C1112B1122],
Simplify[C1122C1112],
Simplify[C1122C2221],
Simplify[C1122B1122],
Simplify[Cl1212C1112],
Simplify[C1212C2221],
Simplify[C1212B1122],
Simplify[C2221C1112],
Simplify[C2221C2221],
Simplify[C2221B1122],
Simplify[B1111C1112],
Simplify[B1111C2221],
Simplify[B1111B1122],
Simplify[B1112C1112],
Simplify[B1112C2221],
Simplify[B1112B1122],
Simplify[B1122C1112],
Simplify[B1122C2221],
Simplify[B1122B1122],
Simplify[B2221C1112],
Simplify[B2221C2221],

Simplify[C1111B2221]},
Simplify[C1112C1122],
Simplify[C1112B1111],
Simplify[C1112B2221]},
Simplify[C1122C1122],
Simplify[C1122B1111],
Simplify[C1122B2221]},
Simplify[C1212C1122],
Simplify[C1212B1111],
Simplify[C1212B2221]},
Simplify[C2221C1122],
Simplify[C2221B1111],
Simplify[C2221B2221]},
Simplify[B1111C1122],
Simplify[B1111B1111],
Simplify[B1111B2221]},
Simplify[B1112C1122],
Simplify[B1112B1111],
Simplify[B1112B2221]},
Simplify[B1122C1122],
Simplify[B1122B1111],
Simplify[B1122B2221]},
Simplify[B2221C1122],
Simplify[B2221B1111],

Simplify[B2221B1112], Simplify[B2221B1122], Simplify[B2221B2221]}}1;

n-1- Eigenvalues[MatrixStability]

n-1- Eigenvectors[MatrixStability]

MatrixStabilityOrthorhombic =
Simplify[{{Simplify[C1111C1111], Simplify[C1l111C1122],

Simplify[C1111C1212], Simplify[C1111B1111], Simplify[C1111B1122]},
{Simplify[C1122C1111], Simplify[C1122C1122], Simplify[C1122C1212],
Simplify[C1122B1111], Simplify[C1l122B1122]},
{Simplify[C1212C1111], Simplify[C1212C1122], Simplify[C1212C1212],
Simplify[C1212B1111], Simplify[C1212B1122]},
{Simplify[B1111C1111], Simplify[B1111C1122], Simplify[B1111C1212],
Simplify[B1111B1111], Simplify[B1111B1122]},
{Simplify[B1122C1111], Simplify[B1122C1122], Simplify[B1122C1212],
Simplify[B1122B1111], Simplify[B1122B1122]}}];

In[ ]:=
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1= Eigenvalues[MatrixStabilityOrthorhombic]

1= MatrixStabilityOrthorhombic



Appendix C

Mathematica Code For Odd

Elastic Sheets

199



Integrating Out In-Plane Phonons

In[ ]:=

In[ ]:=

Quit

(*All analytic calculation parts of the code that have been commented
out need not be commented in. They have been left there for further
investigation into the 1-loop analysis of odd elastic membranes.x)

(xdc=13%)
k=13
CCDfpuf = Normal[SymmetrizedArray[{i_, j_, k_, 1_} » CDfouf[i, j, k, 1],
{2, 2, 2, 2}, {(*(xstress (strain) is symmetricx) {Cycles[{{1,2}}],1},%)
(¥strain (stress) 1is symmetricx) {Cycles[{{3, 4}}1, 1} (*,
(*energy is quadraticx) {Cycles[{{1,3},{2,4}}1,1}*)}11;
CCDf¢f3 = Normal[SymmetrizedArray[{i_, j_, k_, 1_} » CDf¢f3[1i, j, k, 1],
{2, 2, 2, 2}, {(*(*xstress (strain) is symmetricx) {Cycles[{{1,2}}],1},%)
(*strain (stress) 1is symmetricx) {Cycles[{{3, 4}}1, 1} (*,
(xenergy is quadratics) {Cycles[{{1,3},{2,4}}]1,1}%)}11;
CCDDYu = Normal[SymmetrizedArray[{i_, j_, k_, 1_} > CDDYu[i, j, k, 171,
{2, 2, 2, 2}, {(*(*xstress (strain) is symmetricx) {Cycles[{{1,2}}],1},%)
(*strain (stress) 1is symmetricx) {Cycles[{{3, 4}}1, 1} (*,
(*energy is quadraticx) {Cycles[{{1,3},{2,4}}]1,1}*)1}1]1;
CCDDYf2 = Normal[SymmetrizedArray[{i_, j_, k_, 1_} =» CDDYf2[1, j, k, 1],
{2, 2, 2, 2}, {(*(*xstress (strain) is symmetricx) {Cycles[{{1,2}}],1},%)
(»strain (stress) is symmetricx) {Cycles[{{3, 4}}], 1} (%,
(*energy 1is quadraticx) {Cycles[{{1,3},{2,4}}]1,1}*)}11;
BBB = Normal[SymmetrizedArray[{i_, j_, k_, 1_} = B[1i, j, k, 1],
{2, 2, 2, 2}, {(*stress (strain) -is symmetricx){Cycles[{{1, 2}}], 1},
(*strain (stress) 1is symmetricx) {Cycles[{{3, 4}}1, 1},
(*energy is quadraticx) {Cycles[{{1, 3}, {2, 4}}1, 1}}11;
yyla_, w_] = {yl[q, 0], y2[q, w]};
uulq_, w_] = {ul[q, ], u2[q, w]};
qq = {q[1], q[2]};
FFlq_, w_1 = F[q, w];
¢¢la_, w_] =¢[q, 0];

ccDfgufl, 1, 1, 1] = (Dfufr + 2 Dfpufu) (+/dcx) ;
CCDfouf[l, 2, 1, 2] = Dfpufu(x/dcx);
ccpfeuf2, 1, 1, 2] = Dfpufu (+/dcx) ;
ccpfeufl, 2, 2, 1] = Dfpufu (x/dc);
cCDfpuf2, 1, 2, 1] = Dfpufu (+/dcx) ;
ccpfeufl, 1, 2, 2] = Dfpufa(+/dcx)
ccpfouf[2, 2, 1, 1] = Dfpufa(x/dc) ;
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ccofeuf2, 2, 2, 2] = (Dfpufr + 2 Dfpufu) («/dcx) ;
ccDfpufl, 1, 1, 2] = DfpufK (x/dcx) ;

CCDfuf[l, 1, 2, 1] = DfpufK (x/dcx) ;

ccpfpuf2, 2, 2, 1] = -DfpufK (x/dcx) ;

CCDfouf[2, 2, 1, 2] = -DFfpufK (x/dc*) ;

ccpfeufl, 2, 1, 1] = -DfpufK (+/dcx) - DFGufA (x/dcx) 3
CCDfouf[2, 1, 1, 1] = -DFfpufK (x/dc*) + DFPufA («/dcx) ;
ccofouf2, 1, 2, 2] = DfpufK(*/dcx) + DfpufA (x/dcx)
CCDfouf[l, 2, 2, 2] = DfpufK(x/dcx) - DfpufA (x/dcx) ;

CCDf$f3[1, 1, 1, 1] = (DF$F3A + 2 DFpF3u) (x/dcx) ;
CCDf$f3[1, 2, 1, 2] = Df¢pF3u(x/dcx) ;

CCDf$f3[2, 1, 1, 2] = Df¢F3u(x/dcx);

CCDf$f3[1, 2, 2, 1] = Df$pF3u (x/dcx) ;

CCDf¢f3[2, 1, 2, 1] = Df¢pF3u (x/dcx) ;

CCDfef3[1, 1, 2, 2] = Df$F3A(x/dcx) ;

CCDf$f3[2, 2, 1, 1] = DF$F3A(x/dcx) ;

CCDF$F3[2, 2, 2, 2] = (DFPF3A + 2 DFpF3u) (x/dcx);
CCDf¢f3[1, 1, 1, 2] = Df¢pF3K (x/dcx) ;

CCDf$f3[1, 1, 2, 1] = Df$F3K (x/dcx) ;

CCDf$f3[2, 2, 2, 1] = -DF$F3K (x/dcx) ;

CCDf¢f3[2, 2, 1, 2] = -DFf$F3K (x/dcx) ;

CCDf$f3[1, 2, 1, 1] = -Df$pF3K (x/dc*) - DFT3A (x/dcx) ;
CCDf$f3[2, 1, 1, 1] = -DFf$F3K (x/dc*) + DFF3A (x/dcx) ;
CCDf¢f3[2, 1, 2, 2] = Df$pF3K (x/dcx) + DFSF3A (x/dcx) ;
CCDf$f3[1, 2, 2, 2] = Df$F3K (x/dcx) - DFSF3A (x/dcx) ;

BBB[1, 1, 1, 1] = x;
BBB[1, 1, 1, 2] = 0;
BBB[1, 1, 2, 1] = 0;
BBB[1, 2, 1, 1] = 0;
BBB[2, 1, 1, 1] = 0
BBB[1, 1, 2, 2] = x/2;
BBB[2, 2, 1, 1] = x/ 2;
BBB[1, 2, 1, 2] = x/ 4;
BBB[1, 2, 2, 1] = x / 4}
BBB[2, 1, 2, 1] = x/ 4;
BBB[2, 1, 1, 2] = x/ 4;
BBB[1, 2, 2, 2] = 0;
BBB[2, 1, 2, 2] = 0;
BBB[2, 2, 1, 2] = 0;
BBB[2, 2, 2, 1] = 0;
BBB[2, 2, 2, 2] = x;}



CCDDYu[1,
CCDDYu[1,
CCDDYu[2,
CCDDYu[1,
CCDDYu[2,
ccbbYu[1,
CCDDYu[2,
CCDDYu[2,
CCDDYu[1,
CCDDYu[1,
CCDDYu[2,
CCDDYu[2,
CCDDYu[1,
CCDDYu[2,
CCDDYu[2,
CCDDYu[1,

N B B NNNRFRFKFRNMNEFERNREDNDR

-

ccopYf2[1, 1
ccDDYf2[1, 2
ccopYf2[2, 1
CCDDYF2[1, 2
ccopYf2[2, 1
cCpDYf2[1, 1
CCDDYF2[2, 2
CCDDYF2[2, 2
CCDDYF2[1, 1
cCpDYf2[1, 1
cCDDYF2[2, 2
CCDDYF2[2, 2
CCDDYF2[1, 2
ccoDYf2[2, 1
ccoDYf2[2, 1
CCDDYF2[1, 2

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

1, 1] = DDYuA(*/dcx) + 2 DDYuu (*/dc*) 3
1, 2] = DDYuu (*/dcx*) ;

1, 2] = DDYuu (*/dcx) ;

2, 1] = DDYuu (*/dcx)

2, 1] = DDYuu (+/dc+) ;

2, 2] = DDYuX (x/dcx) 3

1, 1] = DDYuA(*/dcx)

2, 2] = DDYuA (*/dc*) + 2 DDYuu (*/dcx)
1, 2] = DDYuK (*/dcx) 3

2, 1] = DDYuK (*/dc*) ;

2, 1] = -DDYuK(*/dcx*) 3

1, 2] = -DDYuK (x/dcx) 3

1, 1] = -DDYuK (*x/dc*) - DDYUA (*/dcx) ;
1, 1] = -DDYuK (*x/dc*) + DDYUA (*/dcx)
2, 2] = DDYuK (#/dc*) + DDYUA (x/dc#) ;
2, 2] = DDYuK(*/dc*) - DDYUA (*/dcx) ;

b

’

2,

1] = DDYF2X (% /dc*) + 2 DDYf2u (+/dcx) ;
2] = DDYf2u (*/dcx)

2] = DDYf2u (%x/dcx*) 3

1] = DDYf2u (»x/dcx)

1] = DDYf2u (*/dcx) ;

2] = DDYf2x(%x/dcx*) 3

1] = DDYf2A (x/dcx)

2] = DDYF2x (#/dcx) + 2 DDYF2u (x/dc) 3
2] = DDY2K (x/dc) 3

1] = DDYf2K (»/dc*)

1] = —-DDYf2K (%/dcx) ;

2] = -DDYF2K (x/dcx) 3

1] = -DDYF2K (x/dcx) - DDYF2A (x/dcx) ;
1] = -DDYf2K (%/dc*) + DDYF2A (x/dcx) }
2] = DDYf2K (*/dc*) + DDYf2A (x/dcx)
2] = DDYF2K («/dc) - DDYF2A (x/dcx) ;

ppl = Table[{yy[q, w][j1, uulqg, @l [31}, {3, 2}1;
pp2 = Table[{yy[-q, -w][jl, uu[-qg, -@I[jl}, {j, 2}1;
LL = {L1, L2};
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M = Simplify[Table[{{-2 LL[j] * KroneckerDelta[j, 1], I »w * KroneckerDelta[j, 1] +

Sum[CCDDYu[i, j, k, L1 »q[i] xq[k]l, {i, 2}, {k, 2}1},

{-I*w=*KroneckerDelta[j, 1] + Sum[CCDDYu[i, 1, k, jO1 *q[i] »q[k],
{i, 2}, {k, 2}1, ©}}, {3, 2}, {1, 2}]11;

HarmonicExp = Sum[ppl[j].M[j, 11.pp2010, {3, 2}, {1, 2}1;
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kkl = {yy[q, ] [11, yy[d, @]1[2], uu[q, o] [1], uu[qg, @] [2]};

kk2 = {yy[-q, -w][1], yy[-9, -w][2], uu[-q, -w][1], uu[-q, -w][2]};

MM = {{Coefficient[HarmonicExp, yy[q, «][1] ©yy[-q, -] [11],
Coefficient[HarmonicExp, yy[q, «][1] ©yy[-q, -] [21],
Coefficient[HarmonicExp, yy[q, w][1] ~uu[-q, -w][11],
Coefficient[HarmonicExp, yy[q, w] [1] ~uu[-q, -w][2]]1},

{Coefficient[HarmonicExp, yy[q, w][2] ©yy[-9, -w]1[1]],
Coefficient[HarmonicExp, yy[q, w][2] ©YYy[-q, -] [21],
Coefficient[HarmonicExp, yy[q, w][2] ~uu[-q, -] [1]],
Coefficient[HarmonicExp, yy[q, w][2] ~uu[-q, -w][21]1},

{Coefficient[HarmonicExp, uu[q, w][1] ©yy[-9, -w]1[1]],
Coefficient[HarmonicExp, uu[q, w] [1] ©yYy[-9, -] [21],
Coefficient[HarmonicExp, uu[q, w] [1] ~uu[-q, -] [1]],
Coefficient[HarmonicExp, uu[q, w] [1] ~uu[-q, -w] 211},

{Coefficient[HarmonicExp, uu[q, w][2] ©yy[-9, -w][1]],
Coefficient[HarmonicExp, uu[q, w][2] ©YyYy[-9, -] [21],
Coefficient[HarmonicExp, uu[q, w][2] ~uu[-q, -] [1]],
Coefficient[HarmonicExp, uu[q, w][2] ~uu[-q, -w] [2]]1}};

NonLinearl = -Sum[I *yy[q, w][j] * CCODYf2[i, j, k, 1]

q[i] ~pl[k] (q[1l] +p1[1l]) FF[pl, Q1] ~FF[-q-pl, -w-Q1] (1/2) +
(I) ¢¢[pl, Q1] » CCDfpufi, j, k, 11 «p1[i] (p1[j]1+q[j]) *»q[k] *
uulq, 0] 1] * FF[-pl-q, -w-Q1], {1, 2}, {j, 2}, {k, 2}, {1, 2}];
NonLinear2 = -Sum[I *yy[-q, -w][j] » CCDDYf2[i, j, k, 11
(-q[i]) p2[k] (-q[1l] +p2[1]) FF[p2, 2] ~FF[q-p2, 0w -Q2] (1/2) +
(I) ¢¢[p2, Q2] » CCDfPuf[i, j, k, 11 «p2[i] (P2[J] -4qd[j]) » (-q[k]) *
uu[-q, -w][1] * FF[-p2+q, w-Q2], {i, 2}, {j, 2}, {k, 2}, {1, 2}1;

mml = {Coefficient[NonLinearl, yy[q, w][1]], Coefficient[NonLinearl, yy[q, w][2]],

Coefficient[NonLinearl, uu[q, w][1]], Coefficient[NonLinearl, uu[q, w][2]]1};

mm2 = {Coefficient[NonLinear2, yy[-q, -w][11],

Coefficient[NonLinear2, yy[-q, -w][2]], Coefficient[NonLinear2, uu[-q, -w][11],

Coefficient[NonLinear2, uu[-q, -w][2]1};

F4A = Coefficient[ (mml.Inverse[MM].mm2) /2,

FF[pl, Q1] «FF[-q-pl, ~w-Q1] “¢¢[p2, Q2] «FF[-p2+q, w-9Q2]];
F4B = Coefficient[ (mml.Inverse[MM].mm2) /2,

¢¢[pl, Q1] xFF[-pl-q, -~w-Q1] xFF[p2, Q2] xFF[q-p2, w-Q2]];
FAC = Coefficient[ (mml.Inverse[MM].mm2) /2,

¢¢[pl, Q1] «FF[-pl-q, ~w-Q1] x¢¢[p2, Q2] «FF[-p2+q, w-0Q2]];

FAA + Original F4 term

Contraction of two F’s, not allowed to make g=0

F matrix
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uhom = {{ull, ul2}, {u21, u22}};
sigmahom = {{oll, 012}, {021, 022}};
MF[q_, w_] =
{{-2%Df, T«w+Df» (Sum[Sum[BBB[i, j, k, 11 ~q[i] ~q[j] ~q[k] ~q[l], {k, 2},
{1, 2}] +sigmahom[i, j1 ~q[i] ~q[jl, {i, 2}, {3, 2}1)},
{-I%w+Df* (Sum[Sum[BBB[i, j, k, 11 «q[i] «q[j] <q[k] ©q[1l] (*+CC[i,]j,k,Juhom[k,
%), {k, 2}, {1, 2}] + sigmahom[i, jO ~q[i] ©q[j], {i, 2}, {J, 2}1), O}};
F4N = (*WAVE VECTORS HERE NOT SYMMETRIZED=x)
Together [ ((Inverse[MF[-p2+q, -Q2+w]][2, 2] /.
{(-p2+q)[1] » (-p2[1] +q[1]), (-P2+q)[2] » (-p2[2] +q[2])})
((1/2) Sum[2* (-1) » CCDFfF3[i, j, k, 11 (pL[k] (-q[1] -pl[1]))
(*2 ways to contract this diagram«)p2[i] (-p2[j] +9[j1),
{i, 2}, {3, 2}, {k, 2}, {1, 2}1 +4«F4A)) /.
{p1[1] = (-p2[1]), p1[2] = (-p2[2]), Q1 > -Q2, Q2 >0, Q1 » 0}];

F4NIsol = Simplify]|
F4N /. { (*A-0,K-0,%) (xLf>L,*x)L1>L, L2 > L, (xDf-DD,*x)bl -0, b2 » 0,

bf -0, al >0, a2 -0, af -0, p2[1] » p2(**Cos[6]*), p2[2] » O(*p2xSin[6]*),

q[l] > gq*xCos[O6(*x+d*)], q[2] » gq*Sin[6(*+p*)], 0l2 >0, 021 > 0,

022 » o, 0l1 » o, U22 »u, ul2 -0, u2l1 » 0, ull »>u}l;
FANIsoS = FullSimplify[D[F4NIsol, {p2, 2}] /. {p2 > 0}];
F4NIsoB = Simplify[D[F4NIsol, {p2, 4}] /. {p2 > 0}];
NumF4NIsoS = Simplify[Integrate[Numerator [F4NIsoS], {6, 0, 27}]1];
FullF4NIsoS = NumF4NIsoS / Denominator [F4NIsoS];
F4NIsoS1 = FullSimplify[2«m« I (Residue[FullF4NIsoS, {0, i Dfq* (q°x+0)}])];
NumF4NIsoB = Simplify[Integrate[Numerator [F4NIsoB], {6, 0, 27}]1];
FullF4NIsoB = NumF4NIsoB / Denominator [F4NIsoB];
FANISOB1 = 2 » 7+ I (Residue[FullF4NIsoB, {w, i Dfq® (q°x+0)}]);
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F4C
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F4C11l = (F4C /. {Q1 > Q2 -w, p1[1] » (p2[1] -q[1]), p1[2] » (P2[2] -q[2])})};
F4C1 = Together[2 (Inverse[MF[p2-q, Q2 -w]][1, 2] /.
{(P2-4q)[1] » (p2[1] -q[1]), (P2-q)[2] » (P2[2] -q[2])}) * (F4C11)];
F4CIsol = (xFullsx)
Simplify[F4Cl1 /. {Q2>50, L1>L,L2>5L,bl1-50,b2-50, bf>0,al-0,a2-0,
af - 0, p2[1] - p2, p2[2] » 0, q[1] » q*xCos[O(*+d*)], q[2] » q=*Sin[e],
u22 »u, ul2 » 0, ull »u, cll1 » o, 021 - 0, 012 » 0, 022 > o}];
F4CIsoS = Simplify[D[F4CIsol, {p2, 2}] /. {p2 > 0}];
F4CIsoB = Simplify[D[F4CIsol, {p2, 4}] /. {p2 > 0}]};
NumF4CIsoS = Simplify[Integrate[Numerator [F4CIsoS], {6, 0, 27}]1];
FullF4CIsoS = NumF4CIsoS / Denominator [F4CIsoS];
F4CIsoS1 =

i Df » g2 (q2K+o)

Ful'LS'imp'L'ify[Z %= 7% I |Residue [Fu11F4CIsoS, {w, }] + Residue[

1

1 2 2

FullF4CIsoS, {w, _— (1'1 q° (DDYUA (#*A%) + 3DDYuu (**ux)) -Ixq

2 (*xdc *)
~/ (-4 DDYUA % DDYUK (x%A Kx) - 4 (DDYUKA2) (x#K2%) + (DDYUAA2)
(*A2%) +2 (DDYUX % DDYuy) (% A ux) + (DDYuuA2) (*uz*)))}] +
1
ReS'idue[FuU.F4CIsoS, {w, _— (J'l. q° (DDYUA (%#Ax) + 3 DDYUp (#**u*)) +
2 (xxdcx*)

Ixq° 4/ (-4 DDYUA # DDYUK (#*A Kx) - 4 (DDYUK”2) (**K?%) + (DDYuA~2)
(*22%) +2 (DDYUX % DDYuy) (%X px) + (DDYuuA2) (*uz*)))}] ];

F4SFinal = (1/2) (1/ (2% Pi)A3) Simplify[ (F4CIsoS1 + F4ANIsoS1)];
NumF4CIsoB = Simplify[Integrate[Numerator [F4CIsoB], {6, 0, 27}]1];
FullF4CIsoB = NumF4CIsoB / Denominator [F4CIsoB];

F4CIsoBl =

simph'fy[z*m I [Res-idue[Fu'l.'LF4CIsoB, {w, 1Dfq? (4®x+0) }] +

1

Res-idue[FullF4CIsoB, {w, ————— (i g2 (DDYUA(##X%) + 3 DDYup (x#u*)) -
2 (#xdc *)

I%q”+/(-4DDYUA % DDYUK (x*A Kx) - 4 (DDYUK”2) (*+K>x) + (DDYuA"2)
(*2%%) + 2 (DDYUX % DDYup) (% A u%) + (DDYuuA2) (*uz*)))}] +
1

Residue[Fu11F4CIsoB,{w, ————————-(i q° (DDYUA (%%Xx) + 3 DDYUp (**u*)) +

2 (xxdc x)

Ixq° 4/ (-4 DDYUA # DDYUK (#*A Kx) - 4 (DDYUK"2) (**K?%) + (DDYuA~2)
(#2%%) +2 (DDYUX % DDYup) (%X p*) + (DDYuuA2) (*uz*)))}])];

F4BFinal = (1/4!) (1/ (2% Pi)73) Simplify[F4CIsoBl + FANIsoB1];
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Terms to renormalize Cijkl terms

Now contract diagrams together, and locate where they contribute

(*Y1Ul Vertex renormalization:x)
Renormalization of mu

Y1UlTotu =dc* (1/2) (1/ (2% Pi)A3) 2% (1/2) 2%
FullSimplify[ ((((Inverse[MF[p2, Q2]1][1, 2] ~ Inverse[MF[-p2+q, -Q2 +w]]1[2, 2]) /.
{(-p2+q) [1] » (-p2[1] +q[1]), (-P2+q)[2] » (-pP2[2] +q[2])})
(FullSimplify[ ((FullSimplify[FullSimplify[Coefficient[NonLinearl,
yyld, @] [1] < F[pl, Q1] xF[-pl-q, ~w-Q1] ] /.
{bl - 0, DD1 » DD}] « FullSimplify[Coefficient[NonLinear2,
uul-q, -w][1] <« F[-p2+q, w-0Q2] «¢[p2, Q2] ] /. {b1 -0,
DD1 -» DD, bf » 0 (*,Df-DD*)}1]) /. {pl > -p2, Q1 » -Q2}) /.
{(-p2) [1] » (-p2[1]), (-P2) [2] » (-P2[2]1)}])) /.
{021 » 0, 012 » 0, 011 » 0, 022 » 0, Ul2 » 0, Ull »u, U22 >u, q-» p2,
P29, w->92,02 3w, L1>5L,L2>L, af >0, bf->0}) /.
{p2[1] » 0, p2[2] » p2, q[1] » q*Cos[6], q[2] » q=*Sin[6],
Lf - Df}];
DDurenorm = FullSimplify[D[Y1UlTotu, {p2, 2}] /. {pP2 -0, Q2 - 0}]1;
Contu = Integrate[2 » n » I + (Residue[DDurenorm, {w, i Df ¢* (4’ x+0)}]), {6, 0, 27}];

Renormalization of (lambda+2mu)

o= Y1UlTotau =dcx (1/72) (1/ (2%Pi)A3) 2% (1/2) 2
FullSimplify[ ((((Inverse[MF[p2, Q2]1][1, 2] « Inverse[MF[-p2+q, -Q2 +w]]1[2, 2]) /.
{(-p2+q)[1] » (-p2[1] +q[1]), (-P2+(q)[2] » (-p2[2] +q[2])})
(FullSimplify[ ((FullSimplify[FullSimplify[Coefficient[NonLinearl,
yyld, «][1] < F[pl, Q1] xF[-pl-q, ~w-Q1] ] /.
{b1 - 0, DD1 - DD}] » FullSimplify[Coefficient[NonLinear2,
uul-q, -w][1] ~ F[-p2+q, w-Q2] ~¢[p2, Q2] 1 /. {b1 >0,
DD1 - DD, bf - 0 (%,Df-DD%)3}1]) /. {p1-> -p2, Q1 » -Q2}) /.
{(-p2) [1] » (-p2[1]), (-P2) [2] » (-P2[2]1)}1)) /.
{021 » 0, 012 » 0, 011 » 0, 022 » 0, Ul2 » O, ull » u, U22 »u, q - p2,
P2-q, w->92, 02w, L1 5L, L25L, af >0, bf>0}) /.
{p2[1] -» p2, p2[2] » 0, q[1] » qxCos[O], q[2] » q=*Sin[6],
Lf - Df}];
DDAprenorm = FullSimplify[D[Y1UlTotau, {p2, 2}] /. {p2 >0, Q2 » 0}];
Contau =
Integrate[2« 7 » I » (Residue[DDaurenorm, {w, i q? Df (q2x+a)}]) » {8, 0, 27}];

Renormalization of A
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n7- Y1UlTotA=dc* (1/2) (1/ (2%Pi)A3) %2 (1/2) 2%
FullSimplify[ ((((Inverse[MF[p2, Q2]1][1, 2] ~ Inverse[MF[-p2+q, -Q2 +w]]1[2, 2]) /.
{(-p2+q)[1] » (-p2[1] +q[1]), (-P2+q)[2] » (-p2[2] +q[2])})
(FullSimplify[ ((FullSimplify[FullSimplify[Coefficient[NonLinearl,
yyl[d, @] [1] < F[pl, Q1] xF[-pl-q, ~w-Q1] ] /.
{b1 - 0, DD1 » DD}] » FullSimplify[Coefficient[NonLinear2,
uul-q, -w] [1] «F[-p2+q, w-0Q2] x¢[p2, Q2] ] /. {b1 -0,
DD1 -» DD, bf » 0 (% ,Df-DD*)}1]) /. {pl > -p2, Q1 » -Q2}) /.
{(-p2) [1] » (-p2[1]), (-P2) [2] » (-P2[2]1)}])) /.
{021 » 0, 012 » 0, 0l1l1l » 0, 022 » 0, Ul2 » 0, ull »u, u22 >u, q-» p2,
pP2-q,w->92,02-sw, L1>5L,L2>L, af >0, bf>0}) /.
{p2[1] » p1, p2[2] » p2, q[1] » q=*Cos[6], q[2] » g« Sin[e],
Lf -» Df}];
DDArenorm = 2 x* FullSimplify[D[Y1UlTotA, {pl, 1}, {p2, 1}]1 /. {p1 >0, p2 50, Q2 - 0}];
ContA = Integrate[2 + n I + (Residue[DDArenorm, {w, i Df q* (q’x+ o) }]), {6, 0, 27}];

Renormalization of K

o= Y1U2TotK =dc* (1/2) (1/ (2% Pi)A3) 2% (1/2) 2%
FullSimplify[ ((((Inverse[MF[p2, Q2]1][1, 2] ~ Inverse[MF[-p2+q, -Q2 +w]]1[2, 2]) /.
{(-p2+q)[1] » (-p2[1] +q[1]), (-P2+q)[2] » (-p2[2] +q[2])})
FullSimplify[ ((FullSimplify[FullSimplify[Coefficient[NonLinearl,
yyl[q, w][1] « F[pl, Q1] «F[-pl-g, ~-w-Q1]] /. {bl > 0, DD1 -» DD}]
FullSimplify[Coefficient[NonLinear2, uu[-q, -w][2] < F[-p2+q, w -
Q2] < ¢[p2, Q2]] /. {b1 > 0, DD1 -» DD, bf -» @ (%x,Df->DDx)3}]1) /.
{pl->-p2, Ql » -Q2}) /. {(-p2) [1] » (-p2[1]), (-P2) [2] » (-P2[2])}]) /.
{021 » 0, 012 » 0, 0l1l1l » 0, 022 » 0, Ul2 » 0, ull »u, u22 >u, q-» p2,
pP2-q,w->92,02sw, L1 5L, L2>L, af >0, bf >0}) /.
{p2[1] -» p2, p2[2] » 0, q[1] » gq*xCos[O], q[2] » q*Sin[6],
Lf -» Df}];
DDKrenorm = FullSimplify[D[Y1U2TotK, {p2, 2}] /. {p2 -0, Q2 - 0}];
ContK = Integrate[2 + n+ I + (Residue[DDKrenorm, {w, i +Df q* (q’x+0)}]), {6, 0, 27}];

Renormalize Cijkl ufphi Via Effective F4 Diagram

(*Dont dinclude effective slim fish diagramsx)

(*The diagrams in this entry have been -ignored due to the
fact that they are not 1-PI or that they are lower order in d_cx)
(*F4UFFContributionAB2=
Together [ ((xwide fishx)-2(xfactor of two for switching f's aroundx)
(1/2) (x»factor from second order Taylor expansionsx) s
Inverse[MF[pl,Q1]1]1[1,2] (xpropagator of phi(pl)f(-pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=*))/.
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{(p1+q) [1]1->(p1[11+q[1]), (p1+q) [2]1~»(p1[2]+q[2])})
(FullSimplify[Coefficient[NonLinearl,uu[q,w] [1]F[-pl-q,-w-Q1]¢[pl,Q1]]]
(xCoefficient of ul(q) f(-pl-q) phi(pl) vertexx))=x
(2% ((((F4A/.{pl[1]-p1l[1]+p[1],pl[2]-pl[2]+p[2],Q1-Q1+P})/.
{q[1]-p1[1]+p2[1],q[2]-p1l[2]+p2[2],w-Q1+Q2})/.{p2[1]~>-p2[1],
p2[2]--p2[2],92--Q2,p1[1]>»-p1[1],pl[2]~>-p1l[2],Q1-»-Q1})/.
{p[1]122%pl[1]+q[1],0[2]-24p1l[2]+q[2],P>2Ql+w})
(*+(F4B/.{p1[1]-p2[1],p1[2]->p2[2],Q1-02,q[1]>-q[1],q[2]>-q[2] ,w>-w})*)))/
{01250,021-0,011-50,022-0,L1-L,L2L}];
FAUFFContributionAB3=
Together [ ((*»wide fishx)-2(xfactor of two for switching f's aroundx)
(1/2) (»factor from second order Taylor expansionsx)x*
Inverse[MF[pl,Q1]1]1[1,2] (xpropagator of phi(pl)f(-pl)=*)=
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl)=x))/.
{(p1+q) [1]1>(p1[1]+q[1]),(p1+q) [2]~>(P1[2]+q[2])})
(FullSimplify[Coefficient[NonLinearl,uu[q,w] [1]F[-pl-g,-w-Q1]1¢[pl,Q1]]]
(xCoefficient of ul(q) f(-pl-q) phi(pl) vertexx))x
(2% ((((F4A/.{pl[1]-p1[1]+p[1],pl[2]-pl[2]+0[2],Q1Q1+P}) /.
{q[1]-p1[1]1+p2[1]+q[1],q[2]-»p1[2]+p2[2]+q[2],w-Q1+Q2+w})/.{pP2[1]~>
-p2[1],p2[2]-»-p2[2],Q25-Q2})/.{p[1]1>-2%p1[1l],p[2]>-2%p1[2],P>-2Ql})
(*+(F4B/.{p1[1]-p2[1],p1[2]-p2[2],Q1-02,q[1]>-q[1],q[2]>-q[2] ,w>-w})*)))/
{012-0,021-50,011»0,022-»0,L1-L,L2-5L}] ;%)
(¥*Dont dinclude effective slim fish diagramsx)
(x*F4UFFContributionCl=Together |
2% ((*slim fishx)-dcx2 (xfactor of two for switching different ends aroundx)
(1/2) (xcoefficient of phifr2 fA2 vertex extractedsx)
(1/2) (x»factor from second order Taylor expansionsx) s
(Inverse[MF[p1,Q1]]1[1,2] (xpropagator of phi(pl)f(-pl)=)x*
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of phi(pl+q)f(-pl)=))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])}))
(-2 Df((A+2 p) p1l[1] q[1] (p1l[1]+q[1])+(A-K) p1l[2] q[1l] (pl[1l]+q[1])+
K p1[1] (p1[1]+q[1]) q[2]+p pl[2] (pl[1]+q[1]) q[2]-
(A+K) p1[1] q[1] (pl[2]+q[2])+A p1l[2] q[1] (pl[2]+q[2])+
u pl[1l] q[2] (pl[2]1+q[2])-K pl[2] q[2] (p1l[2]1+q[2]))
(xCoefficient of ul(q) f(-pl-q) phi(pl) vertexx))=x
((F4C/.{q[1]->-q[1],9[2]~»-q[2] ,w>-w,pP2[1]>-p2[1],p2[2]~>-p2[2],Q2>-Q2})/.
{p1l[1]-p1l[1]1+q[1l],pl[2]->p1[2]+q9[2],R1-5Q1+w}))/.
{012-0,021-50,011»0,022-»0,L1-L,L25L}] ;%)
(*FAUFFContributionC2=
Together [ (((*wide fishx)-2(xfactor of two for switching different ends aroundx) x
(1/2) (»factor from second order Taylor expansionsx)x
Inverse[MF[pl,Q1]1][1,2] (xpropagator of phi(pl)f(-pl)=*)=
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of phi(pl+q)f(-pl)x))/.
{(p1+q) [1]1->(p1[1]1+q[1]), (p1+q) [2]1>(p1[2]+q[2])})
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(FullSimplify[Coefficient[NonLinearl,uu[q,w] [1]F[-pl-g,-w-Q1]1¢[pl,Q1]1]]
(xCoefficient of ul(q) f(-pl-q) phi(pl) vertexx))=*
(((((F4C/.{pl[1]-p1[1]+p[1],p1[2]»p1l[2]+p[2],Q1-Q1l+P,p2[1]»p2[1]+&[1],
P2[2]1-p2[2]+8[2],Q92-0Q2+Z})/.{q[1]->(-(P1[1]+q[1]-p2[1])),
ql2]->(-(P1[2]1+q[2]-p2[2])) 0> (- (Q1+w-Q2))}))/.
{p[1]1~>9q[1],p[2]~q[2] ,P>w,E[1]>-q[1],8[2]>-q[2],Z~>-w}) (*+(F4B/.
{p1[1]-p2[1],pl[2]-p2[2],Q1-02,q[1]>-q[1],q[2]>-q[2],w>-w})*))))/.
{01250,021-50,011»0,022»0,L1->L,L2-L}] ;%)
(*FAUFFContributionC2=
Together [ (((*»wide fishx)-2(xfactor of two for switching different ends aroundx)
(1/2) (x»factor from second order Taylor expansionsx)x
Inverse[MF[pl,01]1][1,2] (xpropagator of phi(pl)f(-pl)=*)=
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of phi(pl+q)f(-pl)=))/.
{(p1+q) [1]1->(p1[11+q[1]), (p1+q) [2]1~»(p1[2]+q[2])})
(FullSimplify[Coefficient[NonLinearl,uu[q,w] [1]F[-pl-g,-w-Q1]¢[pl,Q1]]]
(»Coefficient of ul(q) f(-pl-q) phi(pl) vertexx))=*
((((F4C/.{pl[1]-pl[1]+p[1],pl[2]-pl[2]+p[2],Q1-Q1+P}) /.
{q[1]-p1[1]+p2[1],q[2]-p1l[2]+p2[2],w-Q1+Q2})/.{p2[1]~>-p2[1],
p2[2]--p2[2],92-02,p1[1]>»-p1[1],pl[2]~>-p1l[2],Q1-»-Q1})/.
{p[1]-2%p1[1]+q[l],p[2]-2%p1l[2]+q[2],P>2Q1l+w})))/.
{01250,021-50,011»0,022-»0,L1->L,L2-L}] ;%)
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mn-1- (*Diagrams in this entry with a zero in front
have been -{ignored because they are lower order in d_cx)
FAUFFContribution0G =
dc* (1/dc) ((*slim fishx)-dc* (2) (xfactor due to the fact this is a cross
term in second order Taylor expansionx) x2(xfactor of two for switching
f's aroundx) = (1/2) (xcoefficient of phi fA3 vertex extractedsx) =
(1/2) (xfactor from second order Taylor expansionx) =
Inverse[MF[pl, Q1]]1[1, 2] (xpropagator of phi(pl)f(-pl)=*) =
((Inverse[MF[pl+q, Ql+w]][2, 2] (xpropagator of f(pl+q)f(-pl)=x)) /.
{(p1+q)[1] » (P1[1] +q[1]), (P1+Qq)[2] » (P1[2] +q[2])})
(FullSimplify[Coefficient[NonLinearl, uu[q, w][1] <« F[-pl-g, -w-Q1]
¢[pl, Q1]1]] (xCoefficient of ul(q) f(-pl-q) phi(pl) vertexsx)

(xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)

((Sum[ (-1) CCDfPFf3[i, j, k, 1] *p2[i] * (p1[k] +q[k]) *

(-P1[1]) = (P2[j]1 -qljl), {1, 2}, {3, 2}, {k, 2}, {1, 2}1))) -
(*»wide fishx)0x (2) *2% (1/2) » (1/2) *Inverse[MF[pl, Q1]][1, 2] *
((Inverse[MF[pl+q, Q1 +w]][2, 2]) /.

{(P1+q)[1] » (p1l[1] +q[1]), (Pl+q)[2] » (P1[2] +q[2])}) (FullSimplify|
Coefficient[NonLinearl, uu[q, w][1] «F[-pl-q, -w-Q1] ¢ [pl, Q1]]]

(xCoefficient of phi(-p2) f(-pl) --- f(pl+q) f(p2-q)) vertexx)

((Sum[(-1) CCDFfPf3[i, j, k, 11 * (pP2[1] -q[l]) » (p1[K] +q[K]) *

(-p1[31) = (P2[11), {1, 2}, {J, 2}, {k, 2}, {1, 2}1))) -
(*»wide fishx)0x (2) *2% (1/2) » (1/2) *xInverse[MF[pl, Q1]][1, 2] *
((Inverse[MF[pl+q, Q1 +w]][2, 2]) /.

{(P1+q)[1] » (p1l[1] +q[1]), (Pl+q)[2] » (p1[2] +q[2])}) (FullSimplify[
Coefficient[NonLinearl, uu[q, w][1] ~F[-pl-q, -w-Q1] ¢ [pl, Q1]]]
(xCoefficient of phi(-p2) f(pl+q)--- f(-pl) f(p2-q)) vertexx)

((Sum[(-1) CCDFfPf3[i, j, k, LI * (p2[i]) » (P1[j] +q[j]) *

(-p1[k]) = (P2[1] -q[l]), {i, 2}, {j, 2}, {k, 2}, {1, 2}1)))) /.
{012 >0, 021 » 0, 011 >0, 02250, L1 5L, L2 > L};

Inf+ J:= (*Renormalization of A+2ux)

1= F4AUFFContributionC2gp2squared =
Together[((1/2) D[ (F4AUFFContributionC2 /. {p1[1] -» pl*Cos[6], pl[2] » pl*Sin[6],
Q2-50, w->0, p2[1] » p2, p2[2] - 0, q[1] »q, q[2] » 0}),
{9, 1}, {p2, 2}1 /. {9>0, p2-50})1];
F4UFFContribution0Ggp2squared =
Simplify[Together[((1/2) D[ (F4UFFContribution0G /. {Q2 >0, w-» 0,
p2[1] » p2, p2[2] - 0, q[1] » q, q[2] - 0}), {9, 1}, {p2, 2}] /.
{q> 0, p2-50}) /. {p1l[1] » plxCos[6], p1[2] » p1l*xSin[6]1}]];
F4UFFContributionAB2qp2squared =
Simplify[Together[((1/2) D[ (FAUFFContributionAB2 /.
{pl[1] » pl*Cos[e], p1[2] » p1l*xSin[6], Q2 50, w > 0, p2[1] » p2,
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p2[2] - 0, q[1] »q, q[2] - 0}), {q, 1}, {p2, 2}]1 /. {90, p2-0})11;
F4UFFContributionAB3qgp2squared =
Simplify[Together[((1/2) D[ (FAUFFContributionAB3 /.
{pl[1] » pl*xCos[6], p1[2] » p1l*xSin[6], Q2 50, w > 0, p2[1] » p2,
p2[2] » 0, q[1] »q, q[2] » 0}), {q, 1}, {P2, 2}] /. {90, p2->0})]];
NumF4UFFContributionOGqp2squared =
Simplify[Integrate[Numerator [F4AUFFContribution0OGqp2squared], {6, 0, 2 7x}11;
NumF4UFFContributionAB2qp2squared =
Simplify[Integrate[Numerator [F4AUFFContributionAB2gp2squared], {6, 0, 27}]1];
NumF4UFFContributionAB3qgp2squared =
Simplify[Integrate[Numerator [F4UFFContributionAB3gp2squared], {6, 0, 27}]]}
NumF4UFFContributionC2qp2squared =
Simplify[Integrate[Numerator [F4UFFContributionC2qp2squared], {6, 0, 27}11;
FullF4UFFContribution0Ggp2squared = NumF4UFFContribution0Ggp2squared /
Simplify[Denominator [F4AUFFContributionOGqp2squared]];
FullF4UFFContributionAB2qgp2squared = NumF4UFFContributionAB2qp2squared /
Simplify[Denominator [FAUFFContributionAB2gp2squared]];
FullF4UFFContributionAB3qp2squared = NumF4UFFContributionAB3qp2squared /
Simplify[Denominator [FAUFFContributionAB3gp2squared]];
FullF4UFFContributionC2qp2squared = NumF4UFFContributionC2gp2squared /
Simplify[Denominator [F4UFFContributionC2qp2squared]];
FUullF4UFFContributionOGqp2squaredRes =
27 I (Residue[FullF4UFFContribution0Ggp2squared, {1, i Df * p1? (p1% x + o) H)s
FullF4UFFContributionAB2qp2squaredRes =

2xm*x L« [ReS'idue [FULlF4UFFContributionAB2gp2squared, {@1, i Df « p1? (pl2 x+o)}]+

Residue|FullF4UFFContributionAB2gqp2squared, {Ql DDYux p12 + 3 DDYuu
b b

2 (*dcx) + (

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYux? - 2 DDYu DDYuy - DDYup? plz) }] +

1
Residue [Fu11F4UFFContr"i butionAB2qgp2squared, {Ql, (i DDYux p1? + 3 i DDYupu

2 (*dcx)

p1? + \/4 DDYuA DDYuK + 4 DDYuK? - DDYu? - 2 DDYuA DDYuy - DDYuy? plz) }]] ;

FullF4UFFContributionAB3gp2squaredRes =
2%mx L% [Residue [FULlF4UFFContributionAB3qgp2squared, {1, i Df + p1® (p1®x+0)}] +

1
Residue [Fu'L'LF4UFFContr'i butionAB3qp2squared, {91, i (DDYu)L p12 + 3 DDYuu

2 (*dcx)

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuyu - DDYup? p12) }] +

Residue [Fu11F4UFFContr'i butionAB3gp2squared, {91, (i DDYux p1? + 3 i DDYuu

2 (*dcx)
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In[]:=

In[+]:=

In[ ]:=

pl? + \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuX DDYuy - DDYup? plz) }]] ;

FUullF4UFFContributionC2gp2squaredRes =

2xm*x L« [ReS'idue [FULlF4UFFContributionC2qp2squared, {Q1, i Df « p12 (pl2 x+o)}]+

Residue [Fu11F4UFFContr'i butionC2qgp2squared, {Ql , DDYux p1? + 3 DDYuu

2 (*dcx) * (

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYux? - 2 DDYu DDYuu - DDYup? p12) }] +

1
Residue [Fu11F4UFFContr"i butionC2qgp2squared, {Ql , (1'1 DDYux p1? + 3 i DDYuy

2 (*dcx)

p1? + \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYu DDYuy - DDYuy? plz) }]] ;

ContDfau = (1/ (2 x) A3) (-FullF4UFFContributionOGqp2squaredRes +
2 * ((FUllF4UFFContributionAB2qp2squaredRes +
FullF4UFFContributionAB3gp2squaredRes) +
FullF4UFFContributionC2qp2squaredRes)) ;

ContDfau = (1/ (2 x) A3) (-FullF4UFFContributionOGgqp2squaredRes) ;

(*Renormalization of ux)

F4UFFContributionC2gsquaredp2 =
Together[((1/2) D[ (F4AUFFContributionC2 /. {p1[1] -» pl*Cos[6], pl[2] » pl*Sin[e],
Q2 50, w-»0, p2[1] » p2, p2[2] » 0, q[1] » 0, q[2] » q}),
{a, 2}, {p2, 1}] /. {90, p2->0})];
F4UFFContributionOGgsquaredp2 =
Simplify[Together[((1/2) D[ (FAUFFContribution0G /. {Q2 >0, w - 0,
p2[1] » p2, p2[2] » 0, q[1] » 0, q[2] »q}), {4, 2}, {P2, 1}] /.
{q-0, p2-50}) /. {pl[1] » plxCos[6], p1[2] » pl*Sin[6]}]];
FAUFFContributionAB2qsquaredp2 =
Simplify[Together[((1/2) D[ (FAUFFContributionAB2 /.
{p1l[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q2 >0, w > 0, p2[1] » p2,
p2[2] - 0, q[1] » 0, q[2] » q}), {9, 2}, {p2, 1}]1 /. {90, p2-0})11;
F4UFFContributionAB3qsquaredp2 =
Simplify[Together[((1/2) D[ (FAUFFContributionAB3 /.
{pl[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q2 50, w > 0, p2[1] » p2,
p2[2] - 0, q[1] » 0, q[2] - q}), {9, 2}, {p2, 1}]1 /. {90, p2->0})]11;
NumF4UFFContributionOGqsquaredp2 =
Simplify[Integrate[Numerator [F4AUFFContribution0Gqsquaredp2], {6, 0, 27}11;
NumF4UFFContributionAB2qsquaredp2 =
Simplify[Integrate[Numerator [F4UFFContributionAB2gsquaredp2], {6, 0, 27}]1];
NumF4UFFContributionAB3qsquaredp2 =
Simplify[Integrate[Numerator [F4UFFContributionAB3qsquaredp2], {6, 0, 27}]];
NumF4UFFContributionC2qsquaredp2 =
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Simplify[Integrate[Numerator [F4UFFContributionC2gqsquaredp2], {6, 0, 27}]1];
FullF4UFFContributionOGqsquaredp2 = NumF4UFFContributionOGgsquaredp2 /
Simplify[Denominator [FAUFFContributionOGqsquaredp2]];
FullF4UFFContributionAB2qsquaredp2 = NumF4UFFContributionAB2qsquaredp2 /
Simplify[Denominator [F4AUFFContributionAB2qgsquaredp2]];
FullF4UFFContributionAB3qsquaredp2 = NumF4UFFContributionAB3qsquaredp2 /
Simplify[Denominator [FAUFFContributionAB3qsquaredp2]];
FullF4UFFContributionC2gqsquaredp2 = NumF4UFFContributionC2qgsquaredp2 /
Simplify[Denominator [FAUFFContributionC2qsquaredp2]];
FullF4UFFContributionOGqsquaredp2Res =
2% 7% I« (Residue[FullF4UFFContribution0Ggsquaredp2, {Q1, i Df x p1? (p1®x+0)}]);
FullF4UFFContributionAB2qgsquaredp2Res =

2%mx L% [Residue [FULlF4UFFContributionAB2qsquaredp2, {al, i Df + p1® (p1°x+0)}] +

Residue [Fu'L'LF4UFFContr1' butionAB2qsquaredp2, {91, DDYuA p12 + 3 DDYuu

el
2 (*xdcx)

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuyu - DDYup? p12) }] +

Residue [Fu'LlF4UFFContr'i butionAB2gsquaredp2, {Ql, (i DDYux p1? + 3 i DDYuu

2 (*dcx)

p12 + /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYUA DDYuy - DDYuy? p12) }]] ;

FullF4UFFContributionAB3qgsquaredp2Res =
2x7mxIx [Res-idue [FULlF4UFFContributionAB3qsquaredp2, {1, i Df » p1? (p1®x+o0)}] +

1
Residue [Fu'LlF4UFFContr'i butionAB3qsquaredp2, {Ql, i (DDYu)L p1? + 3 DDYuu

2 (#dcx)

P12 + i /4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuy - DDYuy? p12) }] +

Residue [Fu'L'LF4UFFContr1' butionAB3qgsquaredp2, {91, (:‘1 DDYux p12 + 3 i DDYuy

2 (xdcx)

p12 + 4/4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuy - DDYuy? p12) }]] ;

FullF4UFFContributionC2qsquaredp2Res =

2x7mxIx [Residue [FULlF4UFFContributionC2qsquaredp2, {Q1, i Df + p1? (p1®x+o)}] +

Residue [Fu11F4UFFContr"i butionC2qsquaredp2, {Ql , DDYuX p1? + 3 DDYuu

2 (*dcx) i(

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYu DDYuy - DDYup? plz) }] +

1
Residue [FullF4UFFContr‘i butionC2gsquaredp2, {Ql , (1'1 DDYux p1? + 3 i DDYup

2 (xdcx)
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pl? + \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuX DDYuy - DDYup? plz) }]] ;

(xContDfu=(1/ (2x) A3) (-FUllF4UFFContribution0Gqsquaredp2Res+
2% ((FULlF4UFFContributionAB2qsquaredp2Res+
FullF4UFFContributionAB3qsquaredp2Res) +
FUullF4UFFContributionC2gsquaredp2Res)) ;)
ContDfu = (1/ (2 7)) *3) (-FullF4UFFContributionOGqsquaredp2Res) ;

Infe = (*Renormalization of Kx)

1= F4AUFFContributionC2gsquaredp2kK =
Together [ ((1/2) D[ (F4AUFFContributionC2 /. {p1[1] -» pl*Cos[6], pl[2] » pl*Sin[e],
Q2 50, w-»0, p2[1] » p2, p2[2] » 0, q[1] » 0, q[2] »q}),
{q, 1}, {p2, 2}] /. {90, p2->0})];
F4UFFContributionOGgsquaredp2K =
Simplify[Together[((1/2) D[ (FAUFFContribution0G /. {Q2 >0, w - 0,
p2[1] » p2, p2[2] » 0, q[1] » 0, q[2] »q}), {9, 1}, {P2, 2}] /.
{q-0, p2-50}) /. {pl[1] - plxCos[6], p1[2] » pl*Sin[6]}]];
FAUFFContributionAB2qsquaredp2K =
Simplify[Together[((1/2) D[ (FAUFFContributionAB2 /.
{p1l[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q2 >0, w > 0, p2[1] » p2,
p2[2] » 0, q[1] » 0, q[2] »q}), {9, 1}, {pP2, 2}]1 /. {90, p2-0})11;
F4UFFContributionAB3qsquaredp2K =
Simplify[Together[((1/2) D[ (FAUFFContributionAB3 /.
{pl[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q2 50, w > 0, p2[1] » p2,
p2[2] - 0, q[1] » 0, q[2] - q}), {9, 1}, {p2, 2}]1 /. {90, p2-0})11;
NumF4UFFContributionOGqsquaredp2K =
Simplify[Integrate[Numerator [F4UFFContribution0Gqsquaredp2K], {6, 0, 27}1];
NumF4UFFContributionAB2qsquaredp2K =
Simplify[Integrate[Numerator [FAUFFContributionAB2gqsquaredp2K], {6, 0, 27}]1];
NumF4UFFContributionAB3qgsquaredp2kK =
Simplify[Integrate[Numerator [F4UFFContributionAB3qsquaredp2K], {6, 0, 27}]];
NumF4UFFContributionC2qsquaredp2K =
Simplify[Integrate[Numerator [F4UFFContributionC2qsquaredp2K], {6, 0, 27}1];
FullF4UFFContribution0Gqsquaredp2K = NumF4UFFContribution0OGqsquaredp2K /
Simplify[Denominator [F4AUFFContributionOGqsquaredp2K]];
FullF4UFFContributionAB2qgsquaredp2K = NumF4UFFContributionAB2qsquaredp2K /
Simplify[Denominator [FAUFFContributionAB2gsquaredp2K]];
FullF4UFFContributionAB3qsquaredp2K = NumF4UFFContributionAB3qsquaredp2K /
Simplify[Denominator [FAUFFContributionAB3qsquaredp2K]];
FullF4UFFContributionC2qsquaredp2K = NumF4UFFContributionC2qsquaredp2K /
Simplify[Denominator [F4AUFFContributionC2qsquaredp2K]];
FullF4UFFContributionOGqsquaredp2ResK =
2«7 I» (Residue[FullF4UFFContribution0Ggsquaredp2K, {a1, i Df « p1? (p1% x + o) H)s



MathematicaOddThesis.nb | 17

FullF4UFFContributionAB2gsquaredp2ResK =

2%mx L% [Residue [FULlF4UFFContributionAB2qsquaredp2K, {Ql1, i Df x p1® (p1®x+0o)}] +

Residue [Ful'l FAUFFContributionAB2qsquaredp2kK,
1

{91, — i (DDYu)L p12 + 3 DDYuu p12 +
2 (xdcx)

i /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYu DDYuy - DDYup? p12) }] + Residue[

FullF4UFFContributionAB2qsquaredp2kK, {91, (1'1 DDYux p1? + 3 4 DDYuu p1? +

2 (xdcx)

«/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYu DDYuy - DDYup? p12) }] ] ;

FullF4UFFContributionAB3qsquaredp2ResK =

2xm*x L« [ReS'idue [FULlF4UFFContributionAB3qgsquaredp2K, {1, i Df * p12 (pl2 x+o)}]+

Residue [Fu11F4UFFContr'i butionAB3gsquaredp2kK,
1

{91, — i (DDYu)L p1? + 3 DDYuy p1% +
2 (#dcx)

i /4 DDYUA DDYuK + 4 DDYUK? - DDYuA? - 2 DDYuA DDYuy - DDYup? p12) }] + Residue|

FullF4UFFContributionAB3qsquaredp2K, {91, (1'1 DDYux p1? + 3 4 DDYuu p1? +

2 (*dcx)

\/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYu DDYuy - DDYup? plz) }] ] 3

FullF4UFFContributionC2qsquaredp2ResK =

2x7mxI % [Residue [FULlF4UFFContributionC2qsquaredp2K, {1, i Df x p1? (p1®x+0)}] +

Residue [FullF4UFFContr‘i butionC2qsquaredp2K, Jin, DDYux p1? + 3 DDYuu

2 (*dcx) j(

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYu2? - 2 DDYu DDYuy - DDYup? plz) }] +

1
Residue [FullF4UFFContr‘i butionC2gsquaredp2kK, {Ql, (J‘L DDYux p1? + 3 i DDYupu

2 (*dcx)

pl? + \/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYux DDYuy - DDYup? p12) }]] 3

(*ContDfK=(1/ (27x) A3) (-FUullF4UFFContribution0Gqsquaredp2ResK+
2% ( (FUL1F4UFFContributionAB2qgsquaredp2ResK+
FullF4UFFContributionAB3qsquaredp2ResK) +
FullF4UFFContributionC2gqsquaredp2ReskK)) ;*)
ContDfK = (1/ (2 xw) #3) (-FullF4UFFContribution0Ggsquaredp2ResK) ;

(*Renormalization of A-K Changed the differentiation frequency of q and p2 here and Chang

1= FAUFFContributionC2qsquaredp2AK =
Together [ ((1/2) D[ (F4AUFFContributionC2 /. {p1[1] -» pl*Cos[6], pl[2] » pl*Sin[e],
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Q2 -0, w-»0, p2[1] » 0, p2[2] » p2, q[1] » g9, q[2] » 0}),
{a, 2}, {p2, 1}] /. {90, p2->0})];
F4UFFContribution0Ggsquaredp2AK =
Simplify[Together[((1/2) D[ (F4AUFFContribution0G /. {Q2 -0, w > 0,
p2[1] » 0, p2[2] » p2, q[1] » q, q[2] » 0}), {4, 2}, {p2, 1}] /.
{90, p2-50}) /. {pl[1] » plxCos[6], p1[2] » pl*Sin[6]}]];
F4UFFContributionAB2qsquaredp2AK =
Simplify[Together[((1/2) D[ (FAUFFContributionAB2 /.
{p1[1] » plxCos[6], p1[2] » pl*Sin[6], Q2 >0, w > 0, p2[1] » O,
p2[2] » p2, q[1] »q, q[2] » 0}), {9, 2}, {p2, 1}] /. {90, p2->0})]1;
FAUFFContributionAB3qsquaredp2AK =
Simplify[Together[((1/2) D[ (FAUFFContributionAB3 /.
{p1l[1] » pl*xCos[6], p1[2] » pl*Sin[6], Q2 50, w > 0, p2[1] » O,
p2[2] »p2, q[1] »q, q[2] » 0}), {q, 2}, {p2, 1}]1 /. {q->0, p2>0})11];
NumF4UFFContribution0Gqsquaredp2AK =
Simplify[Integrate[Numerator [FAUFFContribution0Gqsquaredp2AK], {6, 0, 27}]];
NumF4UFFContributionAB2qgsquaredp2AK =
Simplify[Integrate[Numerator [FAUFFContributionAB2gsquaredp2AK], {6, 0, 27}]1];
NumF4UFFContributionAB3qsquaredp2AK =
Simplify[Integrate[Numerator [FAUFFContributionAB3qgsquaredp2AK], {6, 0, 2 7}11;
NumF4UFFContributionC2qsquaredp2AK =
Simplify[Integrate[Numerator [FAUFFContributionC2qsquaredp2AK], {6, 0, 27}]];
FullF4UFFContribution0Gqsquaredp2AK = NumF4UFFContribution0Gqsquaredp2AK /
Simplify[Denominator [FAUFFContribution0Gqsquaredp2AK]];
FullF4UFFContributionAB2qsquaredp2AK = NumF4UFFContributionAB2qsquaredp2AK /
Simplify[Denominator [FAUFFContributionAB2gsquaredp2AK]];
FullF4UFFContributionAB3qsquaredp2AK = NumF4UFFContributionAB3qsquaredp2AK /
Simplify[Denominator [F4AUFFContributionAB3qsquaredp2AK]];
FullF4UFFContributionC2qsquaredp2AK = NumF4UFFContributionC2qsquaredp2AK /
Simplify[Denominator [FAUFFContributionC2qsquaredp2AK]];
FullF4UFFContributionOGqsquaredp2ResAK = 2 x st » I «
(Residue [FullF4UFFContribution0Ggqsquaredp2AK, {o1, i Df «p1® (p1°x+0)}]);
FullF4UFFContributionAB2qsquaredp2ResAK =

2xmxLx [Res-idue [FULlF4UFFContributionAB2qsquaredp2AK, {Q1, i Df + p1? (p1®x+0o)}] +

Residue [Full FAUFFContributionAB2gqsquaredp2AK,
1

{91, - i (DDYu)L p12 + 3 DDYuy p1? +
2 (xdcx)

i /4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYu DDYuy - DDYup? p12) }] + Residue[

1
FullF4UFFContributionAB2qsquaredp2AK, {91, (i DDYux p1? + 3 & DDYuu p1? +

2 (*dcx)
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\/4 DDYuA DDYuK + 4 DDYuK? - DDYu? - 2 DDYu DDYuy - DDYup? plz) }] ] ;

FUullF4UFFContributionAB3qsquaredp2ResAK =

2xm*x L« [ReS'idue [FULLF4UFFContributionAB3gsquaredp2AK, {Ql, i Df « p1? (pl2 x+0o)}]+

Residue [Fu11F4UFFContr'i butionAB3qgsquaredp2AK,
1

{91, i (DDYu)L p1? + 3 DDYuy p1? +
2 (xdcx)

i /4 DDYUA DDYuK + 4 DDYUK? - DDYuA? - 2 DDYuA DDYuy - DDYup? plz) }] + Res-idue[

FullF4UFFContributionAB3qsquaredp2AK, {91, (i DDYux pl1? + 3 4 DDYuu p12 +

2 (*dcx)

\/4 DDYuA DDYuK + 4 DDYuK? - DDYuA® - 2 DDYuX DDYuy - DDYuy? plz) }] ] 3

FullF4UFFContributionC2qsquaredp2ResAK =

2x7mxIx [Residue [FULlF4UFFContributionC2qsquaredp2AK, {1, i Df xp1® (p1®x+o0)}] +

Residue [Full F4AUFFContributionC2gsquaredp2AK,
1

{91, i (DDYu)L p12 + 3 DDYup p1? +
2 (xdcx)

i /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYu DDYuy - DDYup? p12) }] + Residue[

FullF4UFFContributionC2gqsquaredp2AK, {91, (i DDYux p1? + 3 4 DDYuu p12 +

2 (*dcx)

\/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYu DDYuy - DDYuy? plz) }] ] ;

ContDfAK = (1/ (2 7) A3) (-FullF4UFFContribution0OGgsquaredp2ResAK +
2 * ((FUllF4UFFContributionAB2qsquaredp2ResAK +
FullF4UFFContributionAB3qsquaredp2ResAK) +
FullF4UFFContributionC2gqsquaredp2ResK)) ;
ContDfAK = (1/ (2 x) #*3) (-FullF4UFFContribution0OGgsquaredp2ResAK) ;

Ward ldentity Check YF/2
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(xDiagrams in this entry have been ignored either because they are not 1-
PI or they are lower order in d_cx)
(*F4AYFFContributionAB2=
Together [ ((*»wide fishx)-2(xfactor of two for switching ends aroundx) %2
(»factor of two for switching f's aroundx)=x(1/2) (xfactor from second order
Taylor expansionsx)xInverse[MF[pl,01]][2,1] (xpropagator of f(pl)phi(-pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=*))/.
{(p1+q) [1]1->(p1[11+q[1]), (p1+q) [2]1~»(p1[2]+q[2])})
(FullSimplify[Coefficient[NonLinearl,yy[q,w] [1]F[pl,Q1] F[-pl-q,-w-Q1l] 1]
(xCoefficient of yl1(q) f(-pl-q) f(pl) vertexx))=*
(2% ((((F4A/.{pl[1]-pl[1]+p[1],pl[2]-pl[2]+p[2],Q1-Q1+P,p2[1]-p2[1]+Z[1],
P2[2]-p2[2]+Zz[2],92-Q2+2})/.{q[1]->(-p1[1]+p2[1]-q[1]),
q[2]-(-p1[2]+p2[2]-q[2]) ,w~ (-Q1+Q2-w) }))/.{p[1]~q[1l],p[2]~q[2],
P-w,z[1]-»(-p1[1]-p2[1]),Zz[2]~>(-p1[2]-p2[2]),Z~(-Q1-Q2)})
(*+ (F4B/.{p1[1]-p2[1],p1[2]->p2[2],Q1-02,q[1]>-q[1],q[2]>-q[2] ,w>-w})*)))/
{01250,021-0,011-0,022-0,L1-L,L2-L}];
(¥xDont dinclude effective slim fish diagramsx)
FAYFFContributionC2=
Together [ (((*wide fishx)-2(xfactor of two for switching different ends aroundx)
(1/2) (x»factor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]1]1[2,1] (xpropagator of phi(-pl)f(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of phi(pl+q)f(-pl)=))/.
{(p1l+q) [1]1>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])})
(FullSimplify[Coefficient[NonLinearl,yy[q,w] [1]F[pl,Q1] F[-pl-q,-w-Q1] 1]
(xCoefficient of yl1(q) f(-pl-q) f(pl) vertexx))=*
(CC((F4C/.{p1[1]-p1[1]+p[1],p1[2]»p1l[2]+p[2],Q1-Q1l+P,p2[1]»p2[1]+Z[1],
P2[2]-p2[2]+2[2],92-02+Z})/.{q[1]>(-(p1[1]+q[1]-p2[1])),
q[2]1->(-(p1l[2]1+q[2]-p2[2])) ,w~> (- (Q1+w-Q2))}))/.{p[1]~q[1l],p[2]~q[2],
Pow,z[1]->(-p1[1]-p2[1]),2[2]>(-p1[2]-p2[2]) ,2(-Q1-Q2)}) (*+(F4B/.
{p1[1]-p2[1],p1[2]-p2[2],Q1-02,q[1]>-q[1],q[2]>-q[2],w>-w})*))))/.
{012-0,021-50,011»0,022»0,L1-L,L25L}] ;%)
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mn-1- (*Diagrams in this entry with a zero in front
have been -{ignored because they are lower order in d_cx)
F4YFFContributionOG = dc % (1/dc) ((*slim fishx)-dcx (2) (xfactor due to the
fact this is a cross term in second order Taylor expansionx) x2
(»factor of two for switching f's aroundx) = (1/2) (xcoefficient of
phi fA3 vertex extractedx) * (1/2) (xfactor from second order Taylor
expansionsx) * Inverse[MF[pl, Q1]1][2, 1] (xpropagator of phi (-pl)f(pl)=*) *
((Inverse[MF[pl+q, Q1 +w]][2, 2] (xpropagator of f(pl+q)f(-pl-q)=*)) /.
{(p1+q)[1] » (P1[1] +q[1]), (P1+q)[2] » (P1[2] +q[2])})
((FullSimplify[Coefficient[NonLinearl, yy[q, w][1] ~ F[pl, Q1]
F[-pl-q, -w-Q1] ]] (xCoefficient of yl(q) f(-pl-q) f(pl) vertexx))
(xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
((Sum[CCDF@f3[i, j, k, 1] * (-p2[K]) » (PL[J] +4q[j]) » (-p1[i]) =
(P2[1] -qll]), {i, 2}, {3, 2}, {k, 2}, {1, 2}1))) -
(»wide fishx)0%x2x% (2) *2% (1/2) » (1/2) »Inverse[MF[pl, Q1]1][2, 1] *
((Inverse[MF[pl+q, Q1 +w]][2, 2]) /.
{(p1+q)[1] » (p1[1] +q[1]), (P1+q)[2] » (p1[2]+q[2])})
((FullSimplify[Coefficient[NonLinearl, yy[q, w][1] ~ F[pl, Q1]
F[-pl-q, -~w-Q1] ]] (xCoefficient of yl(q) f(-pl-q) f(pl) vertexx))
(xCoefficient of phi(-p2) f(-pl) --- f(pl+q) f(p2-q)) vertexsx)
((Sum[(-1) CCDFfPf3[i, j, k, L1 * (pP2[j]1 -ql[j]) * (p1[K] +q[K]) *
(-p1[i]) = (P2[11), {1, 2}, {J, 2}, {k, 2}, {1, 2}1)))) /.
{012 >0, 021 » 0, 011 >0, 022 >0, L1 5L, L2 > L};

Infe J:= (*Renormalization of A+2ux)

= FA4YFFContributionC2qp2squared =
Together[((1/2) D[ (F4YFFContributionC2 /. {p1[1] » pl*Cos[6], p1[2] » pl*Sin[e],
Q2-50, w-»0, p2[1] » p2, p2[2] » 0, q[1] »q, q[2] » 0}),
{q9, 1}, {p2, 2}] /. {920, p2-50})];
FAYFFContributionOGgp2squared =
Simplify[Together[((1/2) D[ (FAYFFContribution0G /. {Q2 >0, w > 0,
p2[1] » p2, p2[2] » 0, q[1] » q, q[2] » 0}), {q, 1}, {p2, 2}] /.
{90, p250}) /. {pl[1] - plxCos[6], p1[2] » pl*xSin[6]}]1];
F4YFFContributionAB2qp2squared =
Simplify[Together[((1/2) D[ (FAYFFContributionAB2 /.
{pl[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q2 50, w > 0, p2[1] » p2,
p2[2] » 0, q[1] »q, q[2] » 0}), {q, 1}, {P2, 2}] /. {90, p2-0})]];
NumF4YFFContributionOGqp2squared =
Simplify[Integrate[Numerator [F4YFFContributionOGqp2squared], {6, 0, 2 7}11;
NumF4YFFContributionAB2gp2squared =
Simplify[Integrate[Numerator [F4YFFContributionAB2gp2squared], {6, 0, 27}]1];
NumF4YFFContributionC2qp2squared =
Simplify[Integrate[Numerator [F4YFFContributionC2gp2squared], {6, 0, 2x}]];



22 | MathematicaOddThesis.nb

FUullF4YFFContributionOGgp2squared = NumF4YFFContributionOGgp2squared /
Simplify[Denominator [F4YFFContributionOGqp2squared]];
FullF4YFFContributionAB2qgp2squared = NumF4YFFContributionAB2qp2squared /
Simplify[Denominator [F4YFFContributionAB2gp2squared]];
FullF4YFFContributionC2qp2squared = NumF4YFFContributionC2gp2squared /
Simplify[Denominator [F4YFFContributionC2qp2squared]];
FullF4YFFContributionOGqp2squaredRes =
2 %7+ I+ (Residue[FullF4YFFContribution0Ggp2squared, {1, i Df «p1? (p1®x+0)}]);

FullF4YFFContributionAB2gp2squaredRes =
2%mx L% [Residue [FULlF4YFFContributionAB2qp2squared, {1, i Df + p1® (p1®x+0)}] +

1
Residue [Fu'L'LF4YFFContr1' butionAB2gp2squared, {Ql, i (DDYuA p1? + 3 DDYuu

2 (xdcx)

pl? + i «/4 DDYUA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuyu - DDYup? p12) }] +

Residue [Fu'L'LF4YFFContr'i butionAB2gp2squared, {Ql, (i DDYux p1? + 3 i DDYuu

2 (*dcx)

p12 + 4/4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYUA DDYuy - DDYuy? p12) }]] ;

FullF4YFFContributionC2qp2squaredRes =
2xmx L x [Res-idue [FUllF4YFFContributionC2qp2squared, {Q1, i Df + p1? (p1®x+0o)}] +

1
Residue [FullF4YFFContr‘i butionC2qgp2squared, {Ql , i (DDYu)L p1? + 3 DDYuu

2 (xdcx)

P12 + i /4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuy - DDYuy? p12) }] +

1
Residue [Fu'L'LF4YFFContr1’ butionC2qgp2squared, {Ql , (1'1 DDYux p1? + 3 i DDYupu

2 (»xdcx*)

p12 + 4/4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuy - DDYuy? p12) }]] ;

(*ContDAuYFF=2x (1/ (27) A3) (-FUllF4YFFContributionOGqp2squaredRes+
2% ((FUlLlF4YFFContributionAB2gp2squaredRes) +
FullF4YFFContributionC2gp2squaredRes)) ;)
ContDAuYFF =2 % (1/ (2 7x) A3) (-FullF4YFFContributionOGgp2squaredRes) ;

In[+ J:= (*Renormalization of ux)

1= FA4YFFContributionC2qsquaredp2 =
Together[((1/2) D[ (F4YFFContributionC2 /. {p1[1] -» pl*Cos[6], pl[2] » pl=*Sin[e],
Q2-50, w->0, p2[1] » p2, p2[2] - 0, q[1] » 0, q[2] > q}),
{a, 2}, {p2, 1}] /. {90, p2->0})];
F4AYFFContributionOGgsquaredp2 =
Simplify[Together[((1/2) D[ (F4AYFFContribution0G /. {Q2 -0, w > 0,
p2[1] » p2, p2[2] » 0, q[1] » 0, q[2] »q}), {4, 2}, {P2, 1}] /.
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{90, p250}) /. {pl[1] - plxCos[6], p1[2] » pl*Sin[6]}]1];
F4YFFContributionAB2qsquaredp2 =
Simplify[Together[((1/2) D[ (FAYFFContributionAB2 /.
{pl[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q2 50, w > 0, p2[1] » p2,
p2[2] » 0, q[1] - 0, q[2] »q}), {d, 2}, {P2, 1}] /. {q~> 0, p2>0})]];

NumF4YFFContributionOGqsquaredp2 =
Simplify[Integrate[Numerator [F4YFFContributionOGgsquaredp2], {6, 0, 2x}]1];
NumF4YFFContributionAB2qsquaredp2 =
Simplify[Integrate[Numerator [F4YFFContributionAB2gsquaredp2], {6, 0, 27}1];
NumF4YFFContributionC2qsquaredp2 =
Simplify[Integrate[Numerator [F4YFFContributionC2qsquaredp2], {6, 0, 27}1];
FUullF4YFFContributionOGqsquaredp2 = NumF4YFFContributionOGgsquaredp2 /
Simplify[Denominator [F4YFFContributionOGqsquaredp2]];
FullF4YFFContributionAB2qsquaredp2 = NumF4YFFContributionAB2qsquaredp2 /
Simplify[Denominator [F4YFFContributionAB2gsquaredp2]];
FullF4YFFContributionC2qsquaredp2 = NumF4YFFContributionC2qgsquaredp2 /
Simplify[Denominator [F4YFFContributionC2qsquaredp2]];
FUllF4YFFContributionOGqsquaredp2Res =
2 %7 I (Residue[FullF4YFFContribution0Ggsquaredp2, {1, i Df * p12 (pl2 x+0)}]);
FullF4YFFContributionAB2gqsquaredp2Res =

2xm* L« [Residue [FULlF4YFFContributionAB2qsquaredp2, {@1, i Df « p1? (pl2 x+0o)}]+

Residue [Fu11F4YFFContr'i butionAB2gsquaredp2, {91, DDYux p1? + 3 DDYuu

2 (*dcx) i(

pl? + i \/4 DDYuA DDYuK + 4 DDYuK? - DDYu2? - 2 DDYu DDYuy - DDYup? p12) }] +

1
Residue [Fu11F4YFFContr'i butionAB2gsquaredp2, Jin, (i DDYux p1? + 3 i DDYuu

2 (*dcx)

p12 + /4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuy - DDYuy? p12) }]] ;

FullF4YFFContributionC2qsquaredp2Res =
2%mx L% [Residue [FULlF4YFFContributionC2qsquaredp2, {Q1, i Df +p1? (p1®x+o0)}] +

1
Residue [Fu'L'LF4YFFContr1' butionC2qgsquaredp2, {Ql , i (DDYu)L p1? + 3 DDYuu

2 (xdcx)

pl?2 + i «/4 DDYuA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuyu - DDYup? p12) }] +

Residue|FullF4YFFContributionC2gsquaredp2, {Ql1 i DDYu p1? + 3 i DDYuu
b b

2 (*dcx) (

p12 + /4 DDYUA DDYUK + 4 DDYuK? - DDYuA? - 2 DDYUA DDYuy - DDYuy? p12) }]] ;

(*ContDuYFF=2% (1/ (27) A3) (-FUullF4YFFContributionOGqsquaredp2Res+



24 | MathematicaOddThesis.nb

2% ((FUllF4YFFContributionAB2qsquaredp2Res) +
FullF4YFFContributionC2qsquaredp2Res)) ;)
ContDuYFF = 2% (1/ (2 7) »3) (-FullF4YFFContributionOGqsquaredp2Res) ;

Infe J:= (*Renormalization of Kx)

= FA4YFFContributionC2qsquaredp2K =
Together[((1/2) D[ (F4YFFContributionC2 /. {p1[1] -» pl*Cos[6], pl[2] » pl*Sin[6],
Q2-50,w-»0, p2[1] » 0, p2[2] » p2, q[1] »q, q[2] » 0}),
{q, 2}, {p2, 1}] /. {920, p2-50})];
FAYFFContributionOGgsquaredp2K =
Simplify[Together[((1/2) D[ (F4YFFContribution0G /. {Q2 >0, w-> 0,
p2[1] » 0, p2[2] » p2, q[1] » q, q[2] » 0}), {q, 2}, {p2, 1}] /.
{90, p250}) /. {pl[1] - plxCos[6], p1[2] » pl*xSin[6]}]1];
F4AYFFContributionAB2qsquaredp2K =
Simplify[Together[((1/2) D[ (FAYFFContributionAB2 /.
{pl[1] » plxCos[6], p1[2] » pl*Sin[6], Q2 50, w > 0, p2[1] - 0O,
p2[2] » p2, q[1] »q, q[2] » 0}), {9, 2}, {P2, 1}] /. {9> 0, p2->0})]1];
NumF4YFFContributionOGqsquaredp2K =
Simplify[Integrate[Numerator [F4YFFContribution0OGqsquaredp2K], {6, 0, 2x}1];
NumF4YFFContributionAB2qsquaredp2K =
Simplify[Integrate[Numerator [F4YFFContributionAB2gqsquaredp2K], {6, 0, 27}]];
NumF4YFFContributionC2qsquaredp2K =
Simplify[Integrate[Numerator [F4YFFContributionC2qsquaredp2K], {6, 0, 27}]];
FUllF4YFFContributionOGqsquaredp2K = NumF4YFFContribution0OGqsquaredp2K /
Simplify[Denominator [F4YFFContribution0Gqsquaredp2K]];
FUullF4YFFContributionAB2qsquaredp2K = NumF4YFFContributionAB2qsquaredp2K /
Simplify[Denominator [F4AYFFContributionAB2qsquaredp2K]];
FullF4YFFContributionC2qsquaredp2K = NumF4YFFContributionC2qsquaredp2K /
Simplify[Denominator [F4YFFContributionC2qsquaredp2K]];
FullF4YFFContributionOGgqsquaredp2ResK =
2 %7+ I+ (Residue[FullF4YFFContribution0Ggsquaredp2K, {Q1, i Df x p1? (p1®x+0o)}]);
FullF4YFFContributionAB2qgsquaredp2ResK =

2x7mxI* [Residue [FULlF4YFFContributionAB2qsquaredp2kK, {1, i Df xp1® (p1®x+o0)}] +

Residue [Fu11F4YFFContr"i butionAB2qsquaredp2K,
1

{91, i (DDYu)L p12 + 3 DDYup p1? +
2 (xdcx)

i /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYu DDYuy - DDYup? p12) }] + Residue[

FullF4YFFContributionAB2qsquaredp2K, {91, (i DDYux p1? + 3 4 DDYuu p12 +

2 (*dcx)

/4 DDYUA DDYUK + 4 DDYuK? - DDYu? - 2 DDYuX DDYup - DDYuy? plz) }] ] ;
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FullF4YFFContributionC2qsquaredp2ResK =

2xm*x I« [ReS'idue [FULlF4YFFContributionC2qsquaredp2kK, {@1, i Df « p1? (pl2 x+0o)}]+

Residue [Fu'L'LF4YFFContr'i butionC2qsquaredp2K, {Ql, DDYux p12 + 3 DDYuu

rorae
2 (*dcx)

pl?2 + i \/4 DDYUA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuA DDYuyu - DDYup? p12) }] +

Residue [Fu11F4YFFContr'i butionC2qsquaredp2K, {Ql, (i DDYux p1? + 3 i DDYuu

2 (*dcx)

p12 + /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYUA DDYup - DDYup? p12) }]] ;

(*ContDKYFF=2% (1/ (27) A3) (-FUllF4YFFContribution0OGqsquaredp2ResK+
2% ((FUllF4YFFContributionAB2qsquaredp2Resk
(*+FullF4YFFContributionAB3qsquaredp2ResKx) ) +
FullF4YFFContributionC2gqsquaredp2ReskK)) ; *)
ContDKYFF = 2 % (1/ (2 7) »3) (-FullF4YFFContributionOGgqsquaredp2ResK) ;

(*Renormalization of A-Kx)

FAYFFContributionC2qsquaredp2AK =
Together[((1/2) D[ (F4YFFContributionC2 /. {p1[1] » pl*Cos[6], p1[2] » pl*Sin[e],
Q2-50, w->0, p2[1] » p2, p2[2] - 0, q[1] » 0, q[2] » q}),
{q, 1}, {p2, 2}] /. {90, p2-50})];
F4YFFContributionOGgsquaredp2AK =
Simplify[Together[((1/2) D[ (F4AYFFContribution0G /. {Q2 >0, w-» 0,
p2[1] » p2, p2[2] - 0, q[1] » 0, q[2] - q}), {9, 1}, {p2, 2}] /.
{90, p2-50}) /. {pl[1] » plxCos[6], p1[2] » pl*Sin[6]}]];
FAYFFContributionAB2qsquaredp2AK =
Simplify[Together[((1/2) D[ (FAYFFContributionAB2 /.
{pl[1] » pl*xCos[e], p1[2] » p1l*Sin[6], Q2 50, w > 0, p2[1] » p2,
p2[2] -0, q[1] » 0, q[2] »q}), {4, 1}, {P2, 2}] /. {90, p20})]];
NumF4YFFContributionOGqsquaredp2AK =
Simplify[Integrate[Numerator [F4YFFContributionOGqsquaredp2AK], {6, 0, 27}]];
NumF4YFFContributionAB2gsquaredp2AK =
Simplify[Integrate[Numerator [F4YFFContributionAB2gsquaredp2AK], {6, 0, 27}]11;
NumF4YFFContributionC2qsquaredp2AK =
Simplify[Integrate[Numerator [F4AYFFContributionC2qsquaredp2AK], {6, 0, 27}]1];
FullF4YFFContributionOGgqsquaredp2AK = NumF4YFFContributionOGgqsquaredp2AK /
Simplify[Denominator [F4YFFContribution0Gqsquaredp2AK]];
FullF4YFFContributionAB2qsquaredp2AK = NumF4YFFContributionAB2qsquaredp2AK /
Simplify[Denominator [F4YFFContributionAB2gsquaredp2AK]];
FullF4YFFContributionC2qsquaredp2AK = NumF4YFFContributionC2qsquaredp2AK /
Simplify[Denominator [F4YFFContributionC2qsquaredp2AK]];
FUllF4YFFContributionOGqsquaredp2ResAK = 2 x st » I «
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(Residue [FullF4YFFContribution0Ggsquaredp2AK, {1, i Df « p1? (p1®x+0)}]);
FullF4YFFContributionAB2qsquaredp2ResAK =

2xmxL* [Residue [FULlF4YFFContributionAB2qsquaredp2AK, {Q1, i Df + p1? (p1’x+0o)}] +
Residue [Fu11F4YFFContr'i butionAB2gsquaredp2AK,

1
{91, — i (DDYuJL p12 + 3 DDYuu p12 +
2 (xdcx)

i /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYuA DDYuy - DDYup? p12) }] + Residue[

1
FullF4YFFContributionAB2qsquaredp2AK, {91, (i DDYux p1? + 3 & DDYuu p1? +

2 (*dcx)

\/4 DDYuA DDYuK + 4 DDYuK? - DDYuA® - 2 DDYuX DDYuy - DDYuy? plz) }] ] ;

FullF4YFFContributionC2qsquaredp2ResAK =

2xmx L x [Res-idue [FUllF4YFFContributionC2qsquaredp2AK, {1, i Df xp1® (p1®x+o0)}] +
Residue [Fu11F4YFFContr'i butionC2qsquaredp2AK,

1
{91, — i (DDYu)L p12 + 3 DDYuu p1? +
2 (xdcx)

i /4 DDYUA DDYUK + 4 DDYUK? - DDYuA? - 2 DDYu DDYuy - DDYup? p12) }] + Residue[

FullF4YFFContributionC2qsquaredp2AK, {Ql, (i DDYux p1? + 3 4 DDYuu p12 +

2 (*dcx)

«/4 DDYUA DDYuK + 4 DDYuK? - DDYuA? - 2 DDYuX DDYuy - DDYuy? plz) }] ] ;

(*ContDAKYFF=2x (1/ (27x) A3) (-FUllF4YFFContribution0OGgsquaredp2ResAK+
2% ((FUlLlF4YFFContributionAB2qsquaredp2ResAK) +
FUllF4YFFContributionC2gqsquaredp2ResAK) ) ;*)
ContDAKYFF = 2% (1/ (2 x) A3) (-FullF4YFFContributionOGgsquaredp2ResAK) ;

Renormalize Cijkl phi fA3 term.

(*Non-effective diagrams are sometimes
abbreviated by NE whereas E stands for effectivex)

(*Non Effective A2 Combinationsx)

mn-1- (xDiagrams in this entry that have been commented
out have been 1ignored because they are lower order in d_cx)
F4F4ContributionOGSlimFish =
Together[dc * (1 /dc) ((xslim fishx)-dc* (1) (»factor due to the fact
this is a cross term in second order Taylor expansionx) x4
(»factor of two for switching f's around and factor of two for switching
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diagrams aroundx) » (1/2) (xfactor from second order Taylor expansionx) =
Inverse[MF[pl, Q1]]1[1, 2] (xpropagator of phi(pl)f(-pl)x*) *
((Inverse[MF[pl+q, Q1 +w]][2, 2] (xpropagator of f(pl+q)f(-pl-q)=*)) /.
{(p1+q)[1] » (p1[1] +q[1]), (P1+q)[2] » (p1[2] +q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[(-1/2) (xcoefficient of (phi fA3)A2 vertex extractedx)
CCDfof3[i, j, ky, LI » (PL[i]) *» (-p1[j]1-ql[j]) * (P2[K]) *
(-p2[1] +q[l]), {1, 2}, {J, 2}, {k, 2}, {1, 2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2) CCDFfpf3[i, j, k, LI * (P3[i1] -q[i]) * (-p3[]]) *
(-p1[Kk]) = (P1[1] +q[l]), {1, 2}, {J, 2}, {k, 2}, {1, 2}])) /.
{61250, 02150, 0ll 50, 022 >0, L1 > L, L2 > L}];
(*F4F4ContributionOGWideFishN¢=Together [
(1/dc) ((*slim fishx)-dcx (1) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (x»factor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]][1,2] (xpropagator of phi(pl)f(-pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=))/.
{(p1l+q) [11>(p1[1]1+q[1]), (P1+q) [2]1~>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2) (xcoefficient of (phi fA3)"2 vertex extracteds)CCDfof3[i,j,k,l]*
(PL[i])*(P2[j]1) *(q[kI-p2[K])*(-p1[l]-q[l]),{7,2},{],2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFOf3[M1,j,k, LI* (P3[i1-q[i]1)*(-p3[j])*(-p1[K])*(p1[ll+q[1l]),
(i,2},{3,2},{k,2},{1,2}]))/.{01250,021+0,01l1»0,022-0,L1-L,L2-L}];
F4F4ContributionOGWideFishWgl=Together[
(1/dc) ((*s1lim fishx)-dcx (1) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (x»factor from second order Taylor expansionsx)x
Inverse[MF[pl,Q1]][2,2] (xpropagator of f(pl)f(-pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of ¢ (pl+q)f(-pl-q)=*))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (p1+q) [2]1>(P1l[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2) (xcoefficient of (phi fA3)A2 vertex extractedx)CCDfof3[i,j,k,l]*
(PL[i1+q[1]) *(-p1[J1) *(p3[K1-q[k])*(-p3[1]),{1,2},{F,2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfOf3[1,j,k, LI*(p2[i])*(p1[j]1)*(-pl[k]-q[k])=*(q[l]-p2[1]),
{i,2},{3,2},{k,2},{1,2}1))/.{012-0,021-0,01150,02250,L1-sL,L2-L}]};
F4F4ContributionOGWideFishW¢2=Together [
(1/dc) ((*slim fishx)-dcx (1) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundx)



28 | MathematicaOddThesis.nb

(1/2) (xfactor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]][2,1] (xpropagator of ¢ (-pl)f(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=))/.
{(pl+q) [11-(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2) (xcoefficient of (phi fA3)"2 vertex extracteds)CCDf¢f3[i,j,k,l]*
(-p1[i1)*(p1[j1+q[j1) *»(P3[k1-q[k])*(-p3[1]),{7,2},{F,2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfPf3[1,j,k, LI* (P2[i]1)*(P1[j1)*(-pl[k]I-q[k])=*(q[l]-p2[1l]),
(i,2},{3,2},{k,2},{1,2}]))/.{012-0,021+0,01l1»0,022-0,L1-L,L2-L}];
F4F4ContributionO0GBunkBedSame=Together [
(1/dc) ((*slim fishx)-dc* (1) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (x»factor from second order Taylor expansionsx)x
Inverse[MF[pl,Q1]1][2,1] (xpropagator of ¢ (-pl)f(pl)=*)=*
((Inverse[MF[pl-q,-w+Q1]]1[2,2] (xpropagator of f(p2-q+pl+p3)f
(-(P2-q+pl+p3))*))/.{(p1l-q) [1]1>(-q[1]+p1[1]), (P1-q) [2]->(-q[2]+p1[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2) (xcoefficient of (phi fA3)A2 vertex extracteds)CCDfof3[i,j,k,l]*
(P3[11-q[i]) *(PL[j])* (-p1[k1+q[k])*(-p3[1]),{1,2},{F,2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfOf3[1,j,k, LI*(-p1[i])*(q[j1-p2[j])*(P2[k])=*(p1[Ll]l-q[l]),
{i,2},{3,2},{k,2},{1,2}1))/.{012-0,0210,01150,02250,L1-sL,L2-L}]};
F4F4Contribution0GBunkBedOpposite=Together [
(1/dc) ((*slim fishx)-dcx (1) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (»factor from second order Taylor expansionsx)x
Inverse[MF[pl1,Q1]]1[2,2] (xpropagator of f(-pl)f(pl)=*)=x
((Inverse[MF[pl-q,Q1-w]][1,2] (xpropagator of ¢ (p2-q+pl+p3)f
(-(p2-q+pl+p3))*))/.{(p1l-q) [1]1->(p1[1]-q[1]),(P1l-q) [2]>(P1[2]-q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2) (xcoefficient of (phi fA3)A2 vertex extractedx)CCDfof3[i,j,k,l]*
(P3[11-q[i])*(PL[j])* (-p1[K1+q[K])*(-p3[11),{i,2},{F,2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfof3[1,j,k, LI*(P1[i1-q[i])*(p2[j]1)*(-p1l[k])=*(q[l]-p2[1]),
{(i,2},{3,2},{k,2},{1,2}]))/.{01250,02150,01l1»0,022-0,L1-»L,L2-L}];
(*F4F4Contribution0GBunkBedSame=
Together [ (1/dc) ((*slim fishx)-dcx (xfactor due to the fact this is a cross term
in second order Taylor expansionx)*8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (x»factor from second order Taylor expansionx)xInverse[MF[pl,Q1]1][2,1]
(xpropagator of ¢ (-pl)f(pl)#)*((Inverse[MF[p2-q+pl+p3,02-w+Q1+Q3]]1[2,2]
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(xpropagator of f(p2-q+pl+p3)f(-(p2-q+pl+p3))=*))/.{(pP2-q+pl+p3)[1l]~
(P2[1]1-q[1]+p1[1]+p3[1]), (P2-q+pl+p3) [2]>(P2[2]-q[2]+p1l[2]+p3[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[(-1/2) (xcoefficient of (phi fA3)A2 vertex extractedx)
CCDFOf3[i,,k, LI*(P3[i1-q[i]1)*(PL[J]1)*(P2[K])*
(-P2[1]+q[1]-p1[1]-p3[1]),{7,2},{],2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFPf3[i,j,k, LI*(-p1[i]1)*(-p3[j])*(q[k]-p2[K])*
(P2[1]1-q[1]1+p1[1]+p3[1]),{i,2},{],2},{k,2},{1,2}]))/.
{012-0,021-50,011»0,022-»0,L1-L,L2-L}];
F4F4Contribution0GBunkBedOpposite=
Together[(1/dc) ((*slim fishx)-dcx (xfactor due to the fact this is a cross term
in second order Taylor expansionx)=*8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (x»factor from second order Taylor expansionx)xInverse[MF[pl,Q1]]1[2,2]
(xpropagator of f(-pl)f(pl)=*)=*((Inverse[MF[p2-q+pl+p3,02-w+Q1+Q3]][1,2]
(xpropagator of ¢ (p2-q+pl+p3)f(-(p2-q+pl+p3))=*))/.{(pP2-q+pl+p3)[1l]~>
(P2[1]-q[1]+pl[1]+p3[1]), (P2-q+pl+p3) [2]>(P2[2]-q[2]+p1l[2]+p3[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[(-1/2) (xcoefficient of (phi fA3)A2 vertex extractedx)
CCDf@f3Mi,3,k, LI*(p3[11-q[i])*(p1[j])*(p2[K])*
(-p2[1]+q[1]-p1[1]-p3[1]),{7,2},{],2},{k,2},{1,2}])
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
sum[ (-1/2)CCDFPF3[1,7,k, LI+ (p2[i1-q[i1+pLl[i]+p3[i])*
(ali1-p2[31) * (-p1[11) *(-p3[k]),{1,2},{F,2},{k,2},{1,2}1))/.
{012-0,021-50,011»0,022-50,L1-L,L25L}] ;%) %)

Infe J:= (*Non Effective Times Effective Combinationsx)
o= (% (¢FA3) _NE (¢FA3) _Ex)

(xDiagrams 1in this entry that have been commented

out have been 7ignored because they are lower order in d_cx)

(xF4¢F3ContributionNEEWideFishN¢=Together [

(1/dc) ((*s1lim fishx)-dcx (2) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x4(xfactor of two for switching f's around
on each diagram x)x(1/2) (»factor from second order Taylor expansionx)

Inverse[MF[pl,Q1]][1,2] (xpropagator of phi(pl)f(-pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=))/.
{(p1l+q) [11-(p1[1]1+q[1]), (P1+q) [2]1~>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexsx)
Sum[ (-1/2)CCDfPf3[1,j,k, LI* (P3[i]1-q[i])*(-p3[j])*
(-pL[K])*(PL[l1+q[1l]),{i,2},{j,2},{k,2},{1,2}])
(((2%F4A/.{p1l[1]->(p1[1]1+p[1]),pP1l[2]>(P1[2]+p[2]) ,Q1>(Q1+P),
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P2[1]->(p2[1]1+8[1]),p2[2]>(p2[2]+E[2]) ,Q2-(Q2+Z)})/.
{q[1]->(p1[1]+p2[1]),q[2]>(PLl[2]+pP2[2]) ,w~>(Q1+Q2)})/.
{p[1]->(-2p1[1]-q[1]),p[2]~(-2p1[2]-q[2]),P~(-2Ql-w),
gl1]1->(p1[1]-p2[1]),8[2]>(pP1[2]-p2[2]),2~(QL1-Q2)}))/.
{012-0,021-50,011»0,022»0,L1-L,L2-L}];

F4¢F3ContributionNEEWideFishW¢l=Together [

(1/dc) ((*slim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x2(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x

(1/2) (xfactor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]][2,2] (xpropagator of f(-pl)f(pl)=)=*
((Inverse[MF[pl+q,Ql+w]][2,1] (xpropagator of f(pl+q)d(-pl-q)=*))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (p1+q) [2]1>(P1l[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFPf3[1,j,k, LI* (-p1[il-q[i])*(p1[j])*
(P2[K]1) * (-p2[L1+q[1]),{7,2},{F,2},{k,2},{1,2}])
(((2%F4A/.{p1l[1]->(p1[1]+p[1]),pP1l[2]>(P1[2]+p[2]) ,Q1->(Q1+P),
P2[1]-(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]),Q2~(Q2+Z)})/.
{q[1]1->(p3[1]-p1[1]1-q[1]),q[2]>(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1->(q[1]),p[2]>(q[2]) ,P>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
€[2]-(p3[2]1-p2[2]-q[2]) ,Z2~»(Q3-Q2-w)}))/.
{012-0,021-50,011»0,022»0,L1-L,L2-L}];

F4¢F3ContributionNEEWideFishW¢2=Together [

(1/dc) ((*slim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x2(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x

(1/2) (»factor from second order Taylor expansionsx)x
Inverse[MF[pl1,01]]1[1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=))/.
{(p1l+q) [1]1>(p1[1]1+q[1]),(P1+q) [2]1>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFPF3[i,j,k, LI+ (P1[i]) *(-pLl[j1-q[j])*
(P2[k1) * (-p2[1]1+q[1]),{1,2},{3,2},{k,2},{1,2}])
(((2%xF4A/ . {p1[1]->(p1[1]+p[1]),P1[2]>(P1[2]+p[2]),Q1->(QLl+P),
P2[1]->(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]) ,Q2~(Q2+Z)})/.
{q[1]->(p3[1]-p1[1]-9q[1]),q[2]>(P3[2]-pP1[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1-(q[1]),,[2]>(q[2]),P~>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
(21> (p3[2]1-p2[2]-q[2]) ,Z2~(Q3-Q2-w)})) /.
{012-0,021-50,011»0,022-»0,L1-L,L2-L}];

F4¢F3ContributionNEEBunkBedNE¢Same=Together [
(1/dc) ((*s1lim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
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second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (»factor from second order Taylor expansionsx)x
Inverse[MF[pl1,01]]1[1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=))/.
{(p1+q) [11>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFof3[1,5,k, LT+ (p3[i1-q[i]1)*(-p1[j])*
(-p3[k1) *(p1[1]1+q[1]),{1,2},{3,2},{k,2},{1,2}])
(((2%xF4A/ . {p1[1]->(p1l[1]+p[1]),P1[2]>(P1[2]+p[2]),Q1-(QLl+P),
P2[1]->(p2[1]+L[1]),p2[2]~>(P2[2]+L([2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p1[1]+p2[1]),q[2]>(P1[2]+p2[2]) ,w~>(Q1+Q2)})/.
{p[1]1>(-2p1[1]1-q[1]),p[2]~>(-2p1[2]-q[2]),P~>(-2Ql-w),
€[1]-(p1[1]-p2[1]),8[2]»(P1[2]-pP2[2]),2~»(Q1-Q2)}))/.
{012-0,021-50,011»0,022-»0,L1-L,L2-L}];

F4¢F3ContributionNEEBunkBedNE¢Opposite=Together[
(1/dc) ((*slim fishx)-dc*(2) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (xfactor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]][1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=*))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (p1+q) [2]1>(P1l[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfof3[1,j,k, LI*(P3[i1-q[i]1)*(P1[j1+q[j]1)*(-p3[k])=*(-p1[1l]),
{i,2},{3,2},{k,2},{1,2}])
(((2%F4A/.{p1[1]->(p1[1]+p[1]),pP1l[2]>(P1[2]+p[2]) ,Q1->(Q1+P),
P2[1]-(p2[1]+L[1]),pP2[2]~>(P2[2]+L[2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p1[1]+p2[1]),q[2]>(P1l[2]+p2[2]) ,w~>(Q1+Q2)})/.
{p[1]1->(-2p1[1]-q[1]),p[2]>(-2p1[2]-q[2]),P~>(-2Q1l-w),
€[1]-(p1[1]1-p2[1]),8[2]~>(P1[2]-p2[2]),Z~»(QR1-Q2)}))/.
{012-0,021-50,011»0,022»0,L1-L,L2-L}];
*)
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(xF4¢F3ContributionNEEBunkBedE¢Same=Together [

(1/dc) ((*s1lim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x

(1/2) (xfactor from second order Taylor expansionx)x*

Inverse[MF[pl,Q1]][1,2] (xpropagator of f(-pl)¢(pl)=*)=*

((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=*))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (p1+q) [2]1>(Pp1l[2]+q[2])})

((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)

Sum[ (-1/2)CCDFof3[i,j,k, LI*(P1[i]1)*(p2[j]1)*(-p1[k]-q[k])=*(-p2[l]+q[1l]),
{i,2},{3,2},{k,2},{1,2}])

(((2%F4A/.{p1l[1]->(p1[1]+p[1]),pP1l[2]>(P1[2]+p[2]) ,Q1->(Q1+P),

P2[1]-(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]),Q2~(Q2+Z)})/.
{q[1]1->(p3[1]-p1[1]1-q[1]),q[2]->(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1->(q[1]),p[2]>(q[2]) ,P>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
€[2]-»(p3[2]1-p2[2]-q[2]) ,Z2~»(Q3-Q2-w)}))/.
{012-0,021-50,011»0,022-»0,L1-L,L2-L}];

F4¢F3ContributionNEEBunkBedE¢Opposite=Together [

(1/dc) ((*slim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx)x

(1/2) (»factor from second order Taylor expansionsx)x

Inverse[MF[pl1,01]]1[2,2] (xpropagator of f(-pl)f(pl)=*)=x

((Inverse[MF[pl+q,Ql+w]][2,1] (xpropagator of f(pl+q)d(-pl-q)=*))/.
{(p1l+q) [1]1>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])})

((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)

Sum[ (-1/2)CCDFPf3[i,j,k, LI*(-p1[i1-q[i])*(-p2[j1+q[j])*(p1[K])=*(p2[1l]),
{i,2},{3,2},{k,2},{1,2}])

(((2%F4A/.{p1l[1]->(p1[1]1+p[1]),pP1l[2]>(P1[2]+p[2]),Q1>(Q1+P),

P2[1]->(p2[1]1+L[1]),pP2[2]>(p2[2]+L[2]) ,Q2»(Q2+Z)1})/.
{q[1]->(p3[1]-p1[1]-9[1]),q[2]>(P3[2]-pP1[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1-(q[1]),,[2]>(q[2]) ,P~>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
(21> (p3[2]1-p2[2]-q[2]) ,2~(Q3-Q2-w)})) /.
{012-0,021-50,011»0,022-»0,L1-L,L2>5L}] ;%)

1= (x(¢FA3) _NE (¢r2fA2) _Ex)

(xDiagrams in this entry that have been commented
out have been 1ignored because they are lower order in d_cx)

(*F4¢2F2ContributionNEEWideFishN¢=Together [
(1/dc) ((*slim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)*2(xfactor of two for switching f's around
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on each diagram x)x(1/2) (»factor from second order Taylor expansionx)x
Inverse[MF[pl,Q1]][1,2] (xpropagator of phi(pl)f(-pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,1] (xpropagator of f(pl+q)ed(-pl-q)=))/.
{(p1l+q) [11>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFPF3[1,j,k, LI* (P3[i1-q[i]1)*(-p3[j]) *(-p1[K])*(p1[ll+q[1l]),
{i,2},{3,2},{k,2},{1,2}]) (((FAC/.{pl[1]->(p1[1]+p[1]),pLl[2]>(P1[2]+p[2]),
Q15 (Q1+P) ,p2[1]->(P2[1]1+8[1]),p2[2]>(P2[2]+C[2]) ,Q2>(Q2+2Z)})/.
{q[1]->(p1[1]+p2[1]),q[2]>(P1[2]+p2[2]) ,w~>(Q1+Q2)})/.
{p[1]1>(-2p1[1]1-q[1]),p[2]~>(-2p1[2]-q[2]),P>(-2Ql-w),
€[1]1-»(p1[1]1-p2[1]),8[2]->(P1[2]-p2[2]),Z-(Q1-Q2)}))/.
{012-0,021-50,011»0,022»0,L1-L,L2-L}];

F4¢2F2ContributionNEEWideFishW¢=
Together [ (1/dc) ((*slim fishx)-dc*(2) (xfactor due to the fact
this is a cross term in second order Taylor expansionx)x2
(»factor of two for switching f's and factor of two for switching
ends aroundx)*(1/2) (xfactor from second order Taylor expansionx)
Inverse[MF[pl,Q1]][1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of ¢ (pl+q)f(-pl-q)=*))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (p1+q) [2]1>(Pp1l[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfof3[1,j,k, LI* (p1[i]1)*(-pL[jI1-q[])*(P2[k])=*(-p2[l]+q[1l]),
{1,2},{3,2},{k,2},{1,2}1) (((FAC/.{p1[1]->(p1[1]+p[1]),p1l[2]~(P1[2]+p[2]),
Q15 (Q1+P) ,p2[1]>(P2[1]1+&[1]),p2[2]>(P2[2]+C[2]) ,Q2>(Q2+2)})/.
{q[1]1->(p3[1]-p1[1]1-9[1]),q[2]->(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1->(q[1]),p[2]1-(q[2]) ,P>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
€[2]-»(p3[2]1-p2[2]-q[2]) ,Z2~»(Q3-Q2-w)}))/.
{012-0,021-50,011»0,022»0,L1-L,L2-L}];

F4¢2F2ContributionNEEBunkBedNE¢=Together [
(1/dc) ((*slim fishx)-dcx*(2) (xfactor due to the fact this is a cross term in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundx)
(1/2) (x»factor from second order Taylor expansionsx)x
Inverse[MF[pl1,01]]1[1,2] (xpropagator of f(-pl)d(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,1] (xpropagator of f(pl+q)d(-pl-q)=*))/.
{(p1l+q) [1]1>(p1[1]+q[1]), (P1+q) [2]>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDfof3[1,j,k, LI*(P3[i1-q[i])*(-pLl[j])*(-p3[k]1)*(p1[ll+q[1l]),
{i,2},{3,2},{k,2},{1,2}]) (((F4C/.{pl[1]->(pl[1]+p[1]),p1[2]~(P1[2]+p[2]),
Ql- (Q1l+P) ,p2[1]->(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p1[1]+p2[1]),q[2]>(P1l[2]+p2[2]) ,w~>(Q1+Q2)})/.
{p[1]1-(-2p1[1]-q[1]),p[2]>(-2p1[2]-q[2]),P~>(-2Q1l-w),
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€[1]1-»(p1[1]1-p2[1]),8[2]-»(P1[2]-p2[2]),Z-(Q1-Q2)}))/.
{01250,021-0,011+0,022-0,L1-L,L2-L}1;

F4¢2F2ContributionNEEBunkBedE¢=
Together[(1/dc) ((*slim fishx)-dc*(2) (xfactor due to the fact this 1is a cross
term in second order Taylor expansionsx)*4(xfor which end of ¢'s around
on each diagram and factor of two for switching diagrams aroundx) =
(1/2) (xfactor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]][1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of ¢ (pl+q)f(-pl-q)=*))/.
{(pl+q) [1]1>(p1[1]1+q[1]),(P1+q) [2]~>(P1[2]+q[2])})
((xCoefficient of phi(-p2) f(p2-q) --- f(pl+q) f(-pl)) vertexx)
Sum[ (-1/2)CCDFof3[1,j,k, LI*(P1[i])*(p2[j]1)*(-p1[k]-q[k])=*(-p2[l]+q[1l]),
{1,2},{3,2},{k,2},{1,2}1) (((FAC/.{p1l[1]->(p1[1]+p[1]),p1l[2]-(P1[2]+p[2]),
Ql1- (Q1+P) ,p2[1]~> (p2[1]1+L[1]),p2[2]~(P2[2]+L[2]) ,92~ (Q2+Z)}) /.
{q[1]->(p3[1]-p1[1]1-9[1]),q[2]>(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1-(q[1]),p[2]1>(q[2]),P>(®),E[1]>(P3[1]-p2[1]-q[1]),
€[2]-»(p3[2]-p2[2]-q[2]) ,Z2~(Q3-Q2-w)}))/.
{012-50,021-50,011»0,022-»0,L1-L,L2>L}];

*)

Infe = (xEffective?2 Combinationsx)

(xDiagrams 1in this entry that have been commented
out have been 7ignored because they are lower order in d_cx)

(*»¢F3¢F3ContributionBunkBedSame=Together [

(1/dc) ((*s1lim fishx)-dcx (1) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (xfactor from second order Taylor expansionx)x

Inverse[MF[pl,Q1]][1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,2] (xpropagator of f(pl+q)f(-pl-q)=*))/.
{(p1+q) [1]1>(p1[1]1+q[1]), (p1+q) [2]1>(P1l[2]+q[2])})
(((2%F4A/.{p1l[1]->(p1[1]+p[1]),pP1l[2]~>(P1[2]+p[2]) ,Q1>(Q1+P),
P2[1]1-(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p3[1]-p1[1]-q[1]),q[2]->(P3[2]-p1[2]-9[2]) ,w~(R3-Q1-w)})/.
{p[1]1-(q[1]),p[2]>(q[2]) ,P> (@) ,E[1]>(P3[1]-p2[1]-q[1]),
E[2]-(p3[2]1-p2[2]-q[2]) ,Z2»(Q3-Q2-w) })
(((2%F4A/ . {p1l[1]->(p1[1]1+p[1]),pP1l[2]>(P1[2]+p[2]),Q1>(Q1+P),
P2[1]->(p2[1]+E[1]),p2[2]~>(P2[2]+L([2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p1[1]+p2[1]),q[2]>(P1[2]+p2[2]) ,w>(Q1+Q2)})/.
{p[1]1>(-2p1[1]1-q[1]),p[2]>(-2p1[2]-q[2]),P>(-2Ql-w),
€[1]1-»(p1[1]-p2[1]),8[2]->(P1[2]-p2[2]),Z~»(Q1-Q2)}))/.
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{012-50,021-50,011»0,022»0,L1-L,L2-L}];

¢F3¢pF3ContributionBunkBedOpposite=Together |
(1/dc) ((*slim fishx)-dcx (1) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x8(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (xfactor from second order Taylor expansionx)x*
Inverse[MF[pl,Q1]][2,2] (xpropagator of f(-pl)f(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,1] (xpropagator of f(pl+q)d(-pl-q)=))/.
{(p1l+q) [11>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q([2])})
(((2%xF4A/ . {pl[1]1->(p1l[1]+p[1]),pP1[2]->(P1l[2]+p[2]),Q1->(QLl+P),
P2[1]->(p2[1]+L[1]),p2[2]~>(P2[2]+L([2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p3[1]-p1[1]1-9[1]),q[2]>(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1->(q[1]),p[2]1-(q[2]) ,P>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
€[2]-(P3[2]1-p2[2]-q[2]) ,Z2~(Q3-Q2-w) })
(((2%F4A/ . {p1l[1]->(p1[1]+p[1]),pP1l[2]->(P1[2]+p[2]) ,Q1-(Q1+P),
P2[1]1-(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]) ,Q2~(Q2+Z)})/.
{q[1]->(-p1[1]-q[1]+p2[1]),q[2]->(-P1[2]-q[2]+pP2[2]) ,w~>(-Q1-w+Q2)})/.
{p[1]1-(0),p[2]>(0),P>(0) ,E[1]>(-p1[1]-p2[1]-q[1]),
€[2]-(-p1[2]-p2[2]-9q[2]) ,Z2~ (-w-Q1-Q2)}))/.
{012-50,021-50,011»0,022»0,L1-L,L2-L}];

¢F3Ext¢2F2ContributionBunkBed=Together [

(1/dc) ((*slim fishx)-dcx(2) (xfactor due to the fact this is a cross term 1in
second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (xfactor from second order Taylor expansionx)x*

Inverse[MF[pl,Q1]][1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][2,1] (xpropagator of f(pl+q)d(-pl-q)=))/.
{(p1l+q) [11-(p1[1]1+q[1]),(P1+q) [2]1>(P1[2]+q[2])})
(((2%F4A/.{p1l[1]->(p1[1]+p[1]),pP1l[2]>(P1[2]+p[2]) ,Q1>(Q1+P),
P2[1]-(p2[1]+L[1]),p2[2]~>(P2[2]+L[2]),Q2~(Q2+Z)})/.
{q[1]1->(p3[1]-p1[1]1-q[1]),q[2]>(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1->(q[1]),p[2]1>(q[2]) ,P>(w) ,E[1]>(P3[1]-p2[1]-q[1]),
E€[2]-(p3[2]1-p2[2]-q[2]) ,Z2~(Q3-Q2-w) })
(((FAC/.{pl[1]~>(p1l[1]+p[1]),p1[2]~>(P1l[2]+p[2]),Q1-(Q1+P),
P2[1]->(p2[1]1+8[1]),p2[2]~»(p2[2]+L[2]) ,Q2~>(Q2+Z)1})/.
{q[1]->(p1[1]+p2[1]),q[2]>(P1[2]+p2[2]) ,w~>(Q1+Q2)})/.
{p[1]1-(-2p1[1]1-q[1]),p[2]>(-2p1[2]-q[2]),P~(-2Ql-w),
€[1]1-»(p1[1]1-p2[1]),8[2]-»(P1[2]-p2[2]),Z~»(Q1-Q2)}))/.
{012-0,021-50,011»0,022-»0,L1-L,L2-L}];

¢F3¢2F2ExtContributionBunkBed=Together [
(1/dc) ((*s1lim fishx)-dcx(2) (xfactor due to the fact this is a cross term in
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second order Taylor expansionx)=x4(xfactor of two for switching f's
around on each diagram and factor of two for switching diagrams aroundsx) x
(1/2) (x»factor from second order Taylor expansionx)x*
Inverse[MF[pl1,01]]1[1,2] (xpropagator of f(-pl)¢(pl)=*)=*
((Inverse[MF[pl+q,Ql+w]][1,2] (xpropagator of ¢ (pl+q)f(-pl-q)=*))/.
{(p1+q) [11>(p1[1]1+q[1]), (P1+q) [2]1>(P1[2]+q[2])})
(((F4C/.{p1[1]->(p1l[1]+p[1]),p1[2]~>(P1[2]+p[2]) ,Q1-(Q1+P),
P2[1]-(p2[1]+L[1]),p2[2]~>(P2[2]+L([2]) ,Q2~(Q2+Z)})/.
{q[1]->(p3[1]-p1[1]1-9q[1]),q[2]>(P3[2]-p1l[2]-q[2]),w~>(Q3-Ql-w)})/.
{p[1]1-(q[1]),,[2]1>(q[2]),P~>(w),E[1]>(P3[1]-p2[1]-q[1]),
€[2]-»(P3[2]1-p2[2]-q[2]) ,Z2~(Q3-Q2-w) })
(((2%F4A/ . {p1l[1]->(p1[1]+p[1]),pP1l[2]>(P1[2]+p[2]) ,Q1~>(Q1+P),
P2[1]1-(p2[1]+L[1]),p2[2]~»(P2[2]+L[2]) ,Q2~(Q2+Z)})/.
{q[1]1->(p1[1]+p2[1]),q[2]>(P1l[2]+p2[2]) 0~ (Q1+Q2)})/.
{p[1]1>(-2p1[1]-q[1]),p[2]~>(-2p1[2]-q[2]),P~(-2Ql-w),
€[1]-(p1[1]1-p2[1]),8[2]~>(P1[2]-p2[2]),Z~»(Q1-Q2)}))/.
{012-0,021-50,011»0,022-»0,L1-L,L25L}] ;%)

Extract contribution of A+2u

n-J= (*FAF4Contribution0GSlimFishau=
Simplify[Together[((1/4)D[ (FAF4Contribution0GSlimFish/.{pl[1]-»plxCos[O],
pl1[2]-plxSin[6],Q3-0,02-0,w>0,p3[1]->p3,p3[2]-0,p2[1]->p2,
pP2[2]-0,9[1]-9,9[2]-0}),{pP3,2},{pP2,2}]/.{pP3-0,q-0,p2-0})]1];
F4F4ContributionOGWideFishNoxu=
Simplify[Together[((1/4)D[ (FAF4ContributionOGWideFishN¢/.{pl[1l]-»plxCos[6O],
pl[2]-plxSin[6],23-0,02-0,w->0,p3[1]->p3,p3[2]-0,p2[1]-p2,
pP2[2]-0,q[1]~9,9[2]-0}),{p3,2},{p2,2}]1/.{p3-0,q-0,p2-0})]11];
F4F4ContributionOGWideFishWglau=
Simplify[Together[((1/4)D[ (FAF4ContributionOGWideFishW¢l/.{pl[1]-plxCos[6],
pl1[2]-plxSin[6],23-0,02-0,w-»0,p3[1]-p3,p3[2]-0,p2[1]-p2,
p2[2]-0,q[1]-»9,9[2]-0}),{p3,2},{p2,2}]1/.{p3-0,q-0,p2-0})11];

F4F4ContributionOGWideFishWg2Au=
Simplify[Together[((1/4)D[ (FAF4ContributionOGWideFishW¢2/.{pl[1]-plxCos[e],
pl1[2]-plxSin[6],Q3-0,02-0,w->0,p3[1]->p3,p3[2]-0,p2[1]~>p2,
pP2[2]-0,q[1]~q,9[2]-0}),{p3,2},{pP2,2}]1/.{p3-0,q-0,p2-0})]11];

F4F4Contribution0GBunkBedSameiu=
Simplify[Together[((1/4)D[ (FAF4ContributionOGBunkBedSame/.{pl[1]-plxCos[6],
pl[2]-plxSin[6],23-50,02-0,w-»0,p3[1]-p3,p3[2]-0,p2[1]-»p2,
p2[2]-0,q[1]-»9,9[2]1-0}),{p3,2},{p2,2}]1/.{p3-0,q-0,p2-0})11];
F4F4Contribution0GBunkBedOppositeau=Simplify[
Together [ ((1/4)D[ (F4F4Contribution0GBunkBedOpposite/.{pl[1l]-plxCos[e],
pl1[2]-pl*Sin[6],23-0,02-0,w>0,p3[1]-p3,p3[2]-0,p2[1]~»p2,
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p2[2]-0,q[1]-»9,9[2]1-0}),{p3,2},{p2,2}]1/.{p3-0,q-0,p2-0})11];
F4¢F3ContributionNEEWideFishNgAu=
Simplify[Together[((1/4)D[ (FA¢F3ContributionNEEWideFishN¢/.{pl[1l]-plxCos[6],
pl1[2]-plxSin[6],23-0,02-0,w-»0,p3[1]-p3,p3[2]-0,p2[1]-»p2,
p2[2]-0,q[1]~q,9[2]-0}),{pP3,2},{pP2,2}]1/.{pP3-0,q-0,p2-0})]];

F4¢F3ContributionNEEWideFishW¢lau=
Simplify[Together[ ((1/4)D[ (FA¢F3ContributionNEEWideFishW¢l/.{pl[1l]-plxCos[O],
pl1[2]-plxSin[6],Q3-0,02-0,w->0,p3[1]->p3,p3[2]-0,p2[1]->p2,
pP2[2]-0,q[1]~q,9[2]-0}),{p3,2},{p2,2}1/.{p3-0,q-0,p2-0})]11];

F4¢F3ContributionNEEWideFishW¢2au=
Simplify[Together[((1/4)D[ (FA¢F3ContributionNEEWideFishW¢2/.{pl[1l]-plxCos[6],
pl1[2]-pl*Sin[6],23-0,02-0,w-0,p3[1]-p3,p3[2]-0,p2[1]~»p2,
p2[2]-0,q[1]~9,9[2]-0}),{pP3,2},{pP2,2}]1/.{p3-0,q-0,p2-0})]];
F4¢F3ContributionNEEBunkBedNE¢Sameru=Simplify[
Together [ ((1/4)D[ (F4¢F3ContributionNEEBunkBedNE¢Same/.{pl[1l]-plxCos[6],
pl[2]-pl*Sin[6],03-50,02-50,w-»0,p3[1]->p3,p3[2]-0,p2[1]-p2,
p2[2]-0,q[1]~9,9[2]-0}),{pP3,2},{pP2,2}]1/.{p3-0,q-0,p2-0})]];

F4¢F3ContributionNEEBunkBedNE¢Oppositeau=Simplify]
Together [ ((1/4)D[ (F4¢F3ContributionNEEBunkBedNE#Opposite/.{pl[1l]-plxCos[O],
pl[2]-plxSin[6],23-0,02-0,w->0,p3[1]-»p3,p3[2]-0,p2[1]-p2,
p2[2]-0,q[1]1~»9,9[2]1-0}),{p3,2},{p2,2}]1/.{p3-0,q-0,p2-0})11];

F4¢F3ContributionNEEBunkBedE¢Sameau=Simplify[
Together [ ((1/4)D[ (F4¢F3ContributionNEEBunkBedE¢Same/.{pl[1]-plxCos[e],
pl[2]-pl*Sin[6],03-50,02-50,w-»0,p3[1]->p3,p3[2]-0,p2[1]-»p2,
p2[2]-0,q[1]~9,9[2]-0}),{p3,2},{pP2,2}]1/.{p3-0,q-0,p2-0})]11];

F4¢F3ContributionNEEBunkBedE¢Oppositeau=Simplify[

Together [ ((1/4)D[ (F4¢F3ContributionNEEBunkBedE¢Opposite/.{pl[1l]-plxCos[O],
pl1[2]-plxSin[6],23-0,02-0,w-»0,p3[1]->p3,p3[2]-0,p2[1]-»p2,
p2[2]-0,q[1]-»9,9[2]1-0}),{p3,2},{p2,2}]1/.{p3-0,q-0,p2-0})11];

F4¢2F2ContributionNEEWideFishN¢au=
Together [ ((1/4)D[ (F4¢2F2ContributionNEEWideFishNg/.
{p1l[1l]-plxCos[B],pl[2]-»plxSin[6],Q3-0,02-0,w-0,p3[1]->p3,p3[2]-0,
p2[1]-p2,p2[2]-0,q[1]~q,q[2]-0}),{p3,2},{pP2,2}]/.{pP3~0,q-0,p2-0})];
F4¢2F2ContributionNEEWideFishWoau=
Together [ ((1/4)D[ (F4¢2F2ContributionNEEWideFishWg/ .
{pl[1]-plxCos[6],pl[2]-»plxSin[6],03-50,02-0,w»0,p3[1]-p3,p3[2]-0,
p2[1]-p2,p2[2]-0,q[1]~»q,q[2]-0}),{p3,2},{pP2,2}]/.{pP3~0,q-0,p2-0})];
F4¢2F2ContributionNEEBunkBedNEpAu=
Together [ ((1/4)D[ (F4¢2F2ContributionNEEBunkBedNE¢/ .
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{p1l[1l]-plxCos[B],pl[2]-»pl*xSin[6],Q3-0,02-0,w-0,p3[1]->p3,p3[2]-0,
p2[1]-p2,p2[2]-0,q[1]~q,q[2]-0}),{pP3,2},{pP2,2}]/.{pP3~0,q-0,p2-0})];
F4¢2F2ContributionNEEBunkBedEgAu=
Together [ ((1/4)D[ (F4¢2F2ContributionNEEBunkBedE¢/.
{pl[1]-plxCos[6],pl[2]-»plxSin[6],03-50,02-0,w-»0,p3[1]->p3,p3[2]-0,
pP2[1]-p2,p2[2]-0,q[1]~q,q[2]-0}),{p3,2},{pP2,2}]/.{pP3~0,q-0,p2-0})];
¢F3¢pF3ContributionBunkBedSameAu=
Together [ ((1/4)D[ (¢F3¢F3ContributionBunkBedSame/. {pl[1l]-plxCos[6],
pl[2]-plxSin[6],03-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,
pP2[2]1-0,q[1]1~9,q[2]-0}),{p3,2},{p2,2}]/.{p3-0,q-0,p2-0})];
¢F3¢F3ContributionBunkBedOppositeau=
Together [ ((1/4)D[ (¢F3¢F3ContributionBunkBedOpposite/.
{pl[1]-plxCos[6],pl[2]-pl*xSin[6],Q3-0,02-0,w-0,p3[1]-»p3,p3[2]-0,
p2[1]-p2,p2[2]-0,q[1]~q9,9[2]-0}),{pP3,2},{pP2,2}1/.{p3-0,q-0,p2-0})];
¢F3Ext¢p2F2ContributionBunkBedAu=
Together [ ((1/4)D[ (¢F3Extp2F2ContributionBunkBed/.{pl[1]-»plxCos[eE],
pl[2]-plxSin[6],03-0,02-0,0w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,
pP2[2]-0,q[1]~9,9[2]-0}),{pP3,2},{P2,2}]/.{pP3-0,9-0,p2-0})];
¢F3¢p2F2ExtContributionBunkBedAu=
Together [ ((1/4)D[ (¢F3¢2F2ExtContributionBunkBed/.{pl[1]-»plxCos[e],
pl[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-20,p2[1]-p2,
pP2[2]-0,q[1]~9,9[2]-0}),{pP3,2},{pP2,2}]/.{pP3-0,9q-0,p2-0})];
NumF4F4Contribution0GSlimFishau=
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishaul,{6,0,27}11;
NumF4F4ContributionOGWideFishNgAu=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishN¢aul,{6,0,27}]11;
NumF4F4ContributionOGWideFishWelau=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢liul,{6,0,27}]11];
NumF4F4ContributionOGWideFishWg2Au=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢2au],{6,0,27}]11;
NumF4F4ContributionOGBunkBedSameau=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedSamexu],{6,0,27}]11;
NumF4F4Contribution0GBunkBedOppositeiu=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedOppositeau],{6,0,2x}]11];
NumF4¢F3ContributionNEEWideFishNgau=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishN¢au]l,{6,0,2x}1];
NumF4¢F3ContributionNEEWideFishW¢lau=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishWpliau]l,{6,0,27}1];
NumF4¢F3ContributionNEEWideFishW¢2Au=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢2au],{6,0,27}1];
NumF4¢F3ContributionNEEBunkBedNE¢Sameau=Simplify[
Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢Sameru],{6,0,2x7}]11];
NumF4¢F3ContributionNEEBunkBedNE®Oppositeiu=Simplify[
Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢Oppositerul,{6,0,2x}1]1;
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NumF4¢F3ContributionNEEBunkBedE¢Samexu=

Simplify[Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢Sameru],{6,0,27}1];
NumF4¢F3ContributionNEEBunkBedE¢Oppositeau=Simplify[

Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢Oppositeau],{6,0,2x}11];

NumF4¢2F2ContributionNEEWideFishN¢au=

Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishN¢au], {6,0,27}1];
NumF4¢2F2ContributionNEEWideFishWau=

Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishWoru],{6,0,27}1];

NumF4¢2F2ContributionNEEBunkBedNEgpAu=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedNEpAL],{6,0,27t}]1]
NumF4¢2F2ContributionNEEBunkBedEgpAu=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedE¢Au]l, {6,0,27}1];
Num¢F3¢F3ContributionBunkBedSameau=
Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedSamexu],{6,0,27}]11;
Num¢F3¢F3ContributionBunkBedOppositeiu=
Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedOppositeau],{6,0,27}11;
Num¢F3Ext¢2F2ContributionBunkBedau=
Integrate[Numerator [¢F3Ext¢$2F2ContributionBunkBedau], {6,0,27}];
Num¢F3¢2F2ExtContributionBunkBedAu=
Integrate[Numerator [¢F3¢2F2ExtContributionBunkBediu], {6,0,27}];
FullF4F4Contribution0GSlimFishAu=NumF4F4ContributionO0GSlimFishau/
Simplify[Denominator [F4F4Contribution0GSlimFishaul];
FullF4F4ContributionOGWideFishN¢Au=NumF4F4ContributionOGWideFishN¢xu/
Simplify[Denominator [F4F4ContributionOGWideFishN¢au]];
FullF4F4ContributionOGWideFishWelAu=NumF4F4ContributionOGWideFishWolau/
Simplify[Denominator [F4F4ContributionOGWideFishW¢lau]];
FullF4F4ContributionOGWideFishW¢2Au=NumF4F4ContributionOGWideFishW¢2Au/
Simplify[Denominator [F4F4ContributionOGWideFishW¢2au]];
FullF4F4ContributionOGBunkBedSameAu=NumF4F4ContributionOGBunkBedSameAu/
Simplify[Denominator [F4F4Contribution0GBunkBedSamexu]];
FullF4F4Contribution0GBunkBedOppositeau=NumF4F4Contribution0GBunkBedOppositeau/
Simplify[Denominator [F4F4Contribution0GBunkBedOppositeau]];
FullF4¢F3ContributionNEEWideFishN¢Au=NumF4¢F3ContributionNEEWideFishNgAu/
Simplify[Denominator [F4¢F3ContributionNEEWideFishNe¢aul];
FullF4¢F3ContributionNEEWideFishW¢lAu=NumF4¢F3ContributionNEEWideFishW¢lau/
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢lau]];
FUllF4¢F3ContributionNEEWideFishW¢2au=NumF4¢F3ContributionNEEWideFishW¢2au/
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢2au]];
FullF4¢F3ContributionNEEBunkBedNE¢Samexu=
NumF4¢F3ContributionNEEBunkBedNE¢pSameAu/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢Sameau]];
FullF4¢F3ContributionNEEBunkBedNE¢Oppositeau=
NumF4¢F3ContributionNEEBunkBedNE®Oppositeiu/
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Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢Oppositeau]];
FullF4¢F3ContributionNEEBunkBedE¢Sameau=NumF4¢F3ContributionNEEBunkBedE¢Samexu/

Simplify[Denominator [F4¢F3ContributionNEEBunkBedE¢Sameru]];
FullF4¢F3ContributionNEEBunkBedE¢Oppositeau=

NumF4¢F3ContributionNEEBunkBedE¢Oppositeau/

Simplify[Denominator [F4¢F3ContributionNEEBunkBedE¢Oppositeau]];
FullF4¢2F2ContributionNEEWideFishN¢Au=NumF4¢2F2ContributionNEEWideFishN¢xu/

Simplify[Denominator [F4¢2F2ContributionNEEWideFishN¢au]];
FullF4¢2F2ContributionNEEWideFishWpAu=NumF4¢2F2ContributionNEEWideFishW¢au/

Simplify[Denominator [F4¢2F2ContributionNEEWideFishWoau]ll;

FullF4¢2F2ContributionNEEBunkBedNE¢pAuForIso=
NumF4¢2F2ContributionNEEBunkBedNE@AL/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedNEpAL] ]
FullF4¢2F2ContributionNEEBunkBedE¢pAuForIso=NumF4¢2F2ContributionNEEBunkBedE¢Au/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedEgAu]];
Full¢F3¢F3ContributionBunkBedSameAuForIso=Num¢F3¢F3ContributionBunkBedSamexu/
Simplify[Denominator [¢F3¢F3ContributionBunkBedSamexu]];
Full¢F3¢F3ContributionBunkBedOppositeauForIso=
Num¢F3¢F3ContributionBunkBedOppositeau/
Simplify[Denominator[¢F3¢F3ContributionBunkBedOppositeau]];
Full¢F3Ext¢2F2ContributionBunkBedAuForIso=Num¢F3Ext¢p2F2ContributionBunkBedxu/
Simplify[Denominator [¢F3Ext¢2F2ContributionBunkBedau]];
Full¢F3¢2F2ExtContributionBunkBedAuForIso=Num¢F3¢2F2ExtContributionBunkBedxau/
Simplify[Denominator [¢F3¢2F2ExtContributionBunkBedau]];

D11F4¢2F2Contr1butionNEEBunkBedNE¢Au=Simp11fy[Distribute[(*dc*)

I« (Df p1? (pl2+0)+i Ql)"O*((*dC*)Ql—(—; i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)Ql—(i (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p12 (p1%+0)-i 01) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYUK?-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))”;
D22F4¢2F2ContributionNEEBunkBedNEpAu=Simplify [Di stribute [ (xdcx)

(Df p12 (p12+0)+i Q1) (xdcx) ((*dc*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? p12)))/\



MathematicaOddThesis.nb | 41

0((*dc*)§21—(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+

+/4 DDYUA DDYuK+4 DDYUK?-DDYuA?-2 DDYUA DDYuu-DDYuy? plz)))”;
D32F4¢2F2Contr'ibut1'onNEEBunkBedNEq))Lu:S'imPl'ify[

D'istr"ibute[(*dc*) (Df p12 (p1%+0)+i Q1) ((*dc*)Ql—(i i (DDYu)L p12+3 DDYup pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? p12)))*

(xdcw) ((*dc*)Ql—(—; (:‘1 DDYuX pl12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYui®-2 DDYuX DDYuu-DDYuu? p12))) 0«

(Df p12 (p1%+0)-i a1) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))”;

FullllF4¢2F2ContributionNEEBunkBedNE¢Au=
NumF4¢2F2ContributionNEEBunkBedNEpAL/D11F4¢2F2ContributionNEEBunkBedNEpAL
Full22F4¢2F2ContributionNEEBunkBedNEgpAL=
NumF4¢2F2ContributionNEEBunkBedNEgpAL/D22F4¢2F2ContributionNEEBunkBedNE®AL ;
Full32F4¢2F2ContributionNEEBunkBedNEgpAu=
NumF4¢2F2ContributionNEEBunkBedNE¢Au/D32F4¢2F2ContributionNEEBunkBedNE®AL

FullliF4¢2F2ContributionNEEBunkBedNE¢ALRes=
2#7xIxFUll11F4¢2F2ContributionNEEBunkBedNEgAu/ . {Q1»i Df p1® (pl?+0)};

Full22F4¢2F2ContributionNEEBunkBedNE¢pAuRes=
2x7txIxFull22F4¢2F2ContributionNEEBunkBedNEgAL/ .

{91-)2(—;) i (DDYu)L p12+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)};
Full32F4¢2F2ContributionNEEBunkBedNE¢AuRes=
2xmxIxFull32F4¢2F2ContributionNEEBunkBedNEpAL/ .

1 . 2 . 2
{9142(*“*) (1 DDYuX p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? plz)};

FullF4¢2F2ContributionNEEBunkBedNE¢pAuRes=
FullllF4¢2F2ContributionNEEBunkBedNE¢pAuRes +
Full22F4¢2F2ContributionNEEBunkBedNE¢pALRes +



42 | MathematicaOddThesis.nb
Full32F4¢2F2ContributionNEEBunkBedNE¢AuRes;

D12F4¢2F2ContributionNEEBunkBedEpau=
Simplify[(*dc*)(—I*Df p1? (p1l+o)+ Ql)AO((*dc*)Ql—(% i (DDYuA p1%+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)Ql—(% (i DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? plz)))

(IsDf p1? (pl%+o)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? p12)))

((*dc*)91+(§ (i DDYux pl12+3 i DDYuu pl2+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))]5
021F4¢2FzContributionNEEBunkBedE¢Au=Simplify[(*dC*)

(I+Df p1% (p12+0)+ 91)A0(*dc*)((*dc*)91-(§ i (DDYul p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu? p12)))+o

((*dc*)Ql—(i (i DDYux p12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYuy? p12)))

(I«Df p1? (p12+0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYuX p12+3 i DDYuu pl2+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

D31F4¢2F2ContributionNEEBunkBedEgpAu=
simplify[(*dc*)(I*Df p1? (p1%+o)+ Ql)“@(*dc*)((*dc*)nl—(% i (DDYuA p12+

3 DDYuu pl12+i 4/4 DDYuA DDYuK+4 DDYuK2-DDYuA2-2 DDYuA DDYuu-DDYuu? p12)))

((*dc*)Ql—(i (i DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYup? p12)))Ao

(I«Df p1? (p12+o0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYuu® p1Z)))

((*dc*)91+(§ (i DDYuX p12+3 i DDYuu pl2+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

Fulll2F4¢2F2ContributionNEEBunkBedE¢pAu=
NumF4¢2F2ContributionNEEBunkBedE¢au/D12F4¢2F2ContributionNEEBunkBedE¢Au;

Full21F4¢2F2ContributionNEEBunkBedEgpAu=
NumF4¢2F2ContributionNEEBunkBedE¢au/D21F4¢2F2ContributionNEEBunkBedE¢pAu;
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Full31F4¢2F2ContributionNEEBunkBedEgpAu=
NumF4¢2F2ContributionNEEBunkBedE¢Au/D31F4¢2F2ContributionNEEBunkBedEgAu ;

Fulll2F4¢2F2ContributionNEEBunkBedE¢pAuRes=
0#2%7xIxD[Fulll2F4¢2F2ContributionNEEBunkBedE¢au, {Q1,1}]/.{Ql»i Df pl* (pl%+o)};
Full21F4¢2F2ContributionNEEBunkBedEgpAuRes=
2xmxIxFull21F4¢2F2ContributionNEEBunkBedEgAu/ .

1 . 2 2
{91_,2(*“*) i (DDYuJL p12+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK2?-DDYuA?-2 DDYuX DDYuu-DDYuu? plz)};
Full31F4¢2F2ContributionNEEBunkBedE¢pAuRes=
2xmxIxFUull31F4¢2F2ContributionNEEBunkBedE¢Au/ .

{91"2( L) (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA2-2 DDYuA DDYuu-DDYup? plz)};

FullF4¢2F2ContributionNEEBunkBedE¢pAuRes=
(*Full12F4¢2F2ContributionNEEBunkBedE¢AuReS +*)
Full21F4¢2F2ContributionNEEBunkBedE¢pAuRes+

Full31F4¢2F2ContributionNEEBunkBedE¢AuRes;

D12¢F3¢F3ContributionBunkBedSamexiu=
S'imph'fy[(*dc"z*)l*I*(Df p1? (pl%+o)+i Ql)"O*((*dC*)Ql—(% i (DDYu]L p12+

3 DDYuu p12+i +/4 DDYuA DDYuK+4 DDYuK2-DDYuA2-2 DDYuA DDYuu-DDYuu? p12)))

((*dc*)Ql—(i (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p1? (p1%+0)-i Q1)r2 ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuu? p1)))

((*dc*)91+(§ (:'1 DDYux pl12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuu? p12)))];
D21¢F3¢F3Contr1butionBunkBedSameAu=Simplify[(*chz*)

1« (Df p1? (p12+0)+i Q1) (xdcx) ((*dc*)m-(izL i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))"o

((*dc*)Ql—(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p1? (p1l%+0)-i Q1)r2 ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+
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—J4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuu? plz)))];

D31¢F3¢F3ContributionBunkBedSameAu=
51mp11fy[(*dcﬂz*)1*(of p1? (pl%+o)+i Ql)*((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? p12)))*

(*dc*)((*dc*)Ql—(i (i DDYux pl12+3 i DDYuu pl2+

+/4 DDYUA DDYuK+4 DDYuK-DDYux?-2 DDYux DDYuu-DDYuu? p12)))+e

(Df p1? (p1?+0)-i Ql1)A2 ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

*\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? Plz)))];

Full12¢F3¢F3ContributionBunkBedSamexu=
Num¢F3¢F3ContributionBunkBedSameAu/D12¢F3¢F3ContributionBunkBedSamexy;

Full21¢F3¢F3ContributionBunkBedSamexu=
Numg¢F3¢F3ContributionBunkBedSameAu/D21¢F3¢F3ContributionBunkBedSamexy;

Full31¢F3¢F3ContributionBunkBedSamexu=
Num¢F3¢F3ContributionBunkBedSameau/D31¢F3¢F3ContributionBunkBedSameAu;

Fulll2¢F3¢F3ContributionBunkBedSameAuRes=
247+ IxFull12¢F3¢F3ContributionBunkBedSameiu/ . {Q1-»i Df p1*> (p1l?+0)};
Full21¢F3¢F3ContributionBunkBedSamexuRes=

Z*N*I*Fu1121¢F3¢F3ContributionBunkBedSameAu/.{Qle L

2 (xdcx*)

i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)};
Full31¢F3¢F3ContributionBunkBedSamexuRes=
2xmxIxFull31¢F3¢F3ContributionBunkBedSameAu/.

{Qlaz(;c) (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK?-DDYuA?-2 DDYux DDYuu-DDYuy? plz)};

Full¢F3¢F3ContributionBunkBedSameaxuRes=Full12¢F3¢F3ContributionBunkBedSameAuRes+
Full21¢F3¢F3ContributionBunkBedSamexuRes+
Full31¢F3¢F3ContributionBunkBedSamexuRes;

D12¢F3¢F3ContributionBunkBedOppositelu=Simp11fy[

~Ixl(xdch2+) % (I72) (Df p1? (pl?+o0)+i Ql)AO*((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYuX DDYuyu-DDYup> p12)))A2

((*dc*)Ql—(% (i DDYux pl12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYux®-2 DDYuX DDYuu-DDYuu? p12)))*2
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(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYuX DDYuyu-DDYup> p12)))'\0

((*dc*)91+(§ (:1 DDYux p12+3 i DDYuu pl%+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? p12)))'\0];
D22¢F3¢F3ContributionBunkBedOppositeau=
S'impl'ify[—I*(*dc"Z*)1*(Df p1? (p12+o) +1 Ql) A2

(%% (dch2) %) ((*dc*)Ql—(% i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))"o

((*dc*)Ql—(i (1'1 DDYux p12+3 i DDYuu pl2+

+/4 DDYUA DDYuK+4 DDYuK?-DDYux?-2 DDYuX DDYuu-DDYuu? p12)))42

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))"ﬁ)

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))/\0];
D32¢F3¢F3ContributionBunkBedOppositezu=Simp11fy[

-Ix(xdch2#) 1 (Df p1? (pl?+o0)+i Ql)"z*((*dc*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuyu-DDYup> p12)))/\2*

(% (dch2) %) ((*dc*)Ql—(% (;.1 DDYuA pl12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYux®-2 DDYuX DDYuu-DDYuu? p12}))+o

(Df p1? (p12+0)-i ol) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))"o

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? plz)))"o];

Full12¢F3¢F3ContributionBunkBedOppositeau=
Num¢F3¢F3ContributionBunkBedOppositeau/D12¢F3¢F3ContributionBunkBedOppositeiu;

Full22¢F3¢F3ContributionBunkBedOppositeau=
Num¢F3¢F3ContributionBunkBedOppositeau/D22¢F3¢pF3ContributionBunkBedOppositenu;

Full32¢F3¢F3ContributionBunkBedOppositeau=
Num¢F3¢F3ContributionBunkBedOppositeau/D32¢F3¢F3ContributionBunkBedOppositeau;

Fulli12¢F3¢F3ContributionBunkBedOppositeAuRes=

2x7xIxD[Full12¢F3¢F3ContributionBunkBedOppositeau, {Q1,1}]/.
{e1-1 Df p1? (p1%+0)};

Full22¢F3¢F3ContributionBunkBedOppositeauRes=

| a5
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2x7xIxD[Full22¢F3¢F3ContributionBunkBedOppositeau, {Q1l,1}]/.

{9142( jj-c) i (DDYu)L pl2+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)};
Full32¢F3¢F3ContributionBunkBedOppositeiuRes=
2x7xIxD[Full32¢F3¢F3ContributionBunkBedOppositeau, {Q1,1}]/.

1 . 2 . 2
{91"2(*dc*) (1 DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)};

Full¢F3¢F3ContributionBunkBedOppositeAuRes=
Full12¢F3¢F3ContributionBunkBedOppositeAuRes+
Full22¢F3¢F3ContributionBunkBedOppositeAuRes+
Full32¢F3¢F3ContributionBunkBedOppositeiuRes;

D11¢F3Ext¢2F2ContributionBunkBedAu=
S'impl'ify[(*dc*)I*(Df p1? (pl%+o)+i Ql)"o*((*dc*)Ql—(é i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))"z

((*dc*)Ql—(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))"z

(Df p12 (p1%+0)-i 01) ((*dc*)Ql+(—; i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYul DDYuu-DDYup? p12)))];
D22¢F3Ext¢2F2ContributionBunkBedAu=Simplify[(*dc*)

(Df p12 (p12+0)+i Q1) (% (dch2)+) ((*dc*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur-2 DDYuX DDYuyu-DDYup> plz)))"ﬁ)

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYur®-2 DDYuX DDYuu-DDYuu? p1?)))+2

(Df p1? (p12+0)-i ol) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)m»f(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))];
D32¢F3Ext¢2F2ContributionBunkBedAu=Simplify[(*dc*)

(Df p1? (p12+0)+i QL) (x*(dch2)+) ((*dc*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuyu-DDYup> p12)))'\2
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((*dc*)Ql—(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))"O

(Df p1? (p1%+0)-i 01) ((*dc*)Ql+(—; i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuu? plz)))];

Fulll1l¢F3Ext¢2F2ContributionBunkBedAu=
NumgF3Ext¢2F2ContributionBunkBedAu/D11¢F3Ext$p2F2ContributionBunkBeday;

Full22¢F3Ext¢2F2ContributionBunkBedau=
NumgF3Ext¢2F2ContributionBunkBedAu/D22¢F3Ext¢p2F2ContributionBunkBeday;

Full32¢F3Ext¢2F2ContributionBunkBediu=
NumgF3Ext¢2F2ContributionBunkBedAu/D32¢F3Ext¢p2F2ContributionBunkBeday;

Fulll1l¢F3Ext¢2F2ContributionBunkBedauRes=
2+ IxFUll11¢F3Exté2F2ContributionBunkBediu/.{Q1»i Df p1? (pl’+c)};

Full22¢F3Ext¢2F2ContributionBunkBedauRes=
2%+ I%D [Full22¢F3Ext$2F2ContributionBunkBeday, {Q1,1}]/.

1 . 2 2
{91_,2(*“*) i (DDYuJL p12+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuu? plz)};
Full32¢F3Ext¢2F2ContributionBunkBedAuRes=
2x7xIx*D[Full32¢F3Ext¢2F2ContributionBunkBedau, {Q1,1}]/.

L i 2 . 2
{Ql_)Z(*dc*) (1 DDYuA p17+3 i DDYuu pl©+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? plz)};

Full¢F3Ext¢2F2ContributionBunkBedAuRes=Full11¢F3Ext¢2F2ContributionBunkBedAuRes+
Full22¢F3Ext¢2F2ContributionBunkBedauRes+
Full32¢F3Ext¢2F2ContributionBunkBediuRes;

D12¢F3¢2F2ExtContributionBunkBedau=
S'impl'ify[—(*dc*) (Df p1? (p1%+o)+i Ql)AO*((*dC*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuu? p1?)))

((*dc*)m-(izL (:1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYuy? plz)))

(Df p1? (p1%+0)-i Ql)"Z((*dC*)Ql+(% i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYui DDYuyu-DDYup> p12)))'\2

((*dc*)m»f(% (:1 DDYux pl12+3 i DDYuu pl%+
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/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))AZ];

D21¢F3¢2F2ExtContributionBunkBedAu=Simplify[

- (xdcx) (Df p12 (p12+0)+i Ql)“O*(*dc*)((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYUK2-DDYux-2 DDYuX DDYuyu-DDYup> p12)))Ao

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? p12)))

(Df p12 (p1%+0)-i Ql)AZ((*dC*)Ql+(% i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYuu? p12)))A2

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? p12)))ﬂz];

D31¢F3¢2F2ExtContributionBunkBedAu=
Simplify[-(*dc*)(nf p1? (pl2+o)+i Ql)AO*(*dc*)((*dc*)Ql—(i i (DDYuA p12+

3 DDYuu pl2+i «/4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYup?

((*dc*)Ql—(% (i DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYup? plz)))AO

(Df p12 (p1%+0)-i gl)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur-2 DDYuX DDYuyu-DDYup> p12)))A2

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? p12)))ﬂz];

Full12¢F3¢2F2ExtContributionBunkBediu=
Num¢F3¢2F2ExtContributionBunkBedAu/D12¢F3¢2F2ExtContributionBunkBedayu;

Full21¢F3¢2F2ExtContributionBunkBedAu=
Num¢F3¢2F2ExtContributionBunkBedAu/D21¢F3¢2F2ExtContributionBunkBeday;

Full31¢F3¢2F2ExtContributionBunkBedau=
Num¢F3¢2F2ExtContributionBunkBedAu/D31¢F3¢$2F2ExtContributionBunkBeday;

Fulll2¢F3¢2F2ExtContributionBunkBedAuRes=

0#2#7+I#D[Fulll2¢F3¢2F2ExtContributionBunkBediu,Q1]/.{Q1-i Df p1? (p1®+0)};

Full21¢F3¢2F2ExtContributionBunkBedauRes=

Z*N*I*Fu1121¢F3¢2F2ExtContributionBunkBedAu/.{Qla 1

2 (*xdcx)

i —J4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuXx DDYuu-DDYuu? plz)};
Full31¢F3¢2F2ExtContributionBunkBedAuRes=
2x7xIxFUull31¢F3¢2F2ExtContributionBunkBedau/.

L i 2 . N
{Ql_)Z(*dc*) (1 DDYuA p17+3 i DDYuu pl©+

P1’)))

i (DDYuA pl2+3 DDYuu pl2+
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/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? plz)};

Full¢F3¢2F2ExtContributionBunkBedAuRes=Full12¢F3¢2F2ExtContributionBunkBedAuRes+
Full21¢F3¢2F2ExtContributionBunkBedauRes+
Full31¢F3¢2F2ExtContributionBunkBediuRes;

ResF4F4Contribution0GSlimFishau=

2#7+I# (Residue[FullF4F4Contribution0GSlimFishau,{Ql,i Dfxp1® (p1? x+o)}]);
ResF4F4ContributionOGWideFishN¢au=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishNg¢au,{@1,i Dfxpl? (p1? x+o)}]);
ResF4F4ContributionOGWideFishW¢lau=

247+I# (Residue[FullF4F4ContributionOGWideFishWoliu,{Ql,i Dfxpl?® (pl1* x+o)}]);
ResF4F4ContributionOGWideFishW¢2au=

2+7#Ix (Residue [FullF4F4ContributionOGWideFishW¢2au,{Ql,i Df+pl* (pl? x+o)}]);
ResF4F4Contribution0GBunkBedSameAu=

2#7#Ix (Residue [FullF4F4Contribution0GBunkBedSameiu, {Ql,i Df+pl® (pl? x+o)}]);

ResF4F4Contribution0GBunkBedOppositeAu=2xmxIx
(Residue[FullF4F4Contribution0GBunkBedOppositeiu,{Ql,i Df«pl® (p1® x+o)}]);

ResF4¢F3ContributionNEEWideFishN¢Au=
2*n*I*(Residue[Fu11F4¢F3ContributionNEEWideFishN¢Ay,{Ql,i Dfxpl® (pl1® x+o)}]+

Residue[Fu11F4¢F3ContributionNEEwideFishN¢Au,{Ql,;;ﬁ——

— i (DDYuA p12+3 DDYuy

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1‘due[FuuF4qu3Contr1‘but1‘onNEEW1‘deF1‘sthb)m,{91,;(—jc—*7 (i DDYux pl2+3 i

DDYuu p1%++/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYuu? p1*)}]);

ResF4¢F3ContributionNEEWideFishWelau=
Z*H*I*(Residue[Fu11F4¢F3ContributionNEEWideFishW¢1Au,{Ql,i Df#pl® (pl? x+o)}]+

Residue[Fu11F4¢F3ContributionNEEWideFishW¢1Au,{Ql,;a%——

— i (DDYuA p12+3 DDYuu

p12+i /4 DDYUA DDYuK+4 DDYUK2-DDYux?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shW¢1Au,{Ql (i DDYux pl2+3 i

’2(d *)

DDYuu p12++/4 DDYUA DDYuK+4 DDYuK*-DDYui?-2 DDYux DDYuu-DDYuy? p1?) }]);

ResF4¢F3ContributionNEEWideFishWgp2au=
2*n*1*(Residue[Fu11F4¢F3ContributionNEEWideFishw¢2zu,{91 i Dfxpl® (pl1® x+o)}]+

Res1due[FullF4¢F3Contr1but1onNEEW1deF1shw¢21u,{Ql i (DDYuA p12+3 DDYup

’2(d *)

pl12+i —J4 DDYuA DDYuK+4 DDYuK2?-DDYua?-2 DDYuX DDYuu-DDYup? plz)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shw¢2lu,{Ql (i DDYuX pl12+3 i

’2(d *)
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DDYup p12+‘J4 DDYuA DDYuK+4 DDYuK?-DDYua®*-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEBunkBedNE¢SameAu=
Z*N*I*(Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢Samelu,{Ql i Df«pl® (pl1® x+o)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEBunkBedNE¢Samelu,{Ql i (DDYuA p124+3

’2(dc)

DDYup pl?+i —J4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu-DDYup? plz)}]+

Residue[FullF4¢F3ContributionNEEBunkBedNE¢SameAu,{Ql,;;i;; (i DDYux p12+3 i

DDYuu p12++/4 DDYUA DDYuK+4 DDYuK2-DDYua2-2 DDYui DDYuyu-DDYup> plz)}]);

ResF4¢F3ContributionNEEBunkBedNE¢Oppositeru=2+m*Ix
(Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢0ppositeAu,{Ql,i Df+pl® (pl* x+o)}]+

Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢0ppositeAu,

1 . 2 2
{Ql’z(ﬂk*) i (DDYux p12+3 DDYuu pis

i /4 DDYUA DDYuK+4 DDYuK2-DDYu?-2 DDYui DDYup-DDVuu? p1*)}]+
Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢OppositeAu,

1 . 2 . 2
{91,37:;;7 (1 DDYux p12+3 i DDYuu pl?+

«/4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuu? plz)}]);

ResF4¢F3ContributionNEEBunkBedE¢SameAu=
2*n*I*(Residue[Fu11F4¢F3ContributionNEEBunkBedE¢SameAu,{Ql,i Df+pl? (p1® x+o)}]+

Res1due[FullF4¢F3Contr1but1onNEEBunkBedE¢SameAu,{Ql i (DDYuA p12+3

’2(dc)

DDYuu p12+i +/4 DDYuA DDYuK+4 DDYuKZ-DDYuA?-2 DDYuA DDYuu-DDYuy? plz)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEBunkBedE¢SameAu,{Ql (i DDYux pl2+3 i

2(d)

DDYuu pi12++/4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYuA DDYupu-DDYup? plz)}]);
ResF4¢F3ContributionNEEBunkBedE¢Oppositeru=2xm*Ix
(Residue[Fu11F4¢F3ContributionNEEBunkBedE¢0ppositelu,{Ql i Dfxpl® (p1® x+o)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEBunkBedE¢0ppos1teAu,{Ql i (DDYuA p124+3

’2(d *)

DDYup pl?+i —J4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu-DDYup? plz)}]+
Residue[Fu11F4¢F3ContributionNEEBunkBedE¢0ppositeAu,

1 . 2 . 2
{91,;755:; (1 DDYux p12+3 i DDYuu pl?+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)}]);

ResF4¢2F2ContributionNEEWideFishN¢Au=
2*n*I*(Residue[Fu11F4¢2F2ContributionNEEWideFishN¢Au,{Ql,i Df+pl? (p1® x+0)}]+
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Residue[FullF4¢2F2ContributionNEEWideFishN¢Au,{Ql,;zi——

— i (DDYu)L p12+3 DDYuu

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYup> plz)}]+

Res1due[FuU.F4q>2F2Contr-|but1onNEEW1deF1shNdum,{91,ﬁ (:'1 DDYux pl2+3 i

DDYuu p12++/4 DDYUA DDYuK+4 DDYuK-DDYui?-2 DDYuX DDYuu-DDYuy? plz)}]);
ResF4¢2F2ContributionNEEWideFishWeau=
2*7r*I*(Residue[Fu'L'I.F4¢2F2Contr'ibut'ionNEEW'ideF'ishW¢)Lu,{Ql i Dfxpl® (pl1® x+o)}]+

Res1due[Ful'LF4¢2F2Contr1but1onNEEW1deF1shW¢)Lu,{Ql i (DDYuA p12+3 DDYup

’2<d *)

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1due[Ful'LF4¢2F2Contr1but1onNEEW1deF1shW¢)Lu,{Ql i DDYux pl2+3 i

’2(d *) (
DDYuu pl%+ \/4 DDYuA DDYuK+4 DDYuK?-DDYua?*-2 DDYui DDYuu-DDYup? plz)}]);
ContDfaugf3=

2% (1/ (27) *3) (ResF4F4Contribution0GSlimFishau+ResF4F4ContributionOGWideFishN¢au+
ResF4F4ContributionOGWideFishW¢lau+ResF4F4ContributionOGWideFishWe2au+
ResF4F4Contribution0GBunkBedSameau+ResF4F4Contribution0GBunkBedOppositeau+
(ResF4¢F3ContributionNEEWideFishN¢Au+ResF4¢F3ContributionNEEWideFishWplau+

ResF4¢F3ContributionNEEWideFishWg2au+
ResF4¢F3ContributionNEEBunkBedNE¢SameAu+
ResF4¢F3ContributionNEEBunkBedNE¢Oppositeiu+
ResF4¢F3ContributionNEEBunkBedE¢pSameAu+
ResF4¢F3ContributionNEEBunkBedE¢Oppositeau+
ResF4¢2F2ContributionNEEWideFishN¢axu+ResF4¢2F2ContributionNEEWideFishWoiu+
(FullF4¢2F2ContributionNEEBunkBedE¢AuRes +
FullF4¢2F2ContributionNEEBunkBedNE¢pAuRes+
(Full¢F3¢2F2ExtContributionBunkBedAuRes+
Full¢F3Ext¢2F2ContributionBunkBedAuRes+
Full¢F3¢F3ContributionBunkBedOppositeAuRes+
Full¢F3¢F3ContributionBunkBedSameauRes)))) ;*)
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1= FA4F4Contribution0GSlimFishau = Simplify[Together |
((1/4) D[ (FAF4Contribution0GSlimFish /. {pl1[1] » plxCos[6], p1[2] » pl*Sin[e],
0Q3-50,02-50, w-»0, p3[1] » p3, p3[2] » 0, p2[1] » p2, p2[2] » O,
q[1l] » g, q[2] » 0}), {p3, 2}, {p2, 2}] /. {P3 >0, q->0, p2->0})]1;
NumF4F4Contribution0GSlimFishau =
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishau]l, {6, 0, 27}11];
FullF4F4Contribution0GSlimFishau = NumF4F4ContributionOGSlimFishau /
Simplify[Denominator [F4F4Contribution0GSlimFishaul];
ResF4F4Contribution0OGSlimFishau =
2 7% I » (Residue[FullF4F4Contribution0GSlimFishau, {Q1, i Df « p12 (pl2 x+0)}]);

ContDfaugdf3 =2 % (1/ (27x) "3) (ResF4F4Contribution0GSlimFishau) ;

Extract contribution of uy

n-J= (*F4F4Contribution0GSlimFishu=
Simplify[Together[((1/2)D[ (FAF4Contribution0GSlimFish/.{pl[1]-»plxCos[O],
pl1[2]-pl*Sin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];
F4F4ContributionOGWideFishN¢u=
Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishN¢/.{pl[1l]-»plxCos[6E],
pl[2]-pl*Sin[6],03-0,0250,w-»0,p3[1]-»>p3,p3[2]-0,p2[1]-»p2,p2[2]~0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];
F4F4ContributionOGWideFishWelu=
Simplify[Together[((1/2)D[ (F4F4ContributionOGWideFishW¢l/.{pl[1l]-plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,0w50,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];

F4F4ContributionOGWideFishW¢2u=
Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishw¢2/.{pl[1]-plxCos[6],
pl1[2]-pl*Sin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-0,9[2]~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];

F4F4Contribution0OGBunkBedSameu=
Simplify[Together[((1/2)D[ (FAF4ContributionOGBunkBedSame/.{pl[1]-»plxCos[O],
pl1[2]-plxSin[6],Q03-0,02-0,0w-50,p3[1]-»>p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})1];
F4F4Contribution0GBunkBedOppositeu=Simplify[

Together[((1/2)D[ (F4F4Contribution0GBunkBedOpposite/.{pl[1]-»plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]1-0,9[2]1~q9}),{p3,1},{pP2,1},{q,2}]1/.{p3~-0,9-0,p2-0})]1;

F4¢F3ContributionNEEWideFishN¢u=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishN¢/.{pl[1l]-plxCos[6],
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pl1[2]-pl*Sin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~9}),{pP3,1},{pP2,1},{q,2}]/.{p3~0,q-0,p2-0})]];

F4¢F3ContributionNEEWideFishW¢lu=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishW¢l/.{pl[1l]-»plxCos[6O],
pl1[2]-plxSin[6],Q23-0,02-0,w50,p3[1]-»>p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEWideFishW¢2u=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishW¢2/.{pl[1l]-»plxCos[6],

pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]1-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~q}),{p3,1},{pP2,1},{q,2}]/.{p3~-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedNE¢Sameu=Simplify[

Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedNE¢Same/.{pl[1l]-plxCos[6],

pl[2]-pl*Sin[6],03-0,0250,w-»0,p3[1]-»>p3,p3[2]-0,p2[1]-»p2,p2[2]~0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedNE¢Oppositeu=Simplify[
Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedNE#Opposite/.{pl[1l]-plxCos[6],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{p3,1},{pP2,1},{q,2}]/.{p3~-0,9-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedE¢Sameu=Simplify[
Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedE¢Same/.{pl[1]-plxCos[e],
pl1[2]-plxSin[6],Q23-0,02-0,0w50,p3[1]->p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,1},{q,2}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedE¢Oppositeu=Simplify[

Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedE¢Opposite/.{pl[1l]-plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{p3,1},{pP2,1},{q,2}]/.{p3~-0,9-0,p2-0})]1];

F4¢2F2ContributionNEEWideFishN¢u=Together [
((1/2)D[ (F4¢2F2ContributionNEEWideFishN¢/.{pl[1]-plxCos[6],pl[2]-plxSin[e],
Q3-0,02-50,w-0,p3[1]->p3,p3[2]-0,p2[1]->p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,1},{p2,1},{q9,2}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEWideFishWpu=Together [
((1/2)D[ (F4¢2F2ContributionNEEWideFishW¢/.{pl[1]-plxCos[6],pl[2]-plxSin[e],
Q3-0,02-0,w-»0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,1},{p2,1},{q,2}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEBunkBedNEg¢u=Together [
((1/2)D[ (F4¢2F2ContributionNEEBunkBedNE¢/.{pl[1]->plxCos[6],pl[2]->plxSin[6],
Q3-0,02-0,0w-0,p3[1]-p3,p3[2]-0,p2[1]-»p2,p2[2]-0,q[1]-0,q[2]~q}),
{p3,1},{p2,1},{q,2}1/.{p3-0,q-0,p2-0})1;
F4¢2F2ContributionNEEBunkBedE¢u=Together [
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((1/2)D[ (F4¢2F2ContributionNEEBunkBedE¢/.{pl[1l]-»plxCos[6],pl[2]-plxSin[e],
Q03-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,1},{p2,1},{q,2}1/.{p3-0,9-0,p2-0})];
¢F3¢F3ContributionBunkBedSameu=Together [
((1/2)D[ (¢F3¢F3ContributionBunkBedSame/.{p1[1]-plxCos[6],pl[2]-»plxSin[6],
Q3-0,02-0,0w-0,p3[1]-p3,p3[2]-0,p2[1]-+p2,p2[2]-0,q[1]-0,q[2]~q}),
{p3,1},{p2,1},{q,2}1/.{p3-0,9-0,p2-0})];
¢F3¢F3ContributionBunkBedOppositeu=
Together [ ((1/2)D[ (¢F3¢F3ContributionBunkBedOpposite/.{pl[1]-plxCos[6],
pl[2]-plxSin[6],Q3-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]1-0,9[2]1~q9}),{p3,1},{p2,1},{q,2}]/.{p3-0,9-0,p2-0})];
¢F3Ext¢2F2ContributionBunkBedu=Together [
((1/2)D[ (¢F3Extp2F2ContributionBunkBed/.{pl1[1]-»plxCos[6],pl[2]-»plxSin[e],
Q3-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]1-0,q[2]~>9}),
{p3,1},{p2,1},{q9,2}1/.{p3-0,9-0,p2-0})];
¢F3¢92F2ExtContributionBunkBedu=Together [
((1/2)D[ (¢F3¢2F2ExtContributionBunkBed/.{pl1[1]-»plxCos[6],pl[2]-»plxSin[e],
03-0,02-0,w-0,p3[1]-p3,p3[2]-0,p2[1]-p2,p2[2]-0,q[1]-0,q[2]~q}) ,
{p3,1},{p2,1},{q,2}1/.{p3-0,9-0,p2-0})];
NumF4F4Contribution0GSlimFishu=
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishu],{6,0,27x}11;
NumF4F4ContributionOGWideFishN¢u=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishN¢ul,{6,0,2x}11];
NumF4F4ContributionOGWideFishWelu=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢lul,{6,0,27}]11];
NumF4F4ContributionOGWideFishW¢2u=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢2u]l,{6,0,27}]11];
NumF4F4ContributionOGBunkBedSameyu=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedSameu],{6,0,27}]11];
NumF4F4ContributionOGBunkBedOppositeu=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedOppositeul],{6,0,2x}]1];
NumF4¢F3ContributionNEEWideFishN¢u=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishN¢ul,{6,0,27}11;
NumF4¢F3ContributionNEEWideFishW¢lu=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢lu]l,{6,0,27}1];
NumF4¢F3ContributionNEEWideFishW¢2u=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢2u]l,{6,0,27}1];
NumF4¢F3ContributionNEEBunkBedNE¢pSameyu=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢Sameu],{6,0,27}11];
NumF4¢F3ContributionNEEBunkBedNE¢Oppositeu=Simplify]
Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢#Oppositeul],{6,0,2x}]1];
NumF4¢F3ContributionNEEBunkBedE¢Samepu=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢Sameu],{6,0,2x}]11];
NumF4¢F3ContributionNEEBunkBedE¢Oppositeu=Simplify[
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Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢Oppositeu],{6,0,2x}11];
NumF4¢2F2ContributionNEEWideFishN¢u=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishN¢ul, {6,0,2x}1];
NumF4¢2F2ContributionNEEWideFishWou=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishWe¢u]l,{6,0,27}1];

NumF4¢2F2ContributionNEEBunkBedNEgu=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedNE¢u],{6,0,27}]11;
NumF4¢2F2ContributionNEEBunkBedE¢u=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedE¢u],{6,0,27}]11;
Num¢F3¢F3ContributionBunkBedSameu=
Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedSameu],{6,0,27}]11];
Num¢F3¢F3ContributionBunkBedOppositeu=
Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedOppositeu],{6,0,27}]1];
Num¢F3Ext¢2F2ContributionBunkBedu=
Integrate[Numerator [¢F3Ext¢2F2ContributionBunkBedu], {6,0,27}];
Num¢F3¢2F2ExtContributionBunkBedu=
Integrate[Numerator [¢F3¢2F2ExtContributionBunkBedu], {6,0,27}];
FullF4F4Contribution0GSlimFishu=NumF4F4ContributionOGSlimFishu/
Simplify[Denominator [F4F4Contribution0GSlimFishul];
FullF4F4ContributionOGWideFishN¢u=NumF4F4ContributionOGWideFishN¢u/
Simplify[Denominator [F4F4ContributionOGWideFishN¢u]];
FullF4F4ContributionOGWideFishW¢lu=NumF4F4ContributionOGWideFishW¢lu/
Simplify[Denominator [F4F4ContributionOGWideFishW¢lu]l];
FullF4F4ContributionOGWideFishW¢2u=NumF4F4ContributionOGWideFishW¢2u/
Simplify[Denominator [F4F4ContributionOGWideFishW¢2u]l];
FullF4F4ContributionOGBunkBedSameu=NumF4F4Contribution0OGBunkBedSameu/
Simplify[Denominator [F4F4ContributionOGBunkBedSameyu]];
FullF4F4Contribution0GBunkBedOppositeu=NumF4F4Contribution0GBunkBedOppositeu/
Simplify[Denominator [F4F4Contribution0GBunkBedOppositeu]];
FullF4¢F3ContributionNEEWideFishN¢u=NumF4¢F3ContributionNEEWideFishN¢u/
Simplify[Denominator [F4¢F3ContributionNEEWideFishN¢ul];
FullF4¢F3ContributionNEEWideFishW¢lu=NumF4¢F3ContributionNEEWideFishWe¢lu/
Simplify[Denominator[F4¢F3ContributionNEEWideFishWelu]];
FullF4¢F3ContributionNEEWideFishW¢2u=NumF4¢F3ContributionNEEWideFishW¢2u./
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢2u]];
FullF4¢F3ContributionNEEBunkBedNE¢Samenu=NumF4¢F3ContributionNEEBunkBedNE¢Sameyn/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢Sameu]] ;
FullF4¢F3ContributionNEEBunkBedNE¢Oppositeu=
NumF4¢F3ContributionNEEBunkBedNE¢Oppositeu/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢Oppositeu]];
FullF4¢F3ContributionNEEBunkBedE¢pSameu=NumF4¢F3ContributionNEEBunkBedE¢Sameyn/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedE¢Sameu]] ;
FullF4¢F3ContributionNEEBunkBedE¢Oppositeu=



56 | MathematicaOddThesis.nb

NumF4¢F3ContributionNEEBunkBedE¢Oppositeu/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedE¢Oppositeu]];
FullF4¢2F2ContributionNEEWideFishN¢u=NumF4¢2F2ContributionNEEWideFishN¢u/
Simplify[Denominator[F4¢2F2ContributionNEEWideFishN¢ul];
FullF4¢2F2ContributionNEEWideFishWpu=NumF4¢2F2ContributionNEEWideFishWou/
Simplify[Denominator [F4¢2F2ContributionNEEWideFishWeul];

FullF4¢2F2ContributionNEEBunkBedNE¢uForIso=NumF4¢2F2ContributionNEEBunkBedNE¢u/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedNE¢u]];
FullF4¢2F2ContributionNEEBunkBedE¢uForIso=NumF4¢2F2ContributionNEEBunkBedE¢pu/
Simplify[Denominator[F4¢2F2ContributionNEEBunkBedE¢u]];
Full¢F3¢F3ContributionBunkBedSameuForIso=Num¢F3¢F3ContributionBunkBedSameu/
Simplify[Denominator [¢F3¢F3ContributionBunkBedSameu]];
Full¢F3¢F3ContributionBunkBedOppositeuForIso=
Num¢F3¢F3ContributionBunkBedOppositeu/
Simplify[Denominator [¢F3¢F3ContributionBunkBedOppositeu]];
Full¢F3Ext¢2F2ContributionBunkBeduForIso=Num¢F3Ext¢2F2ContributionBunkBedu/
Simplify[Denominator [¢F3Ext¢2F2ContributionBunkBedu]];
Full¢F3¢2F2ExtContributionBunkBeduForIso=Num¢F3¢2F2ExtContributionBunkBedu/
Simplify[Denominator [¢F3¢2F2ExtContributionBunkBedu]];

D11F4¢2F2ContributionNEEBunkBedNEgu=Simplify [D'istri bute [ (xdcw)

I« (Df p1?2 (pl2+0)+i Ql)"O*((*dC*)Ql-(—; i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)Ql—(% (:1 DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYuu? plz)))

(Df p12 (p1%+0)-i a1) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuy? p12)))

((*dc*)91+(% (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? plz)))”;
D22F4¢2F2ContributionNEEBunkBedNEgu=
Simplify[Distribute[(*dc*)(Df pl? (pl?+o)+i Ql)*(*dc*)((*dc*)gl—

(§ i (DDYuX p1%+3 DDYuu pl%+i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYux

DDYuu-DDYuy?) plz)))"o((*dc*)Ql-(—; (1'1 DDYuX pl12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu® p1Z)))

(Df p12 (p1%+0)-i 01) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))
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((*dc*)m»f(i (i DDYux p12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuu? plz)))]];
D32F4¢2F2Contr'ibutionNEEBunkBedNEd)u:S'imp'L'ify[

D'istr'ibute[(*dc*) (Df p1? (p1%+0)+i 01) ((*dc*)Ql—(i—: i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? p12)))*

(xdcw) ((*dc*)Ql—(—; (1'1 DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuy? plz)))"e*

(Df p12 (p1%+0)-i a1) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:‘1 DDYux p12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))]];

FullllF4¢2F2ContributionNEEBunkBedNEg¢u=
NumF4¢2F2ContributionNEEBunkBedNE¢u/D11F4¢2F2ContributionNEEBunkBedNE¢u
Full22F4¢2F2ContributionNEEBunkBedNE¢u=
NumF4¢2F2ContributionNEEBunkBedNE¢u/D22F4¢2F2ContributionNEEBunkBedNE¢u ;
Full32F4¢2F2ContributionNEEBunkBedNE¢u=
NumF4¢2F2ContributionNEEBunkBedNE¢u/D32F4¢2F2ContributionNEEBunkBedNE¢u ;

FullllF4¢2F2ContributionNEEBunkBedNE¢uRes=
2#7*IxFUull11F4¢2F2ContributionNEEBunkBedNE$u/ . {Q1-»i Df pl1® (pl®+0)};
Full22F4¢2F2ContributionNEEBunkBedNE¢uRes=
2xmxIxFUull22F4¢2F2ContributionNEEBunkBedNEgu/ .

{91"2( L) i (DDYu)L p12+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYup? plz)};
Full32F4¢2F2ContributionNEEBunkBedNE¢uRes=
2%7mxIxFull32F4¢2F2ContributionNEEBunkBedNE¢u/ .

1 . 2 . 2
{Ql—)z(*dC*) (1 DDYux p12+3 i DDYuu p12+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuy? plz)};

FullF4¢2F2ContributionNEEBunkBedNE¢uRes=Full11F4¢2F2ContributionNEEBunkBedNE¢uRes+
Full22F4¢2F2ContributionNEEBunkBedNE¢uRes +
Full32F4¢2F2ContributionNEEBunkBedNE¢uRes}

D12F4¢2F2ContributionNEEBunkBedEgu=
S'impl'ify[(*dc*) (-IsDf p12 (p1%+0)+ Ql)"@((*dc*)Ql—(% i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))
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((*dc*)Ql—(i (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(I«Df p1% (pl2+0)+ Ql)Az((*dc*)Ql+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux pl12+3 i DDYuu pl2+

«J4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuu? plz)))];
021F4¢2F2ContributionNEEBunkBedE¢u=Simplify[(*dC*)

(I+Df p1? (p1%+0)+ Ql)AO(*dc*)((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYuu? p12)))Ao

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYui’-2 DDYux DDYuu-DDYuu? p1?)))

(I«Df p1% (p12+0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

‘J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? Plz)))];

D31F4¢2F2ContributionNEEBunkBedE¢u=
Simplify[(*dc*)(I*Df p1? (pl%+o)+ Ql)“@(*dc*)((*dc*)gl—(i i (DDYuA p12+

3 DDYuu pl2+i «/4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYup-DDYup?

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYux®-2 DDYuX DDYuu-DDYuu? p12)))+o

(I«Df p1% (pl2+0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

Fulll2F4¢2F2ContributionNEEBunkBedE¢u=
NumF4¢2F2ContributionNEEBunkBedE¢u/D12F4¢2F2ContributionNEEBunkBedE¢u ;

Full21F4¢2F2ContributionNEEBunkBedE¢u=
NumF4¢2F2ContributionNEEBunkBedE¢u/D21F4¢2F2ContributionNEEBunkBedE¢u ;

Full31F4¢2F2ContributionNEEBunkBedEgu=
NumF4¢2F2ContributionNEEBunkBedE¢u/D31F4¢2F2ContributionNEEBunkBedE¢u ;

Fulll2F4¢2F2ContributionNEEBunkBedE¢uRes=

P1’)))

0#2%7xIxD[Fulll2F4¢2F2ContributionNEEBunkBedE¢u, {Q1,1}]/.{@1»i Df p1? (pl’+c)};

Full21F4¢2F2ContributionNEEBunkBedE¢uRes=
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1
2 (»dcx)

2*n*I*Fu1121F4¢2F2ContributionNEEBunkBedE¢u/.{Qle i (DDYuA p12+3 DDYuu pl2+

i «J4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYup? plz)};

Full31F4¢2F2ContributionNEEBunkBedE¢uRes=
2%7mxI*Full31F4¢2F2ContributionNEEBunkBedEgu/ .
1 . 2 . 2

{Ql_)z(*dc*) (1 DDYux pl1°+3 i DDYuu pl-+

—J4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuXx DDYuu-DDYuu? plz)};
FullF4¢2F2ContributionNEEBunkBedE¢uRes=
(*Full12F4¢2F2ContributionNEEBunkBedE¢uRes+x)

Full21F4¢2F2ContributionNEEBunkBedEguRes+
Full31F4¢2F2ContributionNEEBunkBedE¢uRes;

D12¢F3¢F3ContributionBunkBedSameu=
Simplify[(*dchz*)l*l*(nf p1? (p12+0)+i Ql)“@*((*dC*)Ql—(i i (DDYuA p12+

3 DDYuu pl12+i 4/4 DDYUA DDYuK+4 DDYuK2-DDYui2-2 DDYuA DDYuu-DDYuu? plz)))

((*dc*)Ql—(% (i DDYux pl12+3 i DDYuu pl%+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuu? plz)))

(Df p12 (p12+0)-i Q1)A2 ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? p12)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? p12)))];
D21¢F3¢F3ContributionBunkBedSameu=Simp1ify[(*dcﬂz*)

1x (Df p12 (p12+0)+i Ql)*(*dc*)((*dc*)nl—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu*-2 DDYuX DDYuu-DDYuu® p1Z)))"o

((*dc*)Ql—(i (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuu? plz)))

(Df p1? (p12+0)-i Q1)A2 ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux pl12+3 i DDYup pl%+

-J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

D31¢F3¢F3ContributionBunkBedSameu=
simplify[(*chz*)l*(Df p1? (pl%+o)+i 91)*((*dc*)91-(§ i (DDYul p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYu?-2 DDYui DDYup-DDVuu? p1?)))s

(*dc*)((*dc*)Ql—(é (i DDYux p12+3 i DDYuu pl2+
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/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))'\0

(Df p1? (p1%+0)-i Q1)r2 ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuu? plz)))];

Fulll12¢F3¢F3ContributionBunkBedSameyu=
Num¢F3¢F3ContributionBunkBedSameun/D12¢F3¢F3ContributionBunkBedSamey;

Full21¢F3¢F3ContributionBunkBedSameu=
Numg¢F3¢F3ContributionBunkBedSameu/D21¢F3¢F3ContributionBunkBedSamey;

Full31¢F3¢F3ContributionBunkBedSameu=
Num¢F3¢F3ContributionBunkBedSameu/D31¢F3¢F3ContributionBunkBedSamey;

Full12¢F3¢F3ContributionBunkBedSameuRes=
2+7#IxFull12¢F3¢F3ContributionBunkBedSameu/.{Q1»i Df p1*? (pl%+o)};
Full21¢F3¢F3ContributionBunkBedSameuRes=

2*n*I*Fu1121¢F3¢F3ContributionBunkBedSameu/.{Qla L

2 (xdcx)

i (DDYuA p12+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK?-DDYua?-2 DDYuX DDYuu-DDYup? plz)};
Full31¢F3¢F3ContributionBunkBedSameuRes=
2+xmxIxFull31¢F3¢F3ContributionBunkBedSameyu/.

{91_,2( ic) (:1 DDYux p12+3 i DDYuu pl2+

«/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuu? plz)};

Full¢F3¢F3ContributionBunkBedSameuRes=
Fulll12¢F3¢F3ContributionBunkBedSameuRes+Full21¢F3¢F3ContributionBunkBedSameuRes+
Full31¢F3¢F3ContributionBunkBedSameuRes;

D12¢F3¢F3Contr1butionBunkBedOppositeu=Simplify[

-Ix (xdch2#) 1% (I12) (D p12 (pl%+0)+i Ql)"O*((*dC*)Ql—(é i (DDYu)L p12+3 DDYuu pl2+

i «/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYui DDYuu-DDYup? plz)))’\z

((*dc*)Ql—(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))"z

(Df p12 (p1%+0)-i 01) ((*dc*)Ql+(—; i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYui DDYupu-DDYup? plz)))"e

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))A0];

D22¢F3¢F3ContributionBunkBedOppositeu=
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S'impl'ify[—I*(*dc"z*)l*(Df p1? (pl2+0)+i QL)A2«

((xdch2%)1) ((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu? p1Z)))+o

((*dc*)m-(izL (:1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK?-DDYuA2-2 DDYux DDYuu-DDYuy? plz)))"z

(Df p1? (p1%+0)-i 01) ((*dc*)m»f(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYui DDYuyu-DDYup> p12)))'\0

((*dc*)91+(% (:1 DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK?-DDYuA2-2 DDYux DDYuu-DDYuu? p12)))'\0];
D32¢F3¢F3ContributionBunkBedOppositeu=Simp1ify[

—I*(*dc"Z*)l*(Df p12 (p12+o)+1'1 Ql) AZ*((*dC*)Ql—(i i (DDYu)L p12+3 DDYuu pi?+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYui DDYuyu-DDYup? plz)))"z*

((xdch2%)1) ((*dc*)Ql—(i (1'1 DDYux pl2+3 i DDYuu pl%+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))"O

(Df p12 (p1%+0)-i 01) ((*dc*)m»f(i i (DDYu)t p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu? p1Z)))+o

((*dc*)gn(izL (:1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYui?-2 DDYuX DDYuu-DDYup? p1?)))"e];

Full12¢F3¢F3ContributionBunkBedOppositeu=
Numg¢F3¢F3ContributionBunkBedOppositeu/D12¢F3¢pF3ContributionBunkBedOppositeu;

Full22¢F3¢F3ContributionBunkBedOppositeu=
Num¢F3¢F3ContributionBunkBedOppositeu/D22¢F3¢F3ContributionBunkBedOppositeyu;

Full32¢F3¢F3ContributionBunkBedOppositeu=
Num¢F3¢F3ContributionBunkBedOppositeu/D32¢F3¢pF3ContributionBunkBedOppositeu;

Full12¢F3¢F3ContributionBunkBedOppositeuRes=
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2+7#+IxD[Full12¢F3¢F3ContributionBunkBedOppositeu,{Q1,1}]/.{Ql»i Df p1* (pl%+o)};

Full22¢F3¢F3ContributionBunkBedOppositeuRes=
2x7xIxD[Full22¢F3¢F3ContributionBunkBedOppositeu,{Q1,1}]/.

1 . 2 2
{91_)2(*dC*) i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy? plz)};
Full32¢F3¢F3ContributionBunkBedOppositeuRes=
2x7xIxD[Full32¢F3¢F3ContributionBunkBedOppositeu,{Ql,1}]/.

{Ql—)z( zc) (:1 DDYux p12+3 i DDYuu plZ+
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/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? plz)};

Full¢F3¢F3ContributionBunkBedOppositeuRes=
Fulli12¢F3¢F3ContributionBunkBedOppositeuRes+
Full22¢F3¢F3ContributionBunkBedOppositeuRes+
Full32¢F3¢F3ContributionBunkBedOppositeuRes;

D11¢F3Ext¢2F2ContributionBunkBedu=
Simplify[(*dc*)l*(of p1? (pl%+o)+i Ql)AO*((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur-2 DDYuX DDYuyu-DDYup> p12)))A2

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? plz)))ﬂz

(Df p12 (p1%+0)-i a1) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux pl12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? plz)))];
D22¢F3Ext¢2F2ContributionBunkBedu=Simplify [ (xdcw)

(Df p1? (p1%+o)+i Ql)*((*chZ*)l)((*dc*)Ql-(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYui DDYuyu-DDYup> plz)))AQ

((*dc*)Ql—(% (i DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuy? p12)))A2

(Df p12 (p1%+0)-i a1) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? p12)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? p12)))];
D32¢F3Ext¢2F2ContributionBunkBedu=Simp1ify[(*dc*)

(Df p1? (p1%+o)+i Ql)*((*dcﬂz*)l)((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu? p12)))+2

((*dc*)Ql—(i (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK?-DDYuA2-2 DDYux DDYuu-DDYuy? plz)))AO

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYuX p12+3 i DDYuu pl2+
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—J4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuu? plz)))];

Fulll1l¢F3Ext¢2F2ContributionBunkBedu=
NumgF3Ext¢2F2ContributionBunkBedu/D11¢F3Ext¢2F2ContributionBunkBedy;

Full22¢F3Ext¢2F2ContributionBunkBedu=
NumgF3Ext¢2F2ContributionBunkBedu/D22¢F3Ext¢2F2ContributionBunkBedy;

Full32¢F3Ext¢2F2ContributionBunkBedu=
Numg¢F3Ext¢2F2ContributionBunkBedu/D32¢F3Ext¢2F2ContributionBunkBedy;

Fullll¢F3Ext¢2F2ContributionBunkBeduRes=
247+ IxFUll1l1¢F3Ext¢2F2ContributionBunkBedu/.{Q1-i Df p1*> (pl?+0)};
Full22¢F3Ext¢2F2ContributionBunkBeduRes=
2x7xIxD[Full22¢F3Ext¢2F2ContributionBunkBedu, {Q1,1}]/.

{Qlaz(zc) i (DDYuA pl2+3 DDYuu pl2+

i —J4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)};
Full32¢F3Ext¢2F2ContributionBunkBeduRes=
2#7mxI#D [FUll32¢F3Ext¢2F2ContributionBunkBedu, {Q1,1}]/.

1 . 2 . 2
{Qlaz(mcﬂ (1 DDYuX p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? plz)};

Full¢F3Ext¢2F2ContributionBunkBeduRes=
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Fulll1¢F3Ext¢2F2ContributionBunkBeduRes+Full22¢F3Ext¢2F2ContributionBunkBeduRes+

Full32¢F3Ext¢2F2ContributionBunkBeduRes;

D12¢F3¢2F2ExtContributionBunkBedu=

simplify[-(*dc*)(of p1? (pl2+o)+i Ql)AO*((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)Ql—(é (i DDYux pl12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? p12)))

(Df p1? (p1%+0)-i 91)A2((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYuA?-2 DDYuX DDYuu-DDYuu® p1Z)))"2

((*dc*)91+(§ (i DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK?-DDYuA2-2 DDYux DDYuu-DDYuy? plz)))AZ];

DZl¢F3¢2F2ExtContributionBunkBedu=Simp1ify[

- (xdcx) (DF p1? (pl%+0)+i Ql)“@*(*dC*)((*dC*)Ql—(% i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))AO

((*dc*)Ql—(i (i DDYux pl12+3 i DDYup pl2+
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/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p12 (p1%+0)-i gl)Az((*dc*)QhG i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYui DDYuyu-DDYup? plz)))"2

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))"Z];

D31¢F3¢2F2ExtContributionBunkBedu=
Simplify[-(*dc*)(Df p1® (pl%+o)+i Ql)AO*(*dc*)((*dc*)Ql—(i i (DDYuA p12+

3 DDYuu p12+i 4/4 DDYuA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuy? plz)))

((*dc*)Ql—(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))'\0

(Df p12 (p1%+0)-i Ql)"2((*dC*)Ql+(% i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYui DDYupu-DDYup> plz)))"z

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))/\2];

Fulll12¢F3¢2F2ExtContributionBunkBedu=
Num¢F3¢2F2ExtContributionBunkBedu/D12¢F3¢2F2ExtContributionBunkBedy;

Full21¢F3¢2F2ExtContributionBunkBedu=
Numg¢F3¢2F2ExtContributionBunkBedu/D21¢F3¢2F2ExtContributionBunkBedy;

Full31¢F3¢2F2ExtContributionBunkBedu=
Num¢F3¢2F2ExtContributionBunkBedu/D31¢F3¢2F2ExtContributionBunkBedy;

Full12¢F3¢2F2ExtContributionBunkBeduRes=
0#2%7xIxD [Full12¢F3¢2F2ExtContributionBunkBedu,Q1]/.{Ql~»i Df p1®> (pl®+o)};
Full21¢F3¢2F2ExtContributionBunkBeduRes=

Z*N*I*Fu1121¢F3¢2F2ExtContributionBunkBedu/.{Qla L

2 (xdcx)

i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy? plz)};
Full31¢F3¢2F2ExtContributionBunkBeduRes=
2%x7xIxFull31¢F3¢2F2ExtContributionBunkBedu/ .

{9142( jj-c) (:'1 DDYux pl12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuu? plz)};

Full¢F3¢2F2ExtContributionBunkBeduRes=
Full12¢F3¢2F2ExtContributionBunkBeduRes+Full21¢F3¢2F2ExtContributionBunkBeduRes+
Full31¢F3¢2F2ExtContributionBunkBeduRes;
ResF4F4Contribution0GSlimFishu=
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2#7#Ix (Residue [FullF4F4Contribution0GSlimFishu,{Ql,i Df«pl® (p1® x+0)}]);
ResF4F4ContributionOGWideFishN¢u=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishNeu,{Q1,i Df+pl® (p1® x+o)}]);
ResF4F4ContributionOGWideFishW¢lu=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishWelu, {1, Dfxpl? (p1? x+o)}]);
ResF4F4ContributionOGWideFishW¢2u=

2#7+I# (Residue[FullF4F4ContributionOGWideFishW¢2u,{Q1,i Dfxpl® (p1? x+o)}]);
ResF4F4Contribution0GBunkBedSamepu=

2+7#Ix (Residue [FullF4F4Contribution0GBunkBedSameu, {@1,i Df+pl? (pl? x+o)}]);
ResF4F4Contribution0GBunkBedOppositeyu=

2#7%I# (Residue[FullF4F4Contribution0GBunkBedOppositeu,{Ql,i Df+pl? (p1® x+o)}]);

ResF4¢F3ContributionNEEWideFishN¢u=
z*n*I*(Residue[Fu11F4¢F3ContributionNEEWideFishN¢u,{Ql i Df«pl® (p1® x+o)}]+

Residue|FullF4¢F3ContributionNEEWideFishN¢u,{Ql i (DDYux p12+3 DDYuu
b

’2(d *)

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuA DDYuu-DDYup? plz)}]+

Residue[FullF4¢F3ContributionNEEwideFishN¢u,{Ql,;;i;; (i DDYuX p12+3 i

DDYuu p1%++/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYuu? p1*)}]);

ResF4¢F3ContributionNEEWideFishWelu=
2*n*1*(Residue[Fu11F4¢F3ContributionNEEWideFishw¢1u,{Ql,i Dfxpl® (pl1® x+o)}]+

Residue[FullF4¢F3ContributionNEEwideFishw¢1u,{Ql,;;ﬁ——

— i (DDYuA p12+3 DDYuy

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYup? plz)}]+

Residue|FullF4¢F3ContributionNEEWideFishW¢lyu, Ql,——i——
2 (xd

. 2 .
= (1 DDYuA p12+3 i

DDYuu p1%++/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYuu? p1*)}]);

ResF4¢F3ContributionNEEWideFishW¢2u=
2*n*1*(Residue[Fu11F4¢F3ContributionNEEWideFishw¢2u,{Ql,i Df+pl? (p1® x+o)}]+

Res1due[FullF4¢F3Contr1but1onNEEW1deF1shW¢2u,{Ql i (DDYuA p12+3 DDYuy

2(d *)

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shw¢2u,{Ql (i DDYux pl2+3 i

’z(d *)

DDYup p12+1/4 DDYuA DDYuK+4 DDYuK?-DDYua?*-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEBunkBedNE¢Sameu=
Z*N*I*(Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢Sameu,{Ql i Dfxpl® (pl1® x+o)}]+

i (DDYuA p12+3

Res1due[Fu11F4¢F3Contr1but1onNEEBunkBedNE¢Sameu,{91,37327
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DDYup pl2+i \/4 DDYuA DDYuK+4 DDYuK2-DDYui?-2 DDYux DDYuu-DDYup? plz)}]+

Residue|FullF4¢F3ContributionNEEBunkBedNE#Sameyu, Ql,——i——
2 (»d

(:‘1 DDYuA pl12+3 i
C*)

DDYuu p12++/4 DDYUA DDYuK+4 DDYuK2-DDYurZ-2 DDYui DDYuyu-DDYup> plz)}]);

ResF4¢F3ContributionNEEBunkBedNE¢Oppositeu=2+nxI*
(ReS'idue[FullF4¢>F3Contr“ibut'ionNEEBunkBedNEcbOppositeu,{Ql,i Dfxpl® (p1® x+o)}]+

Res1due[FullF4¢F3Contr1but'lonNEEBunkBedNE¢Oppos1teu,{Ql m i (DDYuA p12+3

DDYuu p12+i 4/4 DDYuA DDYuK+4 DDYuK2-DDYuA2-2 DDYuA DDYuu-DDYuy? plz)}]+

Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢0ppositeu,

1 . 2 . 2
{Ql,z(*dC*) (11 DDYux pl12+3 i DDYuu pl2+

\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEBunkBedE¢Sameyu=
2*n*I*(Residue[Fu11F4¢F3ContributionNEEBunkBedE¢Sameu,{Ql,i Dfxpl® (pl1® x+o)}]+

Residue[FullF4¢F3ContributionNEEBunkBedE¢Sameu,

1 . 2 2
{91,2(*dC*) i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)}]+ReS'idue[

Fu11F4¢F3Contr1but1onNEEBunkBedE¢Sameu,{Ql i DDYux pl12+3 i DDYuu pl2+

z<d *) (
\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEBunkBedE¢Oppositeu=2+m*Ix
(Residue[Fu11F4¢F3ContributionNEEBunkBedE¢0ppositeu,{Ql i Dfxpl® (p1® x+o)}]+

Res1due[FullF4¢F3Contr1but1onNEEBunkBedE¢0ppos1teu,{91,373—7 i (DDYuA pl%+3

DDYuu pl2+i \/4 DDYuA DDYuK+4 DDYuK2-DDYui?-2 DDYux DDYuu-DDYup? plz)}]+
Residue[Fu11F4¢F3ContributionNEEBunkBedE¢0ppositeu,

1 . 2 . 2
{91,—2(*dC*) (n DDYux pl12+3 i DDYuu pl?+

\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)}]);

ResF4¢2F2ContributionNEEWideFishN¢u=
2*7r*I*(Residue[Fu'L'l.F4¢2F2Contr'ibut'ionNEEW'ideF'ishNdau,{Ql,i Df+pl? (p1® x+o)}]+

Res1due[Fu11F4¢2F2Contr1but1onNEEW1deF1shN¢u,{Ql m i (DDYu)L p12+3 DDYuy

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1due[Ful'LF4¢2F2Contr1but1onNEEW1deF1shN¢u,{Ql (11 DDYux pl2+3 i

’z<d *)

DDYup p12+\/4 DDYuA DDYuK+4 DDYuK?-DDYua?*-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢2F2ContributionNEEWideFishWeu=
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2*7r*I*(Residue[Fu'L'LF4¢>2F2Contr'ibut'ionNEEW'ideF'ishW¢u,{Ql,i Df+pl? (p1® x+0)}]+

ReS'idue[Fu11F4¢2F2Contr'ibutionNEEW‘ideF‘isthm,{Ql,2(*—;*) i (DDYu)L p12+3 DDYuy

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYuu-DDYup? plz)}]+

ReS'idue[Fu11F4¢2F2Contr'ibut'ionNEEW'ideF'ishW¢>u,{Ql (:1 DDYux pl2+3 i

1
% 2 (xdc)

DDYup p12+\/4 DDYuA DDYuK+4 DDYuK?-DDYua?-2 DDYui DDYuu-DDYup? plz)}]);

ContDfu¢f3=
2% (1/ (27) *3) (ResF4F4Contribution0GSlimFishu+ResF4F4ContributionOGWideFishN¢u+
ResF4F4ContributionOGWideFishW¢lu+ResF4F4ContributionOGWideFishWe2u+
ResF4F4Contribution0GBunkBedSameu+ResF4F4Contribution0GBunkBedOppositeu+
(ResF4¢F3ContributionNEEWideFishN¢u+ResF4¢F3ContributionNEEWideFishWolu+
ResF4¢F3ContributionNEEWideFishW¢2u+ResF4¢F3ContributionNEEBunkBedNE¢Sameu+
ResF4¢F3ContributionNEEBunkBedNE¢Oppositeu+
ResF4¢F3ContributionNEEBunkBedE¢Sameu+
ResF4¢F3ContributionNEEBunkBedE¢Oppositeu+
ResF4¢2F2ContributionNEEWideFishN¢u+ResF4¢92F2ContributionNEEWideFishWeou+
(FUullF4¢2F2ContributionNEEBunkBedE¢uRes+
FullF4¢2F2ContributionNEEBunkBedNE¢uRes+
(Full¢F3¢2F2ExtContributionBunkBeduRes+
FullgF3Ext¢2F2ContributionBunkBeduRes+
Full¢F3¢F3ContributionBunkBedOppositeuRes+
Full¢F3¢F3ContributionBunkBedSameuRes)))) ;*)

n- - F4F4Contribution0GSlimFishyu =
Simplify[Together[((1/2) D[ (F4F4ContributionOGSlimFish /.
{p1l[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q3 50,0250, w0,
p3[1] » p3, p3[2] » 0, p2[1] -» p2, p2[2] » 0, q[1] » 0, q[2] » q}),
{p3, 1}, {p2, 1}, {9, 2}] /. {P3 >0, 9> 0, p2->0})]1;
NumF4F4Contribution0GSlimFishu =
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishul, {6, 0, 2x}11;
FullF4F4Contribution0GSlimFishu = NumF4F4ContributionOGSlimFishu /
Simplify[Denominator [F4F4Contribution0GSlimFishul];
ResF4F4Contribution0GSlimFishu =
2 % 7w+ I+ (Residue[FullF4F4Contribution0GSlimFishu, {Q1, i Df + p1? (p1®x+0)}]);

ContDfu¢pf3 =2 (1/ (2x) A3) (ResF4F4Contribution0GSlimFishy) ;

Extract contribution of K

n-}= (*F4F4Contribution0GSlimFishK=
Simplify[Together[((1/2)D[ (FAF4Contribution0GSlimFish/.{pl[1]-»plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{pP3,2},{pP2,1},{q,1}]/.{p3~-0,9-0,p2-0})]1;
F4F4ContributionOGWideFishN¢K=
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Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishN¢/.{pl[1l]-»plxCos[e],
pl[2]-pl*Sin[6],Q3-0,02-50,w-»0,p3[1]-»>p3,p3[2]-0,p2[1]-»p2,p2[2]~0,
q[1]-0,9[2]~9}),{pP3,2},{pP2,1},{q,1}]/.{pP3-0,q-0,p2-0})]];

F4F4ContributionOGWideFishW¢lK=

Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishW¢l/.{pl[1]-plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,w-50,p3[1]-»>p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,2},{pP2,1},{q,1}]1/.{p3-0,q-0,p2-0})]1];

F4F4ContributionOGWideFishW¢2K=
Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishW¢2/.{pl[1]-plxCos[e],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]1-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~q9}),{pP3,2},{p2,1},{q,1}]/.{p3~-0,q-0,p2-0})]];

F4F4Contribution0GBunkBedSameK=
Simplify[Together[((1/2)D[ (FAF4ContributionOGBunkBedSame/.{pl[1]-»plxCos[O],
pl[2]-plxSin[6],Q03-0,02-0,0w50,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-6,9[2]1~9}),{pP3,2},{pP2,1},{q,1}]1/.{p3-0,q-0,p2-0})1];
F4F4Contribution0GBunkBedOppositeK=Simplify[

Together [ ((1/2)D[ (F4F4Contribution0GBunkBedOpposite/.{pl[1]-»plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{p3,2},{pP2,1},{q,1}]/.{p3~-0,9-0,p2-0})]1;

F4¢F3ContributionNEEWideFishN¢K=
Simplify[Together [ ((1/2)D[ (FA¢F3ContributionNEEWideFishN¢/.{pl[1l]-plxCos[6],
pl1[2]-pl*Sin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-0,9[2]~q}),{pP3,2},{p2,1},{q,1}]/.{p3~-0,q-0,p2-0})]];

F4¢F3ContributionNEEWideFishW¢lK=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishW¢l/.{pl[1l]-»plxCos[6O],
pl[2]-plxSin[6],Q03-0,02-0,0w50,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[11-0,q[2]+q}), {P3,2},{P2,1},{q,1}1/.{p3-0,4-0,p2+0})1];

F4¢F3ContributionNEEWideFishW¢2K=
Simplify[Together [ ((1/2)D[ (FA¢F3ContributionNEEWideFishW¢2/.{pl[1l]-»plxCos[6],

pl[2]-pl*Sin[e6],03-0,02-0,w-0,p3[1]->p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-0,9[2]1~»9}),{pP3,2},{pP2,1},{q,1}]/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedNE¢SameK=Simplify|

Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedNE¢Same/.{pl[1l]-plxCos[6],

pl1[2]-plxSin[6],Q23-0,02-0,w-50,p3[1]->p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-0,9[2]1~»9}),{pP3,2},{pP2,1},{q,1}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedNE¢OppositeK=Simplify[
Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedNE#Opposite/.{pl[1l]-plxCos[6],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{pP3,2},{pP2,1},{q,1}]/.{p3~-0,9-0,p2-0})]1;
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F4¢F3ContributionNEEBunkBedE¢SameK=Simplify[
Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedE¢Same/.{pl[1]-»plxCos[E],
pl1[2]-plxSin[6],Q23-0,02-0,w-50,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~»9}),{pP3,2},{pP2,1},{q9,1}]1/.{p3-0,9-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedE¢OppositeK=Simplify[

Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedE¢Opposite/.{pl[1l]-plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,0w-50,p3[1]-»>p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,2},{pP2,1},{q,1}1/.{p3-0,q-0,p2-0})]1];

F4¢2F2ContributionNEEWideFishN¢K=Together [
((1/2)D[ (F4¢2F2ContributionNEEWideFishN¢/.{pl[1]-»plxCos[6],pl[2]->plxSin[6],
Q3-0,02-0,w-0,p3[1]-p3,p3[2]-0,p2[1]-+p2,p2[2]-0,q[1]-0,q[2]~q}),
{p3,2},{p2,1},{q,1}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEWideFishWpK=Together [
((1/2)D[ (F4¢p2F2ContributionNEEWideFishW¢/.{pl[1]-plxCos[6],pl[2]-plxSin[6],
Q3-0,02-50,w-»0,p3[1]->p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,2},{p2,1},{q9,1}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEBunkBedNE¢K=Together [
((1/2)D[ (F4¢2F2ContributionNEEBunkBedNE¢/.{pl[1]-plxCos[6],pl[2]-plxSin[e],
Q03-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]-0,q[2]~>9}),
{p3,2},{p2,1},{q,1}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEBunkBedE¢K=Together [
((1/2)D[ (F4¢2F2ContributionNEEBunkBedE¢/.{pl[1]-»plxCos[6],pl[2]-plxSin[e],
Q3-0,02-0,w-»0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,2},{p2,1},{q,1}1/.{p3-0,9-0,p2-0})1;
¢F3¢F3ContributionBunkBedSameK=Together [
((1/2)D[ (¢F3¢F3ContributionBunkBedSame/.{p1[1]-plxCos[6],pl[2]-»plxSin[6],
Q3-0,02-0,w-0,p3[1]-p3,p3[2]-0,p2[1]-»p2,p2[2]-0,q[1]-0,q[2]~q}),
{p3,2},{p2,1},{q,1}1/.{p3-0,9-0,p2-0})];
¢F3¢F3ContributionBunkBedOppositeK=
Together [ ((1/2)D[ (¢F3¢F3ContributionBunkBedOpposite/.{pl[1]-plxCos[6],
pl[2]-plxSin[6],03-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]1~9}),{p3,2},{p2,1},{q,1}]/.{p3-0,9-0,p2-0})];
¢F3Ext¢2F2ContributionBunkBedK=Together [

((1/2)D[ (¢F3Extp2F2ContributionBunkBed/.{pl1[1]-»plxCos[6],pl[2]-»plxSin[e],

Q3-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]1-0,q[2]~>9}),
{p3,2},{p2,1},{q,1}1/.{p3-0,9-0,p2-0})];
¢F3¢92F2ExtContributionBunkBedK=Together [

((1/2)D[ (¢F3¢2F2ExtContributionBunkBed/.{pl1[1]-»plxCos[6],pl[2]-»plxSin[e],

Q03-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]-»p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,2},{p2,1},{q,1}1/.{p3-0,9-0,p2-0})];
NumF4F4Contribution0GSlimFishK=
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishK],{6,0,2x}]11;
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NumF4F4ContributionOGWideFishN¢K=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishN¢K],{6,0,2x}]1];
NumF4F4ContributionOGWideFishWglK=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢1lK],{6,0,27}]11];
NumF4F4ContributionOGWideFishW¢2K=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢2K],{6,0,27}]1];
NumF4F4ContributionOGBunkBedSameK=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedSameK],{6,0,2x}]1];
NumF4F4ContributionOGBunkBedOppositeK=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedOppositeK],{6,0,2x}]1];
NumF4¢F3ContributionNEEWideFishN¢K=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishN¢K],{6,0,27}]1];
NumF4¢F3ContributionNEEWideFishWglK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢lK], {6,0,27}]1];
NumF4¢F3ContributionNEEWideFishW¢2K=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢2K], {6,0,27}]1];
NumF4¢F3ContributionNEEBunkBedNE¢pSameK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢SameK],{6,0,27}]1];
NumF4¢F3ContributionNEEBunkBedNE¢OppositeK=Simplify[
Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢OppositeK],{6,0,2x}]1];
NumF4¢F3ContributionNEEBunkBedE¢SameK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢SameK],{6,0,2x}]1];
NumF4¢F3ContributionNEEBunkBedE¢OppositeK=Simplify[
Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢OppositeK],{6,0,2x}]1];
NumF4¢2F2ContributionNEEWideFishN¢K=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishN¢K], {6,0,2x}]1];
NumF4¢2F2ContributionNEEWideFishW¢K=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishW¢K], {6,0,27}]1];

NumF4¢2F2ContributionNEEBunkBedNE@K=

Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedNE¢K], {6,0,27}]1];
NumF4¢2F2ContributionNEEBunkBedE¢K=

Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedE¢K],{6,0,27}]11;
Num¢F3¢F3ContributionBunkBedSameK=

Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedSameK],{6,0,2x}]11];
Num¢F3¢F3ContributionBunkBedOppositeK=

Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedOppositeK],{6,0,27}]1];
Num¢F3Ext¢2F2ContributionBunkBedK=

Integrate[Numerator [¢F3Ext¢2F2ContributionBunkBedK], {6,0,27}];
Num¢pF3¢2F2ExtContributionBunkBedK=

Integrate[Numerator [¢F3¢2F2ExtContributionBunkBedK], {6,0,27}];
FullF4F4Contribution0GSlimFishK=NumF4F4Contribution0GSlimFishK/

Simplify[Denominator [F4F4Contribution0GSlimFishK]];
FullF4F4ContributionOGWideFishN¢K=NumF4F4ContributionOGWideFishN¢K/
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Simplify[Denominator [F4F4ContributionOGWideFishN¢K]];
FullF4F4ContributionOGWideFishWplK=NumF4F4ContributionOGWideFishW¢lK/
Simplify[Denominator [F4F4ContributionOGWideFishW¢lK]];
FullF4F4ContributionOGWideFishW¢2K=NumF4F4ContributionOGWideFishW¢2K/
Simplify[Denominator [F4F4ContributionOGWideFishW¢2K]];
FullF4F4Contribution0GBunkBedSameK=NumF4F4Contribution0GBunkBedSameK/
Simplify[Denominator [F4F4Contribution0GBunkBedSameK]];
FullF4F4Contribution0GBunkBedOppositeK=NumF4F4Contribution0GBunkBedOppositeK/
Simplify[Denominator [F4F4Contribution0GBunkBedOppositeK]];
FullF4¢F3ContributionNEEWideFishN¢K=NumF4¢F3ContributionNEEWideFishN¢K/
Simplify[Denominator[F4¢F3ContributionNEEWideFishN¢K]];
FUllF4¢F3ContributionNEEWideFishW¢lK=NumF4¢F3ContributionNEEWideFishW¢1lK/
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢lK]];
FullF4¢F3ContributionNEEWideFishW¢2K=NumF4¢F3ContributionNEEWideFishW¢2K/
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢2K]];
FullF4¢F3ContributionNEEBunkBedNE¢SameK=NumF4¢F3ContributionNEEBunkBedNE¢SameK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢SameK]];
FullF4¢F3ContributionNEEBunkBedNE¢OppositeK=
NumF4¢F3ContributionNEEBunkBedNE¢OppositeK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE®OppositeK]];
FullF4¢F3ContributionNEEBunkBedE¢SameK=NumF4¢F3ContributionNEEBunkBedE¢SameK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedE¢SameK]] ;
FullF4¢F3ContributionNEEBunkBedE¢OppositeK=
NumF4¢F3ContributionNEEBunkBedE¢OppositeK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedE@OppositeK]];
FullF4¢2F2ContributionNEEWideFishN¢K=NumF4¢2F2ContributionNEEWideFishN¢K/
Simplify[Denominator[F4¢2F2ContributionNEEWideFishN¢K]];
FullF4¢2F2ContributionNEEWideFishWpK=NumF4¢2F2ContributionNEEWideFishW¢K/
Simplify[Denominator [F4¢2F2ContributionNEEWideFishW¢K]];

FullF4¢2F2ContributionNEEBunkBedNE¢KForIso=NumF4¢2F2ContributionNEEBunkBedNE®K/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedNE®K] ] ;
FullF4¢2F2ContributionNEEBunkBedE¢KForIso=NumF4¢2F2ContributionNEEBunkBedE¢K/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedE¢K] ] ;
Full¢F3¢F3ContributionBunkBedSameKForIso=Num¢F3¢F3ContributionBunkBedSameK/
Simplify[Denominator [¢F3¢F3ContributionBunkBedSameK]];
Full¢F3¢F3ContributionBunkBedOppositeKForIso=
Num¢F3¢F3ContributionBunkBedOppositeK/
Simplify[Denominator [¢F3¢F3ContributionBunkBedOppositeK]];
Full¢F3Ext¢2F2ContributionBunkBedKForIso=Num¢F3Ext¢2F2ContributionBunkBedK/
Simplify[Denominator [¢F3Ext¢2F2ContributionBunkBedK]];
Full¢F3¢2F2ExtContributionBunkBedKForIso=Num¢F3¢2F2ExtContributionBunkBedK/
Simplify[Denominator [¢F3¢2F2ExtContributionBunkBedK]];
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D11F4¢2F2ContributionNEEBunkBedNE¢K=
Simplify[Distribute[(*dc*)I*(Df p1® (pl%+o)+i Q1)"0%
((*dc*)Ql—(i i (DDYux p1®+3 DDYuu pl®+i +/(4 DDYuA DDYuK+4 DDYuK>-DDYur*-
2 DDYuX DDYuu-DDYup?) p12)))((*dc*)91-(§ (1 DDYux p1%+3 i DDYup
p1?p¢(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu-DDYuuz) p12)))
(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl2+
i-V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu-DDYuuZ) p12)))

((*dc*)91+(% ( DDYux p1%+3 i DDYup p12++/(4 DDYUA DDYuK+

’

4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy?) p12)))]]-
D22F4¢2F2ContributionNEEBunkBedNE@K=
Simplify[Distribute[(*dc*)(Df p1? (pl2+0)+i Q1)xdcx
((*dc*)Ql—(% i (DDYux p12+3 DDYuu pl2+i +/(4 DDYuA DDYuK+
4 DDYuK?-DDYur?-2 DDYuXx DDYuu-DDYuy?) p12)))Ao

((*dc*)Ql—(% ( DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-

DDYux?-2 DDYux DDYuu-DDYuu?) p12)))
(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl2+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYup?) p12)))

((*dc*)91+(§ ( DDYux p1%+3 i DDYup p12++/(4 DDYUA DDYuK+

4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy?) p12)))]]-

’

D32F4¢2F2ContributionNEEBunkBedNE¢K=Simplify[
Distribute[(*dc*)(nf p1? (pl%+o)+i 91)((*dc*)91—(% i (DDYux p12+3 DDYup pl+
i<V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuz) p12)))*
(*dc*)((*dc*)Ql—(i (1 DDYux p1%+3 i DDYup p12++/(4 DDYUA DDYuKs
4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuy?) p12)))Ae*
(Df p12 (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl2+
i-V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuZ) p12)))
((*dc*)91+(% ( DDYux p1%+3 i DDYup p12++/(4 DDYuA DDYuK+

4 DDYuK?-DDYuA?-2 DDYux DDYuu-DDYU#Z) Plz)))]];

FullllF4¢2F2ContributionNEEBunkBedNEg¢K=

NumF4¢2F2ContributionNEEBunkBedNE®K/D11F4¢2F2ContributionNEEBunkBedNE¢K;
Full22F4¢2F2ContributionNEEBunkBedNE¢K=

NumF4¢2F2ContributionNEEBunkBedNE®K/D22F4¢2F2ContributionNEEBunkBedNE¢K;
Full32F4¢2F2ContributionNEEBunkBedNE¢K=

NumF4¢2F2ContributionNEEBunkBedNE®K/D32F4¢2F2ContributionNEEBunkBedNE¢K
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FullllF4¢2F2ContributionNEEBunkBedNE¢pKRes=
2#7#IxFUull1l1F4¢2F2ContributionNEEBunkBedNE$K/ . {Q1~»i Df p1® (pl®+0)};
Full22F4¢2F2ContributionNEEBunkBedNE¢KRes=
2xmxIxFUull22F4¢2F2ContributionNEEBunkBedNE®K/ .

1 . 2 2
{91_)2(*dC*) i (DDYux p12+3 DDYuu p12+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYui DDYuu-DDYuu?) p12)};

Full32F4¢2F2ContributionNEEBunkBedNE¢®KRes=
2xmxIxFull32F4¢2F2ContributionNEEBunkBedNE®K/ .

1 . 2 . 2
{91_)2(*dC*) (i DDYuX p1%+3 i DDYuu p12+

V(4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu—DDYuuZ) plz)};

FullF4¢2F2ContributionNEEBunkBedNEpKRes=Full11lF4¢2F2ContributionNEEBunkBedNE¢KRes+
Full22F4¢2F2ContributionNEEBunkBedNE¢pKRes +
Full32F4¢2F2ContributionNEEBunkBedNE¢KRes ;

D12F4¢2F2ContributionNEEBunkBedE¢K=
S'impl'ify[(*dc*) (-I*Df p12 (p1%+0)+ Ql)"@((*dc*)gl—(i i (DDYux p12+3 DDYup pl12+

i V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuZ) p12)))
((*dc*)s}l—(% (1 DDYux p1%+3 i DDYuu pl2+

V(4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))
(I«Df p1% (p12+0)+ Ql)"z((*dc*)91+(% i (DDYux p12+3 DDYup pl2+

i «/(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuZ) p12)))
((*dc*)91+(§ (1 DDYux p1%+3 i DDYuu pl2+

v/ (4 DDYUA DDYuK+4 DDYuK?-DDYuA?-2 DDYux DDYuu-DDYup?) p12)))];

D21F4¢2F2ContributionNEEBunkBedE¢K=Simpli fy[ (xdcw)

(I+Df p1% (p12+0)+ Q1)7@ (xdcx) ((*dc*)m-(§ i (DDYux p12+3 DDYuu pl12+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYuu?) p12)))/\0
((*dc*)Ql—(i (1 DDYux p1%+3 i DDYuu p12+

+/(4 DDYuA DDYuK+4 DDYuK?-DDYur?-2 DDYux DDYuu-DDYuu?) p1?)))
(I+Df p1? (p12+0)+ Ql)"z((*dc*)91+(§ i (DDYux p12+3 DDYup pl2+

i /(4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYup?) p1?)))
((*dc*)m»f(% (1 DDYux p1%+3 i DDYuu pl2+

«/(4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))];

D31F4¢2F2ContributionNEEBunkBedE¢K=Simplify[(*dc*)
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(I+Df p1? (p1%+0)+ Ql)AO(*dc*)((*dc*)Ql—(i i (DDYux p1%+3 DDYuu pl2+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYup?) p12)))
((*dc*)Ql—(i (1 DDYux p12+3 i DDYuu pl%+
/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYui DDYuu-DDYuu?) p12)))Ao
(IsDf p1? (pl%+o)+ Ql)Az((*dc*)91+(§ i (DDYux p1%+3 DDYuu pl2+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYup?) p12)))
((*dc*)91+(§ (1 DDYux p12+3 i DDYuu pl%+
/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)))];
Fulll2F4¢2F2ContributionNEEBunkBedE¢K=
NumF4¢2F2ContributionNEEBunkBedE¢K/D12F4¢2F2ContributionNEEBunkBedE¢K;
Full21F4¢2F2ContributionNEEBunkBedE¢K=
NumF4¢2F2ContributionNEEBunkBedE¢K/D21F4¢2F2ContributionNEEBunkBedE¢K;

Full31F4¢2F2ContributionNEEBunkBedE¢K=
NumF4¢2F2ContributionNEEBunkBedE¢K/D31F4¢2F2ContributionNEEBunkBedE¢K;

Fulll2F4¢2F2ContributionNEEBunkBedE¢KRes=
0#2x7xIxD[Full12F4¢2F2ContributionNEEBunkBedE¢K, {Q1,1}]/.{@l»i Df p1? (p1l’+o0)};
Full21F4¢2F2ContributionNEEBunkBedE¢pKRes=

2*n*I*Fu1121F4¢2F2ContributionNEEBunkBedE¢K/.{Qla 1

2 (xdcx)

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYup?) plz)};

i (DDYux p1%+3 DDYuu pl%+

Full31F4¢2F2ContributionNEEBunkBedE¢pKRes=
2% IxFull31F4¢2F2ContributionNEEBunkBedE¢K/ .

{Ql—) 2
2 (»dcx)

+/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYuX DDYuu-DDYup?) p12)};

(i DDYux p1%+3 i DDYuu pl%+

FullF4¢2F2ContributionNEEBunkBedE¢KRes=
(*Fulll2F4¢2F2ContributionNEEBunkBedE¢KRes+*)
Full21F4¢2F2ContributionNEEBunkBedE¢pKRes +

Full31F4¢2F2ContributionNEEBunkBedE¢KRes

D12¢F3¢F3ContributionBunkBedSameK:Simplify[(*dcﬂz*)
1xIx(Df p1? (pl?+o)+i Ql)“@*((*dC*)Ql—(i i (DDYux p12+3 DDYup pl2+
i-V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuZ) p12)))
((*dc*)Ql—(% (1 DDYux p1%+3 i DDYuu pl2+
-¢(4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))
(Df p1? (p1%+0)-i Q1)A2 ((*dc*)91+(§ i (DDYux p12+3 DDYuu pl2+

i<V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuz) p12)))
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((*dc*)91+(§ (1 DDYux p12+3 i DDYuu pl%+
/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)))];
D21¢F3¢F3ContributionBunkBedSameK:Simplify[(*chZ*)
1« (Df p12 (p12+0)+i Q1) (xdcx) ((*dc*)gl-@ i (DDYux p12+3 DDYuu pl2+
i \/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuZ) plz)))"o
((*dc*)Ql—(% (i DDYux p1%+3 i DDYuu pl2+
V(4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu-DDYuuZ) p12)))
(Df p1? (p1l%+0)-i Q1)r2 ((*dc*)Ql+(§ i (DDYux p12+3 DDYuu pl12+
i V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu-DDYuuz) p12)))
((*dc*)Ql+(% (i DDYux p1%+3 i DDYuu pl2+
/(4 DDYuA DDYuK+4 DDYuK?-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)))];
D31¢F3¢F3ContributionBunkBedSameK=
S'impl'ify[(*dc’\z*)l*(Df p1? (pl%+o)+i Ql)*((*dc*)nl—(i i (DDYux p12+3 DDYup pl2+
i /(4 DDYUA DDYuK+4 DDYuK*-DDYux*-2 DDYux DDYuy-DDYuu?) p12)))*
(xdcx) ((*dc*)Ql-(—; (1 DDYux p1%+3 i DDYup pl12+
/(4 DDYuA DDYuK+4 DDYuK>-DDYui?*-2 DDYuX DDYup-DDYuu?) p12)))'\0
(Df p1? (p1%+0)-i Q1)A2 ((*dc*)Ql+(§ i (DDYux p12+3 DDYuu pl12+
i /(4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYup?) p1?)))
((*dc*)m»f(% (1 DDYux p1%+3 i DDYuu pl2+
«/(4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYux DDYuu—DDYuuz) p12)))];

Full12¢F3¢F3ContributionBunkBedSameK=
Num¢F3¢F3ContributionBunkBedSameK/D12¢F3¢F3ContributionBunkBedSameK;

Full21¢F3¢F3ContributionBunkBedSameK=
Numg¢F3¢F3ContributionBunkBedSameK/D21¢F3¢F3ContributionBunkBedSameK;

Full31¢F3¢F3ContributionBunkBedSameK=
Num¢F3¢F3ContributionBunkBedSameK/D31¢F3¢F3ContributionBunkBedSameK;

Full12¢F3¢F3ContributionBunkBedSameKRes=
247+ IxFull12¢F3¢F3ContributionBunkBedSamekK/.{Ql-»i Df p1®> (pl®+0)};

Full21¢F3¢F3ContributionBunkBedSameKRes=
Z*N*I*Fu1121¢F3¢F3ContributionBunkBedSameK/.{Qla

1 ] , 5
2 (#dcx) 1 (DDYU)‘ pl°+3 DDYuu pl-+

i V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuZ) p12)};
Full31¢F3¢F3ContributionBunkBedSameKRes=
2xmxIxFull31¢F3¢F3ContributionBunkBedSameK/.
1 . 2 . 2
{Ql—)z(*dC*) (1 DDYux pl1°+3 i DDYuu pl-+
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+/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYuX DDYup-DDYup?) plz)};

Full¢F3¢F3ContributionBunkBedSameKRes=
Fulll2¢F3¢F3ContributionBunkBedSameKRes+Full21¢F3¢F3ContributionBunkBedSameKRes+
Full31¢F3¢F3ContributionBunkBedSameKRes;

012¢F3¢F3ContributionBunkBedOppositeK:Simplify[
-Ix (xdch2x)1x (I72) (Df p1? (pl%+0)+i Ql)AO*((*dc*)Ql—(% i (DDYux p12+3 DDYuu pl2+
i‘J(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))A2
((*dc*)Ql—(% ( DDYux p1%+3 i DDYuu pl2++/(4 DDYuA DDYuK+4 DDYuK>-
DDYux?-2 DDYux DDYuu-DDYuu?) p12)))A2
(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl12+
i‘¢(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuz) p12)))Ao
((*dc*)91+(§ ( DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-
DDYuA?-2 DDYuX DDYuu-DDYup?) p12)))A0];

D22¢F3¢F3ContributionBunkBedOppositeK=
S'impl'ify[—I*(*dC"Z*)1*(Df p12 (p12+a) +1 Ql) A2%

((*ch2*)1)((*dc*)Ql—(§ i (DDYux p12+3 DDYup pl2+
i‘¢(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuz) p12)))Ao
((*dc*)Ql—(% ( DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-
DDYux?-2 DDYuXx DDYup-DDYuu?) p12)))A2
(Df p12 (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl2+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYuX DDYuu-DDYuu?) p12)))Ao
((*dc*)91+(§ (i DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-
DDYuA?-2 DDYuX DDYuu-DDYup?) p12)))Ao];
D32¢F3¢F3ContributionBunkBedOppositeK=Simplify[
-Ix (xdch2x) 1% (Df p1? (pl+0)+i 91)A2*((*dc*)91-(§ i (DDYux p12+3 DDYuu pl2+
i-¢(4 DDYuA DDYuK+4 DDYuK2?-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))A2*
((*chZ*)l)((*dc*)Ql—(% (1 DDYux p1%+3 i DDYup pl12+
‘¢(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuZ) plz)))AG
(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl2+
i-¢(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuZ) plz)))AG
((*dc*)91+(§ ( DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-
DDYux?-2 DDYux DDYuu-DDYuu?) p12)))A0];

Full12¢F3¢F3ContributionBunkBedOppositeK=



MathematicaOddThesis.nb | 77

Num¢F3¢F3ContributionBunkBedOppositeK/D12¢F3¢pF3ContributionBunkBedOppositeK;
Full22¢F3¢F3ContributionBunkBedOppositeK=

Numg¢F3¢F3ContributionBunkBedOppositeK/D22¢F3¢pF3ContributionBunkBedOppositeK;
Full32¢F3¢F3ContributionBunkBedOppositeK=

Num¢F3¢F3ContributionBunkBedOppositeK/D32¢F3¢F3ContributionBunkBedOppositeK;

Fulll2¢F3¢F3ContributionBunkBedOppositeKRes=
247+I+D[Fulll2¢F3¢F3ContributionBunkBedOppositeK, {Q1,1}]1/.{Ql»i Df p1*> (pl?+0)};
Full22¢F3¢F3ContributionBunkBedOppositeKRes=
2x7xIxD[Full22¢F3¢F3ContributionBunkBedOppositeK, {Ql,1}]/.

1 . 2 2
{91_)2(*dC*) i (DDYux p12+3 DDYuu p12+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYup?) plz)};
Full32¢F3¢F3ContributionBunkBedOppositeKRes=
2xxIxD[Full32¢F3¢F3ContributionBunkBedOppositeK, {Q1,1}]/.

1 . 2 . 2
{Ql—)z(*dC*) (1 DDYux p12+3 i DDYuu pl%+

4 u uK+4 uK<- UA“ - ua uu- uu pl H
DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuy? 2

Full¢F3¢F3ContributionBunkBedOppositeKRes=
Full12¢F3¢F3ContributionBunkBedOppositeKRes+
Full22¢F3¢F3ContributionBunkBedOppositeKRes+
Full32¢F3¢F3ContributionBunkBedOppositeKRes;

D11¢F3Ext¢2F2ContributionBunkBedK=
S'impl'ify[(*dc*)I*(Df p1? (pl%+o)+i Ql)"o*((*dc*)nl—(i i (DDYux p12+3 DDYup pl2+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYuu?) p12)))/\2

((*dc*)Ql—(% (i DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-
DDYux?-2 DDYuXx DDYup-DDYuu?) p12)))'\2

(Df p1? (p1%+0)-i 01) ((*dc*)m»f(i i (DDYux p12+3 DDYup pl2+

i V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuZ) p12)))
((*dc*)91+(§ (1 DDYux p1%+3 i DDYuu pl2+

/(4 DDYuA DDYuK+4 DDYuK?-DDYui?-2 DDYuXx DDYuu-DDYuu?) p12)))];

D22¢F3Ext$2F2ContributionBunkBedK=Simplify [ (xdcw)

(Df p12 (p12+0)+i Q1) ((xdch2x)1) ((*dc*)Ql—(—; i (DDYux p1%+3 DDYuu pl2+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYuu?) p12)))/\0
((*dc*)Ql—(i (i DDYux p1?+3 i DDYuu pl’++/(4 DDYuA DDYuK+4 DDYuK?>-

DDYuA?-2 DDYuX DDYuu-DDYup?) p12)))/\2
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(Df p12 (p1%+0)-i Q1) ((*dc*)91+(§ i (DDYux p1%+3 DDYuu pl2+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYup?) p12)))
((*dc*)91+(§ (1 DDYux p12+3 i DDYuu pl%+

/(4 DDYuA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy?) p12)))];

D32¢F3Ext¢2F2ContributionBunkBedK:Simplify[(*dc*)
(Df p1? (pl%+o)+i Ql)*((*dcﬂz*)l)((*dc*)Ql—(i i (DDYux p12+3 DDYup pl12+
i‘¢(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuz) p12)))A2
((*dc*)Ql—(% ( DDYux p1%+3 i DDYuu p12++/(4 DDYuA DDYuK+4 DDYuK>-
DDYux?-2 DDYux DDYup-DDYuu?) p12)))Ao

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYux p12+3 DDYup pl12+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYup?) plz)))
((*dc*)91+(§ (i DDYux p1%+3 i DDYuu pl2+

/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)))];

Fulll1¢F3Ext¢2F2ContributionBunkBedK=
NumgF3Ext¢2F2ContributionBunkBedK/D11¢F3Ext¢2F2ContributionBunkBedK;

Full22¢F3Ext¢2F2ContributionBunkBedK=
NumgF3Ext¢2F2ContributionBunkBedK/D22¢F3Ext¢2F2ContributionBunkBedK;

Full32¢F3Ext¢2F2ContributionBunkBedK=
NumgF3Ext¢2F2ContributionBunkBedK/D32¢F3Ext¢2F2ContributionBunkBedK;

Fullll¢F3Ext¢2F2ContributionBunkBedKRes=
2#7#IxFUll11¢F3Ext$2F2ContributionBunkBedK/.{@1+i Df p1? (pl%+o0)};
Full22¢F3Ext¢2F2ContributionBunkBedKRes=
2+7xIxD[Full22¢F3Ext¢2F2ContributionBunkBedK, {Q1,1}]/.
1 . 2 2
{Qlaz(ﬂda) i (DDYux p12+3 DDYuu p1Zs

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYup?) p12)};
Full32¢F3Ext¢2F2ContributionBunkBedKRes=
2#7mxI#D [FUll32¢F3Ext¢2F2ContributionBunkBedK, {Q1,1}]/.

1 . 5 . ,
{Ql_)Z(**dc*) (IL DDYua pl +3 1 DDYUH pl +

/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYul DDYuu-DDYuu?) p12)};

Full¢F3Ext¢2F2ContributionBunkBedKRes=
Fulll1¢F3Ext¢2F2ContributionBunkBedKRes+Full22¢F3Ext¢2F2ContributionBunkBedKRes+
Full32¢F3Ext¢2F2ContributionBunkBedKRes;

D12¢F3¢2F2ExtContributionBunkBedK=
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S'impl'ify[—(*dc*) (DF p1? (pl%+0)+i Ql)"O*((*dC*)Ql—(i i (DDYux p12+3 DDYuu pl’+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYuX DDYuu-DDYup?) p12)))
((*dc*)Ql—(i (1 DDYux p12+3 i DDYuu pl%+
/(4 DDYuA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy?) p12)))
(Df p12 (p1%+0)-i Ql)"Z((*dc*)Ql+(i i (DDYux p1%+3 DDYuu pl%+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYuu?) p12)))/\2
((*dc*)91+(§ (1 DDYux p12+3 i DDYuu pl%++/(4 DDYuA DDYuK+4 DDYukK?-
DDYuA?-2 DDYuXx DDYuu-DDYup?) p12)))/\2];
D21¢F3¢2F2ExtContributionBunkBedK:Simplify[
- (xdcx) (Df p12 (pl%+0)+i 01)70x (xdcx) ((*dc*)Ql—(i i (DDYux p12+3 DDYuu pl2+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYuX DDYuu-DDYuu?) p12)))/\o
((*dc*)Ql—(i (1 DDYux p12+3 i DDYuu pl’+
/(4 DDYuA DDYuK+4 DDYuK?-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)))
(Df p1? (pl%+0)-i Ql)"Z((*dc*)Ql+(% i (DDYux p12+3 DDYuu pl’+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYuu?) p12)))'\2
((*dc*)gn(izL (i DDYux p1?+3 i DDYuu pl?++/(4 DDYuA DDYuK+4 DDYuK?-
DDYuA?-2 DDYuX DDYuu-DDYup?) p12)))/\2];
D31¢F3¢2F2ExtContributionBunkBedK:Simplify[
- (xdcx) (Df p12 (pl%+0)+i Q1) 70x (xdcx) ((*dc*)Ql—(% i (DDYux p12+3 DDYuu pl2+
i «/(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuz) p12)))
((*dc*)Ql—(i (1 DDYux p1%+3 i DDYuu pl2+
V(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))'\e
(Df p12 (p1%+0)-i gl)Az((*dc*)QhG i (DDYux p12+3 DDYup pl2+
i \/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu—DDYuuZ) p12)))'\2
((*dc*)91+(% ( DDYux p1%+3 i DDYuu pl2++/(4 DDYuA DDYuK+4 DDYuK>-
DDYux?-2 DDYuX DDYuu-DDYup?) p12)))/\2];

Full12¢F3¢2F2ExtContributionBunkBedK=
Num¢F3¢2F2ExtContributionBunkBedK/D12¢F3¢2F2ExtContributionBunkBedK;

Full21¢F3¢2F2ExtContributionBunkBedK=
Num¢F3¢2F2ExtContributionBunkBedK/D21¢F3¢2F2ExtContributionBunkBedK;

Full31¢F3¢2F2ExtContributionBunkBedK=
Num¢F3¢2F2ExtContributionBunkBedK/D31¢F3¢2F2ExtContributionBunkBedK;

Fulll2¢F3¢2F2ExtContributionBunkBedKRes=
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0#2#7+I#D[Fulll2¢F3¢2F2ExtContributionBunkBedK,Q1]/.{Q1-i Df p1? (p1®+o)};
Full21¢F3¢2F2ExtContributionBunkBedKRes=

Z*N*I*Fu1121¢F3¢2F2ExtContributionBunkBedK/.{Qla L

2 (xdcx)

i (DDYux p1%+3 DDYuu pl%+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYup?) plz)};
Full31¢F3¢2F2ExtContributionBunkBedKRes=

2% IxFull31¢F3¢2F2ExtContributionBunkBedK/ .

1 i 2 . 2
{Qlaz(mcﬂ ( DDYux p12+3 i DDYuu pl’s+

+/(4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYuX DDYup-DDYup?) p12)};

Full¢F3¢2F2ExtContributionBunkBedKRes=

Fulll12¢F3¢2F2ExtContributionBunkBedKRes+Full21¢F3¢2F2ExtContributionBunkBedKRes+

Full31¢F3¢2F2ExtContributionBunkBedKRes;

ResF4F4Contribution0GSlimFishK=

2#7%I# (Residue[FullF4F4Contribution0GSlimFishK, {Ql,i Dfxpl® (p1? x+o)}]);
ResF4F4ContributionOGWideFishN¢K=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishN¢K, {@1,i Dfxpl® (p1® x+o)}]);
ResF4F4ContributionOGWideFishW¢lK=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishWglK, {@1,i Dfxpl?® (p1? x+o)}]);
ResF4F4ContributionOGWideFishW¢2K=

2+7#Ix (Residue [FullF4F4ContributionOGWideFishWg2K, {@1,i Dfxpl? (p1? x+o)}]);
ResF4F4Contribution0GBunkBedSameK=

2#7#Ix (Residue [FullF4F4Contribution0GBunkBedSameK, {@1,i Dfxpl? (p1? x+o)}]);
ResF4F4Contribution0GBunkBedOppositeK=

247%I# (Residue[FullF4F4Contribution0GBunkBedOppositekK, {Ql,i Df+pl? (p1® x+o)}]);

ResF4¢F3ContributionNEEWideFishN¢K=
2*n*I*(Residue[Fu11F4¢F3ContributionNEEWideFishN¢K,{Ql,i Df+pl® (pl® x+o)}]+

Residue[Fu11F4¢F3Contr1butionNEEWideFishN¢K,{91,;ai;7 i (DDYux p12+3 DDYuu

p12+i«V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuz) p12)}]+

Residue[Fu11F4¢F3ContributionNEEWideFishN¢K,{91,;T§:7 (& DDYux p1?+3 i DDYuu

p12++/(4 DDYUA DDYuK+4 DDYuK?-DDYur?-2 DDYux DDYuu-DDYuu?) plz)}]);

ResF4¢F3ContributionNEEWideFishWplK=2%m*I*
(Residue[Fu11F4¢F3ContributionNEEwideFishW¢1K,{Ql,i Df«p1® (p1? x+c)}]+Residue[

1
’ 2 (xdcx)

Fu11F4¢F3ContributionNEEWideFishW¢1K,{Ql i (DDYuA p12+3 DDYuu pl2+
i /(4 DDYUA DDYuK+4 DDYuK*-DDYuX?-2 DDYux DDYup-DDYuu?) plz)}]+Residue[

Fu11F4¢F3ContributionNEEWideFishw¢1K,{91,;;ﬁ;; (i DDYux p1?+3 i DDYuu pl%+
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/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)}]);
ResF4¢F3ContributionNEEWideFishWgp2K=2*7*I*
(Residue[Fu11F4¢F3Contr1butionNEEWideFishW¢2K,{Ql,i Dfpl? (pl2 x+c)}]+Residue[

Fu11F4¢F3ContributionNEEWideFishw¢2K,{91,;;ﬁ;s i (DDYux p1%+3 DDYuu pl*+

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYui DDYuu-DDYuu?) p12)}]+Residue[
Fu11F4¢F3ContributionNEEWideFishW¢2K,{Ql,;T%:7 (i DDYux p1%+3 i DDYuu pl%+

/(4 DDYuA DDYuK+4 DDYuK?-DDYui2-2 DDYuX DDYuu-DDYuy?) plz)}]);

ResF4¢F3ContributionNEEBunkBedNE¢pSameK=
Z*N*I*(Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢SameK,{Ql,i Df«pl® (pl* x+o)}]+

Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢SameK,

1 . 2 2
{Ql,z(“k*) i (DDYux p12+3 DDYuu pl%s
i /(4 DDYUA DDYuK+4 DDYuK*-DDYux?-2 DDYuX DDYup-DDYuu?) plz)}]+
Residue[FullF4¢F3ContributionNEEBunkBedNE¢SameK,
1 N .
{91,;(—*;:—*7 (1 DDYux p1%+3 i DDYup pl2+
/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYui DDYuu-DDYuy?) p12)}]);

ResF4¢F3ContributionNEEBunkBedNE¢OppositeK=2xm+*I*
(Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢0ppositeK,{Ql,i Df«pl® (pl1® x+o)}]+

Residue[FullF4¢F3ContributionNEEBunkBedNE¢0ppositeK,
1 . 2 2
{Ql,ETEE:; i (DDYux p12+3 DDYuu pl%+
i /(4 DDYUA DDYuK+4 DDYuK*-DDYux?-2 DDYux DDYup-DDYuu?) plz)}]+

Residue[FullF4¢F3ContributionNEEBunkBedNE¢0ppositeK,

1 , . )
{91’2(*dc*) (i DDYux p1%+3 i DDYuu pl%+

/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)}]);

ResF4¢F3ContributionNEEBunkBedE¢SameK=
2*n*I*(Residue[FullF4¢F3ContributionNEEBunkBedE¢$ameK,{Ql,ﬁ Df+pl? (p1® x+o)}]+

Residue[Fu11F4¢F3ContributionNEEBunkBedE¢SameK,
1 . 2 2
{91,;(—*;:—*7 i (DDYux p12+3 DDYup pl+
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYui DDYuu-DDYuu?) p12)}]+Residue[

Fu11F4¢F3ContributionNEEBunkBedE¢SameK,{Ql, i DDYux pl2%+3 i DDYuu pl2+

—
2 (»dcx)
/(4 DDYuA DDYuK+4 DDYuK?-DDYux2-2 DDYuX DDYuu-DDYuy?) p12)}]);

ResF4¢F3ContributionNEEBunkBedE¢OppositeK=2xmxIx
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(Residue[Fu11F4¢F3ContributionNEEBunkBedE¢0ppositeK,{Ql,i Dfxpl? (p1® x+o)}]+
Residue[Fu11F4¢F3ContributionNEEBunkBedE¢0ppositeK,
1 . 2 2
{91,;(—*;:—*7 i (DDYux p12+3 DDYup pl+
i<V(4 DDYuA DDYuK+4 DDYuK2-DDYua?-2 DDYux DDYuu—DDYuuz) p12)}]+

Residue[FullF4¢F3Contr1butionNEEBunkBedE¢0ppositeK,

1 . 2 . 2
{91,2(Hk*) (1 DDYux p1%+3 i DDYup pl2+

/(4 DDYuA DDYuK+4 DDYuK?-DDYui?-2 DDYuXx DDYuu-DDYuu?) plz)}]);

ResF4¢2F2ContributionNEEWideFishN¢K=2x7*I*
(Residue[Fu11F4¢2F2ContributionNEEWideFishN¢K,{Ql,i Dfxpl? (pl2 K+0)}]+Residue[

Fu11F4¢2F2ContributionNEEWideFishN¢K,{Ql,;;ﬁ;;

i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYui DDYuu-DDYuu?) p12)}]+Residue[

i (DDYux pl1%+3 DDYuu pl*+

Fu11F4¢2F2ContributionNEEWideFishN¢K,{91,57%:7 (i DDYux p1%+3 i DDYuu pl%+

/(4 DDYuA DDYuK+4 DDYuK2-DDYui2-2 DDYuX DDYuu-DDYuy?) p12)}]);

ResF4¢2F2ContributionNEEWideFishWopK=2%m*I*
(Residue[Fu11F4¢2F2ContributionNEEWideFishw¢K,{Ql,i Dfxpl? (pl2 K+c)}]+Residue[

Fu11F4¢2F2ContributionNEEWideFishW¢K,{Ql DDYuA pl12+3 DDYuu pl2+

1 i (
’ 2 (xdcx)
i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYui DDYuu-DDYuu?) p12)}]+Residue[

Fu11F4¢2F2ContributionNEEWideFishW¢K,{Ql i DDYux pl%+3 i DDYuu pl2+

1
% 2 (xdc#) (
+/ (4 DDYuA DDYuK+4 DDYuK?-DDYux2-2 DDYuX DDYuu-DDYuy?) p12)}]);

ContDfK¢f3=
2% (1/ (27) *3) (ResF4F4Contribution0GSlimFishK+ResF4F4ContributionOGWideFishN¢K+
ResF4F4ContributionOGWideFishWg¢lK+ResF4F4ContributionOGWideFishW¢2K+
ResF4F4Contribution0GBunkBedSameK+ResF4F4Contribution0GBunkBedOppositeK+
(ResF4¢F3ContributionNEEWideFishN¢K+ResF4¢F3ContributionNEEWideFishW¢lK+
ResF4¢F3ContributionNEEWideFishW¢2K+ResF4¢F3ContributionNEEBunkBedNE¢pSameK+
ResF4¢F3ContributionNEEBunkBedNE¢OppositeK+
ResF4¢F3ContributionNEEBunkBedE¢SameK+
ResF4¢F3ContributionNEEBunkBedE¢OppositeK+
ResF4¢2F2ContributionNEEWideFishN¢K+ResF4¢2F2ContributionNEEWideFishW¢K+
(FullF4¢2F2ContributionNEEBunkBedE¢KRes +
FullF4¢2F2ContributionNEEBunkBedNE¢KRes +
(Full¢F3¢2F2ExtContributionBunkBedKRes+
Full¢F3Ext¢2F2ContributionBunkBedKRes+
Full¢F3¢F3ContributionBunkBedOppositeKRes+
Full¢F3¢F3ContributionBunkBedSameKRes)))) ;*)
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F4F4Contribution0GSlimFishK =
Simplify[Together[((1/2) D[ (F4F4ContributionOGSlimFish /.
{p1[1] » pl*xCos[6], p1[2] » p1l*Sin[6], Q3 50,0250, w->0,
p3[1] » p3, p3[2] » 0, p2[1] » p2, p2[2] » 0, q[1] - 0, q[2] »q}),
{p3, 2}, {p2, 1}, {9, 1}1 /. {P3 >0, 90, p2->0})]11;
NumF4F4Contribution0OGSlimFishK =
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishK], {6, 0, 2x}]11;
FullF4F4Contribution0GSlimFishK = NumF4F4ContributionOGSlimFishK /
Simplify[Denominator [F4F4Contribution0GSlimFishK]];
ResF4F4Contribution0GSlimFishK =
2 % 7% I+ (Residue[FullF4F4Contribution0GSlimFishK, {1, i Df + p1? (p1®>x+0)}]);
ContDfK¢f3 =2 % (1/ (2 x) A3) (ResF4F4Contribution0GSlimFishK) ;

Extract contribution of AK

(*F4F4Contribution0GS1limFishAK=
Simplify[Together[((1/2)D[ (FAF4Contribution0GSlimFish/.{pl[1]-»plxCos[O],
pl1[2]-plxSin[6],Q03-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]1~q9}),{p3,1},{pP2,2},{q,1}]1/.{p3-0,9-0,p2-0})]1;
F4F4ContributionOGWideFishN¢pAK=
Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishN¢/.{pl[1l]-»plxCos[6E],
pl[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];
F4F4ContributionOGWideFishW¢lAK=
Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishW¢l/.{pl[1]-plxCos[e],
pl[2]-pl*Sin[6],03-0,02-0,w-0,p3[1]-p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]-06,9[2]~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];

F4F4ContributionOGWideFishW¢2AK=
Simplify[Together[((1/2)D[ (FAF4ContributionOGWideFishW¢2/.{pl[1]-plxCos[6],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]1~q9}),{p3,1},{pP2,2},{q,1}]1/.{p3-0,9-0,p2-0})]1;

F4F4Contribution0GBunkBedSameAK=
Simplify[Together[((1/2)D[ (FAF4ContributionOGBunkBedSame/.{pl[1]-plxCos[e],
pl[2]-pl*Sin[6],03-50,0250,w-»0,p3[1]-»>p3,p3[2]-0,p2[1]-»p2,p2[2]~0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];
F4F4Contribution0GBunkBedOppositeAK=Simplify]|
Together [ ((1/2)D[ (F4F4Contribution0GBunkBedOpposite/.{pl[1l]-»plxCos[E],
pl1[2]-plxSin[6],Q23-0,02-0,0w50,p3[1]-»>p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];
F4¢F3ContributionNEEWideFishN¢pAK=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishN¢/.{pl[1]-plxCos[O],
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pl1[2]-pl*Sin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~9}),{pP3,1},{pP2,2},{q,1}]/.{p3~0,q-0,p2-0})]];

F4¢F3ContributionNEEWideFishW¢lAK=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishW¢l/.{pl[1l]-»plxCos[6O],
pl1[2]-plxSin[6],Q23-0,02-0,w50,p3[1]-»>p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEWideFishW¢y2AK=
Simplify[Together[((1/2)D[ (FA¢F3ContributionNEEWideFishW¢2/.{pl[1l]-»plxCos[6],

pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]1-0,p2[1]-p2,p2[2]-0,
q[1]-0,9[2]~q}),{p3,1},{pP2,2},{q,1}]/.{p3~-0,q-0,p2-0})]];

F4¢F3ContributionNEEBunkBedNE¢SameAK=Simplify[

Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedNE¢Same/.{pl[1l]-plxCos[6],

pl[2]-pl*Sin[6],03-0,0250,w-»0,p3[1]-»>p3,p3[2]-0,p2[1]-»p2,p2[2]~0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedNE¢OppositeAK=Simplify|
Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedNE#Opposite/.{pl[1l]-plxCos[6],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]-p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{p3,1},{pP2,2},{q,1}]/.{p3~-0,9-0,p2-0})]1;

F4¢F3ContributionNEEBunkBedE¢SameAK=Simplify|
Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedE¢Same/.{pl[1]-plxCos[e],
pl1[2]-plxSin[6],Q23-0,02-0,0w50,p3[1]->p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]-06,9[2]1~»9}),{pP3,1},{pP2,2},{q,1}]1/.{p3-0,q-0,p2-0})]1];

F4¢F3ContributionNEEBunkBedE¢OppositeAK=Simplify[

Together [ ((1/2)D[ (F4¢F3ContributionNEEBunkBedE¢Opposite/.{pl[1l]-plxCos[O],
pl1[2]-plxSin[6],Q23-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]1-0,9[2]~q9}),{p3,1},{pP2,2},{q,1}]/.{p3~-0,9-0,p2-0})]1;

F4¢2F2ContributionNEEWideFishN¢AK=Together [
((1/2)D[ (F4¢2F2ContributionNEEWideFishN¢/.{pl[1]-plxCos[6],pl[2]-plxSin[e],
Q3-0,02-50,w-0,p3[1]->p3,p3[2]-0,p2[1]->p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEWideFishWpAK=Together [
((1/2)D[ (F4¢2F2ContributionNEEWideFishW¢/.{pl[1]-plxCos[6],pl[2]-plxSin[e],
Q3-0,02-0,w-»0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,q[1]-0,q[2]~>q}),
{p3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})];
F4¢2F2ContributionNEEBunkBedNE¢AK=Together [
((1/2)D[ (F4¢2F2ContributionNEEBunkBedNE¢/.{pl[1]->plxCos[6],pl[2]->plxSin[6],
Q3-0,02-0,0w-0,p3[1]-p3,p3[2]-0,p2[1]-»p2,p2[2]-0,q[1]-0,q[2]~q}),
{p3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})1;
F4¢2F2ContributionNEEBunkBedE¢AK=Together [
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((1/2)D[ (F4¢2F2ContributionNEEBunkBedE¢/.{pl[1]-plxCos[6],pl[2]-plxSin[e]
Q03-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]-0,q[2]~>q}),
{pP3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})];
¢F3¢F3ContributionBunkBedSameAK=Together [
((1/2)D[ (¢F3¢F3ContributionBunkBedSame/.{p1[1]-plxCos[6],pl[2]-»plxSin[6],
Q3-0,02-0,0w-0,p3[1]-p3,p3[2]-0,p2[1]-+p2,p2[2]-0,q[1]-0,q[2]~q}),
{p3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})];
¢F3¢F3ContributionBunkBedOppositeAK=
Together [ ((1/2)D[ (¢F3¢F3ContributionBunkBedOpposite/.{pl[1]-plxCos[6],
pl[2]-plxSin[6],Q3-0,02-0,w-0,p3[1]-»p3,p3[2]-0,p2[1]->p2,p2[2]-0,
q[1]1-0,9[2]1~q9}),{p3,1},{pP2,2},{q,1}]/.{p3-0,9-0,p2-0})];
¢F3Ext¢2F2ContributionBunkBedAK=Together [
((1/2)D[ (¢F3Extp2F2ContributionBunkBed/.{pl1[1]-»plxCos[6],pl[2]-»plxSin[e],
Q3-50,02-50,w-»0,p3[1]-»p3,p3[2]-0,p2[1]»p2,p2[2]-0,q[1]1-0,q[2]~>9}),
{p3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})];
¢F3¢92F2ExtContributionBunkBedAK=Together [
((1/2)D[ (¢F3¢2F2ExtContributionBunkBed/.{pl1[1]-»plxCos[6],pl[2]-»plxSin[e],
03-0,02-0,w-0,p3[1]-p3,p3[2]-0,p2[1]-p2,p2[2]-0,q[1]-0,q[2]~q}) ,
{p3,1},{p2,2},{q,1}1/.{p3-0,9-0,p2-0})];
NumF4F4Contribution0GS1limFishAK=
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishAK],{6,0,2x}]1]};
NumF4F4ContributionOGWideFishN¢pAK=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishN¢AK],{6,0,27}]11];
NumF4F4ContributionOGWideFishWplAK=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢1lAK],{6,0,27}]1];
NumF4F4ContributionOGWideFishW¢g2AK=
Simplify[Integrate[Numerator [F4F4ContributionOGWideFishW¢2AK],{6,0,27}]11;
NumF4F4ContributionOGBunkBedSameAK=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedSameAK],{6,0,2x7}]11;
NumF4F4Contribution0GBunkBedOppositeAK=
Simplify[Integrate[Numerator [F4F4Contribution0GBunkBedOppositeAK],{6,0,27}]1];
NumF4¢F3ContributionNEEWideFishN¢AK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishN¢AK], {6,0,2x}]1];
NumF4¢F3ContributionNEEWideFishW¢lAK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢lAK],{6,0,27}]1];
NumF4¢F3ContributionNEEWideFishW¢2AK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEWideFishW¢2AK],{6,0,27}1];
NumF4¢F3ContributionNEEBunkBedNE¢SameAK=Simplify[
Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢SameAK],{6,0,2x}]1];
NumF4¢F3ContributionNEEBunkBedNE®OppositeAK=Simplify[
Integrate[Numerator [F4¢F3ContributionNEEBunkBedNE¢OppositeAK],{6,0,27}]1];
NumF4¢F3ContributionNEEBunkBedE¢SameAK=
Simplify[Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢SameAK],{6,0,27}11];
NumF4¢F3ContributionNEEBunkBedE¢OppositeAK=Simplify]

-
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Integrate[Numerator [F4¢F3ContributionNEEBunkBedE¢OppositeAK], {6,0,27}]1];
NumF4¢2F2ContributionNEEWideFishN¢AK=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishN¢AK], {6,0,27}]1];
NumF4¢2F2ContributionNEEWideFishWpAK=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEWideFishW¢AK],{6,0,27}]1];

NumF4¢2F2ContributionNEEBunkBedNE®AK=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedNE®AK] ,{6,0,27}1];
NumF4¢2F2ContributionNEEBunkBedE¢pAK=
Simplify[Integrate[Numerator [F4¢2F2ContributionNEEBunkBedE¢AK], {6,0,27}1];
Num¢F3¢F3ContributionBunkBedSameAK=
Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedSameAK],{6,0,27}]11];
Num¢F3¢F3ContributionBunkBedOppositeAK=
Simplify[Integrate[Numerator [¢F3¢F3ContributionBunkBedOppositeAK],{6,0,27}]1];
Num¢F3Ext¢2F2ContributionBunkBedAK=
Integrate[Numerator [¢pF3Ext¢2F2ContributionBunkBedAK], {6,0,27}];
Num¢F3¢2F2ExtContributionBunkBedAK=
Integrate[Numerator [¢pF3¢2F2ExtContributionBunkBedAK], {6,0,27}];
FullF4F4Contribution0GS1limFishAK=NumF4F4ContributionOGSlimFishAK/
Simplify[Denominator [F4F4Contribution0GSlimFishAK]];
FullF4F4ContributionOGWideFishN¢AK=NumF4F4ContributionOGWideFishN¢AK/
Simplify[Denominator [F4F4ContributionOGWideFishN¢AK]];
FullF4F4ContributionOGWideFishWplAK=NumF4F4ContributionOGWideFishW¢lAK/
Simplify[Denominator [F4F4ContributionOGWideFishW¢lAK]];
FullF4F4ContributionOGWideFishWy2AK=NumF4F4ContributionOGWideFishW¢2AK/
Simplify[Denominator [F4F4ContributionOGWideFishW¢2AK]];
FullF4F4Contribution0GBunkBedSameAK=NumF4F4Contribution0GBunkBedSameAK/
Simplify[Denominator [F4F4Contribution0GBunkBedSameAK]];
FullF4F4Contribution0GBunkBedOppositeAK=NumF4F4Contribution0GBunkBedOppositeAK/
Simplify[Denominator [F4F4Contribution0GBunkBedOppositeAK]];
FullF4¢F3ContributionNEEWideFishN¢AK=NumF4¢F3ContributionNEEWideFishN¢AK/
Simplify[Denominator [F4¢F3ContributionNEEWideFishN¢AK]];
FullF4¢F3ContributionNEEWideFishW¢1AK=NumF4¢F3ContributionNEEWideFishW¢plAK/
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢lAK]];
FullF4¢F3ContributionNEEWideFishW¢2AK=NumF4¢F3ContributionNEEWideFishW¢2AK/
Simplify[Denominator [F4¢F3ContributionNEEWideFishW¢2AK]];
FullF4¢F3ContributionNEEBunkBedNE¢pSameAK=
NumF4¢F3ContributionNEEBunkBedNE¢pSameAK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢SameAK] ] ;
FullF4¢F3ContributionNEEBunkBedNE¢OppositeAK=
NumF4¢F3ContributionNEEBunkBedNE¢OppositeAK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedNE¢OppositeAK]];
FullF4¢F3ContributionNEEBunkBedE¢pSameAK=NumF4¢F3ContributionNEEBunkBedE¢SameAK/
Simplify[Denominator[F4¢F3ContributionNEEBunkBedE¢SameAK]];
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FullF4¢F3ContributionNEEBunkBedE¢OppositeAK=
NumF4¢F3ContributionNEEBunkBedE¢OppositeAK/
Simplify[Denominator [F4¢F3ContributionNEEBunkBedE¢OppositeAK]];
FullF4¢2F2ContributionNEEWideFishNpAK=NumF4¢2F2ContributionNEEWideFishN¢AK/
Simplify[Denominator [F4¢2F2ContributionNEEWideFishN¢AK]];
FullF4¢2F2ContributionNEEWideFishWpAK=NumF4¢2F2ContributionNEEWideFishW¢AK/
Simplify[Denominator [F4¢2F2ContributionNEEWideFishW¢AK]];

FullF4¢2F2ContributionNEEBunkBedNE¢pAKForIso=
NumF4¢2F2ContributionNEEBunkBedNE®AK/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedNE¢$AK] ] ;
FullF4¢2F2ContributionNEEBunkBedE¢pAKForIso=NumF4¢2F2ContributionNEEBunkBedE¢AK/
Simplify[Denominator [F4¢2F2ContributionNEEBunkBedE®AK]];
Full¢F3¢F3ContributionBunkBedSameAKForIso=Num¢F3¢F3ContributionBunkBedSameAK/
Simplify[Denominator [¢F3¢F3ContributionBunkBedSameAK]];
Full¢F3¢F3ContributionBunkBedOppositeAKForIso=
Num¢F3¢F3ContributionBunkBedOppositeAK/
Simplify[Denominator [¢F3¢F3ContributionBunkBedOppositeAK]];
FullgF3Ext¢2F2ContributionBunkBedAKForIso=Num¢F3Ext¢$2F2ContributionBunkBedAK/
Simplify[Denominator [¢F3Ext¢2F2ContributionBunkBedAK]];
FullgF3¢2F2ExtContributionBunkBedAKForIso=Num¢F3¢2F2ExtContributionBunkBedAK/
Simplify[Denominator [¢F3¢2F2ExtContributionBunkBedAK]];

D11F4¢2F2Contr1butionNEEBunkBedNE¢AK=Simp1ify[Distribute[(*dc*)

I« (Df p12 (pl2+0)+i Ql)"G*((*dC*)Ql—(—; i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)Ql—(i (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))”;
D22F4¢2F2ContributionNEEBunkBedNE®AK=
Simplify[Distribute[(*dc*)(Df p1® (pl*+o)+i Ql)*(*dC*)((*dC*)Ql—

(i i (DDYux pl1%+3 DDYuu pl”+i +/(4 DDYuA DDYuK+4 DDYuK?-DDYui*-2 DDYux

DDYup-DDYuu?) plz)))"e((*dc*)Ql—(—; (:'1 DDYux p12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK?-DDYuA2-2 DDYux DDYuu-DDYuu? p12)))
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(Df p1? (p1%+0)-i 01) ((*dc*)m»f(i i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)Ql+(% (:1 DDYux pl12+3 i DDYuu pl%+

\/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuu? Plz)))]]i
D32F4¢2F2ContributionNEEBunkBedNE¢AK=SﬁmP11fy[

Distribute[(*dc*) (Df p1? (p1%+0)+i 01) ((*dc*)Ql—(% i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))*

(xdcw) ((*dc*)Ql—(i (1'1 DDYux pl12+3 i DDYuu pl%+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))"o*

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYu?-2 DDYuX DDYuu-DDYuu? p1)))

((*dc*)91+(§ (:'1 DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYUK?-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))”;

FullllF4¢2F2ContributionNEEBunkBedNE¢AK=
NumF4¢2F2ContributionNEEBunkBedNE®AK/D11F4¢2F2ContributionNEEBunkBedNE®AK;
Full22F4¢2F2ContributionNEEBunkBedNE¢AK=
NumF4¢2F2ContributionNEEBunkBedNE®AK/D22F4¢2F2ContributionNEEBunkBedNE®AK;
Full32F4¢2F2ContributionNEEBunkBedNE¢AK=
NumF4¢2F2ContributionNEEBunkBedNE®AK/D32F4¢2F2ContributionNEEBunkBedNE®AK;

FullllF4¢2F2ContributionNEEBunkBedNE¢pAKRes=
2#7#IxFUull1l1F4¢2F2ContributionNEEBunkBedNE$AK/ . {Q1~i Df p1® (pl®+0)};
Full22F4¢2F2ContributionNEEBunkBedNE¢pAKRes=
2xmxIxFull22F4¢2F2ContributionNEEBunkBedNEpAK/ .
1 . 2 2
{Ql—)z(*dC*) i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)};
Full32F4¢2F2ContributionNEEBunkBedNE¢pAKRes=
2% IxFull32F4¢2F2ContributionNEEBunkBedNE@pAK/ .

{Ql—)z( zc) (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYuUA DDYuK+4 DDYuK?-DDYuA?-2 DDYux DDYuu-DDYuy? plz)};

FullF4¢2F2ContributionNEEBunkBedNE®AKRes=
Fulll1lF4¢2F2ContributionNEEBunkBedNEpAKRes +
Full22F4¢2F2ContributionNEEBunkBedNE¢pAKRes +
Full32F4¢2F2ContributionNEEBunkBedNE¢AKRes;
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D12F4¢2F2ContributionNEEBunkBedE¢pAK=
simplify[(*dc*)(-I*Df p1? (pl%+o)+ 91)A0((*dc*)91-(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYuu® p1?)))

((*dc*)Ql—(i (i DDYuX p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? plz)))

(I+Df p12 (p12+0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? p12)))

((*dc*)91+(§ (i DDYux pl12+3 i DDYuu pl%+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))]5
021F4¢2FzContributionNEEBunkBedE¢AK=Simplify[(*dC*)

(I*Df p1? (p12+c)+ Ql) AQ (xdcx) ((*dC*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYui DDYuyu-DDYup> plz)))AG

((*dc*)Ql—(i (i DDYux pl12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK?-DDYuA?-2 DDYuA DDYuu-DDYuy? p12)))

(I«Df p1? (p12+0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYuA*-2 DDYuX DDYuu-DDYuu® p1?)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

D31F4¢2F2ContributionNEEBunkBedEAK=
simplify[(*dc*)(x*of p1? (pl%+o)+ Ql)“@(*dc*)((*dc*)nl—(% i (DDYul p12+

3 DDYuu pl12+i 4/4 DDYuA DDYuK+4 DDYuK2-DDYuA2-2 DDYuA DDYuu-DDYuu? p12)))

((*dc*)Ql—(i (i DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))AO

(I«Df p1? (p12+0)+ Ql)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuu? p1)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

—J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

Fulll2F4¢2F2ContributionNEEBunkBedE@pAK=
NumF4¢2F2ContributionNEEBunkBedE¢pAK/D12F4¢2F2ContributionNEEBunkBedE¢AK;

Full21F4¢2F2ContributionNEEBunkBedE@pAK=
NumF4¢2F2ContributionNEEBunkBedE¢AK/D21F4¢2F2ContributionNEEBunkBedEgAK;

Full31F4¢2F2ContributionNEEBunkBedE@AK=
NumF4¢2F2ContributionNEEBunkBedE¢pAK/D31F4¢2F2ContributionNEEBunkBedE¢AK;
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Fulll2F4¢2F2ContributionNEEBunkBedE¢pAKRes=

0#2%7xIxD [Full12F4¢2F2ContributionNEEBunkBedE¢AK, {Q1,1}]/.{Ql~»i Df pl* (pl%+o)};

Full21F4¢2F2ContributionNEEBunkBedE¢pAKRes=
2%xmxIxFull21F4¢2F2ContributionNEEBunkBedE¢AK/ .

{91_,2( ;C) i (DDYu)L pl2+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuXx DDYuu-DDYup? plz)};
Full31F4¢2F2ContributionNEEBunkBedE¢pAKRes=
2%xmxIxFUull31F4¢2F2ContributionNEEBunkBedE¢AK/ .

L i 2 . N
{Ql_)Z(*dc*) (1 DDYuA p17+3 i DDYuu pl©+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYul DDYuu-DDYup? plz)};

FullF4¢2F2ContributionNEEBunkBedE¢AKRes=
(*Full12F4¢2F2ContributionNEEBunkBedE¢pAKReS + )
Full21F4¢2F2ContributionNEEBunkBedE¢AKRes +

Full31F4¢2F2ContributionNEEBunkBedEdpAKRes;

D12¢F3¢F3ContributionBunkBedSameAK=
S'imp'h'fy[(*dc"z*)l*I*(Df p1? (pl%+o)+i Ql)"O*((*dc*)Ql—(% i (DDYuA p12+

3 DDYuu pl2+i \/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup?

((*dc*)Ql—(i (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p12)))

(Df p1? (p1l%+0)-i Q1)r2 ((*dc*)m»f(% i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK?-DDYuA?-2 DDYux DDYuu-DDYuy? p12)))];
D21¢F3¢F3ContributionBunkBedSameAK:Simplify[(*chz*)

1 (Df p12 (p12+0)+i Q1)« (xdc#) ((*dc*)Ql—(é i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuA DDYuu-DDYuu? p12)))/\o

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu® p1?)))

(Df p1? (p1l%+0)-i Q1)r2 ((*dc*)91+(§ i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux p12+3 i DDYup pl2+

\/4 DDYuA DDYuK+4 DDYuK2-DDYux?-2 DDYuX DDYuu-DDYuu? plz)))];

D31¢F3¢F3ContributionBunkBedSameAK=

P1?)))
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51mp11fy[(*dcﬂz*)1*(of p1? (pl%+o)+i 91)*((*dc*)91-(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))*

(*dc*)((*dc*)Ql—(i (i DDYux pl12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYu*-2 DDYuX DDYuu-DDYuu® p1Z)))ro

(Df p1? (p12+0)-i Ql1)A2 ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

*\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? Plz)))];

Full12¢F3¢F3ContributionBunkBedSameAK=
Num¢F3¢F3ContributionBunkBedSameAK/D12¢F3¢F3ContributionBunkBedSameAK;

Full21¢F3¢F3ContributionBunkBedSameAK=
Numg¢F3¢F3ContributionBunkBedSameAK/D21¢F3¢F3ContributionBunkBedSameAK;

Full31¢F3¢F3ContributionBunkBedSameAK=
Num¢F3¢F3ContributionBunkBedSameAK/D31¢F3¢F3ContributionBunkBedSameAK;

Fulll2¢F3¢F3ContributionBunkBedSameAKRes=
247+ IxFulll2¢F3¢F3ContributionBunkBedSameAK/.{Q1-»i Df p1*> (p1?+0)};
Full21¢F3¢F3ContributionBunkBedSameAKRes=

2*n*I*Fu1121¢F3¢F3ContributionBunkBedSameAK/.{Qle 1

2 (xdcx*)

i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)};
Full31¢F3¢F3ContributionBunkBedSameAKRes=
2xtxIxFull31¢F3¢F3ContributionBunkBedSameAK/ .

{Qlaz(zc) (i DDYux pl12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? plz)};

Full¢F3¢F3ContributionBunkBedSameAKRes=Full12¢F3¢F3ContributionBunkBedSameAKRes+
Full21¢F3¢F3ContributionBunkBedSameAKRes+
Full31¢F3¢F3ContributionBunkBedSameAKRes;

D12¢F3¢F3ContributionBunkBedOppositeAK:Simplify[

~Ix (xdch2x) 1x (I72) (Df p1? (pl?+0)+i Ql)AO*((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua2-2 DDYuX DDYuyu-DDYup> p12)))A2

((*dc*)Ql—(% (i DDYuX p12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYux*-2 DDYuX DDYuu-DDYuu? p12)))*2

(Df p12 (p1%+0)-i a1) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYuu? p12)))Ao
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((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))AO];
D22¢F3¢F3ContributionBunkBedOppositeAK=
51mp11fy[-1*(*dcﬂz*)l*(of p1? (pl%+c)+i Q1)A2«

((*chZ*)l)((*dc*)Ql—(% i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu? p1Z)))+o

((*dc*)Ql—(i (i DDYux p12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK?-DDYuA2-2 DDYux DDYuu-DDYuy? plz)))AZ

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYuA?-2 DDYuX DDYuu-DDYuu® p1Z)))"o

((*dc*)Ql+(% (i DDYuX p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYux DDYuu-DDYuu? plz)))AO];
D32¢F3¢F3ContributionBunkBedOppositeAK:Simplify[

-Ix (xdch2x) 1% (Df p1? (pl2+0)+i Ql)AZ*((*dc*)Ql—(% i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYuA DDYupu-DDYup> plz)))AZ*

((*chZ*)l)((*dc*)Ql—(i (i DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))A0

(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu? p1Z}))+o

((*dc*)91+(§ (i DDYux p12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYup? p12)))Ao];

Fullli2¢F3¢F3ContributionBunkBedOppositeAK=
Num¢F3¢F3ContributionBunkBedOppositeAK/D12¢F3¢pF3ContributionBunkBedOppositeAK;

Full22¢F3¢F3ContributionBunkBedOppositeAK=
Numg¢F3¢F3ContributionBunkBedOppositeAK/D22¢F3¢pF3ContributionBunkBedOppositeAK;

Full32¢F3¢F3ContributionBunkBedOppositeAK=
Num¢F3¢F3ContributionBunkBedOppositeAK/D32¢F3¢F3ContributionBunkBedOppositeAK;

Full12¢F3¢F3ContributionBunkBedOppositeAKRes=
2x7xIxD[Full12¢F3¢F3ContributionBunkBedOppositeAK, {Ql,1}]/.
{Ql—)i Df p1? (p12+c)};
Full22¢F3¢F3ContributionBunkBedOppositeAKRes=
2x7xIxD[Full22¢F3¢F3ContributionBunkBedOppositeAK, {Ql1,1}]/.

{91437%:7 i (DDYuA pl12+3 DDYuu pl2+
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i +/4 DDYUA DDYuK+4 DDYuK2-DDYur2-2 DDYuX DDYuu-DDYuy? plz)};
Full32¢F3¢F3ContributionBunkBedOppositeAKRes=
2xxIx*D[Full32¢F3¢F3ContributionBunkBedOppositeAK, {Q1,1}]/.

{Ql—)z( zc) (:1 DDYux pl12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK?-DDYuA?-2 DDYux DDYuu-DDYuu? plz)};

Full¢F3¢F3ContributionBunkBedOppositeAKRes=
Full12¢F3¢F3ContributionBunkBedOppositeAKRes+
Full22¢F3¢F3ContributionBunkBedOppositeAKRes+
Full32¢F3¢F3ContributionBunkBedOppositeAKRes;

D11¢F3Ext¢2F2ContributionBunkBedAK=
S'impl'ify[(*dc*)I*(Df p1? (pl%+o)+i Ql)"O*((*dc*)Ql—(i i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYuyu-DDYup> plz)))"z

((*dc*)Ql—(i (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYui DDYuu-DDYup? plz)))"z

(Df p1? (p1%+0)-i 01) ((*dc*)m»f(i i (DDYu)t p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuu? p1)))

((*dc*)nh(izL (:1 DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYuy? plz)))];
D22¢F3Ext¢2F2ContributionBunkBedAK:Simplify[(*dc*)

(Df p1? (p12+c) +1 Ql)*((*dc"Z*)l) ((*dC*)Ql—(—; i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYui DDYupu-DDYup? plz)))"e

((*dc*)Ql—(i (:1 DDYux p12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))'\2

(Df p12 (p1%+0)-i 01) ((*dc*)Ql+(—; i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux pl12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA2-2 DDYuA DDYuu-DDYup? p12)))];
D32¢F3Ext¢2F2ContributionBunkBedAK:Simplify[(*dc*)

(Df p12 (p12+0)+i Q1) ((»dch2x)1) ((*dc*)Ql—(—; i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYuu? p12)))/\2

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYuu? p1?)))4e

| 93
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(Df p1? (p1%+0)-i 01) ((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux2-2 DDYuX DDYuu-DDYuy? plz)))

((*dc*)91+(§ (:1 DDYux p12+3 i DDYuu pl%+

\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)))];

Fulli11¢F3Ext¢2F2ContributionBunkBedAK=
NumgF3Ext¢2F2ContributionBunkBedAK/D11¢F3Ext¢2F2ContributionBunkBedAK;

Full22¢F3Ext¢2F2ContributionBunkBedAK=
NumgF3Ext¢2F2ContributionBunkBedAK/D22¢F3Ext¢p2F2ContributionBunkBedAK;

Full32¢F3Ext¢2F2ContributionBunkBedAK=
NumgF3Ext¢2F2ContributionBunkBedAK/D32¢F3Ext¢2F2ContributionBunkBedAK;

Fulll1l¢F3Ext¢2F2ContributionBunkBedAKRes=
2#7#IxFUll11¢F3Exté2F2ContributionBunkBedAK/ . {@1+i Df p1? (pl’+o0)};
Full22¢F3Ext¢2F2ContributionBunkBedAKRes=
2x7xIxD[Full22¢F3Ext¢2F2ContributionBunkBedAK, {Q1,1}]/.

1 N 2 2
{9142(*“*) i (DDYu)L p12+3 DDYuu pl2+

i \/4 DDYuA DDYuK+4 DDYuK?-DDYuA?-2 DDYuX DDYuu-DDYup? p12)};
Full32¢F3Ext¢2F2ContributionBunkBedAKRes=
2% IxD [Full32¢F3Ext¢2F2ContributionBunkBedAK, {Q1,1}]/.

{91_,2( ;C) (:1 DDYux p12+3 i DDYup pl2+

\/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuXx DDYuu-DDYuu? plz)};

Full¢F3Ext¢2F2ContributionBunkBedAKRes=Full11¢F3Ext¢2F2ContributionBunkBedAKRes+
Full22¢F3Ext¢2F2ContributionBunkBedAKRes+
Full32¢F3Ext¢2F2ContributionBunkBedAKRes;

D12¢F3¢2F2ExtContributionBunkBedAK=
S'impl'ify[—(*dc*) (Df p1? (p1%+0)+i Ql)"O*((*dC*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYux DDYuyu-DDYuu? p12)))

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuA DDYuu-DDYup? p1?)))

(Df p1? (pl%+0)-i Ql)"Z((*dc*)Ql+(% i (DDYu)L p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua-2 DDYuA DDYupu-DDYup? plz)))"z

((*dc*)m»f(i (1'1 DDYux p12+3 i DDYuu pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? p12)))'\2];

D21¢F3¢2F2ExtContributionBunkBedAK:Simplify[
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- (xdcx) (Df p12 (p12+0)+i Ql)AO*(*dC*)((*dc*)Ql—(i i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYuu? p12)))Ao

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl2+

\/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYuX DDYuu-DDYuu® p1Z)))

(Df p12 (p1%+0)-i gl)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYupu-DDYup? plz)))AZ

((*dc*)91+(§ (i DDYux p12+3 i DDYup pl2+

/4 DDYUA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))AZ];

D31¢F3¢2F2ExtContributionBunkBedAK=
Simplify[—(*dc*)(Df p1? (pl%+o)+i Ql)AO*(*dc*)((*dc*)Ql—(i i (DDYuA p12+

3 DDYuu pl2+i /4 DDYUA DDYuK+4 DDYuK2-DDYui2-2 DDYuA DDYuu-DDYuu? plz)))

((*dc*)Ql—(% (i DDYux p12+3 i DDYuu pl%+

\/4 DDYUA DDYuK+4 DDYuK?-DDYux®-2 DDYuX DDYuu-DDYuu? p12}))+o

(Df p1? (pl%+0)-i gl)Az((*dc*)91+(§ i (DDYuA p12+3 DDYuu pl2+

i «J4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYui DDYuu-DDYup? plz)))ﬂz

((*dc*)91+(§ (i DDYux p12+3 i DDYuu pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYuX DDYuu-DDYuy? plz)))ﬂz];

Fulll12¢F3¢2F2ExtContributionBunkBedAK=
Num¢F3¢2F2ExtContributionBunkBedAK/D12¢F3¢2F2ExtContributionBunkBedAK;

Full21¢F3¢2F2ExtContributionBunkBedAK=
Numg¢F3¢2F2ExtContributionBunkBedAK/D21¢F3¢$2F2ExtContributionBunkBedAK;

Full31¢F3¢2F2ExtContributionBunkBedAK=
Num¢F3¢2F2ExtContributionBunkBedAK/D31¢F3¢2F2ExtContributionBunkBedAK;

Fulll2¢F3¢2F2ExtContributionBunkBedAKRes=
0#2#7+I#D[Fulll2¢F3¢2F2ExtContributionBunkBedAK,Q1]/.{Q1-i Df p1? (p1®+0)};
Full21¢F3¢2F2ExtContributionBunkBedAKRes=

2*n*I*Fu1121¢F3¢2F2ExtContributionBunkBedAK/.{Qla L

2 (xdcx*)

i (DDYuA p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYur?-2 DDYuX DDYuu-DDYuy? plz)};
Full31¢F3¢2F2ExtContributionBunkBedAKRes=
2xmxIxFull31¢F3¢2F2ExtContributionBunkBedAK/ .

{Qlaz(;c) (i DDYux pl12+3 i DDYup pl2+

/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? plz)};
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Full¢F3¢2F2ExtContributionBunkBedAKRes=Full12¢F3¢2F2ExtContributionBunkBedAKRes+
Full21¢F3¢2F2ExtContributionBunkBedAKRes+
Full31¢F3¢2F2ExtContributionBunkBedAKRes;

ResF4F4Contribution0GSlimFishAK=

2+7#Ix (Residue [FullF4F4Contribution0GSlimFishAK, {Ql,i Dfxpl® (p1® x+o)}]);
ResF4F4ContributionOGWideFishN¢pAK=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishNgAK, {a1,i Dfxpl? (p1? x+o)}]);
ResF4F4ContributionOGWideFishW¢lAK=

247%I# (Residue[FullF4F4ContributionOGWideFishWglAK, {Ql,i Dfxp1l?® (p1? x+o)}]);
ResF4F4ContributionOGWideFishWg2AK=

2#7#Ix (Residue [FullF4F4ContributionOGWideFishWg2AK, {Ql,i Df+pl* (pl? x+o)}]);
ResF4F4Contribution0GBunkBedSameAK=

2#7%I# (Residue[FullF4F4Contribution0GBunkBedSameAK, {Ql,i Dfxpl? (p1* x+o)}]);

ResF4F4Contribution0GBunkBedOppositeAK=2%m*Ix
(Residue[FullF4F4Contribution0GBunkBedOppositeAK, {Ql,i Df«pl® (pl® x+o)}]);

ResF4¢F3ContributionNEEWideFishN¢pAK=
2*n*1*(Residue[FullF4¢F3ContributionNEEWideFishN¢AK,{gl,i Dfxpl® (pl1® x+o)}]+

Res1due[FullF4¢F3Contr1but1onNEEW1deF1shN¢AK {91,;7:—7 i (DDYuA p12+3 DDYuy

p12+i /4 DDYUA DDYuK+4 DDYUK2-DDYux2-2 DDYuA DDYuu-DDYup> plz)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shN¢AK {91 (i DDYux pl12+3 i

2(d *)

DDYup p12+w/4 DDYuA DDYuK+4 DDYuK?-DDYua?-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEWideFishWgplAK=
2*n*I*(Residue[FullF4¢F3ContributionNEEWideFishW¢1AK,{Ql,i Df+pl? (p1® x+o0)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shW¢1AK {91 ETF_T i (DDYuA p12+3 DDYuu

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shW¢1AK {Ql i DDYux pl2+3 i

z<d *) (
DDYup p12+1/4 DDYuA DDYuK+4 DDYuK?-DDYua?-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEWideFishW¢p2AK=
2*n*1*(Residue[Fu11F4¢F3ContributionNEEWideFishw¢2AK,{91 i Dfxpl® (p1® x+o)}]+

Res1due[Fu11F4¢F3Contr1but1onNEEW1deF1shW¢2AK {91,373—7 i (DDYuA p12+3 DDYuu

p12+i /4 DDYUA DDYuK+4 DDYUK2-DDYur?-2 DDYuA DDYuu-DDYup? plz)}]+

Res1‘due[FuuF4q>F3Contr1‘but1‘onNEEW1’deF1‘shw¢2AK,{szl,;;ﬁ;S (i DDYux pl2+3 i

DDYuu p1%++/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYuu? p1*)}]);

ResF4¢F3ContributionNEEBunkBedNE¢SameAK=
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2*7r*I*(Res*idue[Fu'LlF4¢>F3Contr'ibut'ionNEEBunkBedNE¢SameAK,{Ql,i Dfxpl? (p1® x+o)}]+

ReS'idue[FullF4¢F3Contr'ibut'ionNEEBunkBedNE¢SameAK,{Ql,Z(—:C) i (DDYuA p12+3

DDYuu p12+i +/4 DDYuA DDYuK+4 DDYuKZ-DDYuA?-2 DDYuA DDYuu-DDYuy? plz)}]+

ReS'idue[Fu11F4¢F3Contr'ibut'ionNEEBunkBedNE¢SameAK,{Ql, (1'1 DDYux p12+3 i

-1
2 (xdcx)

DDYup p12+\/4 DDYuA DDYuK+4 DDYuK?-DDYua?-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEBunkBedNE¢OppositeAK=2xmxIx
(Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢0ppositeAK,{Ql,i Df#pl® (pl* x+o)}]+

Residue [ FullF4¢F3ContributionNEEBunkBedNE¢OppositeAK,

1 . 2 2
{91,2(*dC*) i (DDYu)L p12+3 DDYuu pl2+

i +/4 DDYUA DDYuK+4 DDYuK2-DDYua?-2 DDYuX DDYuu-DDYuy? plz)}]+
Residue[Fu11F4¢F3ContributionNEEBunkBedNE¢OppositeAK,

1 . 2 . 2
{91,—2(*dC*) (n DDYux p12+3 i DDYuu pl%+

\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? plz)}]);

ResF4¢F3ContributionNEEBunkBedE¢SameAK=
Z*N*I*(Residue[Fu11F4¢F3ContributionNEEBunkBedE¢SameAK,{Ql,i Dfxpl? (pl2 x+c)}]+

ReS'idue[Fu'L'LF4¢F3Contr'ibut'ionNEEBunkBequSSameAK,{91,2(*—(1]“) i (DDYu)L p12+3

DDYuu p12+i +/4 DDYuA DDYuK+4 DDYuK2-DDYuA?-2 DDYux DDYuu-DDYuy? plz)}]+

ReS'idue[FullF4¢F3Contr‘ibut'ionNEEBunkBedE¢SameAK,{91,2(*—;*) (1'1 DDYux pl2+3 i

DDYuu p1%++/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYuu? p1?)}]);

ResF4¢F3ContributionNEEBunkBedE¢OppositeAK=2xnrxI*
(Residue[Fu'L'LF4¢>F3Contr'ibut'ionNEEBunkBedEd:OppositeAK,{Ql,i Df+pl? (p1® x+0)}]+

ReS'idue[FullF4¢F3Contr‘ibut'ionNEEBunkBedEd:OppositeAK,{Ql,Z(—;C) i (DDYu)L p12+3

DDYuu p12+i +/4 DDYuA DDYuK+4 DDYuKZ-DDYuA?-2 DDYuA DDYuu-DDYuy? plz)}]+

Residue[FullF4¢F3ContributionNEEBunkBedE¢0ppositeAK,

1 . ) . 5
{91’2(*dc*) (1 DDYuA pl17+3 i DDYuu pl©+

*\/4 DDYuA DDYuK+4 DDYuK?-DDYux?-2 DDYux DDYuu-DDYup? Plz)}]);

ResF4¢2F2ContributionNEEWideFishN¢pAK=
2*7r*I*(ReS'idue[Fu'LlF4d>2F2Contr'ibut'ionNEEW'ideF'ishN¢AK,{Ql,i Df#pl® (pl* x+o)}]+

ReS'idue[Ful'LF4¢2F2Contr‘ibut'ionNEEW'ideF'isthbAK,{91,2(*—;*) i (DDYu)L p12+3 DDYup

p12+i /4 DDYUA DDYuK+4 DDYuK2-DDYux?-2 DDYuA DDYuu-DDYup> plz)}]+

ReS'idue[Ful'LF4¢2F2Contr'ibut'ionNEEW'ideF'isthbAK,{91,2(*—;*) (i DDYux pl2+3 i
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DDYup p12+fJ4 DDYuA DDYuK+4 DDYuK?-DDYua®*-2 DDYui DDYuu-DDYup? plz)}]);

ResF4¢2F2ContributionNEEWideFishWpAK=
2*n*1*(Residue[Fu11F4¢2F2ContributionNEEWideFishw¢AK,{Ql,i Dfxpl® (p1® x+o)}]+

Residue[Fu11F4¢2F2ContributionNEEWideFishW¢AK,{Ql,;;ﬁ;s i (DDYuA p12+3 DDYup

p12+i /4 DDYUA DDYuK+4 DDYUK2-DDYux?-2 DDYuA DDYuu-DDYup> plz)}]+

Residue[Fu11F4¢2F2ContributionNEEWideFishW¢AK,{91,57%:7 (i DDYux pl12+3 i

DDYuu p1%++/4 DDYUA DDYuK+4 DDYuK?-DDYu?-2 DDYux DDYuu-DDYuu? p1*)}]);

ContDfAK¢f3=
2% (1/ (27) A3) (ResF4F4Contribution0GSlimFishAK+ResF4F4ContributionOGWideFishNpAK+
ResF4F4ContributionOGWideFishWplAK+ResF4F4ContributionOGWideFishW¢2AK+
ResF4F4Contribution0GBunkBedSameAK+ResF4F4Contribution0GBunkBedOppositeAK+
(ResF4¢F3ContributionNEEWideFishN¢AK+ResF4¢F3ContributionNEEWideFishW¢lAK+
ResF4¢F3ContributionNEEWideFishW¢2AK+
ResF4¢F3ContributionNEEBunkBedNE¢SameAK+
ResF4¢F3ContributionNEEBunkBedNE¢OppositeAK+
ResF4¢F3ContributionNEEBunkBedE¢SameAK+
ResF4¢F3ContributionNEEBunkBedE¢OppositeAK+
ResF4¢2F2ContributionNEEWideFishN¢AK+ResF4¢2F2ContributionNEEWideFishWpAK+
(FullF4¢2F2ContributionNEEBunkBedE¢AKRes +
FullF4¢2F2ContributionNEEBunkBedNE¢pAKRes +
(Full¢F3¢2F2ExtContributionBunkBedAKRes+
Full¢F3Ext¢2F2ContributionBunkBedAKRes+
Full¢F3¢F3ContributionBunkBedOppositeAKRes+
Full¢F3¢F3ContributionBunkBedSameAKRes)))) ;*)

1= FA4F4ContributionOGSlimFishAK =
Simplify[Together[((1/2) D[ (F4F4Contribution0GSlimFish /.
{pl[1] » plxCos[©], p1[2] » pl*xSin[6], Q3 50,0250, w->0,
p3[1] » p3, p3[2] » 0, p2[1] » p2, p2[2] » 0, q[1] » 0, q[2] »q}),
{p3, 1}, {p2, 2}, {9, 1}] /. {P3 >0, q->0, p2->0})]1;
NumF4F4Contribution0GSlimFishAK =
Simplify[Integrate[Numerator [F4F4Contribution0GSlimFishAK], {6, 0, 27}]1];
FullF4F4Contribution0GSlimFishAK = NumF4F4Contribution0GSlimFishAK /
Simplify[Denominator [F4F4Contribution0GSlimFishAK]];
ResF4F4Contribution0GSlimFishAK =
2 %7 I» (Residue[FullF4F4Contribution0GSlimFishAK, {Q1, i Df « p12 (p12x+c)}]);

ContDfAK¢f3 =2 % (1/ (2 ) A3) (ResF4F4Contribution0GSlimFishAK) ;

Simplifying the Expressions and Replacing Diffusion of
Lambda Second Version



In[ ]:=

In[ ]:=

In[e ]:=

In[e ]:=

In[+]:=

Numerical Renormalization Functions

In[« =

In[+ ]:=

In[ ]:=

In[e ]:=

Adjust this one Simplify[(ContDfAK¢f3+ContDfK¢f3)]

ContDfAuC = - (1/I) ContDfau;
ContDfuC = (1/I) ContDfpu;

ContDfKC = - (1 / I) ContDfK;

ContDfAC = (1/I) (ContDfAK - ContDfK) ;

ContDfaugf3C = -ContDfaugf3;
ContDfu¢f3C = -ContDfupf3;

ContDfK¢f3C = ContDfKef3;

ContDfA¢f3C = (ContDfAK¢f3 + ContDfKef3) ;

ContDAuYFFC = (- (1 / I) ContDAuYFF) ;
ContDuYFFC = ((1/I) ContDuYFF);

ContDAYFFC = (-1/1TI) (ContDAKYFF - ContDKYFF) ;

ContDKYFFC = ((1/I) ContDKYFF);

ContauC = Contau;
ContuC = Contyu;
ContAC = ContA;
ContKC = ContK;

F4BFinalC = F4BFinal;
F4SFinalC = F4SFinal;

Clear[A, dc]
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F4BFinalF[x] = (q*2 F4BFinalC) /. {Df » DfR[x], DDYuu - DDYuuR[x], DDYf2u - DDYF2uR[X],
Dfpufu » DfpufuR[x], Df¢F3u » DFF3uR[X] , DDYUA » DDYUAR[X] , DDYF2A » DDYF2AR[X],
Dfpufi » DfufAR[x], DfpF3x » DFpF3AR[x] , DDYUA - DDYUAR[x] , DDYF2A - DDYF2AR[X],

DfpufA » DfufAR[x] , Df¢F3A » DF$pF3AR[x] , DDYuK - DDYuKR[X] ,

DDYf2K - DDYf2KR[x] , Df¢pufK - DfpufKR[x] , Dfpf3K -» Dfpf3KR[x],
o- (oR[x] /DfR[x]), u- (UUR[Xx]), L > LLR[X], pl->A, Z>A, q->A, P2 > A}}

Stress contribution

StressCont[x] = (q*2(»(1/Df) %) (F4SFinal()) /.

{Df - DfR[x], DDYuu - DDYuuR[x], DDYf2u -» DDYf2uR[x], Dfpufu -» DfpufuR[x],
Dfof3u » DF$F3uR[X], DDYuX » DDYUAR[X] , DDYF2X » DDYF2AR[x] , Dfpufr » DFufAR[X] ,

Df¢f3x » Df¢F3AR[X] , DDYUA » DDYUAR[X] , DDYf2A - DDYF2AR[X] ,
DfpufA » DfufAR[x] , Df¢F3A » DF$pF3AR[x] , DDYuK - DDYuKR[X] ,

DDYf2K - DDYf2KR[x] , Df¢pufK -» DfpufKR[x], Df¢pf3K - Dfpf3KR[x],
o - (oR[x] /DfR[X]), u—> (UUR[X]), L » LLR[X], Pl > A, Z> A, q-> A, P2 > A}}

Clear[4, dc]
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1= FullSimplify[StressCont[x]]
Out[s ]=

SAborted

n-1- StressCont[x] = StressCont[x] (*- (oR[x]/ (DfR[x]))F4BFinalF[x]*);
Shear contribution

n-}- DfufpShearCont[x] =
((((q*2(*(1/Df)*) (ContDfuC))) /. {Df » DfFR[x], DDYuu - DDYuuR[x],
DDYf2u - DDYf2uR[x], Dfpufu -» DfpufuR[x], DFfpf3u » DfF3uR[X],
DDYuX -» DDYUAR[x], DDYf2x - DDYf2AR[x] , Dfpufa » DfpufaAR[x],
Df¢f3x - Dfpf3AR[x], DDYuA - DDYuAR[x], DDYf2A - DDYf2AR[x],
Df¢ufA » DfpufAR[x], Df¢pf3A » DfF3AR[x], DDYuK - DDYUKR[xX],
DDYf2K -» DDYf2KR[x] , DfpufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[X]), L > LLR[X], pl>A, Z>A, q->A, P2 > A}) -
1+ (DfpufuR[x] / DFR[X]) F4BFinalF[x]);
Df¢f3ShearCont[x] =
((((q*2(*(1/Df) %) (ContDfu¢f3C))) /. {Df » DFR[x], DDYuu » DDYuuR[x],
DDYf2u -» DDYf2uR[x], Dfopufu -» DfpufuR[x], Dfpf3u - Dfpf3uR[x],
DDYuX - DDYUAR[X] , DDYf2X » DDYf2AR[Xx] , Df¢pufa » DfpufAR[x],
Df¢f3x - Dfpf3AR[x], DDYuA -» DDYuAR[x], DDYf2A » DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A - Df¢pf3AR[x] , DDYuK - DDYuKR[x],
DDYf2K —» DDYf2KR[x] , Df¢pufK » DfpufKR[x] , Df¢pf3K » Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[X]), L » LLR[X], pl->A, Z>A,q->A, P2 > A}) -
1 (Dfepf3uR[x] / DfR[x]) F4BFinalF[x]);
DYuShearCont[x] =
((((q™2(*(1/Df) %) (ContuC))) /. {Df » DFR[x], DDYuu -» DDYuuR[x], DDYf2u »
DDYf2uR[x], Dfpufu -» DfpufuR[x], Dfepf3u - Dfpf3uR[x], DDYur - DDYUAR[X],
DDYf2X - DDYF2AR[x] , Dfpufr » DfpufaAR[x], DFpF3x » DfFf3AR[X],
DDYuA - DDYUAR[X] , DDYf2A » DDYf2AR[x], Df¢ufA » DfpufAR[X],
Df¢f3A - Dfpf3AR[x], DDYuK -» DDYuKR[x], DDYf2K » DDYf2KR[x],
DfpufK - DfpufKR[x], Dfpf3K -» Dfpf3KR[x], o - (oR[x] / DfR[x]),
u- (uR[x]), L>LLR[X],pPl>A,Z->A,q->A, P2 > A}) -
0 » (DDYuuR[x] / DfR[x]) F4BFinalF[x]);
DYFFShearCont[x] =
((((q™2(*(1/Df) %) (ContDuYFFC))) /. {Df » DFR[x], DDYuu -» DDYuuR[X],
DDYf2u -» DDYf2uR[x], Dfpufu -» DfpufuR[x], Dfpf3u -» Dfpf3uR[x],
DDYuA -» DDYuAR[x], DDYf2A -» DDYf2AR[x], Dfpufr - DfpufaR[x],
Df¢pf3x » DfF3AR[x], DDYUA - DDYUAR[X] , DDYf2A » DDYf2AR[X],
DfopufA - DfpufAR[x], Dfpf3A -» Dfpf3AR[x], DDYuK -» DDYUKR[x],
DDYf2K -» DDYf2KR[x], DfopufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UuR[x]), L » LLR[X], pl>A, Z>A,q->A, P2 > A}) -
@ * (DDYf2uR[x] / DfR[x]) F4BFinalF[x]);

Lambda contribution
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n-}- Dfufg¢LambdaCont[x] =
(((q™2 ((*(1/Df) %) (ContDfAuC - 2 » ContDfuC))) /. {Df » DfR[x], DDYuu - DDYuuR[x],
DDYf2u —» DDYf2uR([x], Dfpufu » DfpufuR[x], Dfpf3u » DfF3uR[X],
DDYuA - DDYuAR[x], DDYf2A -» DDYf2AR[x], Dfpufr - DfpufaR[x],
Df¢f3x - Dfpf3AR[x], DDYuA -» DDYUAR[x], DDYf2A - DDYf2AR[x],
Df¢ufA » DfpufAR[x], Dfpf3A » Df$F3AR[x], DDYuK - DDYUKR[X] ,
DDYf2K » DDYf2KR[x], DfopufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—- (UUR[X]), L LLR[X], pl>A, Z>A, q->A, P2 > A}) -
1x (DfpufaR[x] / DfR[x]) F4BFinalF[x]);
Df¢f3LambdaCont[x] =
(((q™2 ((*(1/DF) %) (ContDFfAudf3C - 2 x ContDfu¢f3C))) /. {Df » DFR[x],
DDYuu - DDYuuR[x], DDYf2u —» DDYf2uR[x], Dfpufu » DfpufuR[x], Dfpf3u -
Df¢f3uR[x], DDYuX » DDYUAR[x], DDYf2A - DDYf2AR[x], Dfpufr - DfpufaAR[x],
Df¢f3x - Dfpf3AR[x], DDYuA - DDYuAR[x], DDYf2A » DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A -» Df¢pf3AR[x] , DDYuK - DDYuKR[x],
DDYf2K —» DDYf2KR[x] , Df¢pufK » DfpufKR[x] , Df¢pf3K » Dfpf3KR[X],
o - (oR[x] /DfR[x]), u—> (UUR[Xx]), L > LLR[X], pl>A, Z>A, q->A, P2 > A}) -
1x (Dfpf3AR[x] / DfFR[x]) F4BFinalF[x]);
DYuLambdaCont[x] =
(((q™2 ((*(1/DF) %) (ContauC - 2  ContuC))) /. {Df » DFR[x], DDYuu » DDYuuR[X],
DDYf2u -» DDYf2uR[x], Dfpufu -» DfpufuR[x], Dfpf3u » Dfpf3uR[x],
DDYuX - DDYUAR[X] , DDYf2X » DDYf2AR[Xx] , Df¢pufa » DfpufAR[x],
Df¢pf3x - Dfpf3AR[x] , DDYUA - DDYUAR[x], DDYf2A -» DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A - Df¢pf3AR[x], DDYuK - DDYuKR[x],
DDYf2K » DDYf2KR[x] , Df¢pufK » DfpufKR[x] , Df¢pf3K » Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[X]), L » LLR[X], pl>A, Z>A, q->A, P2 > A}) -
O » (DDYuAR[x] / DfR[x]) F4BFinalF[x]);
DYFFLambdaCont[x] =
(((q™2 ((*(1/DF) %) (ContDAuYFFC - 2 « ContDuYFFC))) /. {Df » DfR[x],
DDYuu - DDYuuR[x], DDYf2u -» DDYf2uR([x], Dfpufu - DfpufuR[x], Dfpf3u »
Df¢f3uR[x], DDYur -» DDYuAR[x], DDYf2A -» DDYf2AR[x] , DfpufA - DfpufaAR[x],
Df¢pf3A » Df$F3AR[x], DDYUA - DDYUAR[X] , DDYf2A » DDYf2AR[X],
DfpufA - DfpufAR[x], Dfpf3A - Df¢pf3AR[x], DDYuK -» DDYuKR[x],
DDYf2K - DDYf2KR[x], DfopufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[Xx]), L > LLR[X], pl>A, Z>A,q->A, p2 > A}) -
0 » (DDYf2AR[x] / DfR[x]) F4BFinalF[x]) ;

K Contribution
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n-}- DfufpKCont[x] =
(((((*x(1/Df)*)q”2 (ContDfKC))) /. {Df » DfR[x], DDYuu » DDYuuR[x], DDYf2u -
DDYf2uR[x], Dfpufu - DfpufuR[x], Dfepf3u » Dfpf3uR[x], DDYur - DDYUAR[X] ,
DDYf2Xx » DDYf2AR[x], DfpufA -» DfpufaR[x], Dfpf3x - Dfpf3AR[x],
DDYuA -» DDYuAR[x], DDYf2A - DDYf2AR[x], DfpufA - DfpufAR[x],
Df¢f3A » Df$F3AR[Xx], DDYuK - DDYUKR[x] , DDYf2K » DDYf2KR[xX] ,
DfpufK - DfpufKR[x], Dfpf3K » Dfpf3KR[x], o » (oR[x] / DfR[x]),
u- (uuR[x]), L>LLR[X],pl>A,Z>A,q>A, P2 > A}) -
1 (DfpufKR[x] / DfR[x]) F4BFinalF[x]);
Df¢f3KCont[x] =
(((((*(1/DF)*)qr2 (ContDfK¢f3C))) /. {Df » DFR[x], DDYuu » DDYuuR[x],
DDYf2u - DDYf2uR[x], Dfoufu -» DfpufuR[x], Dfpf3u » Dfpf3uR[x],
DDYuX -» DDYuAR[x], DDYf2x - DDYf2AR[x] , Dfpufar » DfpufaAR[x],
Df¢f3x - Dfpf3AR[x], DDYuA - DDYuAR[x], DDYf2A » DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A -» Dfpf3AR[x] , DDYuK - DDYuKR[x],
DDYf2K —» DDYf2KR[x] , Df¢pufK » DfpufKR[x] , Df¢pf3K » Dfpf3KR[X],
o - (oR[x] /DfR[x]), u—> (UUR[Xx]), L > LLR[Xx], pl>A, Z>A, q->A, P2 > A}) -
1+ (Dfpf3KR[x] / DfR[x]) F4BFinalF[x]);
DYuKCont[x] =
(((((*(1/Df)*x)q”2 (ContKC))) /. {Df - DfFR[x], DDYuu -» DDYuuR[x], DDYf2u »
DDYf2uR[x], Dfpufu » DfpufuR[x], Dfpf3u - Dfpf3uR[x], DDYur - DDYUAR[X],
DDYf2X » DDYf2AR[x], Dfpufr » DfpufAR[x], Dfpf3A » DfpF3AR[X],
DDYuA - DDYuAR[x], DDYf2A - DDYf2AR[x], DfpufA » DfpufAR[x],
Df¢f3A - Df¢pf3AR[x], DDYuK - DDYuKR[x], DDYf2K -» DDYf2KR[x],
Df¢pufK » DfpufKR[x] , Dfpf3K » DfF3KR[x], o » (oR[x] / DFR[x]),
u- (uR[x]), L>LLR[X],pPl>A,Z>A,q->A, P2 > A}) -
0 + (DDYUKR[x] / DfR[x]) F4BFinalF[x]) ;
DYFFKCont[x] =
(((((*(1/Df)*x)q”2 (ContDKYFFC))) /. {Df » DfFR[x], DDYuu -» DDYuuR[x], DDYf2u -»
DDYf2uR[x], Dfpufu » DfpufuR[x], Dfpf3u - DfpFf3uR[x], DDYur - DDYUAR[X],
DDYf2X » DDYf2AR[X], Df¢pufr » DfpufAR[x], Df$f3A » DfF3AR[X],
DDYuA - DDYUAR[Xx] , DDYf2A » DDYf2AR[x], Df¢ufA » DfpufAR[X],
Df¢f3A - Dfpf3AR[x], DDYuK -» DDYuKR[x], DDYf2K » DDYf2KR[x],
DfpufK - DfpufKR[x], Dfpf3K -» Dfpf3KR[x], o » (oR[x] / DfR[x]),
u- (uR[x]), L>LLR[X],pPl>A, Z>A,q->A, P2 > A}) -
0+ (DDYf2KR[x] / DfR[x]) F4BFinalF[x]) ;

A contribution
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n-}- DfufpACont[x] =
(((((*(1/Df) ) (q*2 (ContDfAC) (x+q”*2 (ContDfKC)*)))) /. {Df » DfR[x],
DDYuu - DDYuuR[x], DDYf2u -» DDYf2uR[x], Dfpufu » DfpufuR[x], Dfepf3u -»
Df¢f3uR[x], DDYur -» DDYuAR[x], DDYf2A -» DDYf2AR[x] , DfpufA » DfpufaAR[x],
Df¢f3x - Dfpf3AR[x], DDYuA -» DDYUAR[x], DDYf2A - DDYf2AR[x],
Df¢pufA - DfpufAR[x], Dfpf3A -» Dfpf3AR[x], DDYuK -» DDYuKR[x],
DDYf2K » DDYf2KR[x], DfopufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—- (UUR[X]), L LLR[X], pl>A, Z>A, q->A, P2 > A}) -
1 (DfpufAR[x] / DfR[x]) F4BFinalF[x]);
Df¢f3ACont[x] =
(((((*(1/Df) ) (g"2 (ContDfA¢pf3C) (x+q”2 (ContDfKC)=*)))) /. {Df - DfR[x],
DDYuy - DDYuuR[x], DDYf2u -» DDYf2uR([x], Dfpufu - DfpufuR[x], Dfpf3u -»
Df¢f3uR[x], DDYuX » DDYUAR[x], DDYf2A - DDYf2AR[x], Dfpufr - DfpufaAR[x],
Df¢f3x - Dfpf3AR[x], DDYuA - DDYuAR[x], DDYf2A » DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A -» Df¢pf3AR[x] , DDYuK - DDYuKR[x],
DDYf2K -» DDYf2KR[x] , DfpufK -» DfpufKR[x], Df¢pf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[Xx]), L > LLR[X], pl>A, Z>A, q->A, P2 > A}) -
1+ (Dfpf3AR[x] / DfR[x]) F4BFinalF[x]);
DYuACont[x] =
(((((*(1/Df) ) (g"2 (ContAC) (x+q”2 (ContDfKC)=*)))) /. {Df - DfR[x], DDYuu -
DDYuuR[x], DDYf2u - DDYf2uR[x], Dfpufu - DfpufuR[x], Dfpf3u - Dfpf3uR[x],
DDYuA - DDYuAR[x], DDYf2A -» DDYf2AR[x], Dfpufr - DfpufaR[x],
Df¢pf3x - Dfpf3AR[x] , DDYUA - DDYUAR[x], DDYf2A -» DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A - Df¢pf3AR[x], DDYuK - DDYuKR[x],
DDYf2K - DDYf2KR[x], DfoufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[X]), L » LLR[X], pl>A, Z>A, q->A, P2 > A}) -
0 + (DDYUAR[x] / DfR[x]) F4BFinalF[x]) ;
DYFFACont[x] =
(((((*(1/Df)*) ("2 (COontDAYFFC) (x+q”*2 (ContDfKC)%*)))) /. {Df - DfR[x],
DDYuu - DDYuuR[x], DDYf2u -» DDYf2uR([x], Dfpufu - DfpufuR[x], Dfpf3u »
Df¢f3uR[x], DDYur -» DDYuAR[x], DDYf2A -» DDYf2AR[x] , DfpufA - DfpufaAR[x],
Df¢pf3x » Dfpf3AR[x] , DDYUA -» DDYuAR[x], DDYf2A -» DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A - Df¢pf3AR[x], DDYuK -» DDYuKR[x],
DDYf2K - DDYf2KR[x], DfopufK -» DfpufKR[x], Dfpf3K - Dfpf3KR[x],
o - (oR[x] /DfR[x]), u—> (UUR[Xx]), L > LLR[X], pl>A, Z>A,q->A, p2 > A}) -
0+ (DDYf2AR[x] / DfR[x]) F4BFinalF[x]) ;

LL Contribution
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n[-1= LCont[x] =
(2xq”*2 (L/Df) F4BFinalC) /. {Df - DfR[x], DDYuu -» DDYuuR[x], DDYf2u -» DDYf2uR[X],
Dfpufu » DfpufuR[x], Dfepf3u » DFPF3uR[x], DDYuA -» DDYUAR[Xx], DDYFf2A » DDYF2AR([X],
Dfpufr - DfpufaAR[x], Dfpf3A » Dfpf3AR[x], DDYUA -» DDYuAR[x], DDYf2A -» DDYf2AR[x],
DfpufA - DfpufAR[x], Dfpf3A -» Dfpf3AR[x], DDYuK -» DDYuKR[x] ,
DDYf2K —» DDYf2KR[x] , DfpufK -» DfpufKR[x], Dfpf3K » DfpF3KR[X] ,
o- (oR[x] /DfR[x]), u- (UuUR[x]), L > LLR[X], pl->A, Z>A,q->A, P2 > A}}

Derivation of Lth Assuming Fluctuation Dissipation

LTHDerivation =
(DFR + F4BFinalF[x]) /. {DDYUAR[x] - DDA, DDYf2AR[x] -» DD A, Df¢f3AR[X] -» A DFR,

Df¢ufAR[x] » ADfR, DDYuuR[x] - DD u, DDYf2uR[X] - DD u, Df¢pf3uR[x] - u DfR,
DfpufuR[x] - u DfR, DDYUAR[X] - DD % A, DDYf2AR[x] - DD * A, Df¢f3AR[X] » DfR % A,
Df¢ufAR[x] - DR *+ A, DDYUKR[X] - DD % K, DDYf2KR[x] - DD * K, Df¢F3KR[x] - DfR % K,
DfeufKR[x] - DR + K, LLR[x] -» DD, DfR[x] - DfR, oR[X] - 0}

LTHDerivationTN = Numerator [Together [LTHDerivation]];

LTHDerivationTD = Denominator [Together [LTHDerivation]];

Simplify[Solve[Simplify[Coefficient[LTHDerivationTN, Af2]] *Ar2 +
Simplify[LTHDerivationTN /. {A > 0}] = 0, A]]

1= Simplify[Solve[Simplify[Coefficient[LTHDerivationTN, A*26]] xAN2 +
Simplify[Coefficient[LTHDerivationTN, A*24]] = 0, A],
Assumptions » {u >0, A>0, A>0, K> 0}]

Run Numerical Code

mn-J- Clear[A, k0, dc]



(xClear[A,x0,dC]

KBT=104 (0) ;
dc=1;
k0= (% (1/kBT) %) 1}
uo= (% (1/kBT) *) kBT* (1/x0"2) x1;
2A0=(* (1/kBT) ) kBT (1/x0"2) %1}
Ao= (% (1/KBT) %) KBT# (1/x072) x1/10;
Ko= (% (1/KBT) %) kBT (1/x072) x0%1/10000};
00=-1000/ (400005%K0) ;
LLo= ((1/KBT)A2) xx0A2;
DDAo= (*-%) (1/kBT)Aoxxo"2;
DDKo= (%-#) (1/KBT)Koxx0A2}
DDAuo= (1/KBT) (10) #x0r2}
DDupo=(1/kBT) uoxxo”2;
Dfo=xo0j*)

(xClear[A,x0,dC]

KBT=104 (0) ;
dc=1;
ko= (% (1/kBT) %) 1;
0= (% (1/KBT) %) KBT# (1/x0A2) %13
0= (% (1/KBT) %) KBT* (1/x072) %13
Ao= (% (1/KBT) %) KBT* (1/x0"2) x0%1/10;
Ko= (% (1/KBT) %) KBT# (1/x072) +1/10}
00=97/ (10000%x0) 3
LLo= ((1/KBT)A2) xx0A2;
DDAo= (#-+) (1/KBT)Ao%x0r2;
DDKo= (*-%) (1/kBT) Koxxo”2;
DDApo=(1/kBT) (A0) xxk0"2}
DDuo=(1/kBT) uoxxo”2;
Dfo=xo0}*)

MathematicaOddThesis.nb
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In[e ]:=

Clear[A, x0, dc]
kBT = 102 (0) ;
dc =1;

k0 = (% (1/kBT)*)1;

1o = (% (1/kBT)*x)kBT * (1 /x0"2) %1}

20 = (% (1/kBT)*)KkBT » (1 /x0"2) %13

Ao = (% (1/kBT)#)KBT % (1/x0A2) x0%1/10;
Ko = (% (1/KBT) %)KBT % (1/x0A2) %0/ 10}
co =0/ (10000 » x0) ;

LLo = ((1/KBT) A2) % x0A2;
DDAo = (*-#%) (1/ kBT) Ao *x0"2;
DDKo = (#-#) (1/ KBT) Ko % x0A2}
DDAuo = (1/KBT) (R0) # x0A2;
DDupo = (1 / kBT) poxxo0”2;

Dfo = xo0;

(xClear[A,x0,dC]

kBT=10" (0) ;
dc=1;
ko= (% (1/kBT) %) 1;
uo= (% (1/kBT) %) kBT* (1/x0"2) »1}
0= (% (1/kBT) *) kBT (1/x0"2) %1}
Ao= (% (1/kBT) *) kBT* (1/x0"2) x0%1/10;
Ko= (% (1/kBT) ) kBT* (1/x0"2) %1/10;
00=57/ (10000*xo0) ;
LLo=((1/kBT)"2) xx0"2}
DDAo= (*-%) (1/kBT)Aoxxo"2;
DDKo= (*-%) (1/kBT) Koxxo”2;
DDApo=(1/kBT) (A0) xxk0"2}
DDuo=(1/kBT) uoxxo”2;
Dfo=xo0}*)
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n[-1= DDYuAo = DDAo}

DDYf2Ao = DDAo;
Df¢pufAo = Dfo x Ao}
Df¢f3Ao = Dfo x Ao;
DDYuKo = DDKo;
DDYf2Ko = DDKo}
DfpufKo = Dfo » Ko;
Df¢f3Ko = Dfo » Ko;

DDYuAuo = 10 » DDApo;
DDYf2auo = DDApo;
Dfpufiruo = Dfo x (X0) ;
Df¢f3xuo = Dfo * (10) ;
DDYuuo = DDuo;
DDYf2uo = DDuo;
Dfpufuo = Dfo » (uo)
Df¢f3uo = Dfo » (uo) ;
Dfo = Dfo;

LLo = LLo;

oo = Dfo x 0o}

n-}= WP =303
2 732 afxo .
—\/5 ,—% 3*)
lth=7/((+/ (4A0"4Ko"2-16Ko"6 -3 02 (A0 + o) A3 (A0 + 3 po) -
Ao"r3 Ko (4Ko*"2+2a0"r2-220u0-19u0n2) -8Ko*4 (A0*"2+A0u0+2u0n2) +
Ko"2 (3A20"4 +1020"3 uo+28220"2u0"2+6220u0"3 +41 puo™4) -
Ao"2 (48Ko"4 + uo (A0 + o) "2 (A0 +5u0) -2Ko"2 (A0or2+420u0-puor2)) +
Ao (-56 Kor5+6 Kouo”r2 (3x072+1020u0+7puoh2) -
2Ko"3()Lo"2—2)Louo+17uo"2))))/
(2sqrt[n] v/ ((-10-3 uo) (-4A0"2Ko"2-4Ko"4 +uo (X0 +p0) "2 (X0 +2 o) +
Ko"2(Ao"2—2)touo—7uo"2)+AoKo(—8Ko"2+Ao"2—2}Louo—7uo"2)))));

(x1th=

(*This definition uses 1th derived assuming
fluctuation
dissipationx)

ao =107 -6 lth;

LR = 10712 1th;

A =Pi/ao;

xmax = Log[LR / ao];

gf =1;

gu=1;

stf = 4

Etu = 45

€x =13
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EP = —3;
€Y = -3;
dim = 2;

N[Ko”A2 + Ao * KO + uo (A0 +3 o) /2] (*>0 stability condition for 1intial modulix)
Timing[s = NDSolve[{
DDYUAR'[X] == (Y +&Uu-2 &EX +2 Ex + Etu) » DDYUAR[X] - (DYuACont([x]),
DDYF2AR ' [X] == (EY + Eu-2 Ex + 2 £ + £tu) * DDYF2AR[x] - (DYFFACont[x]),
DfpufAR' [X] = (EY +Eu-2 Ex +2 Ex + Etu) » DfpufAR[x] - (DfufpACont[x]),
Df¢pf3AR' [X] == (EY +EUu-2Ex+2 Ex + Etu) » Dfpf3AR[x] - (Dfpf3ACont[x]),

DDYuKR' [X] == (Y +&Uu-2&EX+2 Ex + Etu) » DDYuKR[x] - (DYuKCont[x]),
DDYf2KR'[X] == (Y +&Uu-2Ex +2 Ex + £tu) » DDYF2KR[x] - (DYFFKCont[x]),
DfpufKR' [Xx] = (EY+&u-2 Ex+2 Ex + Etu) * DfpufKR[x] - (DfufpKCont[x]),
DfPF3KR'[X] = (EY + Eu-2 Ex+2 Ex + £tu) = DFPF3KR[Xx] - (DFpF3KCont[x]) ,

DDYUAR ' [X] == (Y +E&u -2 Ex +2 Ex + §tu) *» DDYuAR[x] - (DYuLambdaCont[x]),
DDYF2AR'[X] == (Y + Eu-2 EXx +2 Ex + §tu) * DDYF2AR[X] - (DYFFLambdaCont[x]) ,
DfoufaR ' [X] == (EY +EUu -2 Ex + 2 Ex + Etu) » DfpufaR[x] - (DfufgLambdaCont[x]),
Df$F3AR' [X] == (EY + Eu-2 Ex +2 Ex + £tu) * DfFPF3AR[x] - (Dfpf3LambdaCont[x]),

DDYupR ' [X] == (Y +Eu -2 Ex +2 Ex + §tu) » DDYuuR[x] - (DYuShearCont[x]),
DDYf2uR'[X] == (EY+&u -2 Ex +2 Ex + Etu) » DDYf2uR[x] - (DYFFShearCont[x]),
DfpufuR ' [Xx] == (Y +Eu-2Ex +2 Ex + Etu) » DfpufuR[x] - (DfufgShearCont[x]),
Df¢pf3uR "' [X] == (EY+EUu-2 Ex+2 Ex+ Etu) * Dfpf3uR[x] - (Dfpf3ShearCont([x]),

OoR'"[X] = ((2&Ex+Etf-2&Ex+EP+EF) »xoR[x] - (StressCont[x])),

LLR"[X] == (Eu+ &Y +2&EX) »LLR[x] - LCont[x],

DfR'[X] == (2 EP+2 &x + §tf) » DFR[x] - (F4BFinalF[x]),

DDYUAR[O] == DDYuAo, DDYf2AR[0O] == DDYf2Ao, Df¢ufAR[0] == DfpufAo,

Df¢pf3AR[O] == Df$pf3Ao, DDYUKR[O] == DDYuKo, DDYf2KR[0O] == DDYf2Ko,

Df¢ufKR[0] == DfpufKo, DF$F3KR[O] == Df$pf3Ko, DDYUAR[O] == DDYuruo,

DDYf2AR[O] = DDYf2Auo, DfpufAR[0] == Dfpufiuo, Df$F3AR[0] == Dfpf3au0,
DDYuuR[0] == DDYuuo, DDYF2uR[0O] == DDYf2uo, Df¢pufuR[0] = Dfpufuo,

Df¢f3uR[0] == Df$f3uo, DFR[O] = Dfo, LLR[O] == LLo, oR[O] == oo},
{DDYuAR, DDYf2AR, Df¢ufAR, Df$f3AR, DDYuKR, DDYF2KR, Df¢ufKR, DFf$F3KR, DDYUAR,
DDYf2AR, Df¢ufiR, DFf¢f3AR, DDYuuR, DDYF2uR, DfpufuR, Df$f3uR, DFR, LLR, oR},
{x, 0, xmax}, WorkingPrecision -» WP, Method » {"EquationSimplification" -» "Solve"}
(*,Method- {"StiffnessSwitching"}*) (x,MaxSteps-»1026x)1;]

Out[s J=

2.01



Out[« J=

In[+]:=
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{81.3194, Null}

LogLogPlot[{ (EM (- (P + Ef -4 Ex +dim* Ex + £tf) » Log[x » Lth / ao]))
Evaluate[DfR[Log[x * Lth/ao]] /. s] / Evaluate[DfR[0O] /. s],
Abs[(EM (- (EY+Eu-2Ex+2 Ex+ Etu) x Log[x » Lth / ao]))
Abs[Evaluate[DDYuxR[Log[x * Lth /ao]] /. s] / Evaluate[DDYuAR[O] /. s]1]1],
Abs[ (EM (- (EY+&u-2&EXx+2Ex+ E§tu) » Log[x » Lth / ao]))
Abs[Evaluate[DDYf2AR[Log[x = Lth /ao]] /. s] / Evaluate[DDYf2AR[0O] /. s]]11,
AbS[(EA (- (EY+EUu=-2 Ex+2 Ex + £tu) » Log[x » L1th / a0]))
Abs[Evaluate[DfpufaR[Log[x = Lth /ao]] /. s] / Evaluate[Df¢pufAR[O] /. s]]1],
Abs[(EM (- (EY+&u-2EXx+2 Ex+ §tu) » Log[x » Lth / ao]))
Abs[Evaluate[Df¢f3AR[Log[x » Lth /ao]] /. s] / Evaluate[Df¢f3R[0O] /. s]11,
(EM (- (EY+EUu-2Ex+2 Ex+Etu) = Log[x » Lth / ao]))
Abs[Evaluate[DDYuuR[Log[x » Lth /ao]] /. s] / Evaluate[DDYuuR[0O] /. s]],
Abs[ (EMA (- (EY+Eu -2 Ex+2 Ex+ Etu) » Log[x » Lth / ao]))
Abs[Evaluate[DDYf2uR[Log[x * Lth/ao]] /. s] / Evaluate[DDYf2uR[0O] /. s]11,
Abs[ (EMA (- (EY+&u-2&EXx+2 Ex+ §tu) » Log[x » Lth / ao]))
Abs[Evaluate[DfoufuR[Log[x * L1th /ao]] /. s] / Evaluate[Df¢ufR[O] /. s]11],
AbS[(EA (- (EY+EUu-2 Ex+2 Ex + £tu) » Log[x » Lth / a0]))
Abs[Evaluate[Df¢f3uR[Log[x = Lth /ao]] /. s] / Evaluate[Df¢f3uR[0O] /. s]]11],
(EA(-(EY+8Uu-2&Ex+2Ex+Etu) *»Log[x*1th/ao]))
Abs[Evaluate [DDYuAR[Log[x » Lth /ao]] /. s] / Evaluate[DDYuuR[0O] /. s]],
Abs[(EM (- (EY+&u-2&EXx+2&Ex+ Etu) » Log[x » Lth / ao]))
Abs[Evaluate[DDYf2AR[Log[x = L1th /ao]] /. s] / Evaluate[DDYuuR[O] /. s]]11],
AbS[(EA (- (EY+EUu=-2 Ex+2 Ex + £tu) * Log[x * L1th / ao]))
Abs[Evaluate[DfpufAR[Log[x * Lth /ao]] /. s] / Evaluate[DfpufuR[O] /. s]111,
Abs[(EM (- (EY+&u-2EXx+2Ex+ Etu) » Log[x » Lth / ao]))
Abs[Evaluate[Df¢f3AR[Log[x * Lth /ao]] /. s] / Evaluate[Df¢pufuR[0O] /. s111,
(EM(-(EY+EU-2&Ex+2Ex+Etu) xLog[x*1th/ao]))
Abs[Evaluate [DDYuKR[Log[x » Lth /ao]] /. s] / Evaluate[DDYuuR[0O] /. s]],
Abs[ (EM (- (EY+&Eu-2Ex+2 Ex+ Etu) » Log[x » Lth / ao]))
Abs[Evaluate[DDYf2KR[Log[x * Lth /ao]] /. s] / Evaluate[DDYuuR[O] /. s]11,
Abs[(EM (- (EY+&u-2&EXx+2Ex+ §tu) » Log[x » Lth / ao]))
Abs[Evaluate[DfpufKR[Log[x = L1th /ao]] /. s] / Evaluate[DfgpufuR[O] /. s]]11,
Abs[(EM (- (EY+Eu-2 Ex+2 Ex+ £tu) * Log[x + 1th/ ao]))
Abs[Evaluate[Df¢f3KR[Log[x * Lth /ao]] /. s] / Evaluate[DfeufuR[O] /. s]111,
(* (((EMN (- (EP+EF-4Ex+dimxEx+ELT) xLog[x*x1th/ao]))
Evaluate[DfR[Log[x*1lth/ao]]/.s]/Evaluate[DfR[O]/.S])" (1)) *)
(EA((- (2Ex+EtF-26x+EP+ §F)) » Log[x » Lth / ao]))
(Abs[Evaluate[oR[Log[x * Lth/a0o]] /. s]1),
(* (((EA (- (EP+EF-4Ex+dimxEx+ELT) xLog[x*x1th/ao]))
Evaluate[DfR[Log[xx1lth/ao]]/.s]/Evaluate[DfR[O]/.s])" (1)) *)

| 109



110 | MathematicaOddThesis.nb

(EAM((-(2&Ex+EtfF-2&Ex+EP+EF)) »Log[x *»1Lth / ao]))
(Evaluate[oR[Log[x * Lth /a0]] /. s1)},
{x, ao/ 1th, LR/ 1th}, PlotRange » All, PlotStyle »

{{Green, Thickness[.002]}, {Red, Thickness[.002]}, {Orange, Thickness[.002]},
{Blue, Thickness[.002]}, {Black, Thickness[.002]}, {Cyan, Thickness[.002]},
{Purple, Thickness[.002]}, {Brown, Thickness[.002]}, {Magenta, Thickness[.002]},

{LightRed, Thickness[.002]}, {LightBlue, Thickness[.002]},

{LightPurple, Thickness[.002]}, {LightGreen, Thickness[.002]},

{LightOrange, Thickness[.002]}, {LightCyan, Thickness[.002]},

{LightBrown, Thickness[.002]}, {LightMagenta, Thickness[.002]},

{Black, Thickness[.005]}, {Green, Thickness[.005]}},

PlotLegends - {"Df", "DYux", "DYf2x", "Dfpufa", "Df$pf3A", "DYuu",

"DYf2u", "Dfpufu", "Dfpf3u", "DYuA", "DYF2A", "DfpufA",
"Df$f3A", "DYuK", "DYf2K", "DfpufK", "Dfpf3K"},
LabelStyle » {FontSize » 15, Black, Bold}]

Out[« ]=

N\

0.01 H

107°F

104 1 104 108 102

Df
DYuA
DYf2A
Dfgufa
Dfg¢f3A
DYuyu
DYf2u
Df¢ufy
Df¢pf3u
DYuA

1= (Log[Abs[Evaluate[DfoufuR[Log[(LR/ (1% 1th)) »lth/ao0]]1] /. s]1[11] -
Log[Abs[Evaluate[DfpufuR[Log[ (LR / (10 1th)) *lth/a0]]1] /. s1[111) /

(Log[ (LR / (1% 1th)) %+ Lth/ ao] - Log[ (LR/ (10 1th)) = 1th / ao]) -2
Out[s J=

-1.1999900472935643380068945887

n-}- (Log[Abs[Evaluate[Df¢ufKR[Log[ (LR/ (1% 1lth)) »lth/ao]]1] /. s1[1]1] -
Log[Abs[Evaluate[DfgufKR[Log[ (LR / (10 1th)) *lth/a0]]1] /. s1[111) /

(Log[(LR/ (1% 1th)) % Lth/ ao] - Log[ (LR/ (10 1th)) % 1th/ ao]) -2
Out[« J=
-1.5999800959758835889755405842

DYf2A
DfgpufA
Df¢f3A
DYuK
DYf2K
DfufK
Df¢f3K
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mn-J- (Log[Abs[Evaluate[DDYuuR[Log[ (LR/ (10 % Lth)) *lth/ao]]1] /. s1[11] -
Log[Abs[Evaluate[DDYuuR[Log[ (LR/ (100 1th)) * lth/a0]]1] /. s1[1]1) /

(Log[ (LR/ (10 % 1th)) * Lth / ao] - Log[ (LR / (100 1th)) % 1th/ ao]) - 2
Outfe ]=
-0.3999750091097553744925498267

- (Log[Abs[Evaluate[DDYuKR[Log[ (LR/ (10 % Lth)) »lth/ao]]1] /. s1[11] -
Log[Abs[Evaluate [DDYuKR[Log[ (LR / (100 lth)) x» lth/ao]1] /. sI[11]) /

(Log[ (LR/ (10 % 1th)) % Lth / ao] - Log[ (LR / (100 1th)) % Lth/ ao]) -2
Out[+ ]=
-0.7999500075302968253816384273

Stability Analysis

mn-J- Clear[dc, A]

- F4BFinalFS = (q*2 F4BFinalC) /.

16 % 7t A? 16 % 7t A?
{Df - DfR, DDYuu - DDR ¥ ——— + DDYuuR, DDYf2u -» DDR x ——— + DDYf2uR,
4 +dc 4 +dc
16 % 7t A? 16 % 7t A?
Dfpufu - DFR ¥ ——— + DfpufuR, Dfpf3yu » DfRx* ——— + Dfpf3uR,
4 +dc 4 +dc
-8 % A? -8 % T A?
DDYuA -» DDR * ———— + DDYuAR, DDYf2X - DDR * ———— + DDYf2AR,
4 +dc 4 +dc
-8 % A2 -8 %t A2
Df¢ufr » DFR+ —— + DfpufAR, Dfpf3A » DFR+ — + DFPF3AR,
4 + dc 4 +dc

DDYuA - DDYuAR, DDYf2A - DDYf2AR, DfpufA » DfpufAR,
Df¢f3A » Df$f3AR, DDYuK -» DDYUKR, DDYFf2K - DDYF2KR, DfpufK -» DfpufkR,
Df¢f3K » Df¢f3KR, o » (oR/DFR), L > DDR, pl > A, Z—> A, 4> A, P2 > A};

Stress contribution

1= Simplify[StressContS]

-+« Simplify : Time spent on a transformation exceeded 300." seconds, and the transformation was aborted.

Increasing the value of TimeConstraint option may improve the result of simplification.

-+« Simplify : Time spent on a transformation exceeded 300." seconds, and the transformation was aborted.

Increasing the value of TimeConstraint option may improve the result of simplification.

--=) Simplify : Time spent on a transformation exceeded 300." seconds, and the transformation was aborted.

Increasing the value of TimeConstraint option may improve the result of simplification.

-« General : Further output of will be suppressed during this calculation.
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mn-J= StressContS = (q*2 (% (1/Df)*) (F4SFinalC) -0 (o/ (Df)) (q”~2 F4BFinalC)) /.

16 » 7t A? 16 * A2
{D‘F - DfR, DDYuu - DDR ¥ ——— + DDYuuR, DDYf2u -» DDR x ——— + DDYf2uR,
4 +dc 4 +dc
16 % 7t A? 16 % 7t A?
Dfpufuy - DFR * ——— + DfpufuR, Dfpf3u » DfRx* ————— + Dfpf3uR,
4 +dc 4 +dc
-8 % A2 -8 % 7t A?
DDYuA -» DDR x ———— + DDYuAR, DDYf2X - DDR * ————— + DDYf2AR,
4 +dc 4 +dc
-8 % A? -8 %7 A?
Dfpufar - DfFR * ——— + DfpufaR, Dfpf3A » DFR* ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA - DDYuAR, DDYf2A - DDYf2AR, Df¢ufA -» DfpufAR,
Df¢f3A - Df¢pf3AR, DDYuK -» DDYuKR, DDYf2K -» DDYf2KR, DfpufK - DfpufKR,
Df¢f3K - Df¢pf3KR, 0 » (cR/DfR), L>DDR, pl > A, Z> A, > A, P2 > A};

Shear contribution

n-}- DfufpShearContS = [[((q'\z(*(l/Df)*) (ContDfuC) -1 % (Dfpufu / Df) q*2 F4BFinalC)) /.

16 % 7t A? 16 % 7t A?
{Df - DfR, DDYuu - DDR ¥ ——— + DDYuuR, DDYf2u -» DDR x ——— + DDYf2uR,
4 +dc 4 +dc
16 % 7t A? 16 * 7w A2
Dfpufuy - DFR* —— + DfpufuR, Dfpf3yu » DfRx ———— + Dfpf3uR,
4 + dc 4 +dc
-8 % T A? -8 % 7T A2
DDYuA -» DDR * ——— + DDYuAR, DDYf2X - DDR * ———— + DDYf2AR,
4 +dc 4 +dc
-8 %7 A? -8 %t A2
Df¢ufr » DFRx —— + DfpufAR, Dfpf3A » DFR+ — + DFPF3AR,
4 +dc 4 +dc

DDYuA - DDYuAR, DDYf2A - DDYf2AR, DfpufA -» DfpufAR, Dfpf3A -» Dfpf3AR,
DDYuK -» DDYuKR, DDYf2K -» DDYf2KR, DfpufK » DfpufKR, Dfpf3K » Df¢pf3KR,

o- (oR/DfR), L»>DDR, pl>A, Z> A, - A, p2—>A}]];
Df¢f3ShearContS =
[[( ((*(1/Df) %) (q*2 ContDfu¢pf3C-1=* (Dfpf3u/Df) qA2 F4BFinalC))) /.

16 * 7t A2 16 » 7t A2

{Df - DfR, DDYuu -» DDR ¥ ——— + DDYuuR, DDYf2u -» DDR ¥ —— + DDYf2uR,
4 +dc 4 +dc
6 % 7t A2 16 % 7t A?
Dfpufu - DFR¥* —— + DfpufuR, Dfpf3yu » DfR* ———— + Dfpf3uR,
4 +dc 4 +dc
-8 % A? -8 % 5T A?
DDYuA -» DDR ¥ ———— + DDYuAR, DDYf2X - DDR * ———— + DDYf2AR,
4 +dc 4 +dc
-8 % A? -8 % A?
Dfpufr - DFRx ——— + DfpufaR, Dfpf3x - DfFRx ————— + Dfpf3AR,
4 +dc 4 +dc

DDYuA -» DDYuAR, DDYf2A - DDYf2AR, Df¢ufA -» DfpufAR,
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Df¢f3A - Dfpf3AR, DDYuK » DDYuKR, DDYf2K -» DDYf2KR, DfpufK -» DfpufKR,

Df¢f3K - Df¢pf3KR, o - (cR/DfR), L DDR, pl > A, Z> A, - A, p2 —)A}]

(#-1% (Df¢F3uR[x] /DFR[x]) F4BFinalF[x] *)] ;

DYuShearContsS =
16 * 7t A2
((g*2(*(1/Df)=*) (ContuC))) /. {Df - DfR, DDYuu -» DDR * —— + DDYuuR,
4 +dc
16 % 7t A2 16 % 7t A2
DDYf2yu -» DDR * —— + DDYf2uR, Dfpufy » DfR* ——— + DfpufuR,
4 +dc 4 +dc
* 7T A2 -8 % A?
Df¢f3y - DFR+ ——— + Df¢pf3uR, DDYur - DDR * ———— + DDYuAR,
4 +dc 4 +dc
-8 % T A? -8 % A?
DDYf2X - DDR + —— + DDYf2aR, DfpufA » DfR* ————— + DfpufaR,
4 +dc 4 +dc
-8 % T A?
Df¢f3x - DFR+ ——— + Df¢pf3AR, DDYuA - DDYuAR, DDYf2A - DDYf2AR,
4 +dc

Df¢ufA » DfpufAR, Dfpf3A -» DF$F3AR, DDYuK - DDYuKR, DDYF2K - DDYF2KR,
Df¢ufK » DfpufKR, Df$f3K » DF$pF3KR, o » (oR / DFR), L » DDR, pl - A,

Z5A, qoA, p2 -)A}] - % (DDYuuR[x] / DFR[x]) F4BFinalF[x] |;

DYFFShearContS =
16 % 7t A?
((g*2 (% (1/Df)=*) (ContDuYFFC))) /. {Df - DfR, DDYuu -» DDR * ————— + DDYuuR,
4 +dc
16 % 7t A2 16 % 7t A2
DDYf2u -» DDR + —— + DDYf2uR, Df¢pufu » DfR ¥ —— + DfpufuR,
4 +dc 4 +dc
6 % 7T A2 -8 %t A2
Df¢f3u - DFR*+ —— + Df¢pf3uR, DDYur - DDR ¥ —— + DDYuAR,
4 +dc 4 +dc
-8 % A? -8 % A?
DDYf2X - DDR *+ ——— + DDYf2aR, Df¢pufa » DfR* ———— + DfpufaR,
4 +dc 4 +dc

_ 2

* T
Df¢f3x - DFR+ ——— + Df¢pf3AR, DDYuA - DDYuAR, DDYf2A - DDYf2AR,
4 +dc

Df¢ufA » DfpufAR, DF$f3A » Df¢F3AR, DDYuK - DDYuKR, DDYF2K - DDYF2KR,
DfpufK » DfpufKR, DFpf3K » Df¢F3KR, o » (oR /DFfR), L » DDR, pl - A,

Zo>A,q->A, P2 > A}] -0 % (DDYf2uR([x] / DfR[Xx]) F4BFinalF[x]|;
Lambda contribution
nl-1- Dfufd¢LambdaContS =

[[( (q"2 ((*(1/DF) %) (ContDFfAuC - 2 + ContDFuC)) - 1 + (Dfpufr/ Df) (q”2)

| 113



114 | MathematicaOddThesis.nb

16 * 7t A2
F4BFinalcC)) /. {Df - DfR, DDYuu » DDR * ———— + DDYupnR,
4 +dc

16 % 7t A? 16 % 7t A?
DDYf2u -» DDR ¥+ —— + DDYf2uR, Dfpufu - DfFR *x ——— + DfpufuR,
4 +dc 4 +dc

16 % 7t A? -8 % 7w A?
Df¢f3u » DFR + ————— + Df¢f3uR, DDYur » DDR + ——— + DDYUAR,
4 +dc 4 +dc

-8 %t A2 -8 %t A2
DDYf2Ax - DDR * —— + DDYf2AR, DfpufA - DfFR *x ——— + DfpufaR, Dfpf3x »
4 +dc 4 +dc

-8 %t A2
DfR x —— + Df¢f3AR, DDYuA -» DDYuAR, DDYf2A -» DDYf2AR, Df¢pufA » DfpufAR,
4 + dc
Df¢f3A - Df¢pf3AR, DDYuK -» DDYuKR, DDYf2K -» DDYf2KR, DfpufK - DfpufKR,

DfF3K » DF$F3KR, o > (oR /DFR), L » DDR, pl 5 A, Z > A, q » A, p2 —)A}]

(*-1% (DfoufAR[x]/DfR[x]) F4BFinalF[x] *)] 5
Dfpf3LambdaContS =

[[( (q72 ((%(1/DF) %) (ContDFfAupf3C - 2 » ContDfuef3C)) - 1+ (D3 / DF)

. 16 * 7t A2
(q”2) F4BFinalQC)) /. {Df - DfR, DDYuu -» DDR * ——— + DDYuuR,
4 +dc
16 » 7t A2 16 » 7t A2
DDYf2u -» DDR ¥ —— + DDYf2uR, Df¢pufy » DfR ¥ ——— + DfpufuR,
4 +dc 4 +dc
16 » 7t A2 -8 %7 A?
Df¢f3u - DFR¥* —— + Df¢pf3uR, DDYur - DDR *x ————— + DDYuAR,
4 +dc 4 +dc
-8 % A? -8 %2
DDYf2X - DDR ¥ ——— + DDYf2AR, Dfpufa - DfR* ———— + DfpufaR, Dfpf3A »
4 +dc 4 +dc
-8 % A?
DfRx ——— + Df¢f3AR, DDYuA - DDYuAR, DDYf2A - DDYf2AR, Df¢oufA » DfpufAR,
4 +dc

Df¢f3A - Dfpf3AR, DDYuK » DDYuKR, DDYf2K -» DDYf2KR, DfpufK -» DfpufKR,

Df¢f3K - Df¢pf3KR, 0 » (cR/DfR), L DDR, pl > A, Z> A, > A, p2 —)A}]

(%-1% (Df$F3AR[X] /DFR[X]) F4BFinalF [x] *)] ;

DYuLambdaContS =
16 » 7t A2
(q”2 ((*(1/Df) *) (ContauC -2 x ContuC))) /. {Df - DfR, DDYuyu -» DDR ¥ — +
4 +dc
16 % 7t A? 16 % 7t A?
DDYuuR, DDYf2u - DDR ¥ —— + DDYf2uR, Dfpufy - DfR * ———— + DfpufuR,

4 +dc 4 +dc
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16 % 7t A2 -8 % A?
Df¢f3u - DFR+ ——— + Df¢pf3uR, DDYur - DDR ¥ ———— + DDYuAR,
4 +dc 4 +dc
-8 % A? -8 % T A?
DDYf2X - DDR + ——— + DDYf2aR, Df¢pufa » DfR* ———— + DfpufaR,
4 +dc 4 +dc
-8 % ;T A?
Df¢f3x - DFR+ —— + Df¢pf3AR, DDYuA - DDYuAR, DDYf2A - DDYf2AR,
4 +dc

Df¢ufA » DfpufAR, Dfpf3A -» DF$pF3AR, DDYuK - DDYuKR, DDYF2K - DDYF2KR,
Df¢ufK » DfpufKR, Df$f3K » DF$F3KR, o » (oR / DFR), L -» DDR, pl > A,

Z->A,q- A, p2 -)A}] -0 % (DDYuxR[x] / DfR[x]) F4BFinalF[x]|;

DYFFLambdaContS = [[(q"z ((*(1/Df) %) (ContDAuYFFC - 2 * ContDuYFFC))) /.

16 % 7t A? 16 » 7t A®
{Df - DfR, DDYuu —» DDR * ——— + DDYuuR, DDYf2u - DDR x — + DDYf2uR,
4 + dc 4 +dc
16 % 7t A2 16 % 7t A2
Dfpufuy - DFR* ——— + DfpufuR, Dfpf3u » DfFfR* ————— + Dfpf3uR,
4 +dc 4 +dc
-8 %t A2 -8 % A2
DDYux -» DDR * —— + DDYuAR, DDYf2X » DDR * —— + DDYf2)R,
4 +dc 4 +dc
-8 % A2 -8 % A2
Dfpufir - DfRx —— + DfpufaR, Dfpf3A - DFRx ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA -» DDYuAR, DDYf2A -» DDYf2AR, Df¢ufA -» DfpufAR, Df¢pf3A - Dfpf3AR,
DDYuK -» DDYuKR, DDYf2K -» DDYf2KR, DfpufK - DfpufKR, Df¢pf3K - Dfpf3KR,

o - (oR/DfR), L>DDR, pl 5 A, z> A, q- A, p2—>A}

0 % (DDYf2AR[x] / DFR[x]) F4BFinalF[x]

.
H

K Contribution

1= DfufpKContS = ([(((*(1/Df)*)q"2 (ContDfKC)) -1 % (DfpufK/ Df) (q*2) F4BFinalC) /.

16 % 7t A® 16 % 7t A?
{Df - DfR, DDYuu - DDR ¥ ——— + DDYuuR, DDYf2u -» DDR x ——— + DDYf2uR,
4 +dc 4 +dc
6 % 5T A? 16 * 7t A?
Dfpufuy - DFR x ——— + DfpufuR, Dfpf3u » DfRx ———— + Dfpf3uR,
4 +dc 4 +dc
-8 x A2 -8 x A2
DDYuA -» DDR x ———— + DDYuAR, DDYf2X - DDR * ————— + DDYf2AR,
4 +dc 4 +dc
-8 % A2 -8 % A2
Dfpufar - DfFR *+ ——— + DfpufaR, Dfpf3r » DFR* ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA - DDYuAR, DDYf2A - DDYf2AR, Df¢ufA -» DfpufAR,
Df¢f3A - Dfpf3AR, DDYuK » DDYuKR, DDYf2K -» DDYf2KR, DfpufK -» DfpufKR,
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Dféf3K » DF$F3KR, o » (oR/DFR), L »DDR, pL > A, Z > A, q - A, p2 - A}]
(*-1% (DfoufKR[x]/DfR[x]) F4BFinalF[x]=*) |;

Df¢f3KContsS = ([(((*(1/Df)*)q"2 (ContDfKe¢f3C) -1« (Dfpf3K/ Df) (q*2) F4BFinalC)) /.

16 » 7t A® 16 % 7t A?
{Df - DfR, DDYuu —» DDR + —— + DDYuuR, DDYf2u —» DDR + — + DDYF2uR,
4 +dc 4 +dc
* 7T A2 16 % 7t A2
Dfeufuy - DfR * ——— + DfpufuR, Dfpf3u - DFR* ——— + DFfpf3uR,
4 +dc 4 +dc
-8 % A2 -8 % 7t A?
DDYuX -» DDR ¥ —— + DDYuAR, DDYf2X - DDR x ——— + DDYf2AR,
4 +dc 4 +dc
-8 %t A2 -8 %t A2
Dfpufar - DfR * ——— + DfpufaAR, Dfpf3A » DFRx ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA -» DDYuAR, DDYf2A -» DDYf2AR, Df¢ufA -» DfpufAR,
Df¢f3A - Dfpf3AR, DDYuK » DDYuKR, DDYf2K -» DDYf2KR, DfpufK -» DfpufKR,

Df¢f3K » Df¢f3KR, o » (oR/DFR), L > DDR, pl > A, Z—> A, q = A, P2 > A}]
(#-1% (Df$F3KR[x] /DFR[x]) FABFinalF[x]+) |;

DYuKContsS = [[(((*(1/Df)*)q"2 (ContKC))) /.

16 » 7t A2 16 * 7t A2
{Df - DfR, DDYuu —» DDR * ——— + DDYuuR, DDYf2u - DDR x —— + DDYf2uR,
4 +dc 4 +dc
6 % 7T A2 16 * 7t A2
Dfpufu - DfR x ——— + DfpufuR, Dfpf3u - DFR* ——— + Dfpf3uR,
4 +dc 4 +dc
-8 %t A2 -8 %t A2
DDYuX -» DDR ¥ —— + DDYuAR, DDYf2X » DDR * ——— + DDYf2)R,
4 +dc 4 +dc
-8 %7t A? -8 %7t A2
Dfpufr - DfFR * ——— + DfpufaR, Df¢pf3A » DfR *+ ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA -» DDYuAR, DDYf2A -» DDYf2AR, Df¢ufA - DfpufAR, Dfpf3A - Dfpf3AR,
DDYuK -» DDYuKR, DDYf2K - DDYf2KR, DfpufK - DfpufKR, Df¢pf3K - Dfpf3KR,

o - (0R/DfR), L»DDR, pl > A, Z-» A, q- A, p2—>A}]—

0 % (DDYuKR[x] / DFR[X]) F4BF'ina1F[x]];

DYFFKContS =

16 » 7t A2
[[( ((*(1/Df)*)q”2 (ContDKYFFC))) /. {Df - DfR, DDYuu - DDR = —d + DDYuuR,
4 +dc
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16 % 7t A2 16 % 7t A2
DDYf2y - DDR*+ —— + DDYf2uR, Dfpufy » DfR* ——— + DfpufuR,
4 +dc 4 +dc
16 % 7t A2 -8 % A?
Df¢f3uy - DFR+ ——— + Df¢pf3uR, DDYur - DDR ¥ ———— + DDYuAR,
4 +dc 4 +dc
-8 % A? -8 % A?
DDYf2X - DDR + ——— + DDYf2aR, Dfpufa » DfR* ———— + DfpufaR,
4 +dc 4 +dc

2
-8
Df¢f3x - DFR+ —— + Df¢pf3AR, DDYuA - DDYuAR, DDYf2A - DDYf2AR,
4 +dc

Df¢ufA » DfpufAR, DFf$f3A » DFf¢F3AR, DDYuK - DDYuKR, DDYF2K - DDYF2KR,
DfpufK » DfpufKR, DFpf3K » DfpF3KR, o » (oR /DFR), L » DDR, pl - A,

Z>Ay,gq-> A, P2 A}] -0 % (DDYf2KR[x] / DfR[x]) F4BFinalF[x]|;
A contribution

In[+ = Dfuf¢AContS = ([((((*(I/Df)*)

(q"2 (ContDfAC) (*+q”2 (ContDfKC) %)) -1 % (DfpufA /Df) (q*2) F4BFinalC))) /.
16 » 7t A® 16 % 7t A?

{Df - DfR, DDYuy - DDR # ———— + DDYupR, DDYf2u —» DDR * —— + DDYF24R,
4 +dc 4 +dc
16 » 7w A? 16 » 7w A?
Dfpufuy - DFR x ——— + DfpufuR, Dfpf3y » DfRx ————— + Dfpf3uR,
4 +dc 4 +dc
-8 % A2 -8 % 7t A?
DDYuA -» DDR * ——— + DDYuAR, DDYf2X - DDR * ————— + DDYf2AR,
4 +dc 4 +dc
- 7 A? -8 % A2
Dfpufar - DfFR *+ ——— + DfpufaR, Dfpf3A » DFRx ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA -» DDYuAR, DDYf2A - DDYf2AR, Df¢ufA - DfpufAR,
Df¢f3A - Dfpf3AR, DDYuK » DDYuKR, DDYf2K -» DDYf2KR, DfpufK -» DfpufKR,

Df¢f3K - Df¢pf3KR, o0 » (cR/DfR), L DDR, p1 5> A, Z> A, q-> A, P2 > A}]
(x-1% (DfufAR[x]/DfR[x]) FABFinalF[x]+*) |3

Df¢f3AContS = ([(((*(1/01‘)*)

(q”2 (ContDfA¢f3C) (*x+q”2 (ContDfKC) %)) -1 » (Df¢pf3A/ Df) (q*2) F4BFinalC)) /.

16 * 7t A2 16 » 7t A2
{Df - DfR, DDYuu -» DDR * ——— + DDYuuR, DDYf2u - DDR * —— + DDYf2uR,
4 +dc 4 +dc
2 16 * 7t A2

16 x
Dfpufu - DFR ¥ ——— + DfpufuR, Dfpf3yu » DfR *x ——— + Dfpf3uR,
4 +dc 4 +dc

-8 %t A? -8 % 7t A?
DDYuA -» DDR * ———— + DDYuAR, DDYf2X - DDR * ———— + DDYf2AR,
4 +dc 4 +dc
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-8 % A? -8 % A?
Dfpufr - DFRx ——— + DfpufaR, Dfpf3x - DFR* ———— + Dfpf3AR,
4 + dc 4 +dc

DDYuA - DDYuAR, DDYf2A - DDYf2AR, Df¢ufA -» DfpufAR,
Dfyf3A - Df¢pf3AR, DDYuK -» DDYuKR, DDYf2K - DDYf2KR, DfpufK » DfpufKR,

Df¢f3K - Df¢pf3KR, 0 » (cR/DfR), L-DDR, p1l > A, Z> A, q> A, P2 > A}]
(»-1% (Dfof3AR[x]/DfR[x]) F4BFinalF[x]=*) |}

DYuAContS = [[(((*(1/Df)*) (q”2 (ContAC) (*+gq”2 (ContDfKC)%)))) /.

16 * 7t A2 16 * 7t A?
{Df - DfR, DDYuyu -» DDR ¥ ——— + DDYuuR, DDYf2u - DDR* ——— + DDYf2uR,
4 +dc 4 +dc
* 71 A2 16 % 7t A2
Dfpufuy - DFR* —— + DfpufuR, Dfpf3u » DfFfR* ———— + Dfpf3uR,
4 +dc 4 +dc
-8 % A2 -8 % A2
DDYuA -» DDR * ———— + DDYuaR, DDYf2Xx - DDR * ————— + DDYf2)R,
4 +dc 4 +dc
-8 x A2 -8 x A2
Dfpufir - DFR* ——— + DfpufaR, Dfpf3x » DfRx ————— + DFfpf3AR,
4 +dc 4 +dc

DDYuA - DDYuAR, DDYf2A - DDYf2AR, Df¢ufA -» DfpufAR, Dfpf3A - Dfpf3AR,
DDYuK -» DDYuKR, DDYf2K -» DDYf2KR, Df¢ufK » DfpufKR, Df¢pf3K - Dfpf3KR,

o- (oR/DfR), L-»>DDR, pl A, Z>A, q- A, p2—>A}] -
0 « (DDYUAR[x] / DfR[X]) F4BF'ina1F[x]];

DYFFAContsS = [((((*(1/Df)*) (92 (ContDAYFFC) (x+q"2 (ContDfKC))))) /.

16 % 7t A? 16 % 7t A?
{Df - DfR, DDYuu —» DDR * ——— + DDYuuR, DDYf2u - DDR x —— + DDYf2uR,
4 +dc 4 +dc
16 * 7t A2 16 % 7t A?
Dfpufuy - DFR* ——— + DfpufuR, Dfpf3u » DfFfRx* ————— + Dfpf3uR,
4 +dc 4 +dc
-8 % T A2 -8 % A2
DDYuA -» DDR * ———— + DDYuAR, DDYf2X -» DDR * ————— + DDYf2)R,
4 +dc 4 +dc
-8 % A2 -8 % A2
Dfpufr - DfRx —— + DfpufaR, Dfpf3A - DFRx ——— + Dfpf3AR,
4 +dc 4 +dc

DDYuA -» DDYuAR, DDYf2A - DDYf2AR, DfpufA - DfpufAR, Df¢pf3A » Dfpf3AR,
DDYuK -» DDYuKR, DDYf2K -» DDYf2KR, Df¢pufK » DfpufKR, Df¢pf3K - Dfpf3KR,

o - (oR/DfR), L>DDR, pl 5 A, z> A, q - A, p2—>A}
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0 % (DDYf2AR[x] / DfR[x]) F4BFinalF[x] |;

LL Contribution

1= LContS = (2+xq”2 (L/Df) F4BFinalC) /.

16 * 7t A2 16 » 7t A2
{Df - DfR, DDYuu -» DDR * ——— + DDYuuR, DDYf2u - DDR * —— + DDYf2uR,
4 +dc 4 +dc
6 % 7T A? 16 * 7t A2
Dfpufu - DFR ¥ ——— + DfpufuR, Dfpf3yu » DfR *x —— + Dfpf3uR,
4 +dc 4 +dc
-8 % A? -8 % 7t A?
DDYuA -» DDR * ——— + DDYuAR, DDYf2X - DDR * ———— + DDYf2AR,
4 +dc 4 +dc
-8 % A? -8 % A?
Dfpufir - DFRx ——— + DfpufaR, Dfpf3x - DfFR* ———— + Dfpf3AR,
4 + dc 4 + dc

DDYuA -» DDYuAR, DDYf2A - DDYf2AR, Df¢ufA -» DfpufAR,
Df¢f3A - Df¢pf3AR, DDYuK » DDYuKR, DDYf2K - DDYf2KR, DfpufK -» DfpufKR,

Dféf3K » DF$F3KR, o > (oR/DFR), L »DDR, pL > A, Z A, q = A, p2—)A};
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n[-1= PBDDYUAR = (Y +&u -2 &Ex+2 Ex + §tu) * DDYUAR - (DYuAContS) ;
BDDYf2AR = (EY + §u -2 Ex +2 Ex + Etu) » DDYf2AR - (DYFFAContS) ;

BDfPUTAR = (EY + Eu-2 Ex +2 Ex + Etu) = DfpufAR - (DfufpAContS) ;
BDFHF3AR = (EY + Eu-2 Ex +2 Ex + £tu) » DfFPF3AR - (DFpf3AContS) ;

BDDYUKR = (EY + §u-2 Ex +2 Ex + §tu) » DDYUuKR - (DYuKContS) ;
BDDYf2KR = (EY + §u -2 Ex +2 Ex + £tu) *» DDYT2KR - (DYFFKContS) ;

BDFHUTKR = (EY + Eu -2 Ex +2 £x + §tu) * DFGufKR - (DfufpKContsS) ;
BDfPf3KR = (EY + Eu-2 Ex +2 Ex + Etu) » Dfpf3KR - (Dfpf3KContS) ;

BDDYUAR = (Y +Eu-2 Ex+2 EX + Etu) *

BDDYf2AR = (EY +Eu-2&Ex+2 Ex + tu) *

BDFPUFAR = (EY + EU-2 Ex +2 Ex + £tu) *

BDFHT3AR = (EY + Eu-2 Ex + 2 EX + £tu) *

BDDYUUR = (Y +EUu-2 Ex+2 Ex + Etu) *

BDDYf2uR = (EY +EUu-2 Ex+ 2 EX + Etu) *

BDfPUfUR = (EY + EU -2 Ex +2 Ex + Etu) *

BDTPTf3uR = (EY +EUu-2Ex+2 Ex + Etu) *

-8 %A
DDR * + DDYuAR
4 +dc
-8 % T A2
DDR * + DDYf2AR
4 +dc
-8 % A?
DfR * + DfpufaR
4 +dc
-8 %t A2
DfR * + Dfpf3AR
4 +dc
16 * 7t A?
DDR + DDYuuR
4 +dc
16 » 7t A2
DDR * + DDYf2uR
4 +dc
16 » 7t A2
DfR * + DfpufuR
4 +dc
16 % 7t A?
DfR * +Df¢pf3uR
4 +dc

BoR = ((2&x+ Etf -2 &Ex+ EP + £EF) » oR - (StressContS)) ;

BLLR = (Eu + EY +2 £x) = DDR - LContS;

BDfR = (2 £P +2 £x + £tf) # DfR - (F4BFinalFS);

- (DYuLambdaContsS) ;

- (DYFFLambdaContS) ;

- (Dfuf¢LambdaContS) ;

- (Df¢pf3LambdaContS) ;

- (DYuShearcContsS) ;

- (DYFFShearContsS) ;

- (Dfuf¢ShearContS) ;

- (Df¢pf3ShearContS) ;



In[e ]:=

In[+]:=

BDDYUARS = (BDDYUAR % DDR - DDYUAR % BLLR) / DDR”"2;

BDDYf2ARS = (BDDYf2AR % DDR - DDYf2AR » BLLR) / DDR"2;
BDfpufARS = (BDfPufAR = DfR - DfpufAR » BDFfR) / DfFRA2;
BDfoT3ARS = (BDfpf3AR » DfR - Dfpf3AR » BDFR) / DFRA2;

BDDYUKRS = (BDDYUKR % DDR - DDYUKR * BLLR) / DDRA2;

BDDYf2KRS = (BDDYF2KR * DDR - DDYF2KR % BLLR) / DDRA2;
BDFPufKRS = (BDFPufKR * DFR - DfufKR « BDFR) / DFRA2;
BDfoF3KRS = (BDfHF3KR  DFR - Df$F3KR « BDFR) / DFRA2;

BDDYUARS = [BDDYU)LR * DDR - [DDR *

BDDYf2ARS =

BDfPUufARS =

BDfPF3ARS =

BDDYupRS = [BDDYuuR % DDR - [DDR *

BDDYf2uRS =

BDfpufuRS =

BDf¢f3uRS =

BDDYT2AR » DDR -

BDfPufAR » DR -

BDfHF3AR  DFR -

BDDYF2uR * DDR -

BDfoufuR x DFR -

BDfef3uR » DfR -

-8 % 7w A?
+ DDYuAR
4 +dc

-8 %72
DDR * + DDYf2AR

4 +dc

-8 % A2
DfR * + DfpufAR

4 +dc
A2

DfR * + Dfpf3AR

4 +dc

16 * 7t A2

4 +dc

16 % 7t A?
+ DDYf2uR
4 +dc

DDR *

16 % 7t A2
+ DfpufuR
4 +dc

DfR *

16 » 7t A2
+Dfepf3uR
4 + dc

DfR %

BoRS = ((1/DfR) BoR - (oR /DfRA2) % BDR) ;
(*BoRS= (BoR*DfR-0xo0RxBDfR) /DfRA2; %)

LinearDDYuARDDYUAR =
Simplify[D[BDDYUARS, {DDYUAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufaR » 0, DFf$F3AR » 0, DDYF2uR - O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2AR =
Simplify[D[BDDYUARS, {DDYf2AR, 1}] /. {DDYf2AR » 0, DDYUAR » 0, Df¢ufAR > 0,
Df¢f3AR -» O, DDYf2KR » 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,

* BLLR

* BDfR

* BDFR

* BLLR

* BDfR

* BDFR
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* ﬁLLR]/ DDR”2;

/DDR"Z;
/Dle\z;
/DfR’\z;

+DDYuuR] *BLLR]/ DDRA2;

/DDR"2;
/DfR"Z;
/DfR"z;

| 121



122 | MathematicaOddThesis.nb

Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢ufAR =
Simplify[D[BDDYUARS, {Df¢ufAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3AR =
Simplify[D[BDDYUARS, {Df¢f3AR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, DfpufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuARDDYuUKR =
Simplify[D[BDDYUARS, {DDYuKR, 1}] /. {DDYf2AR - 0, DDYuUAR - 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2KR =
Simplify[D[BDDYUARS, {DDYf2KR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢oufKR =
Simplify [D[BDDYUARS, {Df¢ufKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3KR =
Simplify[D[BDDYUARS, {Df¢f3KR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYuUAR =
Simplify[D[BDDYUARS, {DDYuiR, 1}] /. {DDYf2AR - 0, DDYuUAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR -» 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2)R =
Simplify[D[BDDYUARS, {DDYf2AR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDfoufAR =
Simplify[D[BDDYUARS, {Df¢ufiR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR -» 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0O,
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DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3AR =
Simplify [D[BDDYUARS, {Df¢f3AR, 1}] /. {DDYf2AR - O, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYuuR =
Simplify [D[BDDYUARS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2uR =
Simplify[D[BDDYUARS, {DDYf2uR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢oufuR =
Simplify[D[BDDYUARS, {Dfé¢ufuR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR » 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3uR =
Simplify[D[BDDYUARS, {Df¢f3uR, 1}] /. {DDYf2AR » 0, DDYUAR » 0, Df$ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARoR =
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Simplify [D[BDDYUARS, {oR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢pufAR - 0, DFf$F3AR - 0,

DDYf2KR - @, DDYuKR -» 0, Df¢ufkR » 0, Df¢pf3KR -» 0@, DDYF2AR - 0,
DDYuAR -» 0, DfgpufaR -» 0, Df¢pf3AR » 0, DDYf2uR - 0, DDYupR -» 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYf2ARDDYUAR =
Simplify[D[BDDYf2ARS, {DDYuAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYf2AR =
Simplify[D[BDDYf2ARS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR > @,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$F3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDDYf2ARDfpufAR =
Simplify [D[BDDYf2ARS, {Df¢ufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3AR =
Simplify[D[BDDYf2ARS, {Df¢f3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df$f3AR - @, DDYFf2KR » 0, DDYUKR » 0, Df¢ufKR » 0, Df¢F3KR » 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYuUKR =
Simplify [D[BDDYf2ARS, {DDYuKR, 1}] /. {DDYf2AR -» 0, DDYUAR - 0, Df¢pufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYf2KR =
Simplify [D[BDDYf2ARS, {DDYf2KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2ARDf¢ufKR =
Simplify [D[BDDYf2ARS, {Df¢ufKR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3KR =
Simplify[D[BDDYf2ARS, {Df¢f3KR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYuUAR =
Simplify [D[BDDYf2ARS, {DDYuAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR » 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - @,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYf2AR =
Simplify[D[BDDYf2ARS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR » 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢ufAR =
Simplify [D[BDDYf2ARS, {Df¢ufiR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, DfpufaR -» 0, Df¢pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
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Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3AR =
Simplify[D[BDDYf2ARS, {Df¢f3AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYuuR =
Simplify[D[BDDYf2ARS, {DDYuuR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2ARDDYf2uR =
Simplify[D[BDDYf2ARS, {DDYf2uR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDfoufuR =
Simplify [D[BDDYf2ARS, {Df¢ufuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3uR =
Simplify[D[BDDYf2ARS, {Df¢f3uR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARoR =
Simplify [D[BDDYf2ARS, {oR, 1}] /. {DDYf2AR - 0@, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];

LinearDf¢ufARDDYUAR =
Simplify[D[BDfpufARS, {DDYUAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢pufARDDYf2AR =
Simplify[D[BDfpufARS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2LR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢pufARDfoufAR =
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Simplify[D[BDfoufARS, {Df¢ufAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢ufARDf¢f3AR =
Simplify[D[BDfpufARS, {Df$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfepufARDDYuUKR =
Simplify[D[BDfoufARS, {DDYuKR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢ufARDDYf2KR =
Simplify[D[BDfpufARS, {DDYf2KR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARDfpufKR =
Simplify[D[BDfoufARS, {DfpufKR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDfeufARDf¢f3KR =
Simplify[D[BDfpufARS, {Df$f3KR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfepufARDDYuUAR =
Simplify[D[BDfpufARS, {DDYuXR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢ufARDDYf2AR =
Simplify[D[BDfpufARS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARDfpufIAR =
Simplify [D[BDfoufARS, {Df¢ufiR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDfoufARDfHf3AR =
Simplify [D[BDfoufARS, {Df¢pf3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfeufARDDYuUuR =
Simplify[D[BDfpufARS, {DDYuuR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR -» 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢ufARDDYf2uR =
Simplify [D[BDfoufARS, {DDYf2uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfepufARDfoufuR =
Simplify[D[BDfpufARS, {DfpufuR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDfpufARDfof3uR =
Simplify [D[BDfoufARS, {Df¢pf3uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARoR =
Simplify[D[BDfoufARS, {oR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDf¢f3ARDDYUAR =
Simplify[D[BDf¢f3ARS, {DDYUAR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3ARDDYf2AR =
Simplify[D[BDf$f3ARS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢F3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, DFf¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfpufAR =
Simplify[D[BDf¢f3ARS, {DfpufAR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDf¢df3AR =
Simplify [D[BDf¢f3ARS, {Df¢pf3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYUKR =
Simplify[D[BDf¢f3ARS, {DDYuKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2KR =
Simplify[D[BDf¢f3ARS, {DDYf2KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfpufKR =
Simplify[D[BDf$f3ARS, {DFfpufkR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » O, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDf¢f3KR =
Simplify[D[BDf¢f3ARS, {Df$f3KR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢ufAR - @,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYuUAR =
Simplify[D[BDf$¢f3ARS, {DDYurR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR -» O, DDYf2KR » 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2AR =
Simplify[D[BDf¢f3ARS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR > 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfpufIAR =
Simplify[D[BDf¢f3ARS, {DfpufiR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3ARDf¢pf3AR =
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Simplify[D[BDf¢f3ARS, {Df¢f3AR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3ARDDYuUuR =
Simplify [D[BDf¢f3ARS, {DDYuuR, 1}] /. {DDYf2AR - O, DDYUAR - 0, Df¢pufAR -» 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2uR =
Simplify[D[BDf¢f3ARS, {DDYf2uR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfoufuR =
Simplify[D[BDf¢f3ARS, {DfpufuR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfof3uR =
Simplify[D[BDf¢f3ARS, {Df¢pf3uR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3ARoR =
Simplify[D[BDf$f3ARS, {oR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYuKRDDYUAR =
Simplify[D[BDDYUKRS, {DDYUAR, 1}] /. {DDYf2AR - @, DDYuAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufiR » 0, Df$pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuKRDDYf2AR =
Simplify[D[BDDYuKRS, {DDYf2AR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢F3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - @,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDf¢oufAR =
Simplify[D[BDDYuUKRS, {Df¢ufAR, 1}] /. {DDYF2AR - @, DDYUAR - 0, DfpufAR - 0,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDf¢f3AR =
Simplify [D[BDDYuUKRS, {Df¢f3AR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢pufAR -» 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDDYuUKR =
Simplify[D[BDDYuKRS, {DDYuKR, 1}] /. {DDYf2AR » 0, DDYuUAR - 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDDYf2KR =
Simplify[D[BDDYuUKRS, {DDYf2KR, 1}] /. {DDYf2AR - @, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDf¢oufKR =
Simplify[D[BDDYuKRS, {Df¢ufKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » O, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDf¢f3KR =
Simplify [D[BDDYUKRS, {Df$¢f3KR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR » 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDDYUAR =
Simplify[D[BDDYuKRS, {DDYuiR, 1}] /. {DDYf2AR » 0, DDYuAR - 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR » 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufiR -» 0, Df$pf3AR -» @, DDYF2uR » 0, DDYUuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDDYf2AR =
Simplify [D[BDDYUKRS, {DDYf2AR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDfpufAR =
Simplify[D[BDDYuKRS, {Df¢ufiR, 1}] /. {DDYf2AR - O, DDYUAR - 0, DfpufAR -» 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuKRDf¢f32R =
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Simplify[D[BDDYuKRS, {Df¢f3AR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, Df$ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuKRDDYuuR =
Simplify [D[BDDYUKRS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDDYf2uR =
Simplify[D[BDDYUKRS, {DDYf2uR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDf¢oufuR =
Simplify[D[BDDYuUKRS, {Df¢ufuR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, Df¢pufaR -» 0, Df$pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuKRDf¢f3uR =
Simplify[D[BDDYuKRS, {Df¢f3uR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuKRoR =
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Simplify [D[BDDYUKRS, {oR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢ufAR - 0, DFf¢F3AR - 0,

DDYf2KR - 0, DDYuKR - 0, Df¢pufKR » 0, Df¢f3KR -» 0, DDYF2AR - 0,
DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR » 0, DDYf2uR - 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYf2KRDDYUAR =
Simplify[D[BDDYf2KRS, {DDYuAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR -» 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYf2AR =
Simplify [D[BDDYf2KRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDf¢pufAR =
Simplify[D[BDDYf2KRS, {Df¢ufAR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0O,
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DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDf¢f3AR =
Simplify[D[BDDYf2KRS, {Df$¢f3AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR - O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYuUKR =
Simplify [D[BDDYf2KRS, {DDYuKR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢pufAR -» 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYf2KR =
Simplify[D[BDDYf2KRS, {DDYf2KR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDfpufKR =
Simplify [D[BDDYf2KRS, {Df¢ufKR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDf¢f3KR =
Simplify[D[BDDYf2KRS, {Df¢f3KR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYuUAR =
Simplify[D[BDDYf2KRS, {DDYuiR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, Df¢pufaR -» 0, Df¢pf3AR » @, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYf2AR =
Simplify[D[BDDYf2KRS, {DDYf2AR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2KRDfpufAR =
Simplify[D[BDDYf2KRS, {DfpufiR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf22AR - 0, DDYUAR -» 0, Df¢ufaR -» 0, Df¢pf3AR » @, DDYF2uR » O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDf¢f3AR =
Simplify [D[BDDYf2KRS, {Df¢f3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYuuR =
Simplify [D[BDDYf2KRS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢pufAR -» 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDDYf2uR =
Simplify[D[BDDYf2KRS, {DDYf2uR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDfoufuR =
Simplify [D[BDDYf2KRS, {Df¢ufuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRDf¢f3uR =
Simplify[D[BDDYf2KRS, {Df¢f3uR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » O, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2KRoR =
Simplify [D[BDDYf2KRS, {oR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];

LinearDf¢ufKRDDYUAR =
Simplify [D[BDfoufKRS, {DDYUAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR » 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - @,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢pufKRDDYf2AR =
Simplify[D[BDfpufKRS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR » 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfpufKRDfpufAR =
Simplify [D[BDfoufKRS, {Df¢ufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, DfpufaR -» 0, Df¢pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
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Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufKRDf¢f3AR =
Simplify[D[BDfpufKRS, {Df$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfepufKRDDYuKR =
Simplify[D[BDf¢ufKRS, {DDYuKR, 1}] /. {DDYf2AR > 0, DDYUAR > 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDfeufKRDDYf2KR =
Simplify[D[BDfpufKRS, {DDYf2KR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfpufKRDfpufKR =
Simplify[D[BDfpufkRS, {DfpufkR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufKRDf¢f3KR =
Simplify[D[BDfpufKRS, {Df$f3KR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufKRDDYuUAR =
Simplify[D[BDfpufKRS, {DDYuXR, 1}] /. {DDYf2AR - @, DDYUAR - @, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfeufKRDDYf2AR =
Simplify[D[BDfpufKRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR -» 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufKRDfpufAR =
Simplify[D[BDfpufKRS, {DfpufiR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfepufKRDfpf3AR =
Simplify[D[BDfpufKRS, {DFf$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0O,
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DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfepufKRDDYuuR =
Simplify[D[BDfpufKRS, {DDYuuR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfpufKRDDYf2uR =
Simplify [D[BDfoufKRS, {DDYf2uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufKRDfoufuR =
Simplify[D[BDfeufKRS, {DfpufuR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufKRDf¢f3uR =
Simplify [D[BDfoufKRS, {Df¢pf3uR, 1}] /. {DDYF2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfpufKRoR =
Simplify[D[BDfeufKRS, {oR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDf¢f3KRDDYUAR =
Simplify[D[BDf¢f3KRS, {DDYUAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYf2AR =
Simplify[D[BDf¢f3KRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDfpufAR =
Simplify[D[BDféf3KRS, {DfpufAR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$F3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDf¢f3KRDfpf3AR =
Simplify [D[BDf¢f3KRS, {Df¢pf3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYUKR =
Simplify[D[BDf$f3KRS, {DDYuKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYf2KR =
Simplify [D[BDf¢f3KRS, {DDYf2KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDfpufKR =
Simplify[D[BDf$f3KRS, {DFfpufkR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3KRDf¢pf3KR =
Simplify [D[BDf¢f3KRS, {Df¢pf3KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYuUAR =
Simplify[D[BDf¢f3KRS, {DDYuAR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, Df$ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYf2AR =
Simplify [D[BDf¢f3KRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢pufaR » 0, Df$f3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDfpufaR =
Simplify[D[BDf¢f3KRS, {DfpufaR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR » 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDf¢f3AR =
Simplify[D[BDf$f3KRS, {Df$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, DfpufaR -» 0, Df¢pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
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Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYuUuR =
Simplify[D[BDf$f3KRS, {DDYuuR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢f3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDDYf2uR =
Simplify[D[BDf¢f3KRS, {DDYf2uR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df¢pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3KRDfopufuR =
Simplify[D[BDf$f3KRS, {DfpufuR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢f3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRDfpf3uR =
Simplify[D[BDf$f3KRS, {Dfpf3uR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufiR » 0, Df$pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3KRoR =
Simplify[D[BDféf3KRS, {oR, 1}] /. {DDYf2AR » 0, DDYuAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢F3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYuXRDDYUAR =
Simplify[D[BDDYUARS, {DDYuAR, 1}] /. {DDYf2AR -» 0, DDYuAR - 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2AR =
Simplify[D[BDDYuARS, {DDYf2AR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR -» 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDfoufAR =
Simplify[D[BDDYuARS, {Df¢ufAR, 1}] /. {DDYF2AR - O, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuxRDf¢f3AR =
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Simplify[D[BDDYuARS, {Df$f3AR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, Df¢ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuXRDDYuKR =
Simplify[D[BDDYUARS, {DDYuKR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2KR =
Simplify[D[BDDYUARS, {DDYf2KR, 1}] /. {DDYf2AR » 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuxRDf¢oufKR =
Simplify [D[BDDYuUARS, {Df¢ufKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3KR =
Simplify[D[BDDYUARS, {Df¢f3KR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuARDDYuUAR =
Simplify[D[BDDYUARS, {DDYuiR, 1}] /. {DDYf2AR -» 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDDYf2)R =
Simplify[D[BDDYUARS, {DDYf2AR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuxRDf¢oufAR =
Simplify [D[BDDYuUARS, {Df¢ufiR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3AR =
Simplify[D[BDDYuUARS, {Df¢f3AR, 1}] /. {DDYf2AR - @, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDDYuARDDYuuR =
Simplify[D[BDDYUARS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuXRDDYf2uR =
Simplify[D[BDDYuUARS, {DDYf2uR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuxRDfoufuR =
Simplify [D[BDDYuARS, {Dfé¢ufuR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuARDf¢f3uR =
Simplify[D[BDDYuUARS, {Df¢f3uR, 1}] /. {DDYF2AR - O, DDYUAR - 0, DfpufAR -» 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuARoR =
Simplify [D[BDDYUARS, {oR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR » 0, Df$pf3AR - 0O,
DDYf2KR - @, DDYUKR -» 0, Df¢ufkR - 0, Df¢f3KR » 0, DDYF2AR - 0,
DDYuAR -» 0, DfpufaR -» 0, Dfpf3AR » 0, DDYf2uR - 0, DDYuuR -» 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYf2ARDDYUAR =
Simplify[D[BDDYf2ARS, {DDYuAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢f3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYf2AR =
Simplify[D[BDDYf2ARS, {DDYf2AR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufiR » 0, Df$pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢ufAR =
Simplify[D[BDDYf2ARS, {DfpufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢F3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3AR =
Simplify[D[BDDYf2ARS, {Df¢f3AR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR > @,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYuUKR =
Simplify [D[BDDYf2ARS, {DDYuKR, 1}] /. {DDYf2AR -» 0, DDYUAR - 0, Df¢ufAR -» 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYf2KR =
Simplify[D[BDDYf2ARS, {DDYf2KR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDfpufKR =
Simplify [D[BDDYf2ARS, {Df¢ufKR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3KR =
Simplify[D[BDDYf2ARS, {Df¢f3KR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » O, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYUAR =
Simplify [D[BDDYf2ARS, {DDYuAR, 1}] /. {DDYf2AR -» 0, DDYUAR - 0, Df¢ufAR » 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDDYf2AR =
Simplify[D[BDDYf2ARS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR » 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDfpufAR =
Simplify[D[BDDYf2ARS, {DféufiR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR - @,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢pf3AR =
Simplify[D[BDDYf2ARS, {Df¢f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2ARDDYuuR =
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Simplify[D[BDDYf2ARS, {DDYuuR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df$ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2ARDDYf2uR =
Simplify[D[BDDYf2ARS, {DDYf2uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDfoufuR =
Simplify[D[BDDYf2ARS, {Df¢ufuR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARDf¢f3uR =
Simplify[D[BDDYf2ARS, {Df¢f3uR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, Df¢pufaR -» 0, Df$pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2ARoR =
Simplify[D[BDDYf2ARS, {oR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;

LinearDfoufARDDYUAR =
Simplify [D[BDfoufARS, {DDYUAR, 1}] /. {DDYf2AR -» 0, DDYUAR - 0, Df¢pufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$F3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢ufARDDYf2AR =
Simplify[D[BDfpufARS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR -» 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufARDfpufAR =
Simplify [D[BDfoufARS, {DfpufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfepufARDf¢df3AR =
Simplify[D[BDfpufARS, {DFf$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
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DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfepufARDDYuUKR =
Simplify[D[BDfpufARS, {DDYuKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfpufARDDYf2KR =
Simplify[D[BDfpufARS, {DDYf2KR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARDfpufKR =
Simplify[D[BDfeufARS, {DfpufKR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufARDf¢T3KR =
Simplify[D[BDfoufARS, {Df¢pf3KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfepufARDDYuUAR =
Simplify[D[BDfeufARS, {DDYUAR, 1}] /. {DDYf2AR » 0, DDYUAR -» 0, Df$ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢ufARDDYf2AR =
Simplify[D[BDfpufARS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR > 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARDfoufIAR =
Simplify[D[BDfoufARS, {DfpufaR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDfeufARDf¢f3AR =
Simplify[D[BDfpufARS, {DFf$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - @,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufARDDYuuR =
Simplify[D[BDfoufARS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢pufAR -» 0,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARDDYf2uR =
Simplify[D[BDfpufARS, {DDYf2uR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR > @,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufARDfoufuR =
Simplify[D[BDfpufARS, {DfpufuR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufARDfof3uR =
Simplify [D[BDfoufARS, {Df¢pf3uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfpufARoR =
Simplify[D[BDfufARS, {oR, 1}] /. {DDYf2AR » 0, DDYuAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » O, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDf¢f3ARDDYUAR =
Simplify[D[BDf¢f3ARS, {DDYUAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2AR =
Simplify[D[BDf¢f3ARS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - @,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfpufAR =
Simplify[D[BDf¢f3ARS, {DfpufAR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR » 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDf¢T3AR =
Simplify[D[BDf¢f3ARS, {Df¢pf3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » @, DDYUAR -» 0, Df¢ufaR -» 0, Df¢pf3AR -» @, DDYF2uR » 0, DDYuuR - 0,
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Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYUKR =
Simplify[D[BDf$f3ARS, {DDYuKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2KR =
Simplify[D[BDf¢f3ARS, {DDYF2KR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3ARDfpufKR =
Simplify[D[BDf$f3ARS, {DFfpufkR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR > 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfpf3KR =
Simplify[D[BDf$f3ARS, {DFf$f3KR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYUAR =
Simplify[D[BDf$¢f3ARS, {DDYurR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2AR =
Simplify[D[BDf$f3ARS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfpufAR =
Simplify[D[BDf$f3ARS, {DfpufAR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR -» 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDf¢f3AR =
Simplify[D[BDféf3ARS, {Dfpf3AR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYuuR =
Simplify[D[BDf$¢f3ARS, {DDYuuR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR -» 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0O,



MathematicaOddThesis.nb

DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDDYf2uR =
Simplify[D[BDf$f3ARS, {DDYf2uR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfoufuR =
Simplify[D[BDf¢f3ARS, {DfoufuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARDfof3uR =
Simplify[D[BDf¢f3ARS, {Df¢f3uR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3ARoR =
Simplify[D[BDf¢f3ARS, {oR, 1}] /. {DDYf2AR - 0@, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYuuRDDYUAR =
Simplify[D[BDDYuuRS, {DDYUAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢f3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDDYf2AR =
Simplify[D[BDDYuuRS, {DDYf2AR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢ufiR » 0, Df$pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDf¢oufAR =
Simplify[D[BDDYuuRS, {Df¢ufAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢F3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDf¢f3AR =
Simplify[D[BDDYuuRS, {Df¢f3AR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$f3KR - 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢pufiR » 0, Df¢f3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDDYuuRDDYuUKR =
Simplify[D[BDDYuuRS, {DDYuKR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDDYf2KR =
Simplify[D[BDDYuuRS, {DDYf2KR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDfoufKR =
Simplify [D[BDDYuuRS, {DfpufKR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR » 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDf¢f3KR =
Simplify[D[BDDYuuRS, {Df¢f3KR, 1}] /. {DDYf2AR - O, DDYUAR - 0, DfpufAR -» 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuuRDDYUAR =
Simplify [D[BDDYuuRS, {DDYuiR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDDYf2AR =
Simplify[D[BDDYuuRS, {DDYf2AR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDfpufaR =
Simplify[D[BDDYuuRS, {Df¢ufiR, 1}] /. {DDYf2AR » O, DDYUAR - 0, Df¢pufAR » 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - 0, DDYUAR -» 0, Df¢pufaR » 0, Df$f3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDf¢f3AR =
Simplify[D[BDDYuuRS, {Df¢f3AR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df$ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR » 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDDYuuR =
Simplify[D[BDDYuuRS, {DDYuuR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, DfpufaR -» 0, Df¢pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
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Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDDYf2uR =
Simplify[D[BDDYuuRS, {DDYf2uR, 1}] /. {DDYf2AR - @, DDYUAR - 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢f3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRDfoufuR =
Simplify[D[BDDYuuRS, {DfpufuR, 1}] /. {DDYF2AR > 0, DDYUAR » 0, DfpufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df¢pf3AR -» 0, DDYF2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYuuRDf¢f3uR =
Simplify[D[BDDYuuRS, {Df¢f3uR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR - 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR - 0, Df¢f3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYuuRoR =
Simplify[D[BDDYuuRS, {oR, 1}] /. {DDYf2AR » 0, DDYUAR -» 0, Df¢ufAR » 0, Df$pf3AR » 0,
DDYf2KR - @, DDYuKR -» @, Df¢ufKR -» 0, Df$Ff3KR -» @, DDYF2AR - 0,
DDYUAR - 0, Df¢ufAR » 0, DFf$F3AR -» 0, DDYF2uR - 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearDDYf2uRDDYUAR =
Simplify[D[BDDYf2uRS, {DDYUAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDDYf2AR =
Simplify[D[BDDYf2uRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDf¢pufAR =
Simplify [D[BDDYf2uRS, {Df¢ufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDf¢pf3AR =
Simplify[D[BDDYf2uRS, {Df¢f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2uRDDYUKR =
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Simplify[D[BDDYf2uRS, {DDYuKR, 1}] /. {DDYf2AR > 0, DDYUAR » 0, Df¢ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2uRDDYf2KR =
Simplify [D[BDDYf2uRS, {DDYf2KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDfpufKR =
Simplify[D[BDDYf2uRS, {Df¢ufKR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDf¢f3KR =
Simplify[D[BDDYf2uRS, {Df¢f3KR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDDYuUAXR =
Simplify[D[BDDYf2uRS, {DDYuiR, 1}] /. {DDYf2AR > 6, DDYUAR » 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDDYf2uRDDYf2AR =
Simplify[D[BDDYf2uRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDfpufaR =
Simplify [D[BDDYf2uRS, {Df¢ufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDf¢f3AR =
Simplify[D[BDDYf2uRS, {Df$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDDYuuR =
Simplify [D[BDDYf2uRS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢ufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDDYf2uRDDYf2uR =
Simplify [D[BDDYf2uRS, {DDYf2uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDfpufuR =
Simplify[D[BDDYf2uRS, {DfpufuR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRDf¢f3uR =
Simplify [D[BDDYf2uRS, {Df¢f3uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDDYf2uRoR =
Simplify[D[BDDYf2uRS, {oR, 1}] /. {DDYf2AR » 0, DDYuAR - 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;

LinearDf¢eufuRDDYUAR =
Simplify[D[BDfoufuRS, {DDYUAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢pufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDDYf2AR =
Simplify[D[BDfeufuRS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfpufuRDfpufAR =
Simplify[D[BDfoufuRS, {DfeufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDf¢pf3AR =
Simplify[D[BDfufuRS, {DFf$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢pufuRDDYuUKR =
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Simplify[D[BDfeufuRS, {DDYuKR, 1}] /. {DDYf2AR > 0, DDYUAR -» 0, Df¢ufAR > 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢ufuRDDYf2KR =
Simplify[D[BDfpufuRS, {DDYf2KR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢pufiR » 0, Df$pf3AR » 0, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDfpufKR =
Simplify[D[BDfoufuRS, {DfpufKR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufuRDf¢f3KR =
Simplify[D[BDfpufuRS, {DFf$f3KR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDDYuUAR =
Simplify[D[BDfoufuRS, {DDYuiR, 1}] /. {DDYf2AR > 0, DDYUAR > 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢ufuRDDYf2AR =
Simplify[D[BDfpufuRS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDfpufaR =
Simplify [D[BDfoufuRS, {DfeufAR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfpufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufuRDf¢f3AR =
Simplify[D[BDfpufuRS, {DFf$f3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDDYuuR =
Simplify[D[BDfoufuRS, {DDYuuR, 1}] /. {DDYf2AR - 0, DDYUAR - 0, Df¢pufAR -» 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
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LinearDfoufuRDDYf2uR =
Simplify[D[BDfoufuRS, {DDYf2uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR - 0, DFf$Ff3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRDfoufuR =
Simplify[D[BDfufuRS, {DfpufuR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufKR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDfeufuRDfof3uR =
Simplify [D[BDfoufuRS, {Df¢pf3uR, 1}] /. {DDYF2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDfoufuRoR =
Simplify[D[BDfeufuRS, {oR, 1}] /. {DDYf2AR » 0, DDYuAR - 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;

LinearDf¢f3uRDDYUAR =
Simplify[D[BDf¢f3uRS, {DDYUAR, 1}] /. {DDYf2AR » 0, DDYUAR -» 0, Df$ufAR > 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR » 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDDYf2AR =
Simplify[D[BDf¢f3uRS, {DDYf2AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDfpufAR =
Simplify[D[BDf¢f3uRS, {DfpufAR, 1}] /. {DDYF2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDf¢f3AR =
Simplify[D[BDf¢f3uRS, {DFff3AR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$F3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDDYuUKR =
Simplify[D[BDf¢f3uRS, {DDYUKR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDDYf2KR =
Simplify[D[BDf¢f3uRS, {DDYF2KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDfpufKR =
Simplify[D[BDf¢f3uRS, {DFfPufkR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, Df¢Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDfpf3KR =
Simplify[D[BDf¢f3uRS, {Df¢pf3KR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDDYUAR =
Simplify[D[BDfé¢f3uRS, {DDYuAR, 1}] /. {DDYf2AR - @, DDYUAR - 0, DfpufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR - 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » O, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDDYf2AR =
Simplify[D[BDf¢f3uRS, {DDYf2AR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢ufAR - @,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR -» 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDfpufaR =
Simplify[D[BDf¢f3uRS, {DFfpufiR, 1}] /. {DDYF2AR -» 0, DDYUAR -» 0, Df¢pufAR - 0,
Df¢f3AR -» O, DDYf2KR » 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDfpf3AR =
Simplify[D[BDf¢f3uRS, {DFff3AR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYF2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDDYuuR =
Simplify[D[BDfé¢f3uRS, {DDYuuR, 1}] /. {DDYf2AR - O, DDYUAR - 0, DfpufAR -» 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, DfpufaR » 0, DFf$Ff3AR » 0, DDYF2LR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3uRDDYf2uR =
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Simplify[D[BDféf3uRS, {DDYf2uR, 1}] /. {DDYf2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearDf¢f3uRDfpufuR =
Simplify[D[BDf¢f3uRS, {DfeufuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR -» 0, DFf¢f3AR » 0, DDYF2uR - @, DDYuuR - @,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRDfof3uR =
Simplify[D[BDféf3uRS, {Dfef3uR, 1}] /. {DDYF2AR -» 0, DDYUAR » 0, Df¢pufAR > @,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearDf¢f3uRoR =
Simplify[D[BDf¢f3uRS, {oR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, Df¢pufaR -» 0, Df$pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

LinearocRDDYUAR =
Simplify[D[BoRS, {DDYuAR, 1}] /. {DDYf2AR -» 0, DDYuAR -» 0, Df¢ufAR -» 0, Df$f3AR » 0,
DDYf2KR - 0, DDYuKR -» 0, Df¢ufKR » 0, Df¢f3KR » 0, DDYF2AR - 0O,
DDYuxR -» 0, Df¢pufaR -» 0, Dfpf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearocRDDYf2AR =
Simplify[D[BoRS, {DDYf2AR, 1}] /. {DDYf2AR - 0@, DDYUAR -» 0, DfpufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$F3AR » 0, DDYF2uR - O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearoRDf¢pufAR =
Simplify[D[BoRS, {Df¢ufAR, 1}] /. {DDYf2AR » 0, DDYuUAR - 0, Df¢ufAR - 0,
Df$f3AR -» 0, DDYF2KR » 0, DDYUKR » 0, DfpufkR -» 0, Df$pf3KR -» 0,
DDYf2XR -» 0, DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR - 0, DDYf2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearocRDf¢f3AR =
Simplify[D[BoRS, {Df¢pf3AR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearocRDDYuUKR =
Simplify[D[BoRS, {DDYuKR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR -» 0, Df$f3AR » 0,
DDYf2KR - 0, DDYUKR -» 0, Df¢ufKR -» 0, Df¢pf3KR -» @, DDYF2AR - 0O,
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DDYuAR -» 0, DfpufaR -» 0, Dfpf32R » 0, DDYf2uR - 0, DDYupR -» 0,
DfpufuR -» 0, Dfpf3uR » 0, oR - 0}, Assumptions -» {DDR > 0, A > 0, dc > 0}];
LinearoRDDYf2KR =
Simplify[D[BoRS, {DDYf2KR, 1}] /. {DDYf2AR » 0, DDYuAR - 0, Df¢ufAR - 0,
Df¢f3AR - O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, DfpufaR » 0, Df¢f3AR » 6, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearocRDf¢ufKR =
Simplify[D[BoRS, {Df¢ufKR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR > 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - O, DDYuAR - 0, DfpufaR » 0, Dfpf3AR - 0, DDYf2uR -» O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRDf¢f3KR =
Simplify[D[BoRS, {Df¢f3KR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR -» O, DDYf2KR -» 0, DDYUKR -» 0, DfpufKR - 0, Df¢pf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$Ff3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearocRDDYuAR =
Simplify[D[BoRS, {DDYuAR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR » 0, Df$pf3AR - 0,
DDYf2KR - @, DDYUKR -» 0, Df¢ufkR - 0, Df¢f3KR » 0, DDYF2AR - 0,
DDYUXR - 0, DfpufaR » 0, Df$f3AR » 0, DDYFf2uR - 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRDDYf2AR =
Simplify[D[BoRS, {DDYf2AR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, Df¢ufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR » 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, Df$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRDf¢pufAR =
Simplify[D[BoRS, {DfeufiR, 1}] /. {DDYf2AR » 0, DDYuUAR - @, Df¢ufAR - 0,
Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, Df¢pufaR -» 0, Df¢pf3AR » @, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR - 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRDf¢f3AR =
Simplify[D[BoRS, {Df¢f3AR, 1}] /. {DDYf2AR » 0, DDYUAR - 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
DfoufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}1;
LinearoRDDYuuR =
Simplify[D[BoRS, {DDYuuR, 1}] /. {DDYf2AR -» 0, DDYUAR -» 0, Df¢ufAR -» 0, Df$f3AR » 0,
DDYf2KR - 0, DDYuUKR - 0, Df¢ufKR » 0, Df¢f3KR » 0, DDYF2AR > 0,
DDYuAR -» 0, DfpufaR -» 0, Df¢pf3AR » 0, DDYf2uR - O, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearocRDDYf2uR =
Simplify[D[BoRS, {DDYf2uR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
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Df¢$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df$f3KR > 0,
DDYf2AR - @, DDYUAR -» 0, Df¢ufaR -» 0, Df¢pf3AR -» O, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRDfeufuR =
Simplify[D[BoRS, {Df¢ufuR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR - 0,
Df¢f3AR - 0, DDYf2KR » 0, DDYUKR - 0, DfpufKR - 0, Dfpf3KR - 0,
DDYf2AR - @, DDYUXR -» 0, Df¢ufaR » 0, DFf$f3AR » 0, DDYF2uR - @, DDYuuR - 0,
Df¢oufuR - 0, Dfpf3uR - 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRDf¢f3uR =
Simplify[D[BoRS, {Df¢f3uR, 1}] /. {DDYf2AR » 0, DDYuUAR - 0, Df¢ufAR - 0,
Df$f3AR - 0, DDYFf2KR » 0, DDYuKR » 0, Df¢ufKR » 0, Df¢F3KR > 0,
DDYf2AR » 0, DDYUAR -» 0, Df¢ufaR -» 0, Df¢pf3AR -» @, DDYF2uR » 0, DDYuuR - 0,
Df¢pufuR - 0, Dfpf3uR - 0, oR -» 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];
LinearoRoR =
Simplify[D[BoRS, {oR, 1}] /. {DDYf2AR - 0, DDYUAR -» 0, DfpufAR -» 0, Df¢pf3AR > 0,
DDYf2KR - @, DDYUKR -» 0, Df¢ufKR » 0, Df¢Ff3KR » 0, DDYF2AR - @, DDYUiR > 0,
Df¢ufiR -» 0, DF$F3AR » 0, DDYF2uR - 0, DDYuuR -» 0, DfpufuR - 0,
Df¢f3uR -» 0, oR » 0}, Assumptions - {DDR > 0, A > 0, dc > 0}];

1= MStability = {{LinearDDYuARDDYuUAR, LinearDDYuARDDYf2AR,

LinearDDYuARDf¢ufAR, LinearDDYuARDf¢f3AR, LinearDDYuARDDYuKR,
LinearDDYuARDDYf2KR, LinearDDYuARDf¢ufKR, LinearDDYuARDf¢f3KR,
LinearDDYuARDDYuUAR, LinearDDYuARDDYf2AR, LinearDDYuARDfoufAR,
LinearDDYuARDf¢f3AR, LinearDDYuARDDYuuR, LinearDDYuARDDYf2uR,
LinearDDYuARDf¢ufuR, LinearDDYuARDf¢f3uR, LinearDDYuARoR},

{LinearDDYf2ARDDYUAR, LinearDDYf2ARDDYf2AR, LinearDDYf2ARDf¢ufAR,
LinearDDYf2ARDf¢f3AR, LinearDDYf2ARDDYuKR, LinearDDYf2ARDDYf2KR,
LinearDDYf2ARDfoufKR, LinearDDYf2ARDf¢f3KR,
LinearDDYf2ARDDYuAR, LinearDDYf2ARDDYf2AR, LinearDDYf2ARDf¢pufaR,
LinearDDYf2ARDf¢f3AR, LinearDDYf2ARDDYuuR, LinearDDYf2ARDDYf2uR,
LinearDDYf2ARDf¢ufuR, LinearDDYf2ARDf¢f3uR, LinearDDYf2ARoR},

{LinearDf¢ufARDDYUAR, LinearDf¢ufARDDYf2AR, LinearDf¢ufARDfpufAR,
LinearDf¢oufARDf¢f3AR, LinearDfpufARDDYUKR, LinearDf¢ufARDDYf2KR,
LinearDfpufARDfoufKR, LinearDf¢pufARDfT3KR,
LinearDf¢ufARDDYuUAR, LinearDf¢eufARDDYf2AR, LinearDfeufARDfpufaR,
LinearDf¢oufARDf¢f3AR, LinearDfpufARDDYuuR, LinearDf¢ufARDDYf2uR,
LinearDfpufARDfoufuR, LinearDfopufARDf¢f3uR, LinearDfpufARoR},

{LinearDf¢f3ARDDYUAR, LinearDf¢f3ARDDYf2AR, LinearDf¢f3ARDfopufAR,
LinearDf¢f3ARDf¢f3AR, LinearDf¢f3ARDDYUKR, LinearDf¢f3ARDDYf2KR,
LinearDf¢f3ARDfpufKR, LinearDf¢f3ARDTf¢f3KR, LinearDf¢f3ARDDYUAR,
LinearDf¢f3ARDDYf2AR, LinearDf¢f3ARDfpufAR, LinearDf¢pf3ARDfof3AR,
LinearDf¢f3ARDDYuuR, LinearDf¢f3ARDDYf2uR, LinearDf¢f3ARDfoufuR,
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LinearDf¢f3ARDf¢f3uR, LinearDf¢f3ARoR}, {LinearDDYuKRDDYUAR,
LinearDDYuKRDDYf2AR, LinearDDYuKRDf¢ufAR, LinearDDYuKRDf¢f3AR,
LinearDDYuKRDDYuKR, LinearDDYuKRDDYf2KR, LinearDDYuKRDf¢ufKR,
LinearDDYuKRDf¢f3KR, LinearDDYuKRDDYuUAR, LinearDDYuKRDDYf2AR,
LinearDDYuKRDf¢ufAR, LinearDDYuKRDf¢f3AR, LinearDDYuKRDDYuuR,
LinearDDYuKRDDYf2uR, LinearDDYuKRDfpufuR, LinearDDYuKRDf¢f3uR, LinearDDYuKRoR},
{LinearDDYf2KRDDYuUAR, LinearDDYf2KRDDYf2AR, LinearDDYf2KRDf¢ufAR,
LinearDDYf2KRDf¢f3AR, LinearDDYf2KRDDYuKR, LinearDDYf2KRDDYf2KR,
LinearDDYf2KRDfpufKR, LinearDDYf2KRDf¢f3KR,
LinearDDYf2KRDDYuAR, LinearDDYf2KRDDYf2AR, LinearDDYf2KRDf¢pufaR,
LinearDDYf2KRDf¢f3AR, LinearDDYf2KRDDYuuR, LinearDDYf2KRDDYf2uR,
LinearDDYf2KRDf¢ufuR, LinearDDYf2KRDf¢f3uR, LinearDDYf2KRoR},
{LinearDf¢ufKRDDYUAR, LinearDf¢ufKRDDYf2AR, LinearDfeufKRDfpufAR,
LinearDf¢oufKRDf¢f3AR, LinearDfpufKRDDYuKR, LinearDf¢ufKRDDYf2KR,
LinearDfpufKRDfopufKR, LinearDfoufKRDfof3KR,
LinearDf¢ufKRDDYuAR, LinearDf¢eufKRDDYf2AR, LinearDfpufKRDfpufaR,
LinearDf¢oufKRDf¢f3AR, LinearDfpufKRDDYuuR, LinearDfeufKRDDYf2uR,
LinearDfpufKRDfoufuR, LinearDfopufKRDf¢f3uR, LinearDfpufKRoR},
{LinearDf¢f3KRDDYUAR, LinearDf¢f3KRDDYf2AR, LinearDf¢f3KRDfpufAR,
LinearDf¢f3KRDf¢f3AR, LinearDf¢f3KRDDYuKR, LinearDf¢f3KRDDYf2KR,
LinearDf¢f3KRDfpufKR, LinearDf¢f3KRDf¢f3KR, LinearDf¢f3KRDDYUAR,
LinearDf¢f3KRDDYf2AR, LinearDf¢f3KRDfpufaAR, LinearDf¢pf3KRDfpf3AR,
LinearDf¢f3KRDDYuuR, LinearDf¢f3KRDDYf2uR, LinearDf¢f3KRDfoufuR,
LinearDf¢f3KRDfof3uR, LinearDf¢f3KRoR}, {LinearDDYuiRDDYUAR,
LinearDDYuxRDDYf2AR, LinearDDYuaRDfgpufAR, LinearDDYuARDf¢f3AR,
LinearDDYuARDDYuKR, LinearDDYuARDDYf2KR, LinearDDYuaRDf¢ufKR,
LinearDDYuaRDf¢f3KR, LinearDDYuARDDYuUAR, LinearDDYuARDDYf2AR,
LinearDDYuaRDf¢ufAR, LinearDDYurRDf¢f3AR, LinearDDYuARDDYuuR,
LinearDDYuxRDDYf2uR, LinearDDYuxRDfoufuR, LinearDDYuArRDf¢f3uR, LinearDDYuARoR},
{LinearDDYf2XRDDYuUAR, LinearDDYf2ARDDYf2AR, LinearDDYf2ARDf¢ufAR,
LinearDDYf2ARDf¢f3AR, LinearDDYf2ARDDYuKR, LinearDDYf2ARDDYf2KR,
LinearDDYf2ARDfoufKR, LinearDDYf2ARDf¢f3KR,
LinearDDYf2ARDDYuUAR, LinearDDYf2ARDDYf2AR, LinearDDYf2ARDf¢pufaR,
LinearDDYf2ARDf¢f3AR, LinearDDYf2ARDDYuuR, LinearDDYf2ARDDYf2uR,
LinearDDYf2ARDfoufuR, LinearDDYf2ARDf¢f3uR, LinearDDYf2ARoR},
{LinearDf¢ufARDDYUAR, LinearDf¢ufARDDYf2AR, LinearDfeufARDfopufAR,
LinearDf¢oufARDf¢f3AR, LinearDfpufARDDYUKR, LinearDf¢ufARDDYf2KR,
LinearDfpufaARDfoufKR, LinearDfoufARDfoT3KR,
LinearDf¢ufARDDYuUuAR, LinearDf¢eufARDDYf2AR, LinearDfeufARDfoufaR,
LinearDf¢oufaARDf¢f3AR, LinearDfpufARDDYuuR, LinearDfeufARDDYf2uR,
LinearDfpufaARDfoufuR, LinearDfoufARDf¢f3uR, LinearDfpufaRoR},
{LinearDf¢f3ARDDYUAR, LinearDf¢f3ARDDYf2AR, LinearDf¢f3ARDfopufAR,
LinearDf¢f3ARDf¢f3AR, LinearDf¢f3ARDDYUKR, LinearDf¢f3ARDDYf2KR,
LinearDf¢f3ARDfpufKR, LinearDf¢f3ARDTf¢f3KR, LinearDf¢f3ARDDYUAR,
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LinearDf¢f3ARDDYf2AR, LinearDf¢f3ARDfpufAR, LinearDf¢pf3ARDfoT3AR,
LinearDf¢f3ARDDYuuR, LinearDf¢f3ARDDYf2uR, LinearDf¢f3ARDfoufuR,
LinearDf¢f3ARDfof3uR, LinearDf¢f3ARoR}, {LinearDDYuuRDDYUAR,
LinearDDYuuRDDYf2AR, LinearDDYuuRDf¢ufAR, LinearDDYuuRDf¢f3AR,
LinearDDYuuRDDYuKR, LinearDDYuuRDDYf2KR, LinearDDYuuRDf¢pufKR,
LinearDDYuuRDf$f3KR, LinearDDYuuRDDYuAR, LinearDDYuuRDDYf2AR,
LinearDDYuuRDfeufAR, LinearDDYuuRDf¢$f3AR, LinearDDYuuRDDYuuR,
LinearDDYuuRDDYf2uR, LinearDDYuuRDfpufuR, LinearDDYuuRDf¢f3uR, LinearDDYuuRoR},
{LinearDDYf2uRDDYUAR, LinearDDYf2uRDDYf2AR, LinearDDYf2uRDf¢pufAR,
LinearDDYf2uRDf¢f3AR, LinearDDYf2uRDDYuKR, LinearDDYf2uRDDYf2KR,
LinearDDYf2uRDfpufKR, LinearDDYf2uRDf¢f3KR,
LinearDDYf2uRDDYuAR, LinearDDYf2uRDDYf2AR, LinearDDYf2uRDf¢pufaR,
LinearDDYf2uRDf¢f3AR, LinearDDYf2uRDDYuuR, LinearDDYf2uRDDYf2uR,
LinearDDYf2uRDfoufuR, LinearDDYf2uRDf¢f3uR, LinearDDYf2uRoR},
{LinearDf¢pufuRDDYuUAR, LinearDf¢pufuRDDYf2AR, LinearDfoufuRDfpufAR,
LinearDfoufuRDf¢f3AR, LinearDfpufuRDDYUKR, LinearDfeufuRDDYf2KR,
LinearDfoufuRDfoufKR, LinearDfoufuRDf¢f3KR,
LinearDf¢eufuRDDYuAR, LinearDf¢pufuRDDYf2AR, LinearDfoufuRDfeufiR,
LinearDfoufuRDf¢f3AR, LinearDfeufuRDDYuuR, LinearDfeufuRDDYf2uR,
LinearDfoufuRDfoufuR, LinearDfpufuRDf¢f3uR, LinearDfoufuRoR},
{LinearDf¢f3uRDDYUAR, LinearDf¢f3uRDDYf2AR, LinearDf¢f3uRDfpufAR,
LinearDf¢f3uRDf¢f3AR, LinearDf¢f3uRDDYUKR, LinearDf¢f3uRDDYf2KR,
LinearDf¢f3uRDfoufKR, LinearDf¢f3uRDfpf3KR, LinearDf¢f3uRDDYUAR,
LinearDf¢f3uRDDYf2AR, LinearDf¢f3uRDfpufAR, LinearDf¢f3uRDfoT3AR,
LinearDf¢f3uRDDYuuR, LinearDf¢f3uRDDYf2uR, LinearDfef3uRDfoufuR,
LinearDf¢f3uRDfof3uR, LinearDf¢f3uRoR}, {LinearocRDDYUAR,
LinearoRDDYf2AR, LinearoRDf¢ufAR, LinearocRDf¢f3AR, LinearcRDDYuKR,
LinearoRDDYf2KR, LinearoRDfpufKR, LinearoRDf¢f3KR, LinearoRDDYuAiR,
LinearoRDDYf2AR, LinearoRDfpufAR, LinearoRDf¢f3AR, LinearoRDDYuuR,
LinearoRDDYf2uR, LinearoRDf¢ufuR, LinearoRDf¢f3uR, LinearoRoR}};

1= MStabilityT = Transpose[MStability];

MStabilityTD = {DDR  MStabilityT[1], DDR x MStabilityT[2],
DfR * MStabilityT[3], DfR x MStabilityT[4], DDR % MStabilityT[5],
DDR * MStabilityT[6], DfR * MStabilityT[7], DfR « MStabilityT[8],
DDR * MStabilityT[9], DDR % MStabilityT[10], DfR « MStabilityT[11],
DfR * MStabilityT[12], DDR % MStabilityT[13], DDR x MStabilityT[14],
DfR % MStabilityT[15], DfR + MStabilityT[16], DfR * MStabilityT[17]};

MStabilityTDT = Simplify[Transpose[MStabilityTD]];
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1= &F =13
gu=1;
£tf = 4;
ftu =43
Ex =13
£P = -3;
&Y =-3;
dim = 2;

Eigensystem[MStabilityTDT]
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