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An intense X wave propagating perpendicularly to a dc magnetic field is
unstable with respect to the parametric decay into an electron Bernstein
wave (EBW) and a lower-hybrid wave (LHW). A modified theory of this
effect is proposed that extends to the high-intensity regime, where the
instability rate γ ceases to be a linear function of the incident-wave
amplitude [1]. An explicit formula for γ is derived and expressed in
terms of cold-plasma parameters. Theory predictions are in reasonable
agreement with the results of the PIC simulations reported in Ref. [2].
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Spherical-tokamak plasmas are typically overdense and thus inaccessible
to externally-injected RF waves in the electron cyclotron range. This
can be overcome by converting RF waves to EBWs, which can access
the dense plasma core. But nonlinear EBW physics at high input power
has not been sufficiently quantified.

To address this problem, PIC simulations of X-B and O-X-B mode
conversion were done by Arefiev et al using epoch (Nucl. Fusion,
2017). It was observed numerically that, at high enough input power,
the ion dynamics becomes important and short-scale oscillations are
excited in high-density plasma prior to the arrival of the EBW.

The main purpose of this poster is to analytically explain those
numerical results (in 1D) and to extend the existing PDI theory.

Introduction
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ne � 0.89 � 1018 m�3

Te � 950 eV

B0 � 0.25 T

f � 10 GHz � ω{2π
E0 � 8 � 105 V{m

Ωe{ω � 0.7, Ωe{ωpe � 0.82

ωUH � 6.9 � 1010 s�1 � 1.1ω

ωLH � 7.9 � 108 s�1 � 33.1Ωi

2π{ωLH � 7.9 ns

λe � 0.34, λi � 317

PIC simulations
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PIC simulations
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PIC simulations



UP11.026, Exhibit Hall D
2:00PM, Thursday, 10/26/2017Ion dynamics [from Arefiev et al, NF (2017)]

After the HF dynamics is filtered out, well-defined peaks in the spatial spectrum of
the electric field and ion-momentum field are identified in the LH range.

We identified this as the X Ñ EBW � LHW parametric decay instability.
It is the first time this instability is observed in first-principle simulations.

PIC simulations
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ωpxq � ωpebwq � ωplhq, kpxq � kpebwq � kplhq

[yet we allow ωpxq � ωpebwq � ωplhq to be of order ωplhq]

Basic theory
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 The wave Lagrangian density can be written in terms of the unperturbed
dielectric tensor ε̂0 and the LHW-driven complexified perturbation to the plasma
susceptibility χ̂pintq

c as follows (see Appendix A):

L � Lpxq � Lpebwq � Lplhq � Lpintq,

Lpqq � 1

16π
Epqq�

c � D̂ �Epqq
c , D̂

.� c2

ω̂2

�
k̂k̂� 1pk̂ � k̂q�� ε̂0,

ω̂
.� iBt, k̂

.� �i∇,

Lpintq � 1

16π
Re

!
Epxq�

c � χ̂pintq
c �Epebwq

c

)
.


 Further simplifications: the X-wave amplitude remains constant in space and
time, B0 � B0ez � const, Epebwq‖kpebwq, and Eplhq‖kplhq. Then,

L � Lpebwq � Lplhq � Lpintq, Lpqq � 1

16π
Epqq�

c D̂Epqq
c , D̂ � ε̂0,xx,

Lpintq � 1

16π
Re

!�
Epxq�

c � χ̂pintq
c � ex

�
Epebwq

c

)
.

Basic theory
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 To the leading order, one can use the cold-plasma approximation for χ̂pintq
c . Then,

χ̂pintq
c �

¸
s

Bχ̂puhq
s

Bns nplhqs,c �
¸
s

n
plhq
s,c

ns
χ̂puhq
s � k̂plhqχ̂

plhq
e,xx

4πiqene
Eplhq

c χspωUHq.


 This leads to the following density of the interaction Lagrangian:

Lpintq � 1

8π
Re

!
iEpebwqβ̂Eplhq

c

)
,

β̂
.� ��Epxq�

c � χspωUHq � ex
� k̂plhqχ̂plhqe,xx

8πqene
� kplhqE

pxq�
c

8πqene

ω2
pe

Ω2
e

.


 Hence, Lpintq can be expressed in terms of a coupling constant β and phase θx:

Lpintq � 1

8π
Re

�
iβEpebwqEplhqe�iθx

�
, β � kplhqE pxq�

c

8πqene
, Epqq

c � E pqqeiθq.

Basic theory
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 If the pump is weak, both dispersion operators can be Weyl-expanded:

e�iθqD̂Epqq
c � D

�
ωpqq � ω̂, kpqq

�
E pqq � Dpωpqq, kpqqqloooooomoooooon

�0

�Dpqq
ω ω̂E pqq � Dpqq

ω iBtE pqq


 This leads to the following Lagrangian density and Euler-Lagrange equations:

16πL � E pebwq�Dpebwq
ω iBtE pebwq � E plhq�Dplhq

ω iBtE plhq

� iβE pebwqE plhqei∆ωt � iβ�E pebwq�E plhq�e�i∆ωt.

δE pebwq : Dpebwq
ω BtE pebwq� � βE plhq ei∆ωt,

δE plhq� : Dplhq
ω BtE plhq � β�E pebwq� e�i∆ωt.


 Using the cold-plasma approximation for D (Appendix B), one obtains the
following growth rate of the parametric decay instability:

γ �
c
γ2

0 �
p∆ωq2

4
, γ0 � ωLH

ωpeωpi
|ΩeΩi|

c
ωLH

ωUH

��kplhqE pxq
x

��
16πene

Instability rate
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 At a stronger pump, D̂Ē plhq cannot be easily Weyl-expanded. Then,

16πL � E pebwq�Dpebwq
ω iBtE pebwq � Ē plhq�D̂Ē plhq

� iβE pebwqĒ plhqeiϑt � iβ�E pebwq�Ē plhqe�iϑt,

Ē plhqptq .� Eplhq
c pt, xq expr�ikplhq � xs,

ϑ
.� ωpxq � ωpebwq � ωplhq � ∆ω, D̂ � ω̂�2pω̂2 � ω2

LHqω2
pi{ω2

LH.


 The corresponding Euler-Lagrange equations are as follows:

δE pebwq : Dpebwq
ω BtE pebwq� � βĒ plhq eiϑt,

δĒ plhq� : D̂Ē plhq � iβ�E pebwq� e�iϑt.


 After excluding E pebwq, one obtains the following equation for Ē plhq:

�pω̂ � ϑqpω̂2 � ω2
LHq � 2γ2

0ω̂
2
�
Ē plhq � 0.

Instability rate
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 The corresponding dispersion relation is

pω � ϑqpω2 � ω2
LHq � 2γ2

0ω
2 � 0,

g
.� γ0

ωLH
� ωpeωpi
|ΩeΩi|

c
ωLH

ωUH

��kplhqE pxq
x

��
16πene


 Asymptotics at weak pump (g ! 1):

ω1,2

ωLH
� 1 � ig,

ω3

ωLH
� �1 � g2

2


 Asymptotics at strong pump (g " 1):

ω1,2

ωLH
� � i

g
?

2
,

ω3

ωLH
� �2g2 � 1


 Simulation parameters: g � 0.17, γ � γ0,
and γ�1 � 7.6 ns. This is in reasonable
agreement with the PIC simulations.

Instability rate
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In summary, we proposed a modified theory of the instability that is
caused by the resonant scattering, or parametric decay, of an intense X
wave into an EBW and LHW. Our theory extends to the high-intensity
regime, where the instability rate γ ceases to be a linear function of
the incident-wave amplitude. We derived an explicit formula for γ
and expressed it in terms of cold-plasma parameters. Predictions of
our theory are in reasonable agreement with the results of the PIC
simulations in [Arefiev et al, Nucl. Fusion (2017)].

Conclusions
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 The Lagrangian density of the field-plasma system can be averaged over the
high-frequency (UH) oscillations in time and over the least wavelength in space:

L � xLemyt,x � xLpyt,x, Lem � pE2 �B2q{p8πq.


 Lp is the plasma contribution, which consists of the 0th-order term independent
of the UH field Epuhq

c
.� Epxq

c �Epebwq
c and some bilinear functional U of Epuhq

c :

xLpyt,x � xL0yx � 1

8π
xUyt,x, xUyt,x � 1

2
xEpuhq�

c � χ̂ �Epuhq
c yx.


 The Hermitian operator χ̂ can consist of a slow part χ̂0 and the remaining part

χ̂pintq that is linear in the LH field, so

xUyt,x � 1

2
Re

�
Epxq�

c � χ̂pintq
c �Epebwq

c

�
.


 Likewise, xL0yx contains terms scaling as the 0th and 2nd powers of the LH field:

xL0yx � Lp0 � 1

8π
xEplhq � χ̂0 �Eplhqyt,x.
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 After combining all these terms together, we obtain:

L � Lpxq � Lpebwq � Lplhq � Lpintq,

Lpqq � 1

16π

!
|Epqq

c |2 � |Bpqq
c |2 �Epqq�

c � χ̂pqq �Epqq
c

)
,

Lpintq � 1

16π
Re
!
Epxq�

c � χ̂pintq
c �Epebwq

c

)
.


 Next, use Bpqq
c � ω̂�1 ck̂�Epqq

c and ε̂0
.� 1� χ̂0. Then,

Lpqq � 1

16π
Epqq�

c � D̂ �Epqq
c , D̂

.� c2

ω̂2

�
k̂k̂� 1pk̂ � k̂q�� ε̂0.


 Also, in cold plasma, χ̂pintq
c can be recognized as the LHW-driven perturbation

to the plasma susceptibility, which is well known.
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 Electrons have λe
.� pkvTe{Ωeq2 � 0.34, which is small enough. Then,

D
pebwq

pω, kq � 1 �
ω2
pe

ω2 � Ω2
e

Θpλeq, Θpλeq
.
�

2Inpλeq

λe
e
�λe � 1 � λe.


 Ions have λi
.� pkvTi{Ωiq2 � 317. This number is far too large to allow for an

asymptotic small-argument expansion of the modified Bessel functions. Likewise,
the large-argument expansion is inapplicable because of the large value of
a
.� ω{Ωi � 33.1, which determines the number of relevant harmonics (n � a).

Thus, a different approach is needed to justify the cold-plasma approximation.


 We use an alternative expression for χxx that does not contain an infinite series::

χxx �
ω2
p

ωΩ

»
vK

Bf0pvq

BvK
Txx 2πvK dvK dv‖, Txx �

a

z2

�
πa

sinpπaq
J�apzqJapzq � 1

�
.


 If a is large and z
.� kvK{Ωi is small (in the sense yet to be defined), then

Txx �
a

2pa2 � 1q
�

3az2

8pa2 � 1qpa2 � 22q
�

5az4

16pa2 � 1qpa2 � 22qpa2 � 32q
� ...

: H. Qin, C. K. Phillips, and R. C. Davidson, Phys. Plasmas 14, 092103 (2007).
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 Then, after integrating over a Maxwellian f0, one obtains

χxx � �
ω2
p

Ω2

�
1

a2 � 1
�

3λ

pa2 � 1qpa2 � 22q
�

15λ2

pa2 � 1qpa2 � 22qpa2 � 32q
� ...

�
.


 At noninteger a, this expansion requires λ ! a2 (roughly). Notably, this is less
restrictive than the requirement λ ! a that is needed to expand Japzq.


 For the simulation parameters, this is satisfied, albeit marginally. Hence,

χxx � �ω
2
p

Ω2

1

a2 � 1
� � ω2

p

ω2 � Ω2
,

which coincides with the cold-plasma limit.
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